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In this supplement we present streamlined proofs for the asymptotic results (Section[7)), additional
simulations (Section[8), discussion concerning the design matrix conditions (Section|9), full state-
ments and proofs of the non-asymptotic results (Section [I0) and a derivation of the VB algorithm
(Section [T TJ).

7 Proofs

Our proofs use the following general result, which allows us to bound the VB probabilities of sets
having exponentially small probability under the true posterior.

Lemma 1 (Theorem 5 of [16]]). Let ©,, be a subset of the parameter space, A be an event and Q) be
a distribution for 0. If there exists C' > 0 and 6,, > 0 such that
Eg,J1(0 € ©,|Y)14 < Ce™°n, (14)

then
E5, Q0 € ©n)1a < 2 [Eg KL(QIIT(|Y))1a + Ce0/2].

We must thus show that there exist events (A,,) satisfying Py, (A,) — 1 such that on A,,:

1. the posterior puts at most exponentially small probability C'e " outside ©,,,
2. the KL divergence between the VB posterior Q* and true posterior is O(d,, ).

To aid readibility, in this section we state all intermediate results in asymptotic form, keeping track of
only the leading order terms as n, p — co. We provide full non-asymptotic statements in Section[I0}
which may be skipped on first reading, though most of the technical difficulty is contained in these
results.

For t, L, My, Ms > 0, define the events

An1(t) = {lIVolno, (Y|l <t}
Ana(L) = {TI(0 € RP : |Sp| < Lso|Y) > 3/4},

An3(My, My) = {TI(0 € RP = ||0 — 0|2 > Mi+\/s0logp/|| X |||Y) < e~ Mzsolosry,

The first event bounds the score function V¢, 9, (Y') and is needed to control the first order term
in the Taylor expansion of the log-likelihood, see (20). The second says the posterior concentrates
on models of size at most a constant multiple of the true model dimension. The last event says the
posterior places all but exponentially small probability on an /5-ball of the optimal radius about the
truth and is used for a localization argument.

*Equal contribution.
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The event required to apply Lemma[I]is defined by
»A'n(ta L7 Mla MQ) - An,l(t) N -An,Z(L) N -/47L,3(M17 MQ) (15)

The proof has an iterative structure, where we localize the posterior based on the event A,, ;_; to
prove A,, ; has high probability. The idea to iteratively localize the posterior during the proofs is a
useful technique from Bayesian nonparametrics (e.g. [14]).

Lemma 2. Suppose the prior satisfies (3) and @), and the design matrix satisfies condition (8)) for
L =2max{A4/5, (1.1 +4a?/k + 2A4 + log(4 + %(s0)))/As}. Then for p large enough,

Poy (An(t L, M1, Mz)?) = O(1/p),

witht = | X ||\/Iog p, M1 = DoV/L/k((1+4L/A4)s0), Do = (24/+/As) max (250, e 3444
and My = 2L.

The next two lemmas establish exponential posterior bounds on the event A, 1 (|| X|vIogp) D
A, (t, L, My, Ms). The first states that the posterior concentrates on models of size at most a constant
multiple of the true model size sy = |Sp,|. The second states that the posterior concentrates on an
£5-ball of optimal radius about the true parameter 6.

Lemma 3. Suppose the prior satisfies 3) and @). If for L > 2(1.1 + 4a?/k + 2A4 + log(4 +
%(80)))/ Ay the design matrix satisfies condition (8)), then for p large enough,

Eg,[IL(0 € R” : [Sp| = Lso | Y) 14, ,(x|vicgp)] < 2exp{—(LA4/2)s0logp}.

Lemma 4. Suppose the prior satisfies @) and @). If for K > max{A4,2(1.1 + 4a?/x + 24, +
log(4 + %(s0))/ A4}, the design matrix satisfies (8) with L = 2K /Ay, then for p large enough,

DK sologp‘ Kol
I 0 eRP:||0— 62> Y1 < e Ksologp
< I oll2 > 5((2K/As+ 1)so) |1 X] An 1 (IX[VIogD) | =

Ey,

where Dy = 1647 "/* max{25q, 324243},

Lemmas 2] [3]and ] follow immediately from their non-asymptotic counterparts Lemmas 1] [§]and
respectively, in Section[I0] We finally control the KL divergence between the VB posterior Q*
and posterior II(-|Y") on the event A, ; see Lemma for the corresponding non-asymptotic result.
This is the most difficult technical step in establishing our result.

Lemma 5. Consider the event A,, = A,,(t, L, My, Ms) in Lemma [Z] Then for sufficiently large p,
the VB posterior Q* satisfies

KL(Q"|TI(-[Y))1a, < Dasologp,

with Dy = L( (913@%4111251)533;()280) + 55(1sqy) and where L, Dy are given in Lemma
We briefly explain the heuristic idea behind the proof of Lemmal5] Since the VB posterior Q* is
the minimizer of the KL objective (6), KL(Q*||II(-|Y")) < KL(Q||II(-]Y)) for any Q € Q in the
variational family. We upper bound this quantity for some ) carefully chosen according to the logistic
likelihood. We first identify a model S C {1,...,p} which is not too far from the true model Sy,
and to which the posterior assigns sufficient, though potentially exponentially small, probability. In
the low dimensional setting p < n, Taylor expanding the log-likelihood ¢,, o — £, g, asymptotically
gives a Gaussian linear regression likelihood with rescaled design matrix and data. This motivates
the distribution @ € Q which fits a normal distribution Ng(ug, Dg) on S with mean pg equal to
the least squares estimator solving the linearized Gaussian approximation and covariance Dg (a
diagonalized version of) the covariance matrix of this estimator, again in the linearized model. While
the Taylor expansion is not actually valid in the sparse high-dimensional setting p > n considered
here, we can nonetheless show that the approximation is still sufficiently good to apply Lemma I}

Proof of Theorem[I} We apply Lemmal|[I] with

Mﬁm\/so logp}

O, =:0cRP: ||6-0 >
{ 16= ol = 2 T



and A = A, = A, (t, L, M, M) the event in Lemma Since A,, C An1(]|X]]v10gp), Lemma
implies that Ep,I1(6 € ©,,|Y)14, < 8e~Di*Musologp j e (T4) holds with §,, = Dy ?M,,s0 log p.
Using LemmalI| followed by Lemma[3] since d,, — oo,

2042D2

n

Eg,Q*(0 € On)la, < & [E(,OKL(Q*||H(-|Y))1A” + 86—%/2} < (1+0(1)) = O(C,/M,).

Since Py, (Ay,) — 1 by Lemmal[2] the first result follows. Since || /|| < 1/4,
oo —polls < 55 31l (0=60)F* = 551X (O ~00)I < S5+ Do) IXIF 0o, 16)

where the last inequality follows from Theorem and the definition of (-). The second statement
then follows by combining the first statement of the theorem with the above display. O

Proof of Theorem|2| By the duality formula for the KL divergence ([3]], Corollary 4.15),
/ f(0)dQ™(0) < KL(Q™[ITII(-[Y)) + log / /O dr(oly)

for any measurable f such that [ ef(?)dlI(]Y) < oco. Let A, = A(t, L, My, M>) be the event in
Lemma Applying Jensen’s inequality and taking f(0) = cn|/ps — po||? for c > 0,
enl[p* = pollnla, = enl|E9 po — pollala, < E? enllps — pol;la,

< KL(Q'[ICY))La, + Lo, log [ el omliancely). — an
By Lemma 5| l the first term is bounded by Dssglogp. For notational convenience, write &* =

(A4 logp +s0) and 5" = ﬁ(m + (1 —2/A4)s0). For Dy defined in LemmaE|and K > 0the
minimal constant satisfying the conditions of Lemma[4] set

D 1
Bo={0 € R : [S] < 535 — 1, nllpy — poll2 < K2 sesr L

-D 1 . D2E* 50 1
B = {0 € R+ 1ol < iy — 1 JEIEEEE <l — ol < G+ DALY,

B= {eeRP S| > 22 —1}.

Aylogp
Since E[Ulq| = E[U|Q2P(Q), conditional Jensen’s inequality gives
E[(logV)1lg] < P(Q)1log E[V|QY] = P(2) log E[V1g] — P(2) log P(?)
for any random variable V' and event 2. The Ej,-expectation of the second term in (I7) thus equals

n/(sologp)—1

E00[10g</ ecn\|pe—po|\idn(9|y) Z / ecnllpo— pol\ndn(g‘y)
Bo

+/ecnlpe—Po|idH(9|Y)>lAn:|
B

CKD%F;*SU logp n/(sologp)—1 c(i+1) Dfﬁ*so log p B
< Py, (An)log Eg, {e EF o+ > e w7 TI(B;[Y) 14, + e TI(B|Y)1 4,
j=K
— Pgo (An) log Pgo (An)

Using (T6) and Lemma E| gives Ejy, [II(B; |Y)1A ] < 8e7Isoloer while Lemma [3| gives
Ep,[I(B]Y)14,] < 2e~™. Taking ¢ = ¢,, = 2(D2 - < 1/(128) and using that Py, (.AS) = O(1/p)
by Lemma 2] the last display is bounded by,

n/(sologp)—1 _
log |e(K/2)%0loep g 3" e —Dsologp 4 ge—(1=en| 1 O(1/p) < Ksologp(1 + o(1)).
j=K



Plugging in the preceding bounds for the right hand side of (T7),

B, 5" — pollila, < et (K + D2)sologp(1 + o(1)) = O(c,, Crso log p),
for C, the constant in Theorem[I} Applying Markov’s inequality and Lemma[2]
Pay (15" = polln > 1) <772 Ego[[I5* —pollala,] + Pay (A7) = O(r?n" ¢, Cluso log p) +o(1).
Taking r = M,/?(5*)1/2(5*)~1\/50 log p/n gives the resullt.

Proof of Theorem 3] This follows the same argument as the proof of Theorem taking ©,, = {6 €
RP : |Sp| > Myso}, 6, = (As/2) M, 0 log p and applying Lemma[3|instead of Lemmald] O

O

8 Additional numerical results

8.1 Description of Bayesian methods for logistic regression

In the varbvs package [J5], the standard VB algorithm was implemented for the prior with
Gaussian instead of Laplace slabs and an additional layer of importance sampling for computing
the low-dimensional prior hyperparameters. As for our algorithm, we set ap = bg = 1. In the
BinaryEMVS package [11], an expectation-maximization (EM) algorithm is implemented for fitting
Bayesian spike and slab regularization paths for logistic regression. More concretely, the considered
spike and slab prior takes the form

w ~ Beta(ag, bo),
zj ~"4 Bern(w),
Hj Niid (172])./\/(0,0'%)4*23./\/(0,0%), WithUl <<O'2.

In the simulation study, we use the parametrization ag = 1, by = 1, 07 = 0.025 and 02 = 5. In
the Bayesian hierarchical generalized linear model (BhGLM package) of [18]], an EM algorithm is
implemented for a mixture of Laplace priors:

w ~ Unif]0, 1],
zj ~" Bern(w),
6‘]' ~tid (1 — zj)Lap()\l) + szap(A2)7 with A1 > As.

We also work with the default parametrization of the bmlasso function of the BhGLM package,
ie. s =1/A; = 0.04 and s5 = 1/Xy = 0.5. We use the implementation of SkinnyGibbs in the
supplementary material to [12], using the function skinnybasad with the settings provided in the
example from the manual, apart from taking pr=0.5 to reflect the present prior setting ag = by = 1.
Finally, we consider the rstanarm package, which makes Bayesian regression modeling via the
probabilistic programming language Stan accessible in R. In the package, Hamiltonian Monte Carlo
[8]] was implemented for the horseshoe global-local shrinkage prior [6]]. We run the function stan_glm,
again with the default parameterization, i.e. we set the global scale to 0.01 with degree of freedom 1,
and the slab-scale to 2.5 with degrees of freedom 4. The default inferential algorithm runs 4 Markov
chains with 2000 iterations each.

8.2 Additional experiments

We provide five further test cases in addition to the experiment considered in Section [5 In all
cases we consider Gaussian design matrices, but vary all other parameter. In tests 1-3, we take
n = 250 and p = 500 as in Section[5] while in experiments 4 and 5 we set n = 2500 and p = 5000.
The entries of the design matrices have independent centered Gaussian distributions with standard
deviations ¢ = 0.25, 2, 0.5, 0.5, 1, respectively. The true underlying signal has sparsity levels
s =5, 10, 15, 25, 25, respectively, with the non-zero signal coefficients located at the beginning of
the signal with values equal to (1) 6o ; = 4, (2) 6 ; = 6, (3) O ; ~**4 Unif(—2,2), (4) fy,; = 2 and
(5) 0p,; ~% Unif(—1,1) forj =1,...,s.

We ran each experiment 200 times and report the means and standard deviations of the perfor-
mance metrics in Table [3} The ¢y-error (¢2(0,6p) = ||0 — 6o||2) and mean squared prediction



error (MSPE(p) = (&

n

S |0 (2Th) — W(2T6y)[?)'/?) are reported with respect to the poste-

rior mean. For the methods performing model selection, we use the standard threshold 0.5 for
the marginal posterior inclusion probability o, i.e. the posterior includes the jth coefficient in
the model if o; > 0.5. The true positive rate (TPR) and false discovery rate (FDR) are then de-

fined as TPR(«) = s~

respectively. The elapsed times are given for an Intel 17-8550u laptop processor.

" 560,20 Lay>0.5 and FDR(a) = 355~ 51 ,=0/[{j : @; > 0.5},

As in Section [5] we conclude that our VB approach typically outperforms the other variational
algorithms using prior Gaussian slabs, though again at the expense of greater computational times.
Compared to our approach, the other four methods based on the EM algorithm or MCMC performed
better in some scenarios and worse in others, but with substantially greater computational times.
Unsurprisingly, the rstanarm package using MCMC is the slowest; in many cases it did not even
converge after 8000 iterations. In the high-dimensional case p = 5000 and n = 2500, 4 algorithms
(SkinnyGibbs, BhnGLM, BinEMVS, rstanarm) did not finish the computations in a reasonable amount
of time: the fastest required at least 100 hours to execute 200 runs and for rstanarm, even a single run
required multiple hours.

Table 3: Comparing sparse Bayesian methods in high-dimensional logistic regression.

Algorithm Test 1 Test 2 Test 3 Test 4 Test 5
VB (Lap) 0.99 £ 0.06 1.00 £ 0.00  0.51 £0.11 1.00 £ 0.00 0.40 £0.28
TPR VB (Gauss) 1.00 £ 0.01 1.00 £ 0.02 0.54 £0.11 1.00 £ 0.00 0.85 +0.06
varbvs 1.00 +0.00 1.00 +£0.00  0.68 4+ 0.11 1.00 4+ 0.00  0.87 £ 0.06
SkinnyGibbs  0.98 4+ 0.06 1.00 £ 0.02 0.51 £0.12 - -
BinEMVS 0.99 +0.03 1.00 £ 0.00  0.58 £0.11 - -
VB (Lap) 0.49 +£0.11 0.00 +0.02 0414+0.14 0.01 +0.02 0.03 £ 0.05
EDR VB (Gauss) 0.63 +£0.07 0.09 £0.13 0.52 £0.12 0.81 £0.02 0.95 £0.01
varbvs 0.93 +£0.01 0.08 £ 0.08 0.83 +£0.03 0.93 +0.00 0.91 £0.01
SkinnyGibbs  0.80 £+ 0.03 0.11 £0.11 0.71 £0.07 - -
BinEMVS 043 +0.14 0.194+0.10 0.63 +0.10 - -
VB (Lap) 3.97+0.85 1.73+£0.59 489+1.29 4.23 + 0.72 231 +£0.64
VB (Gauss) 499+046 13.82+0.16 3.86 £ 0.61 834+049 17.05£0.52
/. -Error varbvs 7294+0.24 16.31 +£0.06 335+044 7.68 +0.03 1.32 4+ 0.13
2 BhGLM 439+0.65 15.68 £0.53 2.81 £ 0.46 - -
BinEMVS 3.844+097 14494+0.28 5.82+0.89 - -
rstanarm 2871+149 6.74+0.86 3.14£0.88 - -
VB (Lap) 0.18 £0.02 0.07 £0.02 0.24 £0.03 0.06 £ 0.01 0.22 £0.09
VB (Gauss) 0.21 £0.02 0.08 +0.02 0.25 +£0.03 0.21 £0.01 0.34 +£0.01
MSPE varbvs 0.21 £0.01 0.12 £ 0.01 0.19 + 0.02 0.18 £0.00 0.17 &+ 0.01
BhGLM 0.22 +£0.15 0.06 = 0.05 0.20+0.16 - -
BinEMVS 0.154+0.03 0.09+0.02 0.27 +£0.03 - -
rstanarm 0.36 £0.25 0.10 £ 0.08 0.37 +£0.30 - -
VB (Lap) 8.66 £6.19 12.05£0.55 1453 £0.78 360.22 +10.97 358.79 +8.43
VB (Gauss) 0.23 £0.05 1.45 £ 0.66 1.70 £ 1.37 356.76 £7.22 359.78 £+ 1.02
Time varbvs 0.054+0.00 0.1040.03 0.03+0.01 4294012 8154048
SkinnyGibbs  19.89 £0.04 19.77£0.09 20.30+0.42 - -
BhGLM 1.37 £0.28 224 +0.71 1.42 +£0.52 - -
BinEMVS 12.43 £4.28 36.52+4.82 30.44 +£2.88 - -
rstanarm 152.46 + 18.00 426.20 £+ 50.67 181.53 + 26.05 - -

The design matrices X € R™*? are taken to be X;; ~**¢ N (0, 5?). The signal vector §y has s non-zero coefficients,
all located at the beginning of the signal.

(1) X € R?59%500 5 — 0,25, 5 =5,6001.5 = 4

(2) X € R®50 5 =9 5=10,001.s =6

(3) X € R®590 5 — (.5, 5 = 15, f0.1.s ~**¢ Unif(—2,2)

(4) X € R2500X5000 (x — 0.5 5 = 25,00 .1. = 2

(5) X € R#OUOXS000 5 — 1 5 =10, 0p,1.5 ~*¢ Unif(—1,1)



8.3 Comparing different choices of the hyperparameter \

Theorems state that for the hyperparameter choice A < || X ||/log p, our VB algorithm has good
asymptotic properties. In practice, however, the finite-sample performance indeed depends on \. We
ran our algorithm 200 times on the experiment considered in Section 3] for different choices of A and
report the results in Table[d] In this example, the performance was sensitive to the choice of A with
large values of A\, which cause more shrinkage, performing worse.

In linear regression, where more extensive simulations have been carried out, the choice of A was
similarly found to have an effect, though there was not clear evidence to support a particular fixed
choice of A, with larger values sometimes performing better and sometime worse [[16]]. This suggests
using a data-driven choice of A may be helpful in practice, for example using cross validation.

Table 4: Varying the scale hyperparameter

A= A=1 A=2 A=5 A =20
TPR 1.00£0.00 1.00£0.00 1.00+£0.00 1.00£0.00 0.8140.28
FDR 0.00£0.00 0.024+0.08 0.03+0.10 0.09+0.16 0.02+0.10

lo-error  0.534+0.36  058£037 048+0.28 0.39+0.14 1.73 £0.44
MSPE 0.04£0.02 0.04+002 0.04£002 004+001 0.17£0.07
Time 1213 £0.58 12.02+£0.73 11.93+£0.71 11.72£1.05 12.10£0.73

X € R¥0X500 x . _iid N(0,1),8s=2,001:s =2

9 Further discussion of the design matrix and sparsity assumptions

For s € {1,...,p}, recall the definitions

. {IIW1/2X9||%

k=it { IV2XOIS 0 < 7110 l,e;éo},
ixEre  10ssll < 7los,

_ X012 (W)
= L i L < =inf{+—m <. < .
~ls) S“p{||X|2||e||§ 0F 1Sl <sp. als) =il g 07 1Sel < s

These definitions are taken from the sparsity literature [4]] and are used in sparse logistic regression
[LL[13L117]]. We reproduce some of the discussion here for convenience, but refer the reader to Chapter
6 of [4] for further reading.

The true model Sy is compatible if & > 0, which implies |[W?/2X 6|3 > x| X||?||0|3 for all € in the
relevant set. The number 7 can be altered and is taken to match the conditions used in [1, 7] since
we use some of their results. Compatibility x > 0 involves approximate rather than exact sparsity,
since the parameters 6 need only have small rather than zero coordinates outside Sy. In contrast,
£(s) involves exactly s-sparse vectors. Note that if | X|| = 1, then s(s)'/? equals the smallest
scaled singular value of a submatrix of W'/2X of dimension s. Similarly, %(s)'/2 upper bounds the
operator norm of X when restricted to exactly s-sparse vectors.

Even though W depends on the unknown 6, it does not necessarily play a significant role in the
above definitions. If || X ||~ is bounded, then the true regression function Py, (Y = 1|X = z;) =
U(X7T0) is bounded away from zero and one at the design points and W is equivalent to the identity
matrix I,,. One can then set W = I, in the above definitions by simply rescaling the constants.
Note that estimation in classification problems is known to behave qualitatively differently near the
boundary points 0 and 1, see, e.g. [15].

When W = I,,, we recover the exact compatibility constants used in sparse linear regression [[716].
This is natural since when linearizing the logistic regression model, the likelihood asymptotically
looks like that of a linear regression model with design matrix wl/zx , see Section One therefore
expects similar conditions with X replaced by W'/2X . For further discussion, see Chapter 6 of
[4] or Section 2.2 of [[7]; in particular, Lemma 1 of [7] provides a concise relation between various
notions of compatibility.



Another common condition in the sparsity literature is the mutual coherence of X, which equals the
largest correlation between its columns:

[(X.i, X5)] (X7 X))

mCX = max —F——m—— = max ——— -
0= 2855 XX~ 125 Xl X gl

Conditions of this nature have been used by many authors (see Section 2.2 of [7] for references) and
measure how far from orthogonal the matrix X is. One can relate the present compatibility constants
to the mutual coherence.

Lemma 6. Suppose || X6yl < R is bounded and mini <;+;<p Hi((l”i > n. Then for C = C(R),
- - -7

R(s) <1+ sme(X), k> C(R)(n* — 64some(X)), K(s) > C(R)(n? — sme(X)).

Proof. For 6 an s-sparse vector, using Cauchy-Schwarz,

p
1X06]13 = Z (X7 X);;67 + Zej(XTX)jk‘gk < IX[1*[1613 + me(X) [ X [1*(|0]1F
j=1 k#j
< (14 sme(X))[| X 1110113,

so that #(s) < 1+ smc(X). For R > 0, one has U(—R) > e /2 and U(R) < 1—e /2,50
that U(z70y) € [e"f/2,1 — e~F/2]. Using the definition (7)), all diagonal entries of W satisfy
Wi € [0r, 1/4] for 6 = e (2 — e 1) /4 > 0, so that ||IW'/2X0||3 > 65| X0|)3. It thus suffices
to prove the result with W = I,, at the expense of the factor dz. With W = I,,, arguing as in Lemma
1 of [[7] gives £ > n? — 64somc(X) and k(s) > n? — smc(X). O

If || X 0p || is bounded and

X,
HH2>n>o, (18)

s0 = o(1/me(X)), IS#?Sp X0 2

namely the truth is sufficiently sparse and the column norms of X are comparable, then ®(Lsg) <
1+o(1), 5 2 n*—o(1) and (Lsg) = n* — o(1) for any L > 0, as required for the results in this
paper. Condition @]) has been considered in [[16]], and thus the various examples in [[16]] are also
covered by our results, including:

* (Orthogonal design). If X is an orthogonal matrix with (X;, X.;) = 0 for ¢ # j with
suitably normalized column lengths || X ;|2 = /n.

* (IID responses). Suppose the original matrix entries are i.i.d. random variables W;; and
set X;; = /nW;;/||W.;|l2, so that the columns are normalized to have length \/n . If
|[W;;| < C almost surely and logp = o(n), then (I8) holds for sparsity levels so =
o(y/n/logp). Similarly, if Eet!"isl” < oo for some v,¢ > 0 and logp = o(n?/ (7)),
then (I8)) again holds for so = o(+/n/logp). This covers the standard Gaussian random
design W;; ~"@ N (0, 1) if logp = o(n'/?). See [[16] for details.

* Rescale the columns as in the I1ID response model so that || X ;||o = /n for all <. Then
the p x p matrix C' = X7 X /n takes values one on its diagonal and C;;, i # j, equals the
correlation between columns 4 and j. If either C;; = r for a constant 0 < r < (1 4 cm)™*
and all i # j, or |Cj;| < 5% forevery i # j, then me(X) = max;»; C;; = O(1/m) and
so (I8) holds for sparsity level so = o(m). Such matrices are studied in Zhao and Yu [19],
who show that models up to dimension m satisfy the ‘strong irrepresentability condition’.

For further details of why these satisfy (I8)), and hence our conditions, see Section 2.2 of [16].

10 Non-asymptotic results and proofs

This section contains the non-asymptotic formulations of all the technical results used in this paper,
together with their proofs. These results imply the more digestible asymptotic formulations presented



in Section 3] To begin, recall the log-likelihood in model (T)) based on data Y = (Y7,...,Y,,) is
lno(Y ZYxTH g(x]0) = ZY X0); — g((X0),), (19)
=1

where g(t) = log(1 + €?), t € R. We use the following notation for the first-order remainder of the
Taylor expansion of the log-likelihood:

Loo(Y) = Lnoy) — lnoo(y) — Vol o, (y)" (0 — ). (20)

10.1 The Kullback-Leibler divergence between )* and II(-|Y")

To apply Lemma|[1} we must bound KL(Q*||II(:|Y")) on the event .A,, given in (T3). We do this by
bounding the KL divergence between the posterior and a carefully selected element of the variational
family. We choose a spike and slab distribution whose slab is centered at the least squares estimator
of the linearized logistic likelihood approximation and whose covariance equals the (diagonalized)
covariance of this estimator. This builds on ideas in [16]], extending them to the nonlinear logistic
regression model.

For a given model S C {1,...,p}, we write Xg for the n x |S|-submatrix of X keeping only the
columns X ;,i € S, and fg € R!S! for the vector (6; : i € S).

Lemma 7. Consider the event A, = A, (t, L, My, My) in with My > L. If (4e)/(M2=1) <
p°°, then the variational Bayes posterior Q* satisfies

KL(Q|II(-[Y)1a, < Cn,

where
9 ALL/2 tL1/2 L1/2
Co = sologp | L+ =M?R(Lso) + ————— | 2M; +
4 1X|v/Tog p 15(Lso) [ X[[VIogp | /() logp
1
Lsg log —— + log(2e).
+ Lsg log Tn(Lso) + log(2e)

Proof. Since the VB posterior Q* minimizes the KL objective (6), we have KL(Q*||TI(-|Y)) <
KL(Q|II(:]Y)) for all @ € Q. It thus suffices to bound this last KL divergence for a suitably chosen
element ) € Q, which may (and will) depend on the true unknown parameter 6y, on the event
An - An(t, L, Ml, Mg)

Recall that the posterior distribution is a mixture over all possible submodels and can thus be written
OCY) = Y aslls(Y) ® dse, @1)
SC{l,...,p}

where the posterior model weights satisfy 0 < g < 1and ) ws = 1 and IIg(-|Y") denotes the
posterior for f5 € RISI in the restricted model with Y; ~ Bin(1, ¥((Xs0s);)), i.e. the logistic
regression model (1)) with ge = 0.

Choosing Q' € Q. Recall that Ey,Y; = W(x76) and for a model S C {1,...,p} set

ps = bo.s + (X5 Xs) XS (Y — Ep,Y), Ss = (X§Xs)™, (22)
and define the | S| x |S| diagonal matrix Dg by
1 1
(Dg)j; = —— = , (23)
s (XEXs)j
j=1,...,]5|. We choose as element of our variational family the distribution
Q/(e) :NS/(MS/,DS/)(QS/) Xéslc(as/c 11 N(/J,S/j,m> 1;1 50
je ’ ]6 Ic

for amodel 8" C {1,..., p} satisfying the following three properties:
S'1< Lso,  [100.5ll2 < Miv/sologp/| X[, e > (2¢)'p75, (24



where L, M are the constants in A, (t, L, My, M5). Note that Q' is indeed an element of the
mean-field variational family Q in (8) withv; = 1if i € S” and ; = 0 otherwise.

Existence of S’ satisfying (24). We first show that on the event .A,,, there exists a subset S’ satisfying
(249), so that our choice of @’ is indeed valid. On A,,,

I(6 : [|60,s¢[l2 > Mi+/sologp/[[ X[|[Y) <TI0 : [|6 = Ooll2 > Miv/so logp/[| X|[[Y)
S e*M2SO logp N 07

so that the posterior model weights satisfy

> g > 3/4 — e~ Mesolosp > 1 /9
5:|S|<Lso
[100,s¢ll2<M1+/s0 log p/ || X||
on A,, since e~ Mzs0l0eP < (4e)~Me/(M2=L) < (4e)~1 < 1/4 by assumption. Using () < p*/s!,
the number of elements in the last sum is bounded by

LSO p LSO ps
1< < 2 < epheo
> oy (M Geat
S:|S|<Lsg s=0 s=0

which implies that on \A,, there exists a set S’ C {1,...,p} of size |S’| < Lsg with [|fy gc|l2 <
M;i+/s0logp/|| X || and with posterior probability wg: > (2e)~tp~L*0, .. satisfying (24).

Reduction to the non-diagonal covariance case. Since @’ is only absolutely continuous with
respect to the wg/ g (-]Y) ® dge term of the posterior (Z1)),

dNS/(,U,S/ DS/) ® dgre
KL(Q'||TI(:]Y)) = Eg~ 1 :
(QICRY)) = Eonnss st Dor)wbsr: 18 =5 07 73y & 59

= log(1/ws) + KL(Ng: (s, Ds) || s (-]Y)),

where the last KL divergence is over distributions in RI*’l. On A,,, log(1 /i) < log(2eps0) =
log(2e) + Lsologp by (24). Writing E,,_, p,, for the expectation under the law 65 ~
Ng/(psr, Dsr),

dNsg: (psr, Dsr)
dNs: (psr, L)

dNg (ps,Xs)
— = 0s)]
dlls (-]Y)
(25)
where again Xg/ = (X%, Xs/)~!. Using the formula for the KL divergence between two multivariate
Gaussian distributions, the first term in the last display equals

1 det ES’
KL(N (7, D7) [N (s, E9) = 5 (o Gt

KL(Vs (i, D3 T/ (1)) = By, 1o (05) + 1o

— 9] +Tr(2§,1DS,)> .

Using the definitions 22)-23) gives Tr(X5' Ds/) = |S’|. Turning to the determinants,
Ed ,
det Dg' = [[(X&Xs)5 = [T I1X15 < X757,
Jj=1 JjeS’
Let Amax(A4) and Apin(A) denote the largest and smallest eigenvalues, respectively, of a square matrix

A. Recall the diagonal matrix W from (7)), whose entries satisfy W;; € (0, 1/4]. Using the variational
characterization of the minimal eigenvalue of a symmetric matrix ([9], p234),

T~T T~T

u' X& Xgru vt XWX

Amin(XEXg) = min LOS2SM min 2 A S 418X
w€eRIS’:uz0 Hu||2 vERP:w#0,vgrc_q ||’U||2

(26)
Since X5/ = (X%, X /)~ is positive definite, the last display implies

/ / 1
» A )(T X —1)|S A X'T X S
At B < b (X5 X)) = (1 A5 X5 )™ < g iy



Combining these bounds,

KL(Ns: (57, Ds/)||Ns: (nsr, $s0)) = § log(det Lgr det D"
|S'[log(1/(4(]S"]))
< Lso log(1/(4x(Lso)).

IN

It thus remains to bound the second term in (23), which has non-diagonal covariance matrix Xg.

Bounding the non-diagonal covariance case. One can check that — % (05 — ps/) TS5 (05 — ps)
equals

— (95'/ — 90’5/)TX§/XS/ (951 — 90’51) + (Y — EgOY)TXS/ (951 — 90’31) + Cgq (X, Y)7

1
2
where C's/ (X, Y') does not depend on 6. Let fg: denote the extension of a vector 05/ € RI*'l to R?
with fg j = 0g; for j € " and 5/ ; = 0 for j & S'. Since (Y — Ey,Y)" Xg/ (05 — bo,5) =
Volno,(Y)T (05 — 0o 5), the density function of the Ng/ (115, Xs/) distribution is thus proportional

1 a q ’
to 675“XS’(95’70075’)”§+VM""’0(Y)T(es'feo’s'), s € RIS'l. Using Bayes formula and the Taylor
expansion (20), ITs/ (-]Y") has density proportional to

exp (€., (V) = 0o (¥) = MOs:[11)
o exXp (vefwo (Y)"(0s: — Oo,5') + L g, (V) = All0s ||1) :

Using these representations of the two densities, the second term in (23)) can be rewritten as

E

MS”DS’

| Dne—%HXs/ (05 =00, 5 )13+ Voln,00(Y)T (051 =00 5/)—Al10g, s 111 ]
og

DNeVGZn,Go (Y)T(és’—éo,s’)""[m,és, (Y)=X0s 11

=E., pe [~ Xs (05 — 00.5)|3 — L,.5.(Y)]
+ AE,g, ,pg (10s][1 = (60,57 (1) + log(Dn/Dn)
= (I)+ (II)+ (IIQ),
where the normalizing constants are Dy = fR\S’I ev(’e"*go(Y)T(es’feovS'HL”ﬁs/ (Y)f’\“OS'“ldGS/
and Dy = [y a0y e~ H1Xs7 01 —00, 503+ 0600 () @ —00,5) M8, 5711 45, We now bound () —
(IIT) in turn.

(I): Using the likelihood @ and the mean-value form of the remainder in the Taylor expansion (20),
for &; between 27 g and ! 6,

1 _
Lnos =5 > g (&)l] (s — 6o)|?
=1

1« i 4 j
> LS ey~ s+ 20 B ) @n

1 - 5 1 9
= =1 Xs:(0s = 00,52 = 1 Xsreb0,5 2,
so that (I) is bounded by || X g0y s¢||3/4. On A,,, using (24),
[ Xse00,5 13 = [ X00,57 13 < &(1So N S")[| X ||*[|00,57< I3 < F(s0) M50 logp,
so that (I) < R(so)M#Esglogp/4.

II): Under the expectation E,_, p.,, we have the equality in distribution g — 6y g =¢
p Hgrlg q y s

(XL, Xs)'XE(Y — Ep,Y) + Z, where Z ~ Ng/(0,Ds/). Applying the triangle inequality

and Cauchy-Schwarz,

(I1) < A[(X5Xs) T X5 (Y = Eoy Yl + AByug, .05, 1 2|11
< ASTP(NXE Xs) T X (Y = Eg,Y)ll2 + Te(Dsr)/2),

10



since by Jensen’s inequality E||Z || < (E||Z||2)'/2 = Tr(Ds)'/2. Using the definition 23)), for e,
the 5t unit vector in R?,

8’|

TI‘(DS/ Z XS,XS/ Z

j=1 ES/ ]||2

1 B |S7]
< 2 SOIXT - 50X

The matrix operator norm (from RIS’ to RIS'l) of (X7, X5/)~! equals its largest eigenvalue, which
is bounded by 1/(4x(]S’|)|| X ||?) using 26). Recalling that Vl,, o, (Y) = X7 (Y — Ep,Y), on the
event A,, the first term in the second to last display is therefore bounded by

)\ls/ll/Q
Ar(|S"DIX12

ALSY|

| < /\LSQt
g <
Ar(|S"DIXP

X5 (Y — EpY e LI
|| S( 0o )| | _4K(LSO)HX||2

X7 (Y — Ep, Y|

We have thus shown that

ALsg t 1
a0 < 55 (et * s
(III): It remains to control the ratio of normalizing constants log(Dy /Dy ). Define
Bs = {0s € RI¥: |05 — 0y 5/ [l2 < 2M1+/s50log p/|| X ]|}
On A, using (1) and (24),
s (BgY) < %Hs'ws’ € RIFT: |85 — oll2 > 2M1\/so log p/[| X || = (100,57 |2]Y)

< dg'TI(0 € R” |6 — bol> > Myv/solog p/[|X||Y)
< 26pL5067M250 logp _ 261*(M2*L)So log p S 1/2’

where the last inequality follows from rearranging the assumption (46)1/ (M2=L) < ps0_ Using Bayes
formula, this gives

1

fB ) e‘gn,ésl (Y)*Zn,Oo(Y)*AHQS’HldQSI
= 1a, > 51_,4".

HS/(BS/|Y)1An — - — -
Jris'i efntsr (V) =tnoo (V)= Albsr Il g9,

By (20) the denominator in the last display equals eV ¢ (¥)"(8o,5'=60) Dy1, which implies that on
Tg ) . —
Ap, Dn <2 st, eVl ()7 B =005+ Ln g, (V)= M5l g o, Thus on A,,

e
2 [ Totna0 () s =fo.s)+ g, (V)=0sr 11 gg
S

log Dn <log ’ 5 T—
Dy fB e~ 21X/ (051 =00, 5113+ Voln o, (95"90‘5’)””9&5’”ldGS/
S/

Slog sup eﬁn,és/(Y)JF%”XS’(QS’*‘%,S')”gﬁL)\Heo,s'HI*/\HGS'HI +10g2
QS/EBS/
< sup L5, (Y)+ 3l1Xs (05 — bo.5)lI3 + Mfs: — 6o, [l + log 2.

o 0g1€Bg/

Now L, 5., (Y) < 0by 27) since g” > 0. Using Cauchy-Schwarz and the definition of Bs’, on A,,,

D

(1) =log 5= < sup gR(SNI X650 — o515 + NS'|?[|8r — b,5]l2 + log 2
N 05/ €Bg/

2M ALY 2 54+/Tog p

< 2R (Lso)MZEsglogp + x|

+ log 2.

Combining all of the above bounds gives the result. O

11



10.2 Contraction results

The second part to applying Lemma [T] is showing that on an event, the desired sets have all but
exponentially small posterior probability. This involves using results on dimension selection and
posterior contraction from high-dimensional Bayesian statistics, especially Atchadé [1] and Castillo
et al. [7]. The following results follow closely the proofs in [1l], but we reproduce them here for
convenience, since in that paper they are not stated or proved in the exponential form needed to apply
Lemma|[T] We are also able to simplify certain technical conditions and streamline some proofs. Note
that his results, including the definitions of the compatibility constants, match when || X || ~ /7.

We next introduce some notation from [[1]], used throughout this section. A continuous function 7 :
[0,00) — [0, 00) is called a rate function if it is strictly increasing, 7(0) = 0 and lim o r(x)/z = 0.
For a rate function r and a > 0, define

¢r(a) = inf{z > 0:7(z) > az, forall z > x}, (28)

with the convention inf ) = co. Let B(©, M) = {# € 0+ © : ||0 — bp||2 < M} denote the {2-ball
of radius M > 0 centered at 6 with elements in §y + O. For € > 0, we denote by D(e, B(©, M))
the e-packing number of B(0, M), namely the maximal number of points in B(©, M) such that the
{5 distance between any two points is at least €.

The following result bounds the posterior probability of selecting a model of size larger than a
multiple of the true model size.

Lemma 8 (Theorem 4(1) of [1]). Suppose the prior satisfies @) and @), p** > 8As, and that
IX|| > (64/3)aso/log p/k. Then for any L > 1,

log(4A
EnlI1(0 € R 5501 = Loo | V) L, 7o) < 2exp (—sologp | £ - 2E022)) ) )

where C =1+ % + log(4 + R(so)/ logp) + (1 + i)(A;; - %).

Proof. By Lemma|[I2]1), for any k£ > 0,

R®(so) |1 X2\ *° 44,\F
B [TI(0 : |So| > s0+ k[Y) 1, ,(n/2)] < 2¢° <4+ (OiL") (sz) (pj) :

£l X %2

21X oo

" — 4)\5(1)/230]. It remains to simplify the right-hand side.
S0

where a = — 1 inf, o[

One can check that for 7, b, ¢ > 0, infzﬁ[% —cx] > —W > —% if 7 > 4bc/3. In
our setting, this condition equals || X ||?£ > (64/3)Aso||X ||, which holds by assumption. This

yields a < % Using the upper bound (Sf;) < po, setting k = [(L — 1)so] and using that

(L—=1)sg — 1 < [(L—1)sg| < (L —1)sp gives the result. O

The next result is the analogous version of Theorem 4(2) in [1]] with the exponential bounds we
require here. It provides a contraction rate for posterior models of a given size.

Lemma 9. Suppose the prior satisfies @) and @), p** > 8As, and that || X| > 50a(L +
2)s0v/10g || X || oo /E((L + 1)S0) for some L > 0. Then for any 0y € RP, and M > max(25«, (1 +
A3)/16),

8M+/(L+2)sp logply)1
(L =+ 1)so) || X An 1 (1 X [|vIog p)

Ejg, [H(H € RP : [Sp| < Lso, |0 — b2 >
< e logp(SLM—CL)’

log Ay +10g(1+4(x2 log p)
log p

where Cr, = max(L(1 + %), C,) and C,, =

While C'p is not a true constant since it depends on p, we write it as such since it is asymptotically
negligible. As p — oo, we have C), — 0 and Cr, — L.

12



Proof. We write k;, = k((L + 1)so) during this proof to ease notation. By Lemma 2), for any
M > 2,

H(9 S 90 + éL : ||9 — 00”2 > M€|Y)1A7L,1(HXH\/@)
i Az \ so 4\? 50 M. , (29)
< D; (1 Me )/8+2< ) p 1+ e (s )/863)\00]1\167
> (%) O momer) 2

j>1

where the quantities in (29) are defined in that lemma. Note that for 6 satisfying |Sy| < Lso, then
|So—20,] < (L 4+ 1)sg, so that § — 6y € Or. We may thus further restrict the set in the last display to
{6 :|Sy| < Lso}, as in the posterior probability in the lemma. We first compute € and then simplify
the right-hand side of (29).

Recall that we may take as rate any € > ¢,.(27,) for r the rate function in Lemma 2). For a rate
functionr(z) = {55, 7, b > 0, the inequality r () > ax is equivalent to z((7—ab)z—a) > 0. Using
the definition (28) thus gives ¢,.(a) = —%—. Setting 7 = x| X||* and b = || X ||oc /(L + 1)s50/2
as in Lemma 2), and using our assumption 3 || X |[|%c;, > 25a(L + 2)s|| X||vIogp|| X [ec =
N/ (L + 1)so|| X || o, we get

2t 4nr 8v/(L +2)sologp

¢)7(277L) - S =
ELI X2 = ol X oo/ (L +1)sg — [ X]1? sl X

Turning to the right-hand side of (29), note that ¢ = sup,cg, [[v|l1/[|v]l2 < /(L + 2)so. Arguing
as on p. 29-30 of [1]] gives 3, Dje "UM/2/8 < 2exp (L + 2)so log p[1 + kﬁf;;) 8M]).
Similarly, setting z = jMe /2,

I X|*k >
3A,/L+259M5—4JM52 —48\/(L +2)s
’ /2= <1+ L /(L + Dsol| X[l L+ 2)s0

T 1 X|1%51 25
S,, —48)\\/L+2s
<1+ LT+ 1)so| X || oo 22 (L+2)s0
M/ (L + 2)sox

- 4

as long as
X1 5 > 50M/(L + 2)s
1+ 3y/(T F Dsol| X[ e = v
We show the last display holds under the present assumptions. Since /(L + 1)sg|| X ||coe <
8(L+2)T|‘}(@“X”°° < 8/(50c) by assumption, the left-hand side is lower bounded by

% > (50a/8)|| X |2k e for M > 25a. Since A < | X||+/logp by assumption, the

last display holds following from
50a/8) || X 2:‘@ g
( / )H ” A% HX” /log ]

50/(L + 2)s0
This implies
Zef—r(]M5/2) 3AcojMe < Z _IMAV(EH2)s0¢ <L+2)50£ 78M(L+2)so logp’
j>1 j>1

where the last inequality again follows by the same argument on p. 29-30 of [1]].
Summing up these bounds and using (? ) < p®® and K(sg) > k(1) = 1, the right-hand side of (29)
is bounded by

2 exp ((L + 2)sologp [1 + loli(;;) SMD

+ 4exp ((1 4 Asz)sologp + solog (1 + 40 logp) — solog Ay — 8M (L + 2)sg logp)
< 6exp ( — 50 logp{8LM — max(L(1 + lz(24) ), C’p))] )

logp

13



Combining the last two lemmas yields the contraction rate result with exponential bounds.

Lemma 10. Suppose the prior satisfies (3) and @, and p?+ > 8A,. If for K > 0, the design matrix
satisfies condition ®) with L = Lk = Ay Tog(145)/ 1oz p’ with C the constant in Lemmaﬁthen for
any 6y € RP,

Vvsologp Ksolo
Ejy [ (GGR” 16 = foll2 > Cre == |V ) Lassqixviogs | < 8¢5,

8MpLk+2 _ 1+4; E+C)p log(24)
E((LKH)SD),Z\JK—rnaX(25oz, S 8L —I— + Stozp

where C = ) and C,, is given in Lemma

9

If all the compatibility constants are bounded away from zero and infinity, the constants in Lemma
scale like Ly ~ K, Mg ~ VK and Cx ~ K as K — oo. We now have the required event to
apply LemmalT]

Lemma 11. Suppose the prior satisfies @) and @), and p*+ > 8A,. Set L = m

where C is the constant in Lemmal8| and assume the design matrix satisfies (8) for this L. Then for
t = || X ||v1ogp, Ma = 2L and My = C3y,, where Csy, is the constant in Lemmawnh K =3L,
and any 6y € RP,

P, (-An(t7 L, My, MQ)C) < 2/p+ (8/3)p~%° 4 8p~ L0,
where A, (t, L, My, M) is defined in (T3).

Proof. Using a union bound and the definition (T3),
Py (An(t, L, My, Mo)°) < Py (An a(I1X]1v/1082)) + Pay (An2(L)° 1 An 1 (X1 v/1057))

+ Py, (An,3(M1, M2)° 0 Ay 1 ([| X ||/ 1og p)).
Since 8%4,1790 (V) =31 (Yi — ¢'(2760)) X5, by Hoeffding’s inequality,
2¢2 242

Xi;| > t)
- 2
< 226 X413 < 2pe” TXT7 = =
. p
=1

Applying Markov’s inequality and Lemma 8 with the present choice of L, the second term is bounded
by

n

Py, (An,l(t>c) = Py, < max Z(}/Z - g/(.’L‘zTeo))

1<j<p |“
i=1

(4/3)Ey, [H(G €RP: [y > Lso|Y) 14, (x| Tgp)} < (8/3)e—s0losP,
Similarly, using Markov’s inequality and Lemma [[0]with K = 3L, the third term is bounded by

eMasologp [H(a ERP - [0 — Ooll> > Mi/50log p/IX [V )L, x| visen)| < 8¢ 2o,
O

The following is a simplified version of Theorem 3 of Atchadé [1]], which applies to general settings,
tailored to the sparse high-dimensional logistic regression model. It gives high level technical
conditions under which one can control (1) the posterior model dimension and (2) the posterior ¢
norm for models of restricted dimension.

Lemma 12. Suppose the prior satisfies (3) and pAe > 8A,.

(1) For any integer k > 0,
E(so)[| X[[*\s0 [ p 442\ F
(9 c RP |S9| > S0 + k|Y>1An 1()\/2) < 26 (4 T) so (pT‘l) 3
where
K[| X |*2?
14 45y %)X || oo

a=—=
2 >0

- 4)\\/%4 .
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(2) For L >0, set ©r = {0 € RP : |Sy_g,| < (L + 1)so} and define the rate function r(x) =
1f||()((L”+1i7Z)L|K‘)|S;/2. Further set n, = 2/(L + 2)so|| X||v1ogp and ¢ = ¢-(2n1),
where ¢, uses the same rate function r and is defined in (Z8). Then for any My > 2,

H(G G 90 + éL : ||9 - 90”2 > M0€|Y)1An,1(”XH\/m)
As 2 )
_ JMOE P S0 4\ S0 _iMge .
< 3" Dy 2( ) (A I e A
2 Ay E(s0)[|X|[? 2

i>1 i>1
where cy = SUD,cq, SUPyco, , [v].=1 |(sign(u),v)| and D; = D(jMTOE,B((:)L,(j +
I)M()E))

Proof. This is a combination of Theorems 3 and 4 in [1]. In particular, we verify that certain technical
assumptions of that result hold automatically in the logistic regression model, giving the simpler
result above. Firstly note that Assumptions HI-H3 of [1] are satisfied (H1) by definition, (H2) since
6 — £, in (I9) is concave and differentiable and (H3) by (3).

For y € {0,1}™ data in model (I), £, ¢ defined in 20), ©¢ = {6 : Sy C Sy, } and r some rate
function, define

N=S0eR:0#0,and Y [6:] < 7|65, ¢,
i€S§

En1(N,7) {y €{0,1}": Ve b+ N : Loy < %
gn,l(@m ) = {y € {Oa l}n : Vo € 90 + @05 ‘Cn,e(y) Z _%”0 - 90”%}7

Eno(O©,)) = {y e {0,1}": sup  [(Vglogt, e, (y), u)| < ’2\} ,

u€0, [lull2=1

where L > 0 and A > 0 is the regularization parameter in the prior (2). This matches the notation in
[1]] (except note his p is our A\), where it is shown the theorem’s two conclusions hold under various
choices of parameters in the last displays.

Part (1): [I]] considers the event &, o(RP, \) N éml(@o, L) N &E,(N,r), which we now simplify.
Arguing as on p27 of [1] yields

// (0 90)‘2
Zg 2+ T 60)]’

For 0 — 0y € N,
12T(8 — )] < [|1X]|ooll8 — bollr < 811X [|ocso/ 116 — boll2.

which gives
1
2 + max; [z7 (6 — 6o)|
X211 — folI3
1/2
24855 X|ool|6 — 6ol

Lo(y) < — (0 —0)TXTWX (6 — 6y)

1
= *57(”9 —bol|2)

for the rate function r(t) = k|| X||?t?/(1 +4sl/2 | X || sot)- Thus the event &, ; (N, ) holds determin-
istically true for any y € {0, 1}"™ and this ch01ce of r. Furthermore, since g” (t) < 1/4, by considering
the remainder in the Taylor expansion of £, o(y) — £y,.0,(y), for 8 — 6y € ©¢ = {8’ : Sor C Sp, },

Loo(y) = —5(0 = 00)"XTX(0 — 00) > — ()| X][*]|0 — 6o]]3.

Thus &,.1(©0, L) = {0,1}" for L = R(s0)||X||?/4. Inspection of the proof of Theorem 3 of [I]
shows that he actually only requires the larger event A, 1(A/2) = {||Voln.0,(Y)|lcc < A/2} 2
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En,0(RP, \) to hold rather than &, o(RP, A) (see p. 23 of [1]] - they are incorrectly stated as being
equal). In our setting, we may thus replace the event of Theorem 3(1) of [1]] by

An,l ()\/2) N gn,l(Na T) N én,l(@(), I/) = An,l ()\/2)
for r, L as above, from which the result follows.

Part (2): [1]] considers the event &, O(G)L, nL) N En 1(09, L) N E,(O1,7), which we again simplify.
From Part (1), we again take &, 1(00, L) = {0,1}" for L = R(so)||X||?/4. Arguing as in Part
(1), \ive get £,1(0r,7) = {0,1}" for rate function r(r) = 1+ﬁ”()((LH11i7Z)L‘EgzZ;/2 using that for
0 e @L,

77 (0= 00)] < [ X|locll0 = Oollr < [[Xloo /(L + 1)s0[|0 — bo|l2. Forany 6 € 6y + O,
by Cauchy-Schwarz,
[(Volno,(y), 0 = 00)| < [[Volnoy (9)llocll0 = Oollt < [[Volnoo (y)lloo v/ (L + 2)50[10 = bo]l2,
so that £,,0(0©r,nz) D An1 (]| X||v/Iogp). We hence conclude that
En0(OL,mL) NEn1(OL,7) NEn1(00,L) = En0(Or,m1) D A1 (| X]1/logp)
for the above choices of L, r and nr.. Applying Theorem 3(2) of [1]] then gives the result. O

The following is the non-asymptotic analogue of Theorem|T]in Section 3]

Theorem 4. Suppose the prior satisfies (3) and @ and p*+ > 8A,. If for K > 0, the design matrix
satisfies condition @) with L = Ly = and C the constant in Lemma@gthen for
any 0y € RP,

Ay—log(4A2)/logp

I n 8 —(K/2)sologp 2
EGOQ* (0 ERP ||0 90”2 > CK\/SO ng> S C + e

8
+ >+ op 4 8p e,
X (K/2)s0logp p 3

.. . S8M /L 2 1443 K+C 1, log(24
where (,, is given in LemmaH Ck = K((fKiJrﬁjg), and Mk = max(25q, J[63, SLKP+§+ 8i()gp))

with C,, given in Lemma

Furthermore, the mean-squared prediction error |[pg — pol|2 = £ 31 (¥(2T6) — U(xT6y))? of
the VB posterior Q* satisfies

Cr+/E((Lk + 1)s0) \/30 logp)

Eo,Q" (6 € R :[lps — poll3 > : 2

Cn 4 86_(K/2)SO logp
~ (K/4)sologp

+2/p + (8/3)p~% 4 8p~ L0,

Proof. We first apply Lemma [I] with
vV/so log p }
Xy

A = A, = A,(t, L, My, M) the event in Lemma 0, = Ksglogp, and C = 8. Since
A, CApa ( | X ||v/1og p), Lemma|10|implies that the condition (T4) holds. Using Lemmafollowed
by Lemma 7

On {9 ERP: |0 — b2 > Cx

1 Ey KL(O*||TI(-]Y))1 Qe—0n/2
Eo, Q" (9 € R” 5 (10— e0||2>cK\/m)1Ang 0 KL(Q"[ILL(-[Y) 14, + 8¢

X1l dn/2
< S+ 8exp(—(K/2)s0 logp)
- (K/2)s0logp '
By Lemmal(TT]
v/sglo
Eo, @ (0 € RY : 10 = 60]l> > CK||OT||gp)1A% < Py, (AS) < 2/p+ (8/3)p™ + 8p~ L

The first statement follows by combining the above two displays.
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Turning to the second statement, Lemma@]implies the condition (T4) holds with
_{QERP |S@‘ >LK80}
0, = Ksglogp and C = 2. Therefore, similarly as above,

w2 —(K/2)sp 1
By, Q* <9€RP |50‘>LK50)1AWSC + 2exp(—(K/2)sg logp)

(K/2)s0log p
For any 6 in the set in the last display, since || ¥’||o < 1/4,

1 — 1 1
nllpe — poll% < 6 Z 27 (0 — 6o)? < EHXW — 603 < 1—6H((LK + 1)s0)[| X116 — 6ol13,
=1

where the last inequality follows from the definition of %(+). The second statement then follows by
combining the first statement of the theorem and the last two displays. O

11 Deriving the variational algorithm

11.1 Coordinate ascent equations

Since the VB minimization problem (6] is intractable for Bayesian logistic regression, we instead
minimize a surrogate objective obtained by lower bounding the likelihood [2| [10]]. This is a standard
approach, but we include full details for completeness. For the log-likelihood ¢,, ¢ defined in (I9), it
holds that
n
lno(2,y) > > log W(n;) —

i=1

(m:/2)((z 0)* =) = f(0,7)

(30)
forany n = (11,...,m,) € R™, see Section for a proof. Hence for any distribution () for 6,

_ dQ(0)
KL(QI(-]Y)) = /log (M)dﬂ@ dQ(0) +C
dQ

< [ log dT'[(G) = f(0,m) dQ(0) + C

= KL(Q|IIT) — E°[f(6,m)] + C,
where C'is independent of (). We minimize the right-hand side over the variational family @), » , € Q,
i.e. over the parameters u, o,7. Since we seek the tightest possible upper bound in (31I), we also
minimize this over the free parameter 7. In particular, the coordinate ascent variational inference

(CAVI) algorithm alternates between updating 7 for fixed x, o, v and then cycling through p;, o, 7;
and updating these given all other parameters are fixed.

i
5 T (yi — 3);

3D

Write F,, .~ for the expectation when § ~ Q,, . ~. For fixed /1,, 0,7, update n = (n1,...,M,) by

P = E, 0 (x]0)? kaxlk we+oi) + Z Z (YeTirtir) (Vi i), (32)
k=1 I#k
see Sectionfor a proof. We now derlve the coordinate update equations for 1, o, v; keeping all
other parameters, including 7, fixed. For completeness, we allow the Laplace slab to have non-zero
mean v if desired.

Proposition 1 (Coordinate updates with Laplace prior). Consider the prior (9) with Laplace slab
density g(x) = %e_)“””_”', where v € R, A > 0. Given all other parameters are fixed, the values |i;
and o j that minimize (31) with Q = Qo4 € Q are the minimizers of the objective functions:

(nj—)?
2 ——1 M
P )\J'\/76 4+ A -Verf( J_ ) 2
Hj EAY () ) \/50] Z 4n;
n 1 n
+ 1 ( Z o tanh(n; /2)x;; Z%xikuk - Z(Z/z‘ - 1/2)%‘3‘)7

i=1 k#j i=1

= 1
) —logo; + 0]2 Z I tanh(m/2)a:fj,
i=1

(mi/2)a%;

(1 —v)?
e

oj = Ao —e 77 4+ Mu,; —v)erf (

V20;
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. — 2 . . . . .
respectively, where erf(z) = 2/\/7 fox e~ dt is the error function. The value ~y; that minimizes (31))
given all other parameters are fixed, is the solution to

(nj=)?
VYj bo /2 -l —v 1
—1lo =log — —log(Ao;) + Ao i+ A — v)erf —
g 1— g 0 g( J) J (:“J ) < \faj > 2

n n 1
— Z(y’ —1/2)x;; + Z I tanh(n; /2) <3312j(u? + O’JQ») + 2@, Z vkxikuk)
i=1 i=1

ey

Proof. Throughout this proof we fix the parameter € R™ and let C' denote any term constant with
respect to the parameters currently being optimized, possibly different on each line. We first compute
the update equations for 11; and o; based on (3T). We compute KL(Q,,  +|-,—1|[TT), which considers
the distribution @, »~ conditional on z; = 1, as a function of (4;, o), holding all other parameters
fixed. Using that (),, - - is a factorizable distribution and that conditional on z; = 1 the variational
dQu o |zj=1 aQ 2;=1
I : ﬁ\ =C Hj Jd HJI J ,
where 115 is the continuous part of the prior distribution for 6; and C' does not depend on p; or

0. Recall that TI = fol wLap(v, \)dw = ao/(ag + bo)Lap(v, A). Thus for ¢,, , the density of a
N (u,0?) distribution and W = ag/(ag + bo),

distribution of 6, is singular to the Dirac measure ¢y, we can simplify

dQ o,v|z;=1 dQ j,0jlz;=1 (b o (9 )
1 M0, |25 0 — 1 Hj,035|%;5 9 C 1 TR0 \TT ) C
og ——m—(0) =log T (6;) + %% 5 (0;)
Taking expectations with respect to @, 5.~|z; =15
Puy.05(05) (0; — py)?
E log =% — 1 |—log(A\o;) — L2 £ N6 — C
w,o,v|z;=1 l:Og ng(@j) p,olzj=1 Og( UJ) 20_]2 + | Vl +

= —log(Aoj) + AE, 5|z,=1/0; — v| + C,

where we have used E,, , (., —1[(0; — 11;)?/07] = 1. Under the variational distribution, A|6; — v/|
follows a folded Gaussian distribution, hence

(nj—1)?
2 —— 2 —V
AE, . o1z:=1]0 — V| = Ao/ = 295 A f
U«Jvo'J‘zjfl‘ J V| 0j ﬂ_@ / + (/LJ )er < \[O'_] >

Combining the last three displays gives KL(Q,, 5 |z,—1//TI) as a function of 11;,0;. Using this

expression and evaluating E,, , ., 1 [f(6,7)] using Lemma [15| below, the upper bound in (3T)
equals, as a function of y;, o,

_(uy—)?
—log(Aaj) + Ao —¢ 5+ Mpy — v)erf (M\J/§U%>
j

> (i — /2w + Z taﬂh (m:/2) | 23;(13 + 03) + 223508, Y i | + C,
i k#j
where C' is independent of y;, o;. Minimizing the display with respect to either p; or o; gives the
desired result.

For updating the inclusion probabilities v;, we proceed as above without conditioning on z; = 1.
Keeping track of only the v; terms,

dQ,u,a,'y . d(VjN(/’Lj> 032) + (1 - 77)60) ]
dH(G)} = Fnoa [log d@Lap(v,\) + (1~ w)do) )

%54N (45, 03) 1—n;
— Eyon |10 _plog 20 %5 gy g 1 Vi
m [ {1108 wdLap(v, \) (6:) + 1(z,=0y log 1—

%o-(@j)]
= % By = [log“
Ju,o,ylz=1 gj(gj)

+C

E,on {log

+C

'Vj —
+ ;1o lo + C.
5 108 w ( ’7]) g 0
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The first expectation was evaluated above. Using this and evaluating E,, , - [ £, 77)] using Lemma
[15]below, the upper bound in (31]) equals, as a function of v;,

(nj—v)?

2 7 7
’Yj{log()\gj)+)\0j\/;6 27 Ay I/)erf<\[ ) /LJZ —1/2)a;
_,_1_2

i
+ 7, 1 + (1 - 1
Vi ng ( %) Ogl

(mi/2) | 3 (13 + 07) + 2wipn; Y Vintin }
ey

—J+C,

where C'is independent of ;. As a function of ;, this takes the form

—

g0 1
h(v;) = v5log = + (1= ;) log + e,
with a,b € (0,1) and ¢ € R. By differentiating, / is convex and has a global minimizer 7; € [0, 1]
satisfying

Vi
—log -
1-— Vi
Substituting in the above values for a, b, c gives the result. O

b
=c—|—loga.

11.2 Variational lower bound

We now derive the lower bound (30) as in [10]. Recall the log-likelihood (T9):
Cno(2,y) Zyzx 0 — g(x]0),

where g(t) = log(1 + €!), t € R. We lower bound the second term above using a Taylor expansion
in 22. The following lemma fills in some details from [10], where this technique was proposed.

Lemma 13. For ¥(x) = (1 + e~®) ™! the standard logistic function and any n € R,

T — 1
log W(x) > = +log ¥(n) - 1 tanh(1/2)(@* =),

Proof. Note that we can write log ¥(z) = 2/2 — log(e*/? 4 ¢~%/2). By elementary calculations,
it can be shown that the second term on the right hand side is convex in the variable z2. We can
therefore use its first order Taylor approximation in 22 to derive a lower bound for log ¥ (z), i.e. for
any n € R,

1
log U(x) > g —log(e"? 4+ e /) — ym tanh(n/2)(z* — n?)

- 1
= % +log ¥ (n) — o tanh(n/2)(z* — n°).
]

Substituting this lower bound into each term —g(x7 ) = log ¥(—x7 ) in the log-likelihood yields
(0.
We next obtain the update equation (32) for the free parameter 7 € R™. Minimizing (3I)) over 7 for
fixed Q = Q0,4 € Q is equivalent to solving
N =argmaxE, [f((‘), n)] .
nern
Lemma 14. The function f, : R — R, a > 0, given by

fa(z) =log¥(zx) — g - i tanh(z/2)(a® — 2?)

is symmetric about zero and possesses unique maximizers at * = =*a.
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Proof. Indeed, tanh(—z) = — tanh(x) shows that the last term is symmetric around zero. Moreover,
U(—z) =1— U(z) yields log U(—x) + z/2 = log ¥(x) — /2 thereby proving symmetry of f,.
Using 2¥(x) — 1 = tanh(z/2),

fule) = o = 5+ 1 (o) 4 et ) - (Y 2) " — 2tanh(/ )

Ux) 2 4 (cosh z/2)2 8?2
— (a® — 2?) tanh(/2) 1 .
42 8xz(cosh z/2)2
Since f/(£a) = 0, it remains to show f./(+a) < 0. Note that
) = (a2 — 22) d (tanh(z/2) 1 _ tanh(v/2) 1 '
dx 422 8x(cosh ©/2)2 2x 4(cosh z/2)?
The first term vanishes at + = =a and the second is symmetric about zero, so the formula

sinh(z) cosh(z) = sinh(2x)/2 yields
_ 2sinh(7/2) cosh(%/2) —a sinh(a) — a

1"
+a) = =- .
fa(£a) 4a(cosh a/2)? 4a(cosh a/2)?
This concludes the proof as sinh(z)/xz > 1. O

By the last lemma, we can restrict the free parameter to 7 € R and take 77 = E, , , (] 0)* to
maximize E,, ,  f(6,n). The update (32) then follows from the following lemma.

Lemma 15. For Q, .~ € Q,

Epon [%‘Tﬂ = YielkTik

M- T

p
W (g + o%) + Z Z('kaikﬂk)(')’lxilﬂl)~
k=1 1£k

By [(sze)Q] =

b
Il
—

If the expectations are instead taken over E,, ; |..—1, then the same formulas hold true with y; = 1.

Proof. Since 0, ~" (1 — ~;)80 + VN (pr, 02) under Q. 5., the first claim follows by linearity
of the expectation. Using that 0, = 03 1., —1}, Qp,-,~-almost surely, and that (¢;,) are independent
under the mean-filed distribution @, &,

2
p
E,sq [(szQ)Q] =FE, 5~ <Z xikﬁkl{zk_1}>
k=1
P

p
= Z'ka?k(:ui +op) + Z Z(%xmuk)(%%w)-
k=1

k=1 I£k
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