A Useful Definitions & Theorems
Throughout this paper, we use the following standard Chernoff bounds.

Lemma 22 (Absolute Chernoff Bound). Let X1, ..., X, be i.i.d. binary random variables with
E[X;] = puforall i € [n]. Then, for any e > 0: Pr[|2 3" | X; — u| > €] < 2exp(—2€2n).
Lemma 23 (Relative Chernoff Bound). Let X1, ..., X,, be i.i.d. binary random variables and let X
denote their sum. Then, for any € € (0,1):Pr[X < (1 — €) E[X]] < exp(—€? E[X]/2).

Next, the definition of Vapnik—Chervonenkis dimension, following by Uniform convergence for
statistical learning and the Fundamental Theorem of Statistical Learning.

Definition 24. [VC-dimension] Let H C {0,1}* be a hypothesis class. A subset S =
{z1,...,25/} C X is shattered by H if: H(h(a:l), o h(zyg))) th e H}| = 2151, The VC-dimension
of H, denoted V C'dim(H), is the maximal cardinality of a subset S C X shattered by H.

Definition 25 (Uniform convergence for statistical learning). Let H C V¥ be a hypothesis class.
We say that H has the uniform convergence property w.r.t. loss function { if there exists a function
m,ﬁ_l[ (e,8) € N such that for every €,6 € (0,1) and for every probability distribution D over
X x {0,1}, if S is a sample of m > m3L (e, §) examples drawn i.i.d. from to D, then, with probability
of at least 1 — 0, for every h € H, the difference between the risk and the empirical risk is at most e.
Namely, with probability 1 — 6, Vh € H : |[Lg(h) — Lp(h)| <e.

Theorem 26. [The Fundamental Theorem of Statistical Learning] Let H C {0,1}* be a binary
hypothesis class with VCdim(H) = d and let the loss function, £, be the 0 — 1 loss. Then, H has the
uniform convergence property with sample complexity mUc(e 0)=0 (}2 (d+ log(l/é))).

B Proofs for Section 4

Proof. (Proof of Theorem J)
Let S™ = {(x1,91), - (Tm, Ym )} be a random sample of size m > my(€, 0,1, v, A) labeled
examples drawn i.i.d. according to D.

For convenience, throughout the proof we use the following notations. We first define the quantities
with respect to the distribution. For a given hypothesis h € H, group U € T" and interval I € A,
we are interested in the subpoppulation which belongs to U and for which h prediction is in 7, i.e.,
[z € U, h(z) € I]. For this subpoppulation we define: p(h, U, I') the probability of being in this
subpopulation, p, (h, U, I) the average y value in the subpoppulation, and p, (h, U, I), the average
prediction, i.e., i(x). The three measures are with respect to the true distribution D. Formally,

p(h,U,I) := I[))r[x e U, h(x) € I
iy (R, U, T) ::Ig[y |z €U, h(x) €I
wn(h, U I) :=E[h(z) |z € U, h(x) € I]

o)

Similarly we denote the three empirical quantities with respect to the sample. Namely, we denote
by n(h,U, 1, S), fiy(h,U,I,S) and i, (h, U, I,S) the number of samples, empirical outcome and
empirical prediction, of the subpoppulation [z € U, h(z) € I]. Formally,

m

a(h, U1, S) Xﬁ@eUh i) €1

AMUIS%:ﬁéMmeammeﬂ%

— n(h,I,U,S)
W(hULT,S) ZHmleUhml)eI]h(xi)

(h,1,U,S)

=1

Then, the calibration error and the empirical calibration error can be expressed as:
c(h,U,I) = py(h, U, I) — pn(h,U,I)
¢(h,U 1, 8) = fiy(h,U,I1,S) — fin(h,U, I, S)
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Let C}, denote the collection of all interesting categories according to predictor /i, namely,

Ch, ::{(U,I) :Uel,Ie A,f]’jr[a: eU] > 7,%r[h(x) elzelU]> w}
Note that every interesting category (U, I) € C}, has a probability of at least vy, namely, for every
h € H and for any interesting category (U, I) € Cj:
PrD[xEU,h(x)GI]: P%[h(m)el\mEU]~ PrD[xEU]Z'yz/J

We define a “bad” event B™ over the samples, as the event there exist some predictor and some
interesting category for which the generalization error is larger than e.

B™ ;{s € (X x{0,11)™ :3h e H,I(U,I) € Cp, : |e(h, U, 1, 8) — c(h, U, I)| > e}

Bounding the probability that S™ € B™ by § implies the theorem. In order to do so, we would like
to have a “large enough” induced sample in every interesting category. For this purpose, we define
the “good” event, G™, as the event that indicates that for every predictor, each interesting category
has at least [ samples.

G ;:{5 € (X x {0,1})™ :Vh € H,Y(U,I) € Cy : (h,U,1,S) > z}

We will later set [ to achieve e-accurate approximation with confidence & later. Note that G™! is not
the complement of B™.

According to the law of total probability the following holds:
Pi[B"] = Pr[B™ | ™) Pr [G™] + Pr [B™ | G| Pr [GT]
< Pr[B" | G™] +Pr [G7]|
We would like to bound each of the probabilities Pr [B™ | G™!] and Pr[G™!] by §/2, in order to

bound the probability of B™ by §. We start by bounding Pr [Sm e B™ | S™ e Gm’l]. By using the
union bound:

Pr[S™e B™|S™ e G™']

=Pr [Hh €M, IU,I) € Cy : |6(h,U,I,8™) — c(h,U,I)| > ¢

Yh e HVU,I) € Cp : i(h, U, I,S™) > z]

<> N Pr[|é(h, U,I,8™) —c(h,UI)| > ¢
heH (U,I)eC),

=> > Pr[|é(h, U, I1,S™) —c(h,U,I)| > ¢

heH (U,1)EC),

Yh e HN(U,I) € Cy : a(h, U, I,8™) > z}

a(h,U,I,8™) > z]

By using the triangle inequality:

>N Pr[a(h,U,I,Sm)—c(h,U,1)|>e

heH (U,I)eCh

a(h, U1, S™) > z}

= Z Z Pr|:|ﬂy(h,U,I,Sm)ﬂh(h,U,I7Sm)/Ly(h,U,[)+/lh(h7U,I)|>€
heH (U,I)eCy,

a(h,U,I,8™) > z]

<> N Pr{mh(h, U, I,8™) — pun(h, U, D] + |y (b, U, T) — iy (h, U, T,8™)| > €
heH (U,I)EC)

A(h,UI,8™) > z]
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Since a + b > € implies that either a > €/2 or b > €/2:

>y Pr[ﬂh(h, U, 1,8™) — pun(h, U, I)| + |y (R, U, T) — i, (h, U, I,5™)| > €
heH (U,I)eCy,

m € R m €
<> Pr[luh (h, U 1,8™) = (s U, D) > 5V pay (0, U T) = g (h, U1, 8™)| > 5
heH (U,I)eC),

a(h,U,I,8™) > z}

a(h, U1, S™) > z]

And by using the union-bound once again:

R m € R m €
>N Pr[uh(h,U,I,S ) = (b, U D > 5V |y (B, U, T) = iy (h, U, 1, S™)] > 5
heH (U,I)eCh

m €
<Y Y weflnh UL - U0 > S

heH (U,I)eCy,

A(h,U,I,S™) > z}

a(h,U,I,8™) > z]

eIy (0.0 1) = (1, 0.1, 57)| > §

a(h,U,I,8™) > z]

We would like to use Chernoff inequality (Lemma [22)) to bound the probability with a confidence
of 1 — §/2. However, in order to do so, we must fix the number of samples, 7(h, U, I, S™), that h
maps to a certain category (rather than using a random variable). Note that for 7(h, U, I, S™) > 1
the probability is maximized at ni(h, U, I, S™) = [, so we will assume that ni(h, U, I, S™) = [. We
denote by S| ;1) the sub-sample with [z € U, h(z) € I, and its size is I.

Now, in order to use Chernoff inequality, we define two random variables, Zy(h, U,I) and
Zn(h, U, I), as follows:

. 1
Zy(h, U 1) = 5 > Ys

(zi,9:)€S (n,u,1)

. 1

Zu(hU D) =5 Y h(w)
(zi,9:)€S(n,u,1)

and we observe that
E [Zy(h, U, I)} = (R, U, 1)

E [Z,,,(h, U, 1)] =y (h, U, T)

Using this notation,
Pr[S™ e B™|S™ e G™!]

<Y % [eflad

heH (U, I)eCh

<Z Z de Sl < 4|F)|\|7'[| _2y

heH (U,I)eCh

(h, U, T) — uh(h,U,I)‘ > g] +Pr[

Z(h, U T) = iy (h, U, 1)‘ o ;H

We would like to set [ so that Pr [S™ € B™ ‘ 5™ e G™!] will be at most §/2, as follows,

< — >
P e A

[\V]

Hence, we set

_ 2 8|L[| |
I= €2 log ( oA
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Next, we will bound Pr [Sm € val} by 6/2.

Since m > my (e, d,1,7, A) and since p(h, U, I) > ~1 for any h € H and (U, I) € C},, we know
that for any h € H and (U, I) € Cp:
8|T(|#]
4 8log ( 3N )
m > =

v e

Thus, the expected number of samples we have in each interesting category, is at least twice the value
of [, i.e.,
E[n(h,U,I,S)] = mp(h,U,I) > myyp > 21

Thus, using the relative version of Chernoff bound, the upper bound we have on [, and the lower
bound we have on m, for any h € H and for any interesting category (U, I) € C}, the probability
that S™ has less than [ samples in the category (U, I) is bounded by:

. . E[n(h,U,I,S)] _ElA(h,U.1,5)] A0
Prin(h,U,I,5) <] <P hUIS) < ——""=1 < < —
r[n( ) = ) — ] — r n( ? ’= ) — 2 — € 8 — 2‘1_‘”7'”
And, by using the union bound:
= Ad 0
Pr[S™ e Gm!| =Pr[3h € H,3(U,I) € Cp : (h,U,1,8) <] < |Ch|ﬁ < 3

Thus, overall:
Pr[S™ € B™] < Pr [Sm € B™ ] S e Gm’l] +Pr[S™ e Gml] <4§/2+8/2=10

as required.

C Proofs for Section

Proof. (Proof of Lemma[I6)
Let us assume that VCdim(H,) > d and let S be a sample of size d + 1 such that H,, shatters S.

Let us define the function f : S — ) as:
VeeS: f(z)=v

Let 7' C S be an arbitrary subset of S. By assuming that 7{,, shatters S we know that there exists
h, € H, such that:
VeeS:hy(x)=1 < 2T

This means that for the corresponding predictor A € H:
VeeS:h(z)=v=f(z) < z€T

Thus, using our definition of f,
VI'CS,3heHVreS: hx)=f(z) < ze€T

Which means that S is G-shattered by H. However, since |S| > d, it is a contradiction to the
assumption that dg(H) < d. [ |

Proof. (Proof of Lemmall7)

Assume that VC'dim (P4, ) > d and let S be a sample of d+ 1 domain points and outcomes shattered
by CI)’HW .

Note that y = 0 implies that Vh, € H,,Vz € X : ¢p, (z,y) = 0. Thus, V(z,y) € S:y =1
(otherwise S cannot be shattered).

Let S, = {z; : (z,y;) € S}. Observe that when y = 1, Vh, € H,,Vz € X : ¢y, (x,1) = hy(x).
Thus, the fact that S is shattered by ®4,, implies that .S, is shattered by H,,. However, |S,;| = d + 1.
Thus, we have a contradiction to the assumption that VCdim/(®4,,) > d. ]
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Proof. (Proof of Lemma|T8)
Let H, and ®4,, be the binary prediction and binary prediction-outcome classes of H.

Using Lemmas|[16]and |17} and since d;(H) < d, we know that VCdim(®y,) < VCdim(H,) < d.

In addition, note that:

o b =] = Py ) =0l = |3 o) = By ) = 1]
And
1 — 1 —

‘m ZH [h(x;) = v,y =1] — (Lyf)’gDu[h(x) =uv,y= 1]’ =~ ;qﬁh,v(%yﬂ - (&yl?fDU[%,v(x,y)]
and the lemma follows directly from Corollary[T3] [ |
Proof. (Proof of Lemma|T9)
Let us denote £ := 1¢/3

po_P_p_ p—&_p(+Ep) pm—E 3 [qu}

P2 P2 P2 pet+E p(l+E/pe)  p(l+E/p2)  pa(l+E/p2) D2
Since p1,% < pa,

D1 & [p2 po 26 3¢
LE | R e i g
p2(1+&/p2) {szr ] S172 Lﬂ * ¢] (0 = v

Similarly,

opo_p+ g s (=) 3 [1+pl}

P2 P2 p2—& p2 p2al—=E&/p2)  pa(l—E/p2)  p2(l —E&/p2) P2l
Since p1, ¢ < po,

§ D1 § D2 D2 2¢ 2¢ 2¢

14+ 22 I = =
21— &/p2) { UJ = (1= €/9) [w * w} GI—E/0)  30—e3) S 30-1/3)  °
Thus,
PPl
P2 Da2|

Proof. (Proof of Lemma[20) Let Py; denote the probability of subpopulation U

Py := Pr [z € U]

Using the relative Chernoff bound (Lemma[23) and since E[|S N U|] = mPy, we can bound the
probability of having a small sample size in U. Namely, if Py > +, then:

Pr |SmU|g@} < Pr [SmU
D 2 D

Thus, forany U € I, if m >

810g(@)
—

|<mPU
-2

|SmU\>%

m

ym

P,
}<6_ S <e

, then, with probability of at least 1 —

TP

Finally, using the union bound, with probability at least 1 — ¢, forall U € I,

[SNU| >
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Proof. (Proof of Theorem [T0)

Let S = {(x1,91), .-, (Tm, Ym)} be a sample of m labeled examples drawn i.i.d. according to D,
and let Sy := {(z,y) € S : « € U} be the samples in S that belong to subpopulation U.

Let I' denote the set of all subpopulations U € I' that has probability of at least +:
I,:={UeT| P%[zEU}Z’y}

Let us assume the following lower bound on the sample size:

- 8log (2|F‘)

B Y

m

Thus, using Lemma[20} we can bound the probability of having a subpopulation U € I, with small
number of samples. Namely, we know that with probability of at least 1 — 6/2, for every UcTl,:

ym

|Sul > —- 5

Next, we would like to show that having a large sample size in U implies accurate approximation of
the calibration error, with high probability, for any interesting category in (U, I). For this purpose, let
us define €', 8’ as:

T

By using Lemma and since di(H) < d, we know that there exists some constant @ > 0, such that,
for any v € Y and any U € T, with probability at least 1 — ¢’, a random sample of m; examples
from U, where,
d+log(1/8) _ - d+log(1H)
2 = 9a 22

will have,

1
— = <=
VheH ’m E Ih —Prh(z)=v|zeU]|l<e

1165(}

By using Lemma 18] and since dg(H) < d, we know that for any v € Y and any U € I, with
probability at least 1T — ¢’, a random sample of my labeled examples from U x {0,1}, Where
L dtlog(1/8) _ o d+log(*H)
= o2 =% 22

will have,

1

Vhe’H,:‘ Z Ih(z") =v,y =1 =Prlh(z) =v,y=1|zeU]| < = —
2

(a:/vy/)ESU

Let us define the constant a’ in a manner that sets an upper bound on both m4 and ms:

a :=18a
and let m’ be that upper bound:
d+log (121
m :=d e > max(my, ms)
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Then, by the union bound, if for all subpopulation U € I, |Syy| > m/, then, with probability at least
1—2[0)|Y|0' =1- 3

Vhe VU €T, Yo e Y :

1
Y Th@) =0~ Prlp() = vz e U] < &
|Sul 3
(=',y")ESU
Vhe H,VU €T'y,Yv e Y:
1
—_ Z I[h(z') =v,y =1 =Prlh(z) =v,y=1|z € U]| < ve
|Sul 3
(I/:y/)eSU
Let us choose the sample size m as follows:
o’ ) d + log (|F\6\y|)
T T T ey
Recall that with probability at least 1 — ¢/2, for every U € I':
1Su] > 22—
2
Thus, using the union bound once again, with probability at least 1 — §:
Vhe H,VU €T',Vv e Y:
1
— Z I[h(z') =v] —Pr[h(z) =v |z € U]| < ve
|Su 3
z’' €Sy
Vhe H,VU € I',,Vv e Y
1
‘ Ih(z')=v,y =1 -Prlh(z) =v,y=1|zeU
1Sul &
(z',y")eSU

To conclude the theorem, we need show that having 1¢/3 approximation to the terms described
above, implies accurate approximation to the calibration error. For this purpose, let us denote:

p1(h,U,v) :=Prih(z) =v,y=1|z € U]
p2(h,U,v) :=Pr[h(z) =v |z € U]

1
p(h,Uv) = —— I[h(z") = v,y =1]
1Sul . 2
z’,y')ES
1
p2(h,U,v) := —— I[h(z") =]
ol 2

Then, with probability at least 1 — 4:

Vhe HVU €Ty, Vv € Y : |p2(h,U,v) — pa(h,U,v)| < %
Vh e HVYU € Ty,Yv € Y : |p1(h,U,v) — p1(h,U,v)| < %

Using Lemma forallh e #,U € I'yand v € ), if p2(h, U, v) > 1), then:

pl(ha U7 U) _ ﬁl(ha U7 U)
p2(h7 U?”) ﬁQ(ha va)
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Thus, since

_pnUo)
c(h, U {v}) = p2(h, U, )
A _nhUy)
é(h, U {v},8) = P2(h, U, 0)

then with probability at least 1 — §:
VYhe H,VU eT\Vv e Y : Prlz € U] > ~,Pr[h(z) =v|x € U] > ¢ = |c(h,U,{v}) — é(h,U,{v},S)| <€

D Proofs for Section

Proof. (Proof of Theorem|11) Let X = U U {22} where U = {2°, 21} and 2° # 2!. Let H = {h},
where
i1t+e z=2a°

_J2
M=) = {O else.
LetI' = {U,{z?}}. Let D € {Ds, D>} where

/24 by (w.y)= (1)

_ 1 @2=auy (zy) = (2°,0)

Dy (x,y) = (1 =)y (z,y) = (21,0)

1—7 (.’II,y) (mQ’O)

and

/24y (w.9)=(a,0)

_1A2=guvy (zy) = (1)

D(z,y) = (1— 1)y (z,9) = (',0)

1—7 (.’II,y) (mQ’O)

Now we will show a reduction to coin tossing:
Consider two biased coins. The first coin has a probability of r; = 1/2 + ¢ for heads and the second
has a probability of 7o = 1/2 — e for heads. We know that in order to distinguish between the two

i)

with confidence > 1 — §1, we need at least C samples.

Since

Pr [zreUl= Pr [z#2%=
(r»y)ND[ ] (ryy)ND[ 7]

the first condition for multicalibration holds. Now, we use another property of our “tailor-maded”
distribution D and single predictor h, whichis {zx € X : h(z) = 3+ ¢} = {z € X : h(z) =
14+ ¢€,2 € U} = {xo}, to get the second condition:

%r[h(x) =1/24+ €z eU]= %r[a: =2z e U] = ? =),

and that 1
J— —_— - = = = 0
lz)r[y =1|h(z) = 5 +e,x e U] Izr[y 1x = 2"
is either 1/2 + € (if D = D) or 1/2 — € (in case D = D) (recall that D € {Dy, D5 }).

Now, if H has the multicalibration uniform convergence property with a sample S = (x;,y;)",; of
size m, and if

i yzfl hMaxi) =1/2+ €2, € U] 7iﬂ[yi:1,mi:x0] >1
P Ih(z;) =1/2 + 6,2, €U] Sy Iy =20 2

holds, then . .
Prly = 1|h(z) = Jteze Ul = 5 te



holds w.p. 1 — 7 (from the definition of multicalibration uniform convergence).

Let us assume by contradiction that we can get multicalibration uniform convergence with m =

C k C =
207 — 75 < 5 for some constant k = Q(1).

Let mg denote the random variable that represents the number of samples in S such that z; = x
(e h(z;) = 1/2+¢). Hence, Eim°] = v -4 -m = § — k.

From Hoeffding’s inequality,

0

Prim® > 692] = Pr[m° — (g —k) >k < e~ 2mk?
E[mo]

Let 65 be the parameter that holds e—2mk? < §2, and let 6 := 41 + J2. Then we get that with
probability > (1 — d1)(1 — J2) > 1 — §; — 02 = 1 — ¢ we can distinguish between the two coins
with less than 692 samples, which is a contradiction.
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