A Outline and notation

The supplementary material is organized as follows. First, § B proves that the softmax operator as
well as its sparse versions indeed satisfy Assumption 2. Next, § C provides formal statements of
Step 1 in the proof sketch (§ 4.1). The outline of proof of Lemma 3 (Step 2 in the proof sketch) is
presented in § D, followed by a separate section (§ E) proving the three key sublemmas in the proof.
The proof of Step 3, Lemma 4, is given in § F. Lastly, § G and § H present the detailed setup of our
experiments and additional experiment results, respectively.

We next review some of the notation and also introduce additional notation used throughout the
supplementary material. For a positive integer a, let [a] := {1,...,a}. For a,b,c € R where
b — a > 01is an integer multiple of ¢ > 0, we write [a : ¢: b] := {a,a+ ¢,a + 2¢,...,b— ¢, b}. For
any matrix A € R4X™ et A; denote its j-th column, and As denote the submatrix consisting of
columns of A in the index set S C [n]. We also use A, ; to denote its (4, j)-th entry. Let 1 {-} be the
0-1 indicator for an event. Let 1,, € R™ be a vector whose components are all 1.

B Sparse probability maps satisfy Assumption 2

In this section, we show that the softmax operator og as well as the probability maps p used to replace
softmax in the existing approaches, namely softmax with only top-k inputs [35], sparselin-gen [9],
and a-entmax [8], all satisfy Assumption 2. We restate the assumption for reader’s convenience:

Assumption 2. For any { > 0 andn € (0,1], 3t > 0 such that, for any column input v satisfying
U« — maX;x;- V; > ¢ (where j* = arg max; v;), we have p[tv];= > 1 —nand 3, ;. p[tv]; <n.

As in the assumption, we only consider the operation of these probability maps on a single vector, as
they are applied column-wise. For each of the probability maps, we will show that for any ¢ > 0 and
n € (0, 1], we can choose ¢ > 0 that satisfies the conditions of Assumption 2.

B.1 Softmax & softmax with top-£ inputs

Given an input vector v € R™, the j-th coordinate of the output of softmax og[v] is defined as

exp(v;)
oglv]; = =————.
S (o)
We assume without loss of generality that the entry of v is in decreasing order, where the first two
entries satisfy v;1 — vo > (. For any such ¢ > 0 and any 0 < 1 < 1, our aim is to show the existence
of t > 0 such that og[tv]; = Zf"p& > 1 — 1. Then, ) 7, gstv]; <7 follows.

v exp(tvy) =

Now, since v; < v1 — ( fori € [2 : n], note that

ito] exp(tvy) exp(tvy) 1

o = = .
SEP S exp(tv;) — exp(tvr) + (n—1)exp(tvy —t¢) 1+ (n—1)exp(—t()
Since m is an increasing function in ¢ > 0, one can increase ¢ sufficiently large to

make it greater than 1 — 7).
The same argument holds for the softmax with top-k inputs, used in [35]. By the assumption on v,
entries vy, . . . , vy are the top k components. Thus,

pltv): > !
1+ (k—1)exp(—t()

can be satisfied by choosing large enough ¢ > 0.

>21-n

B.2 Sparselin-gen

We now consider the case where p is sparselin-gen [15], which was used to sparsify the attention
score matrices in [9]. Given a regularization parameter A € [0, 1), the sparselin-gen used in [9] is
defined as
. 2 2
plv] ;== argmin |lp — v[|” = Af|p|~,
pe An—1
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where A" ! := {p € R" | p >0, ", p; = 1} is the probability simplex. Then, the solution for
optimization problem above can be written as

plv); = maX{O,U'jl_T/(\U)}, for j € [n],

where 7 : R™ — R is a threshold function that chooses the threshold 7(v) such that 37, p[v]; = 1.

Now, assume without loss of generality that the entry of v is in decreasing order, where the first two
entries satisfy v; — vo > (. For any such ( > 0 and any 0 < 1 < 1, our aim is to show the existence

of ¢ > 0 such that p[tv]; > 1 — 7. This is done by choosing t = 12’7. To see this, notice that if v;’s

are in decreasing order, then p[v]; are also in decreasing order. Now consider

pltv]1 = max {o, “’17(“’)} . pltv]s = max {o, “’27(“’)} .

I—=A 1-X
If p[tv]s = 0, then p[tv]; = 0forall j = 3,...,n,and p[tv]; =1 >1—n. If p[tv]s > 0, then
_ tvy —7(tv) _ tog — T(tv)  t(vy — v9)

- - - > t(vg —va) >t =1—1.
pltv]y — pltv]s T T [y 2li—w)2t=1-1

B.3 «a-entmax
Next, we consider the case where p is a-entmax [21], which was used to sparsify the attention score
matrices in [8]. Given a parameter o > 1, the a-entmax is defined as

plv] == argmax p”v + H,(v),
peAn—l

where A"~ ! is the probability simplex and H,, is the Tsallis continuous family of entropies
1 e
Ho(w) i { atoD 2%~ 0 a> 1,
“ — > v;log; a=1.

As shown in [8], the solution of a-entmax is equal to softmax if @ = 1, and otherwise (o > 1) it is
given in the form

1
plv); = [max{0, (a — )v; — 7(v)}] =7, for j € [n],
where 7 : R™ — R is a threshold function that chooses the threshold 7(v) such that }~7_, p[v]; = 1.
Since softmax (o = 1) is already covered above, we focus on o > 1.

Again, assume without loss of generality that the entry of v is in decreasing order, where the first two
entries satisfy v;1 — vo > (. For any such ¢ > 0 and any 0 < 1 < 1, our aim is to show the existence
of ¢ > 0 such that p[tv]; > 1 — . This is done by choosing ¢ = 1/¢(a—1).

Note that (o« — 1)t(v; — v2) > 1 due to our choice of t. Then, we will show that with such a ¢,
pltv]y = 1 must hold. For the sake of contradiction, suppose not: p[tv]; < 1. Then, by monotonicity
of p[tv];, we have p[tv]s > 0. This means

pltv]e = [(a — 1)tvy — 7(tv)] = 0,

in particular, we have (« — 1)tvs — 7(tv) > 0. However, recall that (o — 1)¢(vq — v2) > 1, which
implies (e — 1)tvy; — 7(tv) > 1. This results in

1
pltv]r = [(a — L)tvy — 7(tw)]*7T > 1,
thus contradicting p[tv]; < 1. Therefore, p[tv]; = 1 must hold.

C Details of the Step 1 in the proof sketch (§ 4.1)

We start by formally defining the function class F(0).

F(d) = {Z|—> Z Agl{Z e G+[0,6)""} | ZeD,Ag € Rdxn},
GeGs

where G4 := {0,6,...,1 — §}%*", We now state and prove the lemma.
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Lemma 5. For any f € F and € > 0, there exists a small enough 6 > 0 such that there exists
f e F(O) such that d,,(f, f) < ¢e/2.

Proof Since f : D — R%*" is a continuous function on a compact domain, it is uniformly
continuous. Also, continuity is defined with respect to entry-wise £,, norm which is equivalent to
entry-wise £, norm, uniform continuity leads to

Ve > 0,36 > Osuch that VX, Y, | X — Y|, <& = [[f(X)— f(Y)], < /2.

Then, suppose we create a set of cube grid points G4 := {0,,...,1—3}4*", and define a piece-wise
constant approximation

f(x)= 296@5 fG1{X e G+[0,6)""}.
Note that for any X € G + [0,0)?*" we have | X — G| < &, so we have
[F(X) = FX), = 1£(X) = (G, < e/2.

This implies that

at. D= ( [ lrx) - f<X>||§)1/p <2,

finishing the proof of the lemma. O

D Proof of Lemma 3 (Step 2 in § 4.1)

. . . . . ——2.1,1
In this section, we describe in further details how modified sparse Transformers (the class ST )

are able to exactly express arbitrary piecewise constant functions in F(J). We show that we can
compute a contextual mapping of the entire input sequences without relying on dense self-attention
layers. The token-wise feed-forward layers then transform these contextual mappings to the desired
output sequence.

To give a high level summary of the proof, we want to show that given a piece-wise constant function
- = . . _ =211 -
f € F(0), there exists a modified Transformer network g € ST that exactly represents f. Recall

first that the function class ﬁm’l has an additive positional embedding matrix E € R?*" that is
added to input before the input is fed to the network. We start by choosing the positional embedding
FE and construct a Transformer network that implements quantization of the input, contextual mapping
of the quantized input, and value mapping of the context ids.

1. Choose the positional embedding E according to v in Assumption 1.2. After addition, each
column of the input X, + E}, are in disjoint intervals.

2. Given the input X + FE, a series of modified feed-forward layers quantizes it so that each
entry of the quantized input has a value in {0, 4, ...,n — §} (Lemma 6).

3. Next, a series of modified sparse self-attention layers takes the quantized input H and
implement a contextual mapping q such that, for different quantized input sequences H and
H', all the elements in ¢(H ) and q(H’) are distinct (Lemma 7).

4. Finally, a series of modified feed-forward layers maps each element in the context id q(H)
to the desired output value of f € F at the input X (Lemma 8).

We defer the proofs of Lemmas 6, 7, and 8 to a separate section: see § E.

Before discussing the details of each step, we note that although a Transformer network stacks
self-attention and feed-forward layers in an alternate manner, we can use a series of arbitrary number
of the same layers, thanks to skip connections. The outline of the proof is similar to [33], but key
component in their proof called selective shift operation relies on the fact that each token can attend
to the entire sequence; this is not true in sparse Transformers, which poses a nontrivial challenge.
We overcome this issue by a more careful construction of the positional embedding E and sparse
self-attention layers.
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D.1 Choosing the positional embedding

Recall from Assumption 1.2 that there exists a permutation  : [n] — [n] such that for all ¢ € [n — 1],
(%) is one of the tokens that the (7 + 1)-th token directly attends to. Using this permutation vy, we
choose the columns of positional embedding E in the following way:

E'y(l) = (n — 1)1n, and E’y(i) = (Z — 2)1n, fori € [2 : n]

As aresult, the v(1)-th column of X +E will be in the range [n—1,n)?, and similarly X, ;) +E. ;) €

[i —2,i— 1)9fori € [2: n]. This means that the entries corresponding to different tokens lie be in
disjoint intervals of the form [j, j + 1), where j € [0: n — 1].

D.2 Quantization by feed-forward layers

Note from the previous step that each entry of X + E must be in [0, n). Next, we quantize this
interval [0, n) of input using to a set of §-grid points {0, d,...,n — d}. This allows us to deal with
finite set of values, which proves useful in the later stages of the proof. The next lemma shows that
the quantization can be carried out using a seried of the modified feed-forward layers.

Lemma 6. Consider a entry-wise quantization map ggnt :R—R:

- k6 ifk6 <t < (k+1)5, ke0:n/s—1],
c <t>={

t otherwise.

There exists a function gq : RI*" s RIX" composed of ‘%” token-wise feed-forward layers with
r = 1 and an activation ¢ € ®, which implements the entry-wise quantization ggm to each entry of
its input.

D.3 Contextual mapping by sparse self-attention layers
After the input X + E is quantized, the output of g, must be in the following set Hs C REx7:
H; := {G + E € R™" | G € Gy},

where G5 := {0,4,...,1 — §}9*" was defined to be the §-cubic grid points of [0,1)4*". Using
this finite set of sequences, we construct a contextual mapping that maps each sequence in Hj to
unique numbers. Recall that the sparse attention layer has p sparsity patterns that rotate in cycles, and
Assumption 1.3 assumes that one token directly/indirectly access all the other tokens after s such
sparse attention layers. We now state the lemma.

Lemma 7. Assume that n > 2, and 6! is an integer satisfying 51 > 2. Suppose that the sparse
self-attention layers (h = 2, m = 1) satisfy Assumption 1 and employ the hardmax oy operator,
and that the positional embedding E was chosen as described in § D.1. Then, there exist a function

ge : R&X™ — RYX™ composed of % + s sparse self-attention layers, and a vector u € R, such
that (H) := u” g.(H) satisfies the following properties:

1. Forany H € Hy, the entries of q(H ) are all distinct.
2. Forany H,H' € Hs such that H # H', all entries of ¢(H), q(H') are distinct.

This contextual mapping maps each unique sequence/context into different context ids, enabling the
network to distinguish the same token appearing in different sequences.

D.4 Value mapping by feed-forward layers

After the contextual mapping, we use the token-wise feed-forward layers to map each different
context ids to the desired output value of the target function f. More specifically, recall the function
g from Lemma 7. For any H € Hy, we need to map the output g.(H ) of Lemma 7 to the desired
function value f(H — E) (recall that H is the quantized input after adding E to X, so we need
to subtract E). This is done by implementing a token-wise value mapping using the feed-forward
layers.
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Lemma 8. There exists a function g, : RY>*™ — R¥*" composed of n(%)d" token-wise feed-

forward layers (r = 1) with an activation ¢’ € ® such that g, is defined by a token-wise function
gtk . R4 — R on each column,

9(2) = [g"(21) - g™ (Zn)],
where for all H € Hs and k € {1,...,n},

W (9e(H)r) = f(H — E)y.
D.5 Finishing the proof

Given Lemmas 6, 7, and 8, one can easily check that for any G € G4 := {0,4,...,1 — (5}dX" and
any input value X € G + [0, )%*", we have

gvogcogq(X+E):nggC(G+E)
= (9% (gc(G + E)1) gik“(gc(G+€)2) o g% (g(G + E),)]

=[f(G) [(G)2 - [(G)] =](G)=[(X).
Therefore, we have constructed a modified sparse Transformer network g(X) := gy 0.0 gq(X + E)

that satisfies g(X) = f(X) for all X € D, hence proving Lemma 3.

E Proof of Lemmas 6, 7, and 8

E.1 Proof of Lemma 6

The proof goes as follows. Using % token-wise feed-forward layers, we implement the quantization
function ggnt that quantizes the first row of the input. Then we stack another % layers to quantize the
second row, and so on.

For the first row, we add n /¢ layers of the following form, for k € [0 : n/§ — 1].

{0 t<Oort>6,

Z = Z+eWo(e")Z —ko1y), o) =1" [, s

where e(!) € R? is the first canonical basis vector e") = (1,0, ...,0). Each layer quantizes Z; .
in [kd, k0 + §) to ko, without modifying other intervals or other rows of Z. Note that the activation
¢ is a piecewise linear function with three pieces; hence, ¢ € ®. Therefore, the layers satisfy the
definition of modified feed-forward layers. We can now repeat the same construction for the d — 1
remaining rows.

E.2 Proof of Lemma 7

In order to construct a network g. that implements the contextual mapping, we first introduce two
operations referred to as the sparse selective shift operation and all-max-shift operation, implemented
by at most two (modified) sparse attention heads of head size 1. Then, we proceed to stack layers
implementing the selective shift operations and all-max-shift operations, and prove that these layers
map input H € H; to unique context ids.

E.2.1 Preliminaries

Sparse selective shift operation. Given any vector u € R?, first consider the following function
implementable with a sparse attention head with head size 1 and sparsity pattern {Afc}ke[n]. For

k € [n], the function ¢! : R4*™ — R1X™ computes each of its output column in the following way:

T e T

. T T T max;ec p w Z; ifu’ Zy > bq,
Z;b =u Z VA Zi —bg)] = k

'(/J ( ) Q)k u A%UH[(U Ai) (’LL k Q)] {minjeAL usz if UTZk < bQ

One can consider a sparse self-attention layer that consists of two such heads, with by < b’Q:

/ WZ:b
\I}l(Z;C7 bQ,bQ) = Z+ [ce(l) —Ce(l)} {zlgzabzg} .
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The (1, k)-th entry of W'(Z; ¢, bg, bf,) reads

U Z;50,bg,bg) 1k = Z1k + (W (Z;bg)k — V' (Z;by)k)
_ | Zik + c(maxje g w Z; —minge g u" Z;) i bg < u'Zy < b,
| Zik if u” Z;, ¢ [bo, ).

This means that for input columns Z;, satisfying u” Zj, € (bg, b’Q) only, W' shifts up the first entry

of Z;, by the difference of maximum and minimum values of u” Z ; over the sparsity pattern j € AZ,
while leaving other columns intact. By choosing bg and b’Q properly, we can selectively modify

certain columns without touching other columns; we refer to this operation W' as the sparse selective
shift operation, and we will see later that this is indeed the key ingredient of our proof.

In fact, this operation is a sparse version of the selective shift operation used in [33]. Since Afc is

usually only a small subset of [n], one cannot calculate the maximum and minimum of u” Z; over
the whole sequence, as done in [33]. Instead, we use Assumption 1.2 and a more careful choice of
to get around the restriction posed by sparsity.

All-max-shift operation. Suppose the input Z € R*" satisfies u” Z > 0 entry-wise, for a vector
u € R?. Then, the all-max-shift operation Q' : R¥*™ — RIX" is a sparse self-attention layer that
consists of one attention head:

QU (Z;c) = Z + eyl (Z;0).
The (1, k)-th entry of Q!(Z; c) reads

QZ(Z;C)Lk =Z15+ A (Z;0), = Z1 + ¢ max uTZj.
JEAL

So, for each column £k, the all-max-shift operation shifts up the first entry of Zj;, by the maximum
value of u” Z; over the sparsity pattern j € Aﬁc. Unlike the selective shift operation, the all-max-shift
operation is applied to all the columns.

Column ids. Recall that the any input to this step is in
Hs :={G+EcR™ |GcGs:=[0:0:1—8"}.

Because of the way E is chosen according to the permutation «y in Assumption 1.2, for any H € H;
we have

H,p€n—1:0:n-203"
H,;€li—2:0:i—1—¢]"foralli € [2:n].

Now consider w := (1,671,672,...,§791). Tt is easy to check that for any H € Hy, the map
H, — uT Hy is one-to-one, and

d-1 d—1
w' H, ) € l(” - 1)25_i 260 (n— 1)25—1 Lgd+l (5] 7

o 5 0
u"H, ;) € l(i —2)) 66 (i—2)) 6T o 5] , fori € [2:n).
=0 =0

Hence, for each column Hj,, the inner product uT H}, is in an interval disjoint from the other columns.
Thus, u” H}, can be thought as a “column id” that identifies the column’s original input value G, as
well as its position k. Note furthermore that for any H € H,

’UJTH,Y(Q) < UTH,Y(;;) << UTH,y(n) < uTH,Y(l). (8)

E.2.2 Construction of layers

Given these preliminaries, we now describe our construction of g.. Recall from Assumption 1.2 that

the permutation ~ satisfies y(i — 1) € [J]_, Alv(i) for i € |2 : n]. From this, for i € [2 : n] we let

18



l; € [p] be any index such that v(i — 1) € Ai;(i). For simplicity of notation, let z;, := u’ Hj, for

keln)and A =406

Next, starting from i = 2, we want to sequentially stack 6~ sparse selective shift operations
Whi(674b—6/2,b+6/2),

in increasing order of b € [(i —2)A: 4 : (i —2)A + 6~ %+ — §]. That is, we want to add sparse

attention layers with sparsity patterns Af;(z.) that apply the selective shift operation to each possible

value of z,(;). Recall that the sparsity patterns have to cycle from Aj to AP, so we have to place

other remaining p — 1 sparsity patterns (whose indices are not ;) in between the W'¢ layers. This can
be done by setting all the other sparse attention layers to be the identity. This way, we stack a total of
pd‘d sparse attention layers for ¢ = 2, another pd —d for 4 = 3, and so on, uptoi =n.

After these layers, we further stack s all-max-shift operations. For¢ = 1,.. ., s, we add all-max-shift
operations of the form

Q(i—l) mod p+1 ( 2sn5—nd—1).
Here, the superscript (i — 1) mod p + 1 is there to make sure that we cycle through the sparsity
patterns from 1 to p, until we stack s layers in total. This finishes the construction of our function g,

composed of 2 ('gd_l) + s sparse self-attention layers.

E.2.3 Selective shift operations

We now explain how these stacked self-attention layers implement a contextual mapping. This
subsection will consider the selective shift operations part; all-max-shift operations are described

in the next subsection. Suppose that after the input H € Hj is processed through the first p("gid_l)
layers, we get H € R%*"™ at the output. We will show at the end of this subsection that the map

H—J'H +(n) 18 a one-to-one map for column ~y(n), so the selective shift operations compute a
“unique id” for each possible input sequence H € H.

First selective shift. First consider the first pd~¢ layers. Omitting layers that are identity, they
are essentially selective shift operations W'2(-; 674 b — §/2,b+ 5/2) forb € [0 : § : 64+ — §].
Since [0 : 6 : 6-4*! — §] is the set of possible values of 2y(2), these layers perform selective shift
operation on the (2)-th column without changing the other columns. Each possible value of H., )
undergoes one and only shift operation (by the corresponding layer with b = u” H ~(2))> by which
the (1, v(2))-th entry of the input is updated.

Recall by Assumption 1.2 that y(1) € AZVZ(Z), and that z,(1) and 2,,(2) are the maximum and minimum

over the whole sequence 21, . . ., 2, (see (8)). By Assumption 1.1 we also have v(2) € Afyz(Q). Since
both (1) and y(2) are in Afyz(z), the maximum and minimum value of z; := u” H,’s over j € .Aff(z)

are z,(1y and z.(2), respectively. Therefore, the (1,7(2))-th entry of the input matrix is shifted up as
follows: ~ 4
Hiq2) 1= Hipe) +07(20) = 2302)-

Let ﬁw(g) be the (2)-th column after the shift operation has shifted H 1(2) tO H 1,v(2)- Then, define
=~ . TTr _ —d
Zy(2) = w Hy@) = 2y2) +67(2,0) — 242)-
Note that 2, (2) > z,(1) because
2y(2) 07U 20) = 242) > 2y0) & (670 = 1)(2,0) — 2y2) >0,

which is true. Therefore, Zy(g) becomes the new maximum among the current values
Zy(1)5 Zy(2)5 Zv(3) - - - s Z(n)» and the new minimum element is 2. (3).

Second selective shift. We now consider the next pd ¢ layers, which are essentially W' (-;6=¢, b—

§/2,b+6/2) forb € [A:§: A+ 591 —§]. They apply the shift operation to the y(3)-th column.
Since we have v(2),v(3) € Alf‘(g), the shift operation similarly yields

Z13) 1= 203+ F ) — 29m) = 290 + 0 (25@) — 29) 07 (250) — 22)-
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‘We can also show Zy(g) > E,Y(z), because

@) 0 (E@) — 53) > e & 07 = D(Ee — 23) > 0.
So after this operation 2,3y and z,(4) are the new maximum and minimum over the updated sequence
Zy(1)5 Zy(2)5 Z4(3)s Zy(4)) * + > Zy(n)-

Repeating the process. The same process continues. The next pd~< layers shifts the ~(4)-th

columns and results in 2,4y which is greater than z_ (3. After the first p(n — 1)6—4 layers, all

columns except v(1)-th column have been shifted, resulting in 2., (1), Zy(2), - - - , Zy(n) satisfying
(n—1)A< Zy(1) < Z/(g) << Zf(n). ©)]

Let us denote the output of the p(n — 1) ~¢-th layer as H.
Selective shifts implement a one-to-one map. Next, we prove that the map from H € H; to
n—1
= e TTT _ —id
Zm = W Hy) = 2y + D 0 (25t — Zy(ni1-i)
i=1
is one-to-one. Recall that for each column Hy, the map Hy — uTH), =: z, is one-to-one.

Also, permutation of columns is one-to-one, which implies that it suffices to show that the map
[Z“/(l) s Z’y(n)] = 57(7,) is one-to-one.

Suppose we have two sequences [2y(1) ---  Zy(m)] and [2]q) - 2)(,)] that map to the same
value of Z, () = E;(n). Then,
n—1
= = —id
0= Zy() = Zym) = Zy(m) = Zhomy T D 0 U (2ynmi) = Fr(nr1-i) = Zymoiy T ZHrni1-p)-
i1

Suppose zy(n) # 2. (,,)- Since they both lie inside [(n — 2)A: 5 : (n — 2)A + 5§~ — 4], we have
_5—d+1 _'_5 g Z’y(n) _ ny(n) S 5—d+1 _ 5

Note that all the terms other than 2y(n) — ny(n) are of “coarser resolution.” For example, the first term

—d
0 (Z’y(n—l) — Zy(n) Z’/y('n,—l) + ny(n))

in the summation can only take values 0,64+, —§—d+1 25—d+1 _25=d+1 g0 it can never

cancel the difference z(,) — z’7 (n) and make the sum 2, (,,) — Z; (n) Zer0. This implies that z.,,,) =

z;(n) must hold.

Next, suppose z(,—1) # zﬁ/(n_l). Since we have z,(,,) = z;(n),
—§72dH < 5_d(2’7(n,1) — Zy(n) — Z’/y(n—l) + Z:/(n)) = 6_d(z7(n,1) - Z’/y(n—l)) < gL

But similarly, any other terms in the summation have coarser resolution than 6 291, so they cannot

cancel the difference 5_d(z,y(n_1) - Z;(n—n)' Thus 2 (,—1) = Z:y(nfl) must hold. Repeating the
same argument up to (1) proves that the two sequences must be equal: [27(1) . z,y(n)] =
is one-to-one and z, () can be seen as

[Zi/(l). e Z;(n)] . This proves that the map H — 2
the unique id for the input sequence H € Hi.

v(n)

E.2.4 All-max-shift operations

Next, we explain the operation of the s all-max-shift layers. Recall from Assumption 1.3 that any
token can attend to all the other tokens after s steps, either directly or indirectly. Also recall from

the last subsection that the input to the first all-max-shift layer is H, and the maximum entry of
uT H is Zy(n)» the unique id for input H. From the statement of Lemma 7, the output after the s

all-max-shift operations for input H is denoted as g.(H ). In this subsection, we show that through s
all-max-shift operations, the maximum z,,) will propagate to all tokens and be a “‘dominant” term,

which determines the interval that u” g.(H) lies in. As a result, we can show Properties 7.1 and 7.2
of g. at the end.
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Some preliminaries. Note that the unique id z(,,) has the following upper bound:

n—2
Zymy) = Zym) T D0 N2yt = Zy(r1-0) + 6TV 0) — 2y2)
=1
n—2
< 2y(m) + 07 (2y(nmi) = Za(na1—n) + 07TV 20y — 242)
=1
= Zy(m) + 6 (2y2) = Zym) T 07TV zy00) — 242)
=67y - (5 (” D — 670 252 — (674 = 1)zym)

<) <6 (- DA+ 6 )
<o DA 14864 —-1) <-4 (10)

where we used A := Zd ls—i = g:fj < §~% — 1. A similar bound
T <né =0 (11
also holds from a similar derivation. Next, recall from Assumption 1.3 the definitions

1. gl t._ t—1
Sk T -Ak, Sk T UjEAgct—l)modp-Fl Sj )

and that there exists s > 1 such that, for all k € [n], S} = [n]. Finally, the following inequality will
be useful throughout: for any integer s > 1,

2 s
25 +1 < 2s+1 <...< 25 +1 <o (12)
2s 2s 2s
Let us now describe the operation that the all-max-shift layers Q=1 medp+1 (.. 9gp5-nd=1) 4 —
1,...,s, carry out.

First all-max-shift. The input to the first all-max-shift layer is H. Let the output of the layer be
M. Recall that u” H consists of values Za(1)5 Z(2) - - - » Z(n)» Which are all strictly greater than 0
and strictly less than nd~"? (by (10)). So, for each column & € [n], the layer update reads

My o= Hoj o+ 2sm0™"0 lmaﬁ(uTH Hy g, + 2snd 41 TH1
JEA,

where jj := arg max;c 41 u” H;. After the update, u” M} is “dominated” by 25n6‘”d_1uT/I-fj;,
meaning that for any k, k' € [n],

uTHj; < uTHji/ — oM, < u" M, .
This is because the minimum gap between different values of uTH ji is at least §, and we have
uTﬁk <nd " < 2564t L6,

so if uTﬁji < uTﬁjl , that solely determines the order uT M, < uT M, because uTﬁk cannot
k'
reverse it. Also, by the definition of j}, for any index set B € [n] we have

maquHj1: max uTHj. (13)
i€B * J€Usen Al

If s > 2, we move on to the second layer.

1 mod p+1

Second all-max-shift. At the second all-max-shift, we have sparsity patterns A, . Letus

the output of this layer as M?2. For each column k € [n], the layer update reads
Mﬁk = Mllyk +2sn6 "1 max TMl M} k2806 nd—1 TM

. 1 mod p+1
JEA,
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where ji := arg max; yimept1 u’” M. If we look at the update more closely, we can apply (13)
k
and get

u' M} =uTH, + 23n5‘”d_1uTHji + 28n6_"d_1(uTsz + 2snd 4=t max uTHjl)
o 3 iE.AkmO p+1 i

=u"Hj, + 2sn57"d*1(uTﬁji + uTﬁjg) + (2snd—nd—1)2 max uTﬁj.
JES?

Again, the last term dominates the rest of the terms in u” M 2, because the minimum gap between
different values of max;es? uT H ; is at least §, and

ul M} — (2snd—"471)2 ma§uTﬁj =uTH, + 23n5‘”d_1(uTIAJ/jé + uTﬁjE)
jES?
< (1+4sn6 " g™ < (14 4s)n?6 72971 < (256 "4 1)2 . § = 45%n25 2471,

The last inequality holds due to inequality (12), because

25 +1\2
(H > <21+ 4s < 452

2s

is true for s > 2.

Remaining all-max-shifts. If s > 3, we move on to the third layer, which outputs M 8, Similarly,
we can show that u” M} is dominated by (2snd~"*~")® max;css u” H; because the rest of the
terms in w” M} is strictly upper-bounded

ul M} — (2sng—"471)3 max uTﬁj < (143-2sn6 "1 3. (2sn0 "2 pgmdL
jes?

which can then be shown to be smaller than (2sné~"4=1)3 . §:
+3-2sn0 "7 +3-(2snd " nd~™ < (14 65+ 1282)n35737472 < 8g3p353nd-3 .4,
(1 3 2 5 nd—1 3 (2 5 nd 1)2) 5 nd (1 6 12 2) 36 3nd—2 8 3 36 3nd—3 5

The last inequality is due to the fact that 1 4 65 + 1252 < 8s3 for s > 3, which can derived from
(12). Repeating this process, after all s layers we get M*, and u” M is dominated by

(2sn5_”d_1)3jné%>sc uTﬁj = (2$n5_"d_1)s§r.1€f[n§ uTﬁj = (23n5_”d_1)85,y(n).
ke n

This is because the remaining terms in w” M can be strictly upper-bounded
s—1
uT M — (2sn6 ") 2, ) < <Z (s) (25n§_"d_1)i> né~"d,
i=o \'
which is then dominated by the smallest difference possible in (2snd ’”d*1)537(7l):

<§ <j> (25n5"d1)i> né~ " < (S (':) (25)1') (ng—nd—1)s1p5-nd

i=0 i=0
= ((1425)° — (25)%)(nd~"4"1)* . § < (25n6 "4 1)5 . 6.
The last inequality used (1 + 2s)° — (25)® < (2s)?, derived from (12).

E.2.5 Verifying Properties 7.1 and 7.2

After these all-max-shift operations, we define the output M ? of the last all-max-shift layers to be
the output of the function g, for input H, i.e., g.(H) := M?.

Property 7.1 requires that for any H € Hs, all the components u” g.(H ) need to be distinct. This is
true, because for each column of u®'g.(H), we have

u” g.(H); mod 2snd "¢ = uTEk.
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This is because anything added by the all-max-shift operations is an integer multiple of 2s5n6~"¢,
and uTH), < né~"% < 2n5—"¢ for all k. Recall that H is the input matrix for the first max-shift
operation, and that the components of uT H are Za(1)5 Z4(2)s - - - » Z(n)» Which were shown to be
distinct by (9). Since u” g.(H )}, produce distinct outputs for a mod operation, they themselves have
to distinct. This proves Property 7.1.

Also, by the “domination” argument in the previous subsection, the output g.(H) has the property
that for any column, u” g.(H )} lies inside an interval determined by Zy(n)» the unique id for the
input H:

'u,TgC(H);C IS [(25715_"(1_1)557(”), (25n5_"d_1)5(57(n) + 5)) ,
and these intervals do not overlap because any different values of z,,y must differ by at least d. This

means that for any input H, H' € Hj, the components in u” g.(H) and u” g.(H’) lie in disjoint
intervals. Together with Property 7.1, this proves Property 7.2.

E.3 Proof of Lemma 8

To prove this lemma, we implement a token-wise function that maps

" (9e(H)x) = f(H — E)y,
for all H € Hjs and & € [n]. From the construction of Lemma 7, there are n|Hs| = 5 distinct
values of u” g.(H )y, and different values of u” g.(H)y, differ by at least d. The implementation of

gtkn can be done by stacking feed-forward layers so that each layer maps one unique number to the

corresponding output column.

More precisely, choose any H € Hs. For each of the n values of u” g.(H);, we add one feed-
forward layer of the form

0 t<—d/20rt>4/2,
1 —§/2<t<6/2.
This layer updates any column j of its input Z that satisfies u”g.(H), — 0/2 < u’Z; <
uT g.(H)j + §/2, without modifying any other columns that are out of this range.

Z s Z+ (F(H - B g (H)) 6 (w7 Z—uTgo(H)AT), &/(t) = {

We stack these layers for all possible values of H € Hs. After 5z such layers, we get the desired
function g, that satisfies
9(2) =[98 (Z1) - g (Zn)],
where for all H € H; and k € [n],
W ge(H)x) = [(H — E)y.

F Proof of Lemma 4 (Step 3 in § 4.1)

. . . . ===2.1,1 .
In this section, we describe how the modified sparse Transformer network g € ST constructed in
Lemma 3 can be approximated with an original sparse Transformer network g € ST, Recall that
g is a “modified” sparse Transformer network, which employ the hardmax oy operators in place of p

operators in sparse self-attention layers and piecewise linear activations ¢ € ® instead of ReLUs in
. . . . ===2,1,1
feed-forward layers. The goal of this lemma is to approximate the function g = g, 0g.0g9q € ST

with a standard sparse Transformer g = g, © g 0 §q € ST>** with accuracy d, (7, g) < €/2. As
the construction of g consists of three steps, we will approximate each of them step by step. The
whole intuition behind the proof is that as long as we are considering L,, approximation, we can
approximate oy and ¢ € ® as closely as we want with p and ReL.Us, respectively. However, as the
proof will show, controlling the aggregated error over layers is not a trivial job.

F.1 Approximating the quantization function g, (Lemma 6)

We first consider approximating g, from Lemma 6 with a standard feed-forward layer counterpart,
Jq- Recall from § E.1 that the modified feed-forward layers used in g, are of the form
0 t<OQort>4,

—t 0<t<§, (14)

Z— Z+eDp((eN)TZ - ko1L), ¢(t) = {
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fori € [d] and k € [0 : n/d — 1]. Note that the activation ¢ € ® can be closely approximated by
three ReLUs:

Gu(t) = —ReLU(t) + éReLU(t ~(1-a)s) - I?TaReLU(t )

0 t<O0ort>,
=< —t 0<t<(1-a)s,

Lai—6) (1-a)<t<s,
where 0 < a < 1. Note that ¢, (t) = ¢(t) except for an interval ((1 — @)d,8), and by shrinking
a > 0 this interval can be made arbitrarily small. Consider approximating the layers (14) with
standard erfg-forward layers, by replacing ¢ with its approximation %a. Let the resulting function be
Gq €ST=".

Then, it is easy to check that g,(X + E) = §4(X + E) holds if all coordinates of X € [0,1)?*"
are in the intervals of the form [k, (k + 1 — «)d] for some k € [0 : n/§ — 1]; i.e., the intervals in

which %a perfectly approximates ¢. The Lebesgue measure of the set of such inputs X is

1

(1 —a)d)™ x Snd

=(1- a)nd’

and this can be made arbitrarily close to 1 by making o small. As a result, “most” of the input X € D
satisfies gq(X + E) = go(X + E) € Hs, while a small fraction (of measure at most 1 — (1 — a)"9)
can map to some other values. For most of the remaining of the proof, we will consider the fraction
of inputs mapped correctly to Hs and bound their approximation error. We will come back to the
1 — (1 — a)" fraction at the end of the proof.

F.2 Approximating the contextual mapping g. (Lemma 7)

Let us now consider approximating the contextual mapping g. in Lemma 7, constructed using the
hardmax oy operators, with the standard sparse self-attention layers employing p operator. We will
call the approximation g.. Recall that p satisfies Assumption 2:

Assumption 2. For any { > 0 andn € (0,1], 3t > 0 such that, for any column input v satisfying
Vj+ —maxX;zj- v; > ( (where j* = argmax; v;), we have p[tv];- > 1 —nand 3, . pltv]; <n.

This means that p can closely approximate oy in the sense that whenever the input vector v to the
p operator has a maximum element v;« by some margin ¢, then the j*-th component of the output
p[tv] is close to 1, while the other components of p[tv] are close to 0.

Recall that g. consists of two parts. The first part is a composition of sparse selective shift operations,
and the second is a composition of all-max-shift operations. We will first examine how “errors” are
introduced when oy is replaced with p in both operations, discuss how the errors accumulate, and
show how to choose the right ¢ and 7 to control the errors in the approximation ge.

Errors introduced by p: Sparse selective shift operation. Recall that the key component in both
the selective shift operation and all-max-shift operation is the sparse attention head 1! (-), which
computes its k-th column as the following:

T oo T
. T T T, T max;ec g w Z; ifu’ Zy > bq,
Z;b =u" Z goul(u Z u Zp—bg)l = k T
VAZ:50) A al( Ai) ( k= bQ)] {minje”c u'Z;  ifu’Z, < bg.

Now suppose we replaced oy with p satisfying Assumption 2. Suppose each entry in u” Z differs
at least by ¢, which is true in the construction of g.. We choose ¢ = §/2 and some 0 < 7 < 1, and
corresponding ¢ > 0. Then, replace o[-] with p[t-] and define

(20 = u" Z g plt(u” Z4)" (W Z), — bg)].
If u” Zj, > be, it is easy to check that ¢! (Z; b))y, satisfies

(1—-mn) gneli)l{ ulZ; + njrgir} ul'Z; < IZZ(Z;bQ)k < ;’Iefli)l( u''Z;. (15)
k k E k
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Similarly, if u”' Z), < bg, we have

min u’ Z; < VN Z; bo)k < (1 —n) min v’ Z; + nmaxu’ Z;.
jeA, jeAl jeAl

Now consider the approximate sparse selective shift operator v, implemented with {/;l. For bg < b’Q,
we define

V(Z:bq)

vi(Z: 'V=Z 1) e
( ac7bQ?bQ) + [ce ce ] ¢l(z’b/Q)

For any column Zj, satisfying b < u” Z, < bl,, we have
1-2 max v’ Z; — min u? Z; | < ' Z:b — ! Z: b)), < maxulZ; — min u?' Z;,
( n) (jeAL J jeal J) < Pi( Q )k — ' ( Q)k = jeat J jeat ji
and for any column Zj, satisfying u” Zj, ¢ [bg, b ), we get
[01(Z3bQ)k — V' (Z; b))kl < 7 (mwf u' Z; — min uTZj> :
JEA] JEA,
Recall that for the hardmax oy version, we had

T . T : T /

. Ly s JMaXjequ w Zy —minje o u Z;  ifbg < u' Zjy < by,
Z;bQ)r — Y (Z; b))k = , i

V(Z;5bQ)r — ¥ (Z; b {0 if u” Zy, ¢ [bg, b)-

From this observation, the approximation error Ul — W of the selective shift operator on the (7, k)-th
entry of the output can be bounded as follows:

N [—2enDL 0] if j =1,u” Zy € (bg,bp),
VH(Z;¢,bg, )ik — V(Z;¢,bg, b )k €  [—enDy,enDY] if j = 1,u” Z), ¢ [bg, b)),
{0} ifj # 1,

[ T, _ i Tr7 . ..
where we used D}, := max;e gt u” Zj — min;e 41 - Z;j for simplicity.

Errors introduced by p: All-max-shift operation. Next, we examine the approximation error of
the all-max-shift operation introduced by replacement of oy with p. Let us define the approximate

all-max-shift operation Ql: _ B
QU(Z;¢) = Z + ceMyl(Z;0).

From (15), we can check that the approximation error Q' — Q! of the all-max-shift operation is

bounded as
~ —enDL, 0] ifj =1
QNZ: )i —QUZ: ) [—enDy,, ,
( 7c)j7k ( 7c)j,k S {{O} lfj 7& 1

Errors in selective shift operations. Given these approximation error bounds of single operations,
we now analyze the accumulation of errors through multiple layers. We first consider the first pd—¢
self-attention layers in g.. Recall that they consist of selective shift layers W'z (-; 6= b—§/2,b+6/2)
forbe[0:8:579 — ] and (p — 1)~ identity layers. A natural way to approximate these layers
with standard self-attention layers is to use approximate layers W'2(-; 674 b — §/2,b + §/2), with
sufficiently large ¢ > 0. As we have seen above, there is no error introduced by p except for the first
row. Thus, we will analyze the approximation error of W'z (-; 6= b — §/2,b + §/2) for the first row
only.

Let us remind the readers how the first selective shift operation (done by the first pd—¢ layers)

originally worked in g.. The input to g. is H, and we define zj, := u” Hj, and A = Y%} 61,

Recall from Egs. (7) and (8) in § E.2 that

0<2y2) <2y3) < " < 2Zym) < 2y(1) S (n—1)A+ ST 5 <o
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and z,(2) € [0: 6 : 6741 — 8], 50 2, (2) will undergo the selective shift by one of the self-attention
layers, which updates the (1,(2))-th entry of the input. Let H. ;) be the updated value of the
column and z (2 := uTH,Y(Q). The new sequence satisfies
A<z < < 2y < 2y() < By <o

where the strict upper bound on z () is from Eq. (11).

In case of the approximation W', we have seen that the error depends on the gap between maximum
and minimum of u” Z;’s, and this gap may grow larger as error accumulates; in the worst case, it
may grow exponentially. To see this, suppose a¢ and by are the maximum and minimum value of

u”'Z;’s, and they go through a selective shift operation, but they do not belong to the range of the
operation (bg, b’Q) Then, ag and by will be updated to a; and by, which are bounded by

ay < ag + 6" (ag — bo), b1 > by — 6 n(ag — by).
After the next layer, we get
as < ay+ 6" (ar —br) < ag+ 6" M(ag — bo) + 6~ (1 + 26~ ) (ao — bo),
by > by — 0 n(a; — by) > by — 6 nag — bo) — 6 4n(1 + 26~%n)(ag — bo).
Similarly, after k£ such layers, we get

N

-1
ar < ap + (ap — b0)5*dn (1+ 25*d7])i,

E N
=]

be > by — (ao — bo)s My (1+25 )",
i—0

1=

showing that the gap ax — by, may grow exponentially in the worst case:
ap —bp < (14 267%%)*(ag — bo).

In the error-less case (oy), for any input sequence H, the maximum possible difference between
maximum and minimum of w” H is bounded above by nd ¢, and after one selective shift operation
was done on the (2)-th column, the difference is then bounded by nd~2¢. Therefore, the worst-case
possible error introduced by p is bounded above by the sum of the worst-case errors calculated
assuming that we started off with max-min difference nd—2%. Using this observation, the error on
each first-row entry of the sequence after the first pd—¢ layers is bounded above by
5741
26267 Y 1+ 25 My), (16)
i=0
where a factor of 2 is introduced because when the selective shift operation is applied to the v(2)-th
column, it may introduce an error which is twice the magnitude of the error introduced to the other
columns. We want to make (16) smaller than %. By Assumption 2, we can always choose ¢ > 0 that
satisfies the assumption for
s | 24 5215 <~ 2l lee
(= 3 and n = 56°"log 1+W > 0, where 4 := min 6’W .

Using such ¢, we can control the total accumulated error by the first pd—¢ selective shift operations

5 .
below 3
5—4-1 —d
_ _ d i _ 1+257)° " -1
ond—2d. 54 E 1+25¢ Z<253d(
! ! i:O( ! sz ! (1+25-m) —1
. §—d
log (1 + (;Mz’s) s2ds
_ . s-2d n —2d
=nd 1+6fd —1] <né (explog(l—l—W)—l)
525 5
_ 5—2d7 -
" 8n?2 8n
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Therefore, after the first pd —d gelective shift layers, the accumulated error for each entry of the first
row is at most J/8n.

We can also apply similar arguments to the remaining selective shift layers. For example, for the j-th
set of pd~? selective shift layers where the operation is done on ~(j -+ 1)-th column of the input, the
gap between the maximum and the minimum, including the accumulated error from previous layers,
is bounded above by nd —(G+1d_Therefore, for this set of layers, the maximum accumulated error is
bounded by
§74-1
ons— b 5—dy Z (1+26-9)".
i=0

So, choosing ¢ > 0 that satisfies Assumption 2 for = g andn = %62‘1 log(1 + 6(1.8212”5), we can
5

control the accumulated error introduced by the pd~¢ layers below an

§74-1 —d
(i _ d i i 1+2679,)° " —1
ong— U+ . 5—d 1 1 25-dp)i < ong—G+2)d,
" K ;( +207%m)" < 2n T 20y — 1
log (1 + 5(”1”5) 67 ~
<po~UtDd [ 4 o 1<
- 6—d — 8n

In total, the accumulated error by the first p(n — 1) Z ¢ layers, which correspond to the selective shift

operation part of the construction, is at most % < %.

Errors in all-max-shift operations. For all-max-shift operations, we approximate the hardmax
oy all-max-shift operations Q'(Z; nd~"?) with its p-counterparts, Q!(Z;nd~"¢). We can similarly
bound the accumulated error in the all-max-shift operations. Recall from § E.2 that during the
whole series of all-max-shift operations, the maximum entry in the sequence is upper-bounded by
(2sn6~ "4~ 1)*ng "4 and minimum entry is lower-bounded by (n — 1)A. Therefore, the gap between
the max and min elements, taking into consideration the errors from selective shift operations, is
bounded from above by (2snd~"9~1)*ns "4, Then, using a similar argument as the select shift
operation layers, the maximum error is bounded above by

s—1
(25n57nd71)sn57nd . n(;fnan(l + n(;indn)i,
=0

ool

and we want to make it smaller than
the assumption for

. By Assumption 2, we can always choose ¢ > 0 that satisfies

§ 517,(1 6s(nd+1)+nd’g
§:2,andn:mlog<1+28+3sw > 0.

Using such ¢, we can control the total accumulated error by the first pd—¢ selective shift operations
below g:
s—1

(2snd ") spgTnd L pgndy Z(l +nd~"dp)!
i=0
(14 ns—"dp)s -1
(14 né—ndp) — 1
tog (1+ )\

S

< (QSnéfndfl)sn(sfnd . né‘fnd,r’

= (2snd~ "4 yspg—nd 1+

4 6s(nd+1)+nd5

5
—nd—1\s -n _
< @snd™ )0 e ST T
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So far, we have analyzed the total accumulated error of approximating the contextual mapping
function g. (constructed with hardmax o) with an approximation g. (constructed with p). We have
seen that for any input H € H, the approximation error can be controlled so that the error by

the selective shift operation part is at most /8 and the all-max-shift operation part is at most g/ 8.
Therefore, the total error of the (j, k)-th entry can be bounded as

55
~ 33 .
gC(H)jJC - gC(H)j,k S {[ f’ 4] ] )
for any H € His.

F.3 Approximating the value mapping g, (Lemma 8)

We now consider the approximation of the value mapping g, with standard feed-forward layers. In
gv, we implemented the function with layers of the form
0 t<—d/20rt>4/2,

Z — Z+(f(H-E)p—ge(H)i)¢' (u" Z —u" go(H)17), ¢/(1) = {1 —0[25t<9/2

Since the output of contextual mapping g.(H ) and its approximation g.(H ) differ in only the first
row and by 6/4 < /4, one can approximate each layer in g, by replacing ¢’ with an approximation
¢’, implementable with four ReLU’s:

0 t<—§/20rt>3/2,
3 (t) = 42 —§/2<t<—6/4,
1 —6/4<t<3/4,

—3t4+2 §/4<t< )2

Let g, be the approximation of g, constructed this way. Because the error on g. is bounded by g/ 4,
the error on the final output g, is also bounded by §/4. That is, for any H € Hy,

9v(9e(H)) .k = 9v(ge(H)) 1 € {[{0}?‘ / ‘; . ?

1-1/p,

e } we have

Hence, using $ := min {6,

15.@e(E) ~ guloeCHDIE < n(5)" <
for all H € Hj.

F.4 Finishing the proof

Recall from § F.1 that the approximated quantization function g, maps most of the input X € D to
H € Hj, and a small fraction of them (of measure at most 1 — (1 — )"¢) to something else. Note
now that the original function § = gy o g. o gq and the approximation g = gy o gc © gq are both
bounded, so there is a global constant B such chat [[g(X + E) — g(X + E)|, < Bforall X € D.

We can divide the integral over D to two disjoint sets. The firstone Dy :={X € D | go(X + E) €
H} is the set of input X mapped to Hj by g, and the other is its complement Dy = D \ D;.
4397 = [ 190X + B) - 9(X + B)|};ax
D
= | [g(X+E)-g(X+E),dX +/ [9(X + E) — g(X + E)|l;dX
]D)l ]D)Z
1 se\P d

<-(= 1—(1—a)")BP.
<5 (5) +a-a-am
One can make « close enough to 1 so that the second term is less than % (g)p . This makes
dp(g,9) < €/2, hence finishing the proof.
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G Experimental setup

G.1 Copying task

We generated the synthetic dataset for the copying task. The input sequence to the copying task has
the format 0s0Os, where s is a 127 length sequence of symbols randomly sampled from the range of
[0,127]. The training set contains 100K sequences, while the testing set contains 10K sequences.

We implement the copying task as a masked-LM [10] style prediction task by masking all the tokens in
the second half of the sequence. For the test examples, each masked token is predicted independently.
For the results reported in § 5, we experiment with bidirectional models, where each token can attend
to both previous and future tokens.

The maximum sequence length is n = 256, and we use embedding dimension d = 256. The model
has 1 to 4 attention layers with h = 4 attention heads of size m = 64, followed by a feed-forward
hidden layer of size » = 512. We train the model with the AdamW optimizer with weight decay and
no dropout. We train the model using 3,000 warmup steps and a total of 500K training steps. The
learning rate is le—*. We use the batch size 1,024 on 8 TPUv3 chips.

For all sparsity patterns other than the RANDOM pattern, we choose the segment length w to be 16 for
all patterns. This segment length results in the sparsest level for the STRIDED and FIXED patterns. In
Table 1, we include the sparsity level as a reference. For this task, we report the prediction accuracy
for all the tokens.

G.2 Language modeling

For the language modeling task, we train on the One Billion Word Benchmark [5] which contains
almost one billion tokens and a vocabulary of more than 800K tokens.

We use the Transformer model in the Tensor2Tensor framework [29]. We use a 12-block (cf. (2))
Transformer, with embedding dimension d = 256, maximum sequence length n = 256, number
of heads h = 8, head size m = 64, and feed-forward hidden layer size » = 1024. Since language
modeling task is auto-regressive (attending to only past tokens) in nature, we evaluate the (sparse)
attention score matrices and mask them to be an upper-triangular matrix. We train the model with the
Adafactor with weight decay. We train the model using 10K warmup steps and a total of 240K steps.
We use the batch size 4,096 on 8 TPUV2 chips.

For this task, we report the perplexity.

G.3 Translation

For the translation task, we train on the WMT18 en-cs datasets (Europarl v7, Common Crawl
corpus, News Commentary v13, and CzEng), with a total of 15M pairs of sentences, and test on the
newstest2015 en-cs dataset, with 2,656 pairs.

We use the encoder-decoder architecture and apply the sparse attention on both encoder and decoder.
We use the Transformer model in the Tensor2Tensor framework [29] and the same setup as the
language modeling task, except for having 6 blocks in the Transformer networks, with head size
m = 32 and having autoregressive patterns only in decoders.

For this task, we report the cased BLEU score.

G.4 GLUE tasks

For the GLUE tasks, we use the pre-training and fine-tuning framework [10]. Following Devlin et al.
[10] we first pre-train a BERTpasg model for 450K steps on the BooksCorpus [36] (800M words)
and the English Wikipedia datasets (2,500M words). We later finetune the model on data from each
task separately. For each setting, we use the same sparsity pattern and head configuration in both the
pre-training and the fine-tuning stages. The sequence length is n = 128 in both stages.

We report the average accuracy of three runs on the dev set for all tasks. For each setting, we pre-train
a model and run fine-tuning three times.
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Table 2. Accuracy on the synthetic copying task when using an auto-regressive model. Percentages in
parentheses mark the sparsity levels.

STRIDED FIXED STAR RANDOM

UNION MULTIHEAD SEQUENTIAL UNION MULTIHEAD SEQUENTIAL
Depth o700y (93%) 3%)  87%)  (93%) ©3%)  B7%)  (90%)
I-layer 079%  0.78% 078%  7.02%  7.04% 081%  0.77% 33.13%
Ylayer 12.40%  8.26% 157%  73.43%  13.24% 92.10%  12.32% 67.30%
3-layer 94.50%  65.58% 60.88%  99.87%  70.82% 99.84%  14.03% 89.50%
4layer 100%  100% 98.40%  99.97%  99.16% 99.97%  31.19% 95.88%
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Figure 3. Comparison of sparsity patterns and different head configurations on the WMT de-en and
en-de translation tasks.
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Figure 4. Comparison of sparsity patterns and different head configurations on the CoLA and MRPC
tasks for the BERTgase model.

H Additional experimental results

We report additional experimental results in this section.

H.1 Copying task

We include the results for the copying task using auto-regressive (unidirectional) models as in LM,
where each token can only attend to previous tokens, in Table 2. In this case, the STAR pattern cannot
attend to the last replay token. Indeed, the STAR pattern shows better performance when the model is
bidirectional (cf. Table 1).

H.2 Translation

We present experimental results of the translation tasks on the WMT English-German and German-
English datasets in Figure 3. We train on WMT 18 (Europarl v7, Common Crawl corpus and News
Commentary v13) and test on newstest 2015 datasets. The figures show similar trends to the results
on the WMT en-cs dataset in Figure 1b.
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H.3 GLUE tasks

Figure 4 presents the results comparing the sparsity patterns and the head configurations on the CoLA
and MRPC tasks using the BERTgasg model. CoLA is a single-sentence classification task, asking if
a sentence is a grammatical English sentence. MRPC is a sentence-pair classification task, where
each example is a pair of sentences and the label indicates whether the sentences are semantically
equivalent.
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