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1 Implementation Details

1.1 Convergence of the Hyperkernel

In Fig. 1(a) (main text) we plot the variance of the kernel values IC’L(u, u') in log-scale, as a function
of the width of both f and ¢g. The variance was computed empirically over & = 100 normally
distributed samples w. As can be seen, the variance of the kernel tends to zero only when both
widths increase. In Fig. 1(b) (main text) we plot the value of ICh(u, u’) and its variance for a fixed
hypernetwork f of width 500 and g of width 10 or 800. The z-axis specifies the value of § € [~7, 7]
and the y-axis specifies the value of the kernel. As can be seen, the expected value of the empirical
kernel, K (u,u'), is equal to the width-limit kernel (e.g., theoretical kernel) for both widths 10 and
800. In addition, convergence of the width-limit kernel is guaranteed only when the widths of both
networks increase, highlighting the importance of wide architectures for both the hyper and implicit

networks for stable training.

1.2 Image Completion and Impainting

Architectures In both tasks, we used fully connected architectures, where f contains two hidden
layers, and g contains one hidden layer. The hyperkernel used corresponds to the infinite width
limit of the same architecture. For the input of g, we used random Fourier features [8]] of the pixel
coordinates as inputs for both the hyperkernel and the hypernetwork. To ease on the computational
burden of computing the full kernel matrix ©” (U, U') when evaluating the hyperkernel, we compute
smaller kernel matrices on subsets of the data {U;} = {7, 2} }se[10), Where each subset contains 1k
input images {z }, and 20 random image coordinates per input, producing a kernel matrix of size
20k x 20k. The final output prediction is then given by:

1 -
m (O™ (u, ), .., O" (u, uiy)) - (OM(US,US) +e- 1) -V (1)
where Y* are the corresponding labels of the subset U®. For the hypernetwork evaluation, we used
the same inputs {U; } ;c[10] to train the hypernetwork using a batchsize of 20, and a learning rate of
0.01 which was found to produce the best results.
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2 Additional Experiments

2.1 Sensitivity Study

To further demonstrate the behavior reported in Fig. 2 (main text), we verified that it is consistent
regardless of the value of the learning rate. We used the same architectures as in the rotations
prediction experiments, i.e., f is a fully-connected ReL U neural network of depth 4 and width 200
and g is of depth € {3, 6,8} and width € {50, 100,200}. We vary the learning rate: . = 107~7, for
7 =20,...,7. For each value of the learning rate, we report the average performance (and standard
deviation over 100 runs) of the various architectures after 40 epochs of training.

As can be seen in Fig. [I} when f is wide and kept fixed, there is a clear improvement in test
performance as the width of g increases, for every learning rate in which the networks provide
non-trivial performance. When f is wide and kept fixed, a deeper ¢ incurs slower training and
lower overall test performance. We note that it might seem that the width of g does not affect the
performance when the learning rate is o = 0.01 in all settings except Figs. [T[c,f). Indeed, we can
verify from Fig. 2 (main text) that the performance at epoch 40 is indeed similar for different widths.
However, for earlier epochs, the performance improves for shallower and wider architectures.
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Figure 1: Sensitivity experiment. We compare the performance of hypernetworks with an implicit
network of different widths and depths after 40 epochs, when varying the learning rate. The x-axis
specifies the value of the learning rate and the y-axis specifies the averaged accuracy rate at test time.
(a-c) Results on MNIST and (d-f) Results on CIFAR10. In the first column, g’s depth is 3, in the
second, it is 6 and in the third, it is 8.

2.2 Training wide networks with a large learning rate

Remark 1 (main text) states that one is able to train wide networks with a learning rate ;1 = o(n). To
validate this remark, we trained shallow networks of varying width n € {10%,10%,10%,2.5 - 10°}
with learning rate = y/n on MNIST. As can be seen in Fig. |2 training those networks is possible
despite the very large learning rate. In fact, we observe that the accuracy rate and loss improve as we
increase the width of the network.

3 Correlation Functions

Correlation functions are products of general high order tensors representing high order derivatives of
a networks output with respect to the weights. In [2] a conjecture is posed on the order of magnitude
of general correlation functions involving high order derivative tensors, which arise when analysing
the dynamics of gradient descent. Roughly speaking, given inputs {z;}7_,, the outputs of a neural
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Figure 2: Results of training wide networks with a large learning rate. The y-axis is the (a)
accuracy rate or (b) the average loss at test time. We vary the width n € {102,103, 10%,2.5 - 10°}
and take the learning rate to be /n.

network f(xy;w), ..., f(z,;w) € R with normally distributed parameters w € R¥, correlation

functions takes the form: .
Z Hrnkj+lx"'777kj+1 (x])

2
Mhg s+ >Ny €[N] F=1
where . ( )
0" f(z;;w
r Y= LD T 3
771;~~"'7k(xj) awnl.”awnk ( )
For instance, the following are two examples of correlation functions,
. 2 . .
f(xl;w) . af(x27w) a f(xl’w) . af(xQ’w) (4)

b
awﬂl awul awuz awm

Computing the expected value of these correlation functions involve keeping track of various moments
of normally distributed weights along paths, as done in recent finite width correction works [3, 15].
[2] employ the Feynman diagram to efficiently compute the expected values (order of magnitude) of
general correlation functions, albeit at the cost of only being provably accurate for deep linear, or
shallow ReLU networks. In this work, we analyze the asymptotic behaviour correlation functions of

the form: .
Yo Do @) [ T, ()

Uko---”]k,«e[N] Jj=1
- <v£:>f<xo>,®vwf<mj>>
j=1

where V{ f(zo) is arank r tensor, representing the ’th derivative of the output, and ®;:1 Vo f(x))
denotes outer products of the gradients for different examples. terms of the form in Eq. [5|represent
high order terms in the multivariate Taylor expansion of outputs, and are, therefore, relevant for the
full understanding of training dynamics. As a consequence of Thm. |1} we prove that 7" (zo, ..., ;) ~
1/ nax(r—=1,0) for vanilla neural networks, where n is the width of the network. As we have shown in
Sec. 3, terms of the form in Eq. [5|represent high order terms in the multivariate Taylor expansion of
outputs, and are, therefore, relevant for the full understanding of training dynamics. As a consequence
of Thm. |1} we prove that 77 (zo, ..., z,.) ~ 1/n™*("=1.0) for vanilla neural networks, where n is the
width of the network.

TT(I(% "'7IT) =
(5)

This result is a partial solution to the open problem suggested by [2]]. In their paper, they conjecture the
asymptotic behaviour of general correlation functions, and predict an upper bound on the asymptotic
behaviour of terms of the form in Eq.[5]in the order of O(1/n). Our results therefore proves a stronger
version of the conjecture, while giving the exact behaviour as a function of width.



4 Proofs of the Main Results

Terminology and Notations = Throughout the appendix, we denote by A ® B and A ® B the outer
and Hadamard products of the tensors A and B (resp.). When considering the outer products of a
sequence of tensors { 4;}¥_,, we denote, ®f:1 A=A ®- - ®Ai. We denote by sgn(z) = x/|z|
the sign function. The notation X,, ~ a,, states that X,, /a,, converges in distribution to some non-
zero random variable X. A convenient property of this notation is that it satisfies: X,, - Y,, ~ a, - b,
when X,, ~ a, and Y,, ~ b,,. Throughout the paper, we will make use of sequential limits and
denote ng, ...,n; — oo to express that n; tend to infinity, then no, and so on. For a given sequence

of random variable {X,,}2° ;, we denote by X, N (X,, 25 X), when X,, converges in
distribution (probability) to a random variable X.

4.1 Useful Lemmas

Lemma 1. Let X,, -2 X. Then, sgn(X,,) N sgn(X).

Proof. We have:

lim P[sgn(X,)=1]= lim P[X, > 0] =P[X > 0] = P[sgn(X) = 1] (6)
n—o00 n—00
Hence, sgn(X,,) converges in distribution to sgn(X). O

4.2 Main Technical Lemma

In this section, we prove Lem. [3] which is the main technical lemma that enables us proving Thm. [T}
Let f(x;w) be a neural network with H outputs { f%(z; w)}fL . We would like to estimate the order
of magnitude of the following expression:

k
Tl".i’; — 6kfd(1'i; U)) ’® 8fd1 (x%,w) )
™t oWl . . OWlk f oWl
t=
where d = (dy,...,d), ¢ = (i1,...,i;) and I = (I1,...,l). For simplicity, when, i1 = --- =
i = j, we denote: ﬁ:gj)d = ﬁ:;’; and 7;5’2-7]-’01 = 7;5:;)’: whend; = =dj, = d as well.

To estimate the order of magnitude of the expression in Eq.[7} we provide an explicit expression for
k pd i . . . . . .
%. First, we note that for any w, such that, f(x;;w) is k times continuously differentiable

at w, for any setl := {ly,..., [}, we have:
OF (45 w) B OF f (45 w)
OWh . oWk — oWl .. oWk

where the set I’ := {l{,...,l}.} is an ordered version of [, i.e., the two sets consist of the same
elements but If < --- < lﬁg. In addition, we notice that for any multi-set I, such that, I; = [; for some
i # 7, then,

®)

orfd i
OWh .. OWl
since f%(x;;w) is a neural network with a piece-wise linear activation function. Therefore, with no
loss of generality, we consider I = {l,..., I}, such that, l; < --- < ;. It holds that:
krd(,. ..
" f(wi;w) _ 1 h=1 g gh—l2 (10)

i,d

Wl oWl gy Ld
where A';7" is a 2k — 1 tensor, defined as follows:

L__climhtt g fanolive oo -1

Aij;lj+1 — VAL TS i,d (1])

1 le—1—1g lp—L .
WC’M ®Ci,d j=k-1



where:

v i (12)

i else

l]'+171 lj*)lj+1*1
climlit {\@Zi,d Py ljy1# L

and:
U—>V poc 2 I+1 71 l 1 ()
PrY = H( =Wtz and Z) = diag(6(y' (x;))) (13)
l=u ™

The individual gradients can be expressed using:

d; ;-1 lj—L
Ofu (i) _ 4 a, @05 4 (14)
oWl V-1
Note that the following holds for any u < v < h < L:
W’U
Cﬁyh — C”‘)h szd~>v and OZU;(?L — Cfgl_)LPiud_w_l (15)
=) , .

In the following, given the sets l = {l1,...,lx}, ¢ = {i1,...,ix} and d = {d1, ..., dy}, we derive
the limit of 7:5’;’(? using elementary tensor algebra. By Eqgs. and we see that:

k I1—1 11— lr—1—1k
i, d Of ™ (ws;w)  ilg Oi,ld ’ Oi,d ly—L
Tl =( Q) o ® ® .0 22— ®CH;
- t=1 oW V-1 \/Ty—1 V-1 ’
k—1 Cl]_>L ® lj+1—1 (16)
_ 1 <q;1—1 q;1—1> ) <C;kﬁL C%kﬁL> H isd; O Yy ,djg it
nll—l i,d ) diq,dy i,dr T i,d L nlj+1—1 'y Yid
We recall the analysis of [9] showing that in the infinite width limit, with n = min(n; ..., np_1) —

o0, every pre-activation y'(z) of f(x;w) at hidden layer [ € [L] has all its coordinates tending to

i.i.d. centered Gaussian processes of covariance X! (x, ') : R™ x R™ — R defined recursively as

follows:
Y (z, 2y =22,
Y (z,z) X, 2)
! AN ) ) 2%x2
A (x,x ) = El_l(.r/,x) El_l(x’,x’) eR , (17)
Sz, a') = E (w.0)~ (0,011 (2,2 [0 (W) o (V)]
In addition, we define the derivative covariance as follows:

SH@, 2') = E ()~ nr(0.A1-1 (2,0 [6(0) (V)] (18)
when considering # = x; and ' = x; from the training set, we simply write ¥} ;= S (z;,x;) and
Eé,j = El(mi,mj).

Lemma 2. The following holds:

. pu—v( pu—v\T _d v—1 s
1. Forny_1,...,n1 — 0o, we have: P} (Pj ) — 1L, ¥ ;1
. pu—L{pu—INT _@ L-1
2. Forng_1,...,n1 — 00, we have: P}’ (Pj,d2 ) — 1L, 35 i0dy =dy-
v\ T v
q;) q; d
3. Forn,,...,n; — oo, we have: @) _ay — Y.
N i,

Here, 67 is an indicator that returns 1 if T is true and 0 otherwise.

Proof. See [1]].
Lemma 3. Letk > Qand setsl = {ly,...,lx}, i = {i1,...,ix} and d = {dy, ..., dy}. We have:
k—1
max(k—1,0)  glid _d, oa-[I52, G5 k>1 19
" Toiiia {const k=1 (19)

asn — oo. Here, Gy, ..., Gy_1 are centered Gaussian variables with finite, non-zero variances, and
0g :=0(dy = ... = di, = d).



Proof. The case k = 0 is trivial. Let £k > 1. By Eq.|16}] it holds that:

k 141,%,d
7:1,2,d
1 ly—L lp—L _ l —L lJ+1*1
k=1 <qi7d ’q“ dl><c“c a» Cila > Z]’ ; ® ql]+1vdj+1 Cclilit
=n " » ~Mi,d
j=1 (20)

117 l17 lk*)L lk%L k—1
<q2 d 7q21,d1><cilmdk ’Ci,d > ) H Cl]‘*}L ® ljit1—1 Cl]“)l]’_*_l
- n iody  bijiaidipn Yid
j=1
Note that intermediate activations do not depend on the index d;, and so we remove the dependency
on d; in the relevant terms. Next, by applying Lem.

I — l1— l lxy—L
<qtl ’qzi ><C'L:,dk 7Ci,kd_> >

11—1
= H S, | da 1)
n
J=lk
Expanding the second term using Eq. [T5}
lj—L liv1—1 ~lj—ijq
<Ciy'7dj ®qiy‘+1 ’Ci,d
_ lj‘)L lj*)ij+1 lj+171
T Yigdy T ij+1
_ i m1=2 L =l =1 pli—=l =1\ T ljt1=1 Lip1—1
_Cij,dj PZJ (P’ ) V2. Z; Tija (22)
+1 1—L l+171 l+171 l:‘)l,-+17 l,Hl,'+171 T
_\f < J ®(ZJ qu+1 )7Pz]J J (Pi.} J )

_ \/’ C]_HflﬁL l*}l]_*_l* (Pl j—=lip1—1 )TZ ljiy1—1 ljy1—1
zj lj41

Since the limit of a product equals the product of limits (when the limits exist), it holds that (after
taking the limit of the right term in the above inner product):

.
li—lii1—1 Li—lj1—1\T d )
PZJJ j+1 (Pi.l J+1 ) N H Ei,z’j (23)
Recall that in the infinite width limit, when conditioned on the outputs qﬁ_l, qé_l the pre activa-
tions yz,yj are GPs. Hence, when conditioned on the outputs ql 1,q§-*1, the diagonal compo-

nents of the product Z; lZ L are independent. The GP behaviour argument then applies to terms

l]’+171*)LZlJ+171 lj+1
ij,dj [ J+1

Assigning:

&§=Coa L e 4
and their limits:

d
& —9; (25)

and denoting € = [¢1, ..., &k—1], and G =[Gy, ..., Gk —1], it holds using the multivariate Central Limit
theorem:

¢-Lg (26)
Using the Mann-Wald theorem [6] (where we take the mapping as the product pooling of &), we have

that: s s
e =119 27)

j=1 j=1

Finally, by Slutsky’s theorem,
L k—1 ljr1—2
e il B | DR R | | H S| v2-G5 ] - da (28)
J=l Jj=1

O



4.3 Proof of Thm.

Since we assume that g is a finite neural network, i.e., m; < oo for all [ € [H], throughout the proofs
with no loss of generality we assume that m; = --- = mypy = 1.

Lemma 4. Let h(u;w) = g(z; f(x;w)) be a hypernetwork. We have:

| H-1 H
SRS ﬁ = H o) | 11 <V1(fd)ff, (thj)o‘d> (29)
ay+-tag=r j=1 d=1

ay,...,ag >0

Proof. By the higher order product rule and the fact that the second derivative of a piece-wise linear
function is 0 everywhere:

H-1

|
(rp,. — " o ylan) pH
Vidhi= > g a Ve i Q) Dia (30)
ai+-Fag=r d=1
at,y...,ag >0
where )
Dy = ¢(gf) - VG ff (31)

In addition, by elementary tensor algebra, we have:

K =(V D hi, (Vohy)")

H-1
rl
L gtem g N
o ag” <Vw”fi ®DHda(th])>

d=1

2\

DFH (V) )

ar+-tag=r ’ (32)

I
(]
2
—ﬂ
Q
T
N
—~

(Sgl =) W) f1=4, (V)™= )

ot | T (469 9

H-1

I
2
e
Q

Gl
®

| —— |
:l

Lemma 5. Let h(u;w) = g(z; f(x; w)) be a hypernetwork. In addition, let,

vd e [H]: h?:=qad! H FH (g (33)

We have:

<v<ad>id( > >y (thk> e (34)

lG[L "‘d dE ]"‘d

Proof. We have:

8adfd 2d 8]7/
(va) £d )% ) = l i
<V ) (thj) > 1 Za <8VVZ1 - 0Wl"d ’ o ank > (35)
€l =
By the product rule:
- . ofe . L ofd
R :Z [H 5 T ;hj o -



Hence,

aq ah ) aq i ag 8fdk
aWJlk - Z (H h; ) W e 37
c k=1 k=1

In particular,

1

le[L]*d de[H]*d \k=

O

Theorem 1 (Higher order terms for hypernetworks). Let h(u) = g(z; f(x)) for a hypernetwork f
and an implicit network g. Then, we have:

H—r
rn _Jn ifr>H
Kid { 1 otherwise. 39

Proof. Throughout the proof, in order to derive certain limits of various sequences of random
variables, we implicitly make use of the Mann-Wald theorem [6]. For simplicity, oftentimes, we
will avoid explicitly stating when this theorem is applied. As a general note, the repeated argument
is as follows: terms, such as, pmax(aa—1,0) ﬂf:gj’d, Qij, gfl, etc’, (see below) can be expressed
as continuous mappings of jointly convergent random variables. Hence, they jointly converge, and
continuous mappings over them converge as well.

By Lems. dand 5] we have:

| H-1
’Cz(yrj): Z "T"'O‘H!'ZVLIIQZ)(%] H Z Z Q nz,jd (40)

aq!
a1t Fag=r 1 d=11€[H]*d d€[H]%d

..., 20

where Q2 = (Hgd 1 h;i’“) By the Mann-Wald theorem [6]], g converges to some random variable

UL, If ¢ is a continuous function, then ¢(g?) converges to ¢(U). If ¢ is the ReLU activation
function, by Lem. |1} ¢(g{') = sgn(g{') converges to sgn(U’) in distribution. We notice that Q% ;
converges in distribution to some random variable Q?.

The proof is divided into two cases: H = 1 and H > 1.

Case H = 1: First, we note that for H = 1 and d € [H] (i.e., d = 1), we have:
H fH t+1 O' H t) _a? :Z] (41)

In addition, Hf:_ll &(gd) = 1 as it is an empty product. Therefore, we can rewrite:

K:E,Tj) =z Z Z n z,j d (42)

" de[H]|"
By Lem. [3} for 7 = 1, the above tends to a constant as n — co. Forr > 1, n" ’7; i.j,4 converges
in distribution to zero for all d # (d, . .., d) and converges to a non-constant random variable '7; d
otherwise. Hence, by the Mann-Wald theorem [6]],
-1, j(r) d l
WK S Y T 43)
le[H]"

which is a non-zero random variable.



Case H > 1: ByLem.[3 n®~! Té i.j.a converges in distribution to zero for all d # (d, ..., d).

Therefore, in these cases, by Slutsky’s theorem, n®2~1. Q% j ’7;: fi ;.4 converges to zero in distribution.

On the other hand, for each I € [H]*¢, d € [H] and d = (d, .. ., d), by Lem.[8] we have:

_ d
L. Qz,j 7:5”(1 — Q}i : Efj,d (44)
In particular,
pmax d
DY Z QL Taiga = D D Y T (45)
le[H]*d de[H le[H]*d de[H]

Consider the case where » > H. In this case, for any o, ..., ay, such that, there are ¢ > 1 indices
i € [H], such that, a;; = 0. The following random variable converges in distribution:

Xy =0 H Yoo Qi Tt (46)

d=11€[H]*d de[H]%a

Therefore, by Slutsky’s theorem:

n"H H > Z Qd’j T =X, 50 (47)

d=11l€[H]*d de[H

We have:
W (Vi (Vahs)")

| H-1 H Xd
ey [ (Hh?k)w
d=1

d=11€[H]|*d de[H]*d \k=1

| rH—
SR e | IR | EE o D

d=1 le[H]*d de[H]*d

H
I > 9 -7

d=11e[H]*d

! H—1

d !

— E — % H sen(U?)

a e !

a1+ Fog=r =1
o1,.ag >l

(43)
which is a non-constant random variable.

Next, we consider the case when r < H. By Lem. [3| for any oy > 2, the term 7;5 Zd i tends to zero

as n — oo. In addition, Q ; converges in distribution. Therefore, for any aq > 2, we have:
d
T e b @
L]~d de[H

Hence, for any a1, ..., ay > 0, such that, there is at least one oy > 2, we have:

H ooy ot 5o (50)

d=11e[L]*d de[H]*d

On the other hand, for any 0 < aq,...,ag < 1, the terms { Tf 1 d} {g?} and {Q4 j} converge

jointly in distribution to some random variables {775"1}, {sgn(blf)} and {Q7} as n — oco. Hence,

H > Z Qf Tija 6D

d=11€[L]*d de[H

H-1
r T d
(VDR (Vuhy)) 5 3 [H sen()
aj+-tapg=r d=1
0<ai,...,ag<l

which is a non-constant random variable. O



4.4 Proofs of the Results in Sec. 4

Theorem 2 (Hypernetworks as GPs). Ler h(u) = g(z; f(x)) be a hypernetwork. For any pair of
inputs uw = (z,2) and u' = (2',2"), let ¥0(z,2') = Zm—g,, SOz, 2") = % Then, it holds for any
unit i in layer 0 < I < H of the implicit network:

iz f(2)) -5 Gl (u) (52)

as m,n — oo sequentially. Here, {gf (w)}M, are independent Gaussian processes, such that,

(GH(w),GH(w')) ~ N (0, Al(u, u')) defined by the following recursion.:

A (') = (EZZ ((5:3)) gl‘((;’j/))) 0 ( 55((;:?) gf((;c;:;))) (53)

1 n o .
S u,u') =2 (u,’u)NEf(O,Al)[U(u) o(v)] (54)

where S (xz, x') is defined recursively:

! N . n_ [ SHz,z) SYz',z)
SH(x,2") = 2(u,v)~§f(0,rl)[a(u) -o(v)] and T(z,2") = (Sl(x,x’) Sl(sr:’,x’)> (55)

Proof. By [9], taking the width n = min(ny, ...,nz_1) to infinity, the outputs V% (z; w) := f(z;w)
are governed by a centered Gaussian process, such that, the entries Vij'lj (z;w), given some input z,
are independent and identically distributed. Moreover, it holds that:

(vt ), V2

i’j(ac’;w)) ~N (O,SL(:L‘,LEI)) ) (56)
with ST (x, ') as defined in Eq.[54} For the function h(u;w) = g(2; f(z;w)), it holds for the first
layer:
1
g' (2 f(z;w)) = | —V(w;0)2 (57)
mo
After taking the limit n = min(nq, ...,nz—1) to infinity, the implicit network g is fed with Gaussian
distributed weights. And so g'(z; f(z;w)) also converges to a Gaussian process, such that:

(9" (2 f(z5w))5, 9" (25 f (23 w))i) ~ N(0,A") (58)
where:
AL — 1 (SL(JJJ)ZTZ SL(x’,x)z”z)

mio SL(JI,I/)ZTZ/ SL(Z‘/,II)Z'TZ/ (59

In a similar fashion to the standard feed forward case, the pre-activations g'(z; f(z;w)) converge to
Gaussian processes as we let m = min(my, ..., my_1) tend to infinity, with a covariance defined
recursively:

Yu,u') = V2 E o(u)o(v (60)
(i) =2 E . lo(a(w)
where,
AL — SE(x,z) - Yu,u) St z) - SN (u, u) ©1)
T\ SE(z, ) -2 N (u, ) SE( 2 -2 )

and )
¥0(z,2) = —2T7 (62)

mo
proving the claim. O

Corollary 1. Let h(u) = g(z; f(x)) be a hypernetwork. For any 0 < | < H, there exists a function
F', such that, for all pairs of inputs u = (v, 2) and v’ = (', 2"), it holds that:

AH(u, u)=F (Eo(z, 2, So(x,x’)) (63)

10



Proof. We prove that A!(u, u’) is a function of S°(x, ') and ¥°(u, u’) by induction. First, we note
that A'(u, ') is a function of S%(z, 2") and ¥°(u, u’) by definition. By the recursive definition of
SL(x,2'),itis a function of S°(x, z'). Therefore, A*(u, u’) can be simply represented as a function
of S9(x,z') and X°(u, ). We assume by induction that A’(u,u’) is a function of S°(z, 2’) and
¥0(u,u’). We would like to show that A'*!(u,u') is a function of S°(x,2’) and X°(u,u’). By
definition, A"+ (u, ') is a function of ST (x,2’) and ¥ (u,u’). In addition, ¥ (u, u') is a function
of Al(u,u’). Hence, by induction, ¥ (u, u') is simply a function of S°(z, ') and X°(u, u). Since
SL(x,2') is a function of S°(x, '), we conclude that one can represent A'*1(u, u) as a function of
S9(z,2") and X°(u, u). O

Remark 1. Let p(z) = [cos(W}z + b})]i_, be a Fourier features preprocessing, where W}, ~
N(0,1) and biases b; ~ U|—m,x]. Let h(u) = g(p(2); f(x)) be a hypernetwork, with z prepro-
cessed according to p. Let u = (x,2) and u' = (', 2') be two pairs of inputs. Then, A'(u, ') is a
function of exp|—||z — 2'||2/2] and ST (z,2").

Proof. We note that:

Y (p(2),p(2")) = ;p % i L2+ b cos(W}le' + b)) (64)

By Thm. 1 in [7], we have:
Tim 29(p(2), p(=")) = expl = — #|3/2]/2 (65)
which is a function of exp|||z — 2'||3] as desired. O

We make use of the following lemma in the proof of Thm. 3]

Lemma 6. Recall the parametrization of the implicit network:

— T fl( .oy, g1
gl =g (Zza ) - Wll—lf (x“w) a and a? = Zz; (66)
al = al(zi0) = V2 o(g))
For any pair u; = {u;}, we denote:
lo—1 2
ph—t = H ( Vl+1(xi;w)-Zl(zi)> and Z'(z) = diag(¢(¢'(2))) (67)
m

1=l
It holds that:

1. Phot(Ph=yT G T S (g, ug) L

Oh(u;,w o’ h(u;,w H— H— -
2, 2hGu) b 4y S (2 sy wy) TR S o B )

where the limits are taken with respect to m,n — oo sequentially.

Proof. We have:

I —1 11—\ T
Pil 2(Pj1 2)
—Pll%lZ*liVb( . ),21271( ‘)Zl271( .)Vlg( . )T(Pllalgfl)"r (68)
=P, o Ti;w Zi Zj Tj;w ¢
Note that it holds that when m, n — oo sequentially, we have:
V2 (zisw) - 227 (2) 2527 (2)) V2 (250)
) mi,—1 o . (69)
—V2 E o(w) o) = 22 (u;,u;)I
oy Ero [ 000 (01T = 552 ()

Applying the above recursively proves the first claim. Using the first claim, along with the derivation
of the neural tangent kernel (see [1l]) proves the second claim. O

11



Theorem 3 (Hyperkernel convergence at initialization and composition). Ler h(u;w) =
g(z; f(z;w)) be a hypernetwork. Then,

KM (u, 1) 25 " (u,u') (70)
where:
O"(u,u') = 07 (x,2') - ©9(u,u") (71)
such that:
K (z,2") 2 ©f (x,2") - T and K9 (u,u') =5 09 (u,u/, S*(x,2)) (72)

moreover, if w evolves throughout gradient flow, we have:

alch , I
7(5;2 w) L 250 (73)

where the limits are taken with respect to m,n — oo sequentially.

Proof. Recalling that v = vec(f(z)) = [vec(V?), ..., vec(VH)], concatenated into a single vector
of length Z{igl my - my11. The components of the inner matrix }C/ (2, z’) are given by:

L ’
K (2, 2")(0,5) = > <avi(m) O )> (74)

—\ ow T o'

and it holds that in the infinite width limit, K/ (2, 2') is a diagonal matrix:
K (2, 2") N of(x,2') - I (75)
By letting the widths n and m tend to infinity consecutively, by Lem. [d] it follows that:

. T /.
i) ) A, 00w 5 2.0 (76)

Since K7 (z, ") = afgf;w) : 6Tf£f/;w) converges to the diagonal matrix ©/(z,z') - I, the limit of
K" (u, ') is given by:

gl fww) Of(w) AT f(sw) OTg(s S w))

KM (u,u') =
’ Af (z;w) ow w af(z';w)
_Oh(ww) Of(z;w) 9T f(alsw) OTh(u'sw) (77
T v w w ' ov

Lol (z,2') - 09(u, ', S"(z,2'))
where we used the results of Lem.
OK" (u,u’)

5t — 0. For this purpose, we write the derivative

Next, we would like to prove that
explicitly:
OK"(u,v') — Oh(u;w) 8 0T h(u';w) 0 Oh(u; w) O h(u';w)

ot ow ot ow ot  Ow ow

We notice that the two terms are the same up to changing between the inputs « and «’. Therefore,
with no loss of generality, we can simply prove the convergence of the second term. We have:

0 Oh(u; w) OTh(u';w)

(78)

ot  Ow ow
[0 (Oh(usw) Of(x;w) O h(u';w)
B {815 (8f(z;w) T w )} . ow
[ On(wsw)  Of(mw)  Oh(wsw) Of(z;w)] O h(u;w) (79)
B {8f(x;w)8t T w * Of(z;w)  Owdt | ow
_ Oh(u;w)  Of(wyw) OTh(usw) | Oh(u;w) Of(zyw) OTh(u;w)
T of(zw)ot dw  Ow Of(z;w)  dwdt  Ow

We analyze each term separately.

12



Analyzing the first term By substituting 2 = —,quc(w)% = —uvwc(w)%%, we have:
Oh(u;w)  Of (zy;w) OTh(u';w)
Of (x;w)ot ow ow
Y e(w) o7 f(z;w) . 0?h(u; w) COf(zw) o7 f(z';w) - OTh(u';w)
T AV Oow Of (x; w)of (x;w) ow ow of (x';w)
_ o7 f(z;w) 0?h(u;w) f o OTh(u;w)
e G ) op )
N
_ ol(h(uj;w),y;) Oh(uiw) _ 0?h(u; w) f o OTh(u';w)
= dhtugw)  0fw) O o mmarmw ) S
(80)
It then follows:
lim Oh(u;w)  Of (x;w) AT h(u';w)
n—oo O f (x;w)0t ow ow
8D

al o Oh(ug;w) 0?h(u;w) Oh(u';w)
= n2 b O Ol @a) lin e S ) o5 w)
We notice that:
lim 0T h(us;w) . 0?h(u; w) Oh(u;w)
n—oo Of (wisw)  Of (x;w)of(z;w) Of (x5 w)

B . 0?h(u;w) Oh(us; w) Oh(u';w)
=2 <8fll (3 0)0 % (3 0) Of (wisw) © 0%/ w) > ®

1,02

::ZT#’b(u,ui,u’)

1,02

We recall that fl(a:;w) converges to a GP (as a function of x) as n — oo [4]. Therefore,
Tt (w, u;, u') are special cases of the terms 7;5’:’; (see Eq.[7) with weights that are distributed ac-
cording to a GP instead of a normal distribution. In this case, we have: k = 2,d =dy =--- =dy =1,
the neural network f1 is replaced with h, the weights W' are translated into f!(z;w). We recall that

the proof of Lem. |3|showing that 7;5’5’; = O,(1/n*~1) is simply based on Lem. [2| Since Lem.|§|

extends Lem. to our case, the proof of Lem. can be applied to show that 7,12 (u, u;, u') ~ 1/m.

Analyzing the second term We would like to show that for any m > 0, we have:
Oh(u;w) Of(z;w) OTh(u';w) 4

af(z;w)  Owdt ow (83)
asn — oo. Since 2% = —;V,,c(w), we have:
Oh(u;w) Of (z;w) 0T h(u';w)
Of (x;w)  Owot ow
Oh(u;w) O f(x;w) 0T h(u';w)
= — - . . 4
a Of (z;w) Vwe(w) ow? ow &)
} 2 £ (. T p(ot. T (.
:7M.8h(u,w) vwc(w)'af(m,w)'a f@'sw) 9" h(u';w)
Of (z;w) ow? ow Of (z;w)
In addition, we have:
N
Ol(h(u;;w),y;) Oh(u;;w)
= . 85
Vuwc(w) ; Oh(u;;w) ow (83)

We note that W converges in distribution as m, n — co. Therefore, we can simply analyze
the convergence of:

al Oh(u;w) Oh(upw) O?f(z;w) 9T f(a';w) 9T h(u';w)
Zz_:l flz;w)  ow  ow® ow COf(zw)

(86)
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Since N is a constant, it is enough to show that each term converges to zero. We have:

Oh(u;w) . Oh(u;; w) . O f(z;w) . AT f(a';w) OTh(u;w)

Of (z;w) ow ow? ow T Of (i w)

_Oh(u;w) Oh(ui;w) Of (ws;w) O f(x;w) 0T f(z';w) OTh(u';w)

8f(1: w) Of(ziw) Ow  dw® ow COf (zyw) (87)

Z h(u; w ) Oh(ui;w)  Of(zsw); O f(x;w), . o7 f(z';w) _ OTh(u';w)
f(z;w), 8f(a:,;w)j ow Ow? ow Of (x;w)g

g,k

where f(z;w); is the j’th output of f over «. In addition, the summation is done over the indices of
the corresponding tensors. We note that for any m > 0, the number of indices [, j, k is finite. We
would like to show that each term in the sum tends to zero as n — oo. We can write:

Of (wisw); O*f(zsw) 9" f(a'sw)e _ <02f($;w)z Of(@isw); o 8f($’;w)k> 88)

ow ow? ow ow? ' Ow ow
. .. .. Oh(usw)
By Lem. the term in Eq. tends to zero as n — oo. In addition, it is easy to see that 5 Flaw)r

Oh(u;;w) 8" h(u';w)
of (zisw); Of (zyw)
above sum converges to zero as n — oQ. O

and converge to some random variables. Therefore, for any fixed m > 0, the
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