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Abstract

We introduce a new problem setting for continuous control called the LQR with
Rich Observations, or RichLQR. In our setting, the environment is summarized
by a low-dimensional continuous latent state with linear dynamics and quadratic
costs, but the agent operates on high-dimensional, nonlinear observations such as
images from a camera. To enable sample-efficient learning, we assume the learner
has access to a class of decoder functions (e.g., neural networks) that is flexible
enough to capture the mapping from observations to latent states. We introduce a
new algorithm, RichID, which learns a near-optimal policy for the RichLQR with
sample complexity scaling only with the dimension of the latent state space and the
capacity of the decoder function class. RichID is oracle-efficient and accesses the
decoder class only through calls to a least-squares regression oracle. Our results
constitute the first provable sample complexity guarantee for continuous control
with an unknown nonlinearity in the system model.

1 Introduction

In reinforcement learning and control, an agent must learn to minimize its overall cost in a unknown
dynamic environment that responds to its actions. In recent years, the field has developed a com-
prehensive understanding of the non-asymptotic sample complexity of linear control, where the
dynamics of the environment are determined by a noisy linear system of equations. While studying
linear models has led to a number of new theoretical insights, most practical control tasks are nonlin-
ear. In this paper, we develop efficient algorithms with provable sample complexity guarantees for
nonlinear control with rich, flexible function approximation.

For some control applications, the dynamics themselves are truly nonlinear, but another case—
which is particularly relevant to real-world systems—is where there are (unknown-before-learning)
latent linear dynamics which are identifiable through a nonlinear observation process. For example,
cameras watching a robot may capture enough information to control its actuators, but the optimal
control law is unlikely to be a simple linear function of the pixels. More broadly, with the decrease
in costs of sensing hardware, it is now common to instrument complex control tasks with high-
throughput measurement apparatus such as cameras, lidar, contact sensors, or other alternatives.
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These measurements constitute rich observations which often capture relevant information about
the system state. However, deriving a control policy from these complex, high-dimensional sources
remains a significant challenge in both theory and practice.

The RichLQR setting. We propose a learning-theoretic framework for rich observation continuous
control in which the environment is summarized by a low dimensional continuous latent state (such
as joint angles), while the agent operates on high-dimensional observations (such as images from
a camera). While this setup is more general, we focus our technical developments on perhaps the
simplest instantiation: the rich observation linear quadratic regulator (RichLQR). The RichLQR
posits that latent states evolve according to noisy linear equations and that each observation can be
associated with a latent state by an unknown nonlinear mapping.

We assume that every possible high-dimensional observation of the system corresponds to a unique
latent system state, a property we term decodability. This assumption is natural in applications where
the observations contain significantly more information than needed to control the system. However,
decoding the latent state may require a highly nonlinear mapping, in which case linear control on the
raw observations will perform poorly. Our aim is to learn such a mapping from data and use it for
optimal control in the latent space.

1.1 LQR with Rich Observations

RichLQR is a continuous control problem described by the following dynamics:
X1 = Axp + Bug +wy,  y~q(c [ %) (1)

Starting from x, the system state x; € R% evolves as a linear combination of the previous state,
a control input u; € R% selected by the learner, and zero-mean i.i.d. process noise w; € R%. The
learner does not directly observe the state, and instead sees an observation y, € R% drawn from the
observation distribution g(- | x;)." Here dy > dy; x; might represent the state of a robot’s joints,
while y; might represent an image of the robot in a scene. Given a policy 7+ (yo,...,y:) that selects
control inputs u; based on past and current observations, we measure performance as

1 T
Jr(m) =K, T > x{Qx¢ +uj Ruy |, )
t=1

where @, R > 0 are quadratic state and control cost matrices and E,; denotes the expectation when
the system’s dynamics (1) evolve under u; = m¢(yo,- - ., yt)-

In our model, the dynamics matrices (A, B) and the observation distribution ¢(- | x) are unknown to
the learner. We assume that the control cost matrix R > 0 is known, but the state cost matrix ¢ > 0
is unknown (so as not to tie the cost matrices to the system representation). We also assume the
instantaneous costs ¢; := X; Qx; + u] Ruy, are revealed on each trajectory at time ¢ (this facilitates
learning @, but not A or B). The learner’s goal is to PAC-learn an -optimal policy: given access to
n trajectories from the dynamics (1), produce a policy 7 such that J7(7) — Jr(7e ) < €, Where o,
is the optimal infinite-horizon policy. If the dynamics matrices (A, B) were known and the state x;
were directly observed, the RichLQR would reduce to the classical LQR problem [18], and we could
compute an optimal policy for (2) using dynamic programming. Indeed, the optimal policy has the
form 7o (x4) = KooXy, Where K, is the optimal infinite-horizon state-feedback matrix given by the
Discrete Algebraic Riccati Equation (Eq. (A.1) in Appendix A.2). To facilitate the use of optimal
control tools in our nonlinear observation model, we make the following assumption, which asserts
the state x; can be uniquely recovered from the observation y;.

Assumption 1 (Perfect decodability). There exists a decoder function f, : R% — R%< such that
f+(y) =z forall y e suppg(- | z).2

While a perfect decoder f, is guaranteed to exist under Assumption 1 (and thus the optimal LQR
policy can be executed from observations), f. is not known to the learner in advance. Instead, we
assume that the learner has access to a class of functions .# (e.g., neural networks) that is rich enough
to express the perfect decoder. Our statistical rates depend on the capacity of this class.

'Our results do not depend on dy, and in fact do not even require that y belongs to a vector space.
*We remark that f, is typically referred to as an encoder rather than a decoder in the autoencoding literature.



Assumption 2 (Realizability). The learner’s decoder class .% contains the true decoder f,.

While these assumptions—especially decodability—may seem strong at first glance, we show that
without strong assumptions on the observation distribution, the problem quickly becomes statistically
intractable. Consider the following variant of the model (1):

Xie1 = Axy + Bug + wy, yi=fi1(xe) + e, €))

where € is an independent output noise variable with E[e;] = 0. In the absence of the noise &, the
system (3) is a special case of (1) for which f, is the true decoder, but in general the noise breaks
perfect decodability. Unfortunately, our first theorem shows that in general, output noise can lead to
exponential sample complexity for learning nonlinear decoders, even under very benign conditions.

Theorem (informal). Consider the dynamics (3) with dx = dy, = dy = T = 1 and unit Gaussian
noise. For every ¢ > 0 there exists an O(e™)-Lipschitz decoder f, and realizable function class .F

/
with | F| = 2 such that any algorithm requires Q(2(é)2 3) trajectories to learn an c-optimal decoder.

A full statement and proof for this lower bound is deferred to Appendix D for space.

Our Algorithm: RichID. Our main contribution is a new algorithmic principle, Rich Iterative De-
coding, or RichID, which solves the RichLQR problem with sample complexity scaling polynomially
in the latent dimension d and the decoder class capacity In|.#|. We analyze an algorithm based on
this principle called RichID-CE (“RichID with Certainty Equivalence”), which solves the RichLQR by
learning an off-policy estimator for the decoder, using the off-policy decoder to approximately recover
the dynamics (A, B), and then using these estimates to iteratively learn a sequence of on-policy
decoders along the trajectory of a near-optimal policy. Our main theorem is as follows.

Theorem 1 (Main theorem). Under appropriate regularity conditions on the system parameters
and noise process (Assumptions 1-8), RichID-CE learns an e-optimal policy for horizon T using
164

C- M trajectories, where C' is a problem-dependent constant.’

Theorem 1 shows that it is possible to learn the RichLQR with complexity polynomial in the latent
dimension and decoder class capacity 1n|.%|, and independent of the observation space. To our
knowledge, this is the first polynomial-in-dimension sample complexity guarantee for continuous
control with an unknown system nonlinearity and general function classes. The main challenge

we overcome in attaining Theorem 1 is trajectory mismatch; a learned decoder f which accurately
approximates the true decoder f,. well on one trajectory may significantly deviate from f, on another.
Our algorithm addresses this issue using a carefully designed iterative decoding procedure to learn a
sequence of decoders on-policy.We present our main theorem for finite classes .% for simplicity, but
this quantity arises only through standard generalization bounds for least squares, and can trivially be
replaced by learning-theoretic complexity measures such as Rademacher complexity (in fact, local
Rademacher complexity). For example, if .# has pseudodimension d, one can replace In|%#| with

O(d).

Theorem 1 requires relatively strong assumptions on the dynamical system—in particular, we require
that the system matrix A is stable, and that the process noise is Gaussian. Nonetheless, we believe that
our results represent an important first step toward developing provable and practical sample-efficient
algorithms for continuous control beyond the linear setting, and we are excited to see technical
improvements addressing these issues in future research.

1.2 Technical Preliminaries

In the interest of brevity, we present an abridged discussion of technical preliminaries; all omitted
formal definitions, further assumptions, and additional notation are deferred to Appendix A. The
main assumptions used by RichID are as follows.

Assumption 3 (Gaussian initial state and process noise). The initial state satisfies xg ~ N (0, X¢),
and process noise is i.i.d. wy ~ N(0,%,,). Here, X, 2, are unknown to the learner, with 3, > 0.

Assumption 4 (Controllability). For each k > 1, define Cj, := [A* 1B | ... | B] e R®&*kdu_ We
assume that (A, B) is controllable, meaning that C,;, has full column rank for some ., € N.

?See Theorem la in Appendix J for the full theorem statement.



Note that Assumption 4 imposes the constraint dy k. > dx, which we use to simplify expressions.

Assumption 5 (Growth Condition). There exists L > 1 such that || f(y)| < Lmax{1, | f«(y)|} for
allyeYand f e &.

Assumption 6 (Stability). A is stable; that is, p(A) < 1, where p(-) denotes the spectral radius.

Our algorithms and analysis make heavy use of the Gaussian process noise assumption, which we use
to calculate closed-form expressions for certain conditional expectations that arise under the dynamics
model (1). We view relaxing this assumption as an important direction for future work. Controllability
is somewhat more standard [24], and the growth condition ensures predictions do not behave too
erratically. Stability ensures the state remains bounded without an initial stabilizing controller. While
assuming access to an initial stabilizing controller is fairly standard in the recent literature on linear
control, this issue is more subtle in our nonlinear observation setting. These assumptions can be
relaxed somewhat; see Appendix B.4. We make the stability assumption quantitative via the notion of
“strong stability” (Appendix A). Finally, we assume access to bounds on various system parameters.

Assumption 7. We assume that the learner has access to parameter upper bounds ¥, > 1, a, > 1,
v+ € (0,1), and k € N such that (I) k > k., (II) A and (A + BK,) are both (., 7, )-strongly stable,
and (IIT) W, is an upper bound on the operator norms of A, B, Q, R, 3., E;Ul, >0, Ko, and Pt

We use O, (+) to suppress polynomial factors in o, 7,1, (1 -7,)"1, ¥,, L, and o} (C.), and all
logarithmic factors except for In|.%| and In(1/6). We also write f = O(g) if f(z) < cg(z) for all

x € X, where ¢ = poly (7. (1 =7+ ), a7, U7t LY 0in(C)) is a sufficiently small constant.

2  An Algorithm for LQR with Rich Observations

Algorithm 1 RichID-CE
1: Inputs:
¢ (suboptimality), T' (horizon), .# (decoder class), dy, d,, (latent dimensions),
W, , K, ., 7« (System parameter upper bounds), R (control cost).

2: Parameters: // see Appendix J for values.
Nid, Nop // sample size for Phase/Phase II and Phase III, respectively.
Ko // burn-in time index.
Tid,Top // radius for sets JZy and J7;,.
a1/ exploration variance.
b7/ clipping parameter for decoders.

Phase I // learn a coarse decoder (see Section 2.1)

Set fiq < GETCOARSEDECODER (i, Ko, £, 7iq ). // Algorithm 3

Phase II // learn system’s dynamics and cost (see Section 2.2)

Set (Zid, Ei(h iw,ida @id) <« SYSID(fid, nig, Ko, k). // Algorithm 4

Phase III // compute optimal policy (see Section 2.3 and Appendix H)

Set 7 < COMPUTEPOLICY (Ai4, Bia, S id; Qids Ry Mop, 6, 02, T, b, 7op). // Algorithm 5
Return: 7.

R A A

We now present our main algorithm, RichID-CE (Algorithm 1), which attains a polynomial sample
complexity guarantee for the RichLQR.

Algorithm overview. Algorithm 1 consists of three phases. In Phase I (Algorithm 3), we roll in
with Gaussian control inputs and learn a good decoder under this roll-in distribution by solving a
certain regression problem involving our decoder class .%. In Phase II (Algorithm 4), we leverage
this decoder to learn a model (;1\, B ) for the system dynamics (up to a similarity transform). Due
to linearity of the dynamics, this model is valid on any trajectory. Moreover, we can synthesize a
controller K so that the controller u; = Kx;, is optimal for (A, B), and thus near-optimal for (A, B).

“Here, P solves the DARE ((DARE) in Appendix A.2), and K is the optimal infinite horizon controller.



To actually implement this feedback controller, we still need a good decoder for the state. Unfortu-
nately, our decoder from Phase I may be inaccurate along the optimal (or near-optimal) trajectory.
Thus, in Phase III (Algorithm 5) we inductively solve a sequence of regression problems—one for
each time ¢ = 0,...,T—to learn a sequence of state decoders ( ft), such that for each ¢, ft ~ fy
under the roll-in distribution induced by playing K fs(ys) for s < t. We do this by rolling in with
this near-optimal policy until ¢, but rolling out with purely Gaussian inputs. The former ensures that
the decoder is accurate along the desired trajectory. The latter ensures that the regression at time
t is essentially “independent” of approximation errors incurred by steps 0, ...,t — 1, avoiding an
accumulation of errors which would otherwise compound exponentially in the horizon T'.

In what follows, we walk through each phase in detail and explain the motivation, the technical
assumptions required, and the key performance guarantees.

2.1 Phase I: Learning a Coarse Decoder

In Phase I (Algorithm 3), we gather 2n;q trajectories by selecting independent standard Gaussian
inputs uy ~ N (0, I, ) for each 0 <t < k1 := Ko + K, where we recall that « is an upper-bound on the
controllability index ., and where k¢ is a “burn-in” time used to ensure mixing to a near-stationary
distribution (this is useful for learning (A, B) in (9), ensuring fid is accurate at both time ~; and
k1 +1). Ko is given by:

ko= [(1-7)7" 1n(84\pia‘jdx(1 - 7:) 2 In(10° - niq))] .- 4)

Let (uO ,y0 ,c0 )) (u,i1 ,y,{1 ,c,ﬂ)) y 1 denote the ith trajectory gathered in this fashion.
‘We now show that for the state distribution 1nduced the control inputs above, the true decoder f, can
be recovered up to a linear transformation by solving a regression problem whose goal is to predict a
sequence of control inputs from the observations at time x;. Define v = (u/ ,...,u; ;)" Our
key lemma (Lemma G.3) shows that

VyeRY, h,(y)=E[v|y. =y]=CiE.! f.(y), (5)

Co:=[A"B|...| B];and &, := A" 5o(A)T + 21, ATH(S,, + BBT)(A™)T. where we
recall that C,; = [A"”” 'B|...| B] and define

K1
Yy = AN S (AT + > ATY(S, + BBT)(ATHT.
t=0

This lemma relies on perfect decodability and the fact that v and x,, are jointly Gaussian. In
particular, by verifying HCH o H <VVY,, the expression (5) ensures that i, belongs to the class

Ha = {Mf()|feZ, MeR"“d e | M |op < /T, }(that is, we can take riq = /¥,). The
main step of Phase I solves the well- spec1ﬁed regression problem:

~ id . .
hiq € argmin ) Hh(yfjl)) -v®2, (6)
hesfa =1

Phase I is computationally efficient whenever we have a regression oracle for the induced function
class ##4. For many function classes of interest, such as linear functions and neural networks, solving
regression over this class is no harder than regression over the original decoder class .7, so we believe
this is a reasonably practical assumption. For n;q sufficiently large, a standard analysis for least
squares shows that the regressor hiq has low prediction error relative to h, in (5). However, this
representation is overparameterized and takes values in R*%* even though the true state lies in only
dy dimensions. For the second part of Phase I, we perform principle component analysis to reduce
the dimension to dx. Specifically, we compute a dimension-reduced decoder via

fa(y) = Vi hia(y) e R™, ()
* is an arbitrary orthonormal basis for the top dx eigenvectors of the empirical
second moment matrix fondd o ﬁid(y,(fl))ﬁid (yS})T/ niq. This approach exploits that the output
of the Bayes regressor h,—being a linear function of the dx-dimensional system state—lies in a
dx-dimensional subspace. Having reviewed the two components of Phase I, we can now state the

main guarantee for this phase. In light of (5), the result essentially follows from standard tools for
least-squares regression with a well-specified model, plus an analysis for PCA with errors in variables.

where Vg € Rfduxd



Theorem 2 (Guarantee for Phase I). If nig = Q. (dxdur(In|F| + dudxk)), then with probability at
least 1 — 30, there exists an invertible matrix Siq € R&Xd gyuch that

dul‘ﬁ(ln |ﬁ| + dudx"‘ﬂ) 1113 (nld/(s) )

Nid

E”fid(ylﬂ) - Sidf*(ym1)||2 < O*(
andfor which amin(sid) 2 Omin,id = O'min(cn)(l - 7*)(4‘112052)_1 and HSid HOP < Omax,id ‘= \/\I/_*

2.2 Phase II: System Identification

In Phase II, we use the decoder from Phase I to learn the system dynamics, state cost, and process
noise covariance up to the basis induced by the transformation Sjq. Our targets are:

Aiq = SiaASY,  Bia=SaB, Suwid=SaXwSh, Q=S QS ¥

The key technique we use is to pretend that the decoder’s output fid(y,@1 ) is the true state x,,, then
perform regressions which mimic the dynamics in (1):

. . 3niq . i ~ . .
(&g, Bua) cargmin " | fua(y\)y) - Afia(y()) - Bul?, and ©)
(A,B) i=2n;q+1
1 3niq R . A . . .
>, (fid(y;(;l)+1) - Aid fid (y,ﬁ?) - Bidu,ﬁ?)m, where v®? := vv. (10

Nid j=2n;4+1

Yw,id =

Similarly, we recover the state cost () by fitting a quadratic function to observed costs via
3niq

3 . i i B _F ool AONE
Qia € al”ngln Z (Cf(ﬂ) - (ufgl))TRufgl) - fid(y,(ﬂ))Tind(Y,(ﬂ))) ) (11)

i:2nid+1

and then setting @id = (%@id + %ijd)+ as the final estimator, where (-), truncates non-positive
eignvalues to zero. This is the only place where the algorithm uses the cost oracle.

Since Theorem 2 ensures that fid (¥4, ) is not far from SigX,, , the regression problems (9)—(11) are
all nearly-well-specified, and we have the following guarantee.

Theorem 3 (Guarantee for Phase II). If niq = Q*(didun(ln | Z |+ dydxr) max{1, omin (CH)’4}),
then with probability at least 1 — 116 over Phases I and II,

[ Aa; Bia] - [Aid; Biallop V | Qia = Qidllop V | Swid = Zwidllop < €id, (12)

where €iq < O, (n;dl/2 In*(nia/0)\/dxdur(In | Z| + dudxl*i)).

To simplify presentation, we assume going forward that S;q = I, which is without loss of generality
(at the cost of increasing parameters such as ¥, and . by a factor of [ Sid|,,, v IS5 lop),” and drop

the “id” subscript on the estimators Zid, Eid, and so forth to reflect this.®

2.3 Phase III: Decoding Observations Along the Optimal Path

Given the estimates (Z, B, @) from Theorem 3, we can use certainty equivalence to synthesize an
optimal controller matrix K for the estimated dynamics. As long as €iq in (12) is sufficiently small,
the policy u; = Kx; is stabilizing and near optimal.

To (approximately) implement this policy from rich observations, it remains to accurately estimate the
latent state. The decoder learned in Phase I does not suffice; it only ensures low error on trajectories
generated with random Gaussian inputs, and not on the trajectory induced by the near-optimal policy.
Indeed, while it is tempting to imagine that the initial decoder f might generalize across different
trajectories, this is not the case in unless we place strong structural assumptions on .%.

3The controller Sjq Ko attains the same performance on (Aia, Bia) as Ko on (A, B)
%We make this reasoning precise in the proof of Theorem 1.



IEstead, we iteratively learn a sequence of decoders ft—one per timestep ¢t =1,... ,T/.\ éssuming
K ~ K is near optimal, the suboptimality Jr(7) — Jr(7e ) of the policy m(yo:t) = K ft(yo:) is
controlled by the sum ZtT:l E. || ft (yo:t) = f+(y¢) ||2(note that the regret does not take into account
step 0). Thus, to ensure low regret, we ensure that, for all ¢ > 1, the decoder ft has low prediction error

on the distribution induced by running 7 with previous decoders ( fT)KKt and K. This motivates
the following iterative decoding procedure, executed for each time stept =1,...,T"

Step 1. Collect 2n,p, trajectories by executing the randomized control input u, = K fT (yo:r) + Vo,
for0 <7<t and u, = v, fort <7 <t+k, where v, ~ N'(0,0%1,,); here, n,, € N and
0% < 1 are algorithm parameters to be specified later.

Step 2. Obtain a residual decoder hy satisfying (13) by solving regressions (21) and (22) using a
regression oracle.

Step 3. Form a state decoder ft+1 from fzt and ft using the update equation (14).

Forming the decoder fl requires additional regression steps (described in Appendix B.3) which
account for the uncertainty in the initial state xy. At each subsequent time ¢, the most important part

of the procedure above is Step 2, which aims to produce a regressor hy such that

he(yes1) = Ahi(ye) » Bug + Wy = Xpq — Axy. (13)
As we shall see, enforcing accuracy on the increments x;,1 — Ax; allows us to set up regression prob-
lems which do not depend on, and thus do not propagate forward, the errors in f;. In contrast, a naive
regression—say, arg min ; | [1f(yes1) = (A+ BK) fy () — Bv|?]—could compound decoding
errors exponentially in ¢.
Luckily, the increments in (13) are sufficient for recovery of the state by unfolding a recursion; this
comprises Step 3. Let b > 0 be an algorithm parameter. Given a regressor h; satisfying (13) and the
current decoder f;, we form next state decoder f;,1 via

ft+1 (1) = ﬁ+1()H{Hﬁt+1()H < B}% ﬁ+1(YO:t+1) = (ﬁt(}’ﬂl) -4 ilt(Yt)) + A ft(yO:t)7 (14)

where we set fo = fo = 0. By clipping ft, we ensure states remain bounded, which simplifies the

analysis. Crucially, by building our decoders (f,) this way,we ensure that the decoding error grows
at most linearly in t—as opposed to exponentially—as long as the system is stable (i.e. p(A4) < 1).

It remains to describe how to obtain a regressor hy satisfying (13). To this end, we use the added
Gaussian noise v, to set up the regression.

Warm-up: Invertible B. As a warm-up, suppose that B is invertible. Then, for the matrix
M, = B"(BB" +072%,,)", one can compute

E[vi | yo:+1] @ E[v, | w; + Bv,] () My (w; + Bvy) = My (%441 — Ax; - BK fi(y04)). (15)

The identity (*) uses the fact that conditioning on yq.;+1 i equivalent to conditioning on Xg.¢41, due
to perfect decodability. We then use that the conditional distribution of v; | X¢.141 is equivalent to
Vi | X¢,X¢41, Which is in turn equivalent to v; | w; + Bv; due to the linear dynamics Eq. (1).

Since conditional expectations minimize the square loss, learning a residual regressor h; which
approximately minimizes

I B[ = Mi(h(yen) - Ah(ye) - BE fu(yo:))|’] (16)
produces a decoder iy approximately satisfying (13):
Ml(ilt(yml) _Ailt(yml)) ~ My (Xpe1 = AXga1), a7

since M1(}Alt(Yt+1) - Ailt(}’nl) - BI?ft(Yo:t)) N Ml(xt+1 - AXyy1 - Bf?ft(yO:t))~

For invertible B, the matrix M; is invertible, and so from (17), our state decoder hy.1 indeed satisfies
(13): he(yie1) — Ahi(ye) » xi41 — Ax;. We emphasize that regressing to purely Gaussian inputs v,
is instrumental in ensuring the conditional expectation equality in (15) holds. The noise variance o>
trades off between the conditioning of the regression, and the excess suboptimality caused by noise
injection; we choose it so that the final suboptimality is O, (¢).



Extension to general controllable systems. For non-invertible B, we aggregate more regressions.
For k € [k], let My, := C](CkC}l + 072 X8 A%, (A1) T)~!, where we recall Cj, from Assump-
tion 4. Generalizing (15), we show (Lemma 1.7 in Appendix H) that the outputs (y.) and the

Gaussian perturbation vector Vi.44-1 = (V{,...,v,,, ;)" generated according to Step 1 above
satisfy, for all k € [k],
E[Vereh-1 | Yot yeer] = Mi(Xear — A% = A¥ B fy(you)) = 67 1 (Yorte)- (18)

Defining concatentations ¢; := (¢7,...,¢; ) and M = [M] | (M2A)" |- | (M, A" ")T]" and
stacking the conditional expectations gives:

E[d] (Yorter) | Yours1] = M(Bvy +wi) = M(fu(yer1) - Afu(ye) - BE fi(yox)). (19)

Hence, with infinite samples (and knowledge of B), we are able to recover the residual quantity
M(fi(yie1) — Afs(ye)). Again, the Gaussian inputs enable the conditional expectations (18)
and (19). The crucial insight for the stacked regression is that by rolling in and switching to pure
Gaussian noise only after time ¢, we maintain Gaussianity, while still yielding decoders that are valid
on-trajectory up to time ¢t. To ensure that we accurately recover the increment f, (yi+1) — Afe(¥e),
we require the overdetermined matrix M to be invertible. To facilitate this, let M2 denote the value
of M as a function of o2, and let o

M= lim M2 Jo? (20)
be the (normalized) limiting matrix as noise tends to zero, which is an intrinsic problem parameter.
Assumption 8. The limiting matrix M satisfies Apq = AX?H(MTM) > 0.

This assumption is central to the analysis, and we believe it is reasonable: we are guaranteed that it
holds if the system is controllable and either A or B has full column rank—see Appendix B.5.

To approximate the conditional expectations (18), (19) from finite samples, we define another
expanded function class

%P = {Mf() | feyaMERdXdevHMHOP S\Iji}v

and use (M\ %) and M to denote plugin estimates of (M) and M, respectively, constructed from A
and B. Here, the subscript “op” subscript on %, abbreviates “on-policy”.

Next, given a state decoder f; for time ¢ and k € [«], we define
@,k(hyo;t,ym) = TVTk (h(}’t+k) - A\kh(}’t) - Zk_lEKft(YO:t)) for h ¢ %p~

With this and the 2n,, trajectories {(yg), V-(,—i) ) }1<i<2n,, gathered in Step 1 above, we obtain hy by
solving the following two-step regression:

; &= i) G i 2
b cargmin Y [Bx(h v,y D) - Vi | vhe k), 1)
heop =1
; & o i - i 55 70 = (G 2
heargmin Y |M-(n(y{) - A-n(y") - BR - fuly§)) - uySh )| @

heAop i=nop+1

where $t(yo;t+n) = [at,l(ibt,hYO:t,Ytn)T, cee at,n(ﬁt,MYO:taYHA)T]T e RU+™IRdu/2, (23)

We see that the first regression approximates (18), while the second approximates (19). We can now
state the guarantee for Phase III.

Theorem 4. Suppose £, < O((In|.F| + d2)ngh). If we set b? = O, ((dx + dy) In(nop)), Top = U2,
and 0 = O(Any), we are guaranteed that for any 0 € (0, 1/e], with probability at least 1 — O(kT5),
+In|.Z|) In® (nep /)

Nop

A 2 )\;\3[ 3 2 4 (d2
Eﬁ[ﬁﬁ?”ft(}’&t)—f*(yt)H ]SO*((#'T E(dy +dy)* - = ) (24)

To obtain Theorem 1, we combine Theorem 3 and Theorem 4, then appeal to Theorem 7 (Appendix F),
which bounds the policy suboptimailty in terms of regression errors. Finally, we set o o< € so that the
suboptimality due to adding the Gaussian noise (V¢ )o<t<7 is low. See Appendix J for details.



3 Discussion

We introduced RichID, a new algorithm for sample-efficient continuous control with rich observations.
We hope that our work will serve as a starting point for further research into sample-efficient
continuous control with nonlinear observations, and we are excited to develop the techniques we have
presented further, both in theory and practice. To this end, we list a few interesting directions and
open questions for future work.

* While our results constitute the first polynomial sample complexity guarantee for the RichLQR,
the sample complexity can certainly be improved. An important problem is to characterize the
fundamental limits of learning in the RichLQR and design algorithms to achieve these limits, which
may require new techniques. Of more practical importance, however, is to remove various technical
assumptions used by RichID. We believe the most important assumptions to remove are (I) the
assumption that the open-loop system is stable (Assumption 6), which is rarely satisfied in practice;
and (II) the assumption that process noise is Gaussian, which is currently used in a rather strong
sense to characterize the Bayes optimal solutions to the regression problems solved in RichID.

* RichID-CE is a model-based reinforcement learning algorithm. We are excited at the prospect of
expanding the family of algorithms for RichLQR to include provable model-free and direct policy
search-based algorithms. It may also be interesting to develop algorithms with guarantees for more
challenging variants of the RichLQR, including regret rather than PAC-RL, and learning from a
single trajectory rather than multiple episodes.

* Can we extend our guarantees to more rich classes of latent dynamical systems? For example, in
practice, rather than assuming the latent system is linear, it is common to assume that it is locally
linear, and apply techniques such as iterative LQR [44].

Related work. Our model and approach are related to the literature on Embedding to Control
(E2C), and related techniques [44, 2, 13, 22, 36, 7] (see also [23]). At a high level, these approaches
learn a decoder that maps images down to a latent space, then performs simple control techniques
such as iterative LQR (iLQR) in the latent space (Watter et al. [44] is a canonical example). These
approaches are based on heuristics, and do not offer provable sample complexity guarantees to learn
the decoder in our setting.

Our work is also related to recent results on rich observation reinforcement learning with discrete
actions [16]. We view our model as the control-theoretic analog of the Block MDP model studied
by Du et al. [8], Misra et al. [28], in which a latent state space associated with a discrete Markov
Decision Process is decodable from rich observations. However, our RichLQR setting is quite
different technically due to the continuous nature of the latent space, and the results and techniques
are incomparable. In particular, discretization approaches immediately face a curse-of-dimensionality
phenomenon and do not yield tractable algorithms. Interestingly, our setting does not appear to have
low Bellman rank in the sense of Jiang et al. [16].

A recent line of work [29, 33, 11] gives non-asymptotic system identification guarantees for a simple
class of “generalized linear” dynamical systems. These results address a non-linear dynamic system,
but are incomparable to our own as the non-linearity is known and the state is directly observed. Our
results also are related to the LQG problem, which is a special case of (3) with linear observations;
recent work provides non-asymptotic guarantees [24, 39, 20]. These results show that linear classes
do not encounter the sample complexity barrier exhibited by Theorem 5.

Finally, we mention two concurrent works which consider similar settings. First, [12] give guarantees
for a simpler problem in which we observe a linear combination of the latent state and a nonlinear
nuisance parameter, and where there is no noise. Second, Dean and Recht [6] (see also Dean et al.
[7]) give sample complexity guarantees for a variant of the our setting in which there is no system
noise, and where y; = ¢.(Cx;), where C' € RP*%= and g, : R? - R% is a smooth function. They
provide a nonparametric approach which scales exponentially in the dimension p. Compared to this
result, the main advantage of our approach is that it allows for general function approximation; that
is, we allow for arbitrary function classes .%, and our results depend only on the capacity of the
class under consideration. In terms of assumptions, the addition of the C' matrix allows for maps that
(weakly) violate the perfect decodability assumption; we suspect that our results can be generalized
in this fashion. Likewise, we believe that our stability assumption (i.e. p(A) < 1) can be removed in
the absence of system noise (system noise is one of the primary technical challenges we overcome).
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Broader Impact

There is potential for research into the RichLQR setting, or more generally perception-based control,
to have significant societal impact. Perception-based control systems are already being deployed in
applications such as autonomous driving and aerial vehicles where algorithmic errors can have catas-
trophic consequences. Unfortunately, there has been little research into the theoretical foundations of
such systems, and so the methods being deployed do not enjoy the formal guarantees that we should
demand for high-stakes applications. Thus, we are hopeful that with a principled understanding of
the foundations of perception-based control, which we pursue here, we will develop the tools and
techniques to make these systems safe, robust, and reliable.
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A Organization, Notation, and Preliminaries

A.1 Appendix Organization
This appendix is organized as follows.

* This section (Appendix A)—beyond this overview—contains additional notation and techni-
cal preliminaries omitted from the main body for space.

* Appendix B contains omitted details for the main algorithm (RichID-CE), including pseu-
docode with parameter values instantiated precisely (Appendix B.2), an overview of the
initial state learning phase (Appendix B.3), and extensions and additional discussion of
assumptions (Appendix B.4, Appendix B.5).

» Appendix C contains a validation experiment for Phases I and II of RichID-CE.

* Appendix D contains a formal statement and proof for the lower bound (Theorem 5).

» Appendix E and Appendix F contain basic technical tools for learning theory and linear
control theory, respectively, which are invoked within the proof of the main theorem.

* All subsequent sections are devoted to proving our main theorem (Theorem 1):

— Appendix G contains statements and proofs for all results concerning Phases I and II
of RichID-CE, including Theorem 2 and Theorem 3.
— Appendix H contains statements and proofs for Phase III, including Theorem 4.

— Appendix J states the full version of the Theorem 1 (Theorem 1a), and shows how to
deduce the proof from the results of Appendix G and Appendix H.

We remind the reader that each numbered theorem from the main body has an corresponding “full”
version in the appendix, which we denote using the “a” suffix (e.g., the full version of Theorem 1 is
Theorem 1a).

A.2 Additional Preliminaries

Policies, interaction model, and sample complexity. Formally, a policy « for the setup (1) is

a sequence of mappings (m;)7_,, where 7, maps the observations yy, . ..,y; to an output control
signal u;. In each round of interaction, the learner proposes a policy 7 and observes a trajectory
ug, Yo, ---,ur,yr where u; = m(yo,...,y:). We measure the sample complexity to learn an

e-optimal policy for Jr in terms of the number of trajectories observed in this model. However,
to simplify the description of our algorithm, we allow the learner to execute trajectories of length
2T + O, (1) during the learning process, even though the objective is Jr. To avoid trivial issues
caused by unidentifiability of the initial state x(, we define J7 to measure cost on times 1,...,7. On
the other hand, our rollouts begin at time O: the initial state is X, and the first control input executed
1S ugp.

Cost functions.  We assume that the control cost matrix R > 0 is known but, to avoid tying costs to
the unknown latent representation x, we assume that the state cost matrix @ > 0 is unknown. Instead,
we assume that the learner has access to an additional cost oracle which on each trajectory at time ¢
reveals ¢; := x; Qx; + u; Ru;. For simplicity, we place the following mild regularity conditions on
the cost matrices.

Assumption 9. The cost matrices @ and R satisfy Amin (@), Amin (R) > 1.

This assumption can be made to hold without loss of generality whenever @, R > 0 via rescaling.

The DARE and infinite-horizon optimal control. Controllability (and more generally stabilizabil-
ity) implies that there is a unique positive definite solution P, > 0 to the discrete algebraic Riccati
equation (DARE),

P=A"PA+Q-A"PB(R+B"PB)'B"PA, (DARE)

which characterizes the optimal cost function for the LQR problem in the infinite-horizon setting.
Our analysis uses P, and our algorithms use the optimal infinite-horizon state feedback controller

Ke:= —(R+ B P.B) BT P, A. (A.D

15



When the state x; is directly observed, the optimal infinite-horizon controller is the time-invariant
feedback policy u = K.,z. Thus, the optimal infinite-horizon policy for RichLQR, given the exact
decoder, is oo () = Koo f+ (). We use this controller as our benchmark. Our analysis also uses the
closely related infinite-horizon covariance matrix

Yo =R+ B"P.B.

Our algorithm relies on certainty equivalence, in which we estimate K., by solving the DARE with
plug-in estimates A, B of (A, B) to obtain a matrix P, and take K := —(R+ B"PB) ' BT PA. For
this, it will be convenient to define the following operator.

Definition 1 (DARE operator). We define the DARE operator as the operator which takes in matrices
(Ao, Bo, Ro, Qo) with Ry, Qo > 0, and returns (P, K') such that

P=AJPAy+Q- A PBy(R+ B} PBy) ' BJPA,,
K =—(R+BjPBy) ' Bj PA,.

Strong stability. We quantify stability via strong stability [4]. Intuitively, a matrix X is strongly
stable if its powers X" decay geometrically in a quantitative sense.

Definition 2 (Strong stability). A matrix X € R®>*% s said to be (cv,v)-strongly stable if there
exists S € R&*%x such that ||S||op | S |op < v and | STX S op < < 1.

We frequently make use of the fact that if X is («,)-strongly stable, then
| X" lop = 1S(S7'X8)" S op < 157 lop 1S lop ST X S5, < @™

We let (aa,74) and (oo, Voo ) be the strong parameters for A and A o = A + BK respectively.
Under Assumption 4 and Assumption 6, we are guaranteed that v 4, Yoo < 1 (see Proposition F.1 and
Proposition F.2 for quantitative bounds). Finally, we recall from Assumption 7 that we assume the
learner knows upper bounds (v, v« ) such that a4 V aiee <ty and 4 V Yoo < Vs

A.3 Additional Notation

Asymptotic notation. Lastly, we adopt standard non-asymptotic big-oh notation. For functions
fig: X = Ry, we write f = O(g) if there exists some universal constant C' > 0, which does not
depend on problem parameters, such that f(x) < Cg(x) for all z € X'. Our proofs also use the
shorthand f(z) $ g(x) to denote f = O(g). We use O(-) so suppress logarithmic dependence on
system parameters, time horizon, and dimension. We use O, (-) to suppress polynomial factors in
a7t (1-7)" 0., L, and o} (C,.), and all logarithmic factors except for In|.Z| and In(1/4).
We write f = Q,(g) if f(x) > Cg(x) for all € X, where C is a sufficiently large constant whose
value is polynomial in the same parameters. Lastly, we write f = O(g) if f(z) < cg(z) forall z € X,
where ¢ = poly (7, (1 = 7,),a; 1, Ut L7t 01 (Cr)) is a sufficiently small constant.

General notation. For a vector 2 € R?, we let || denote the euclidean norm and |z, denote the
element-wise (o, norm. We let |z , = Va7 Az for A > 0. For a matrix A, we let [ A, denote the
operator norm. If A is symmetric, we let A\, (A) denote the minimum eigenvalue. For a potentially
asymmetric matrix A € R%>?, we let p(A) = max{|A\;(A)],...,|\a(A)|} denote the spectral radius.
For a symmetric matrix M € R?, (M), denotes the result of thresholding all negative eigenvalues
to zero, and we let Ay (M),..., \g(M) denote the eigenvalues of M, sorted in decreasing order.
Similarly, for a matrix A € R%*%2, we let 01 (A),..., 04,4, (A) denote the singular values of A,
sorted in decreasing order, and use the shorthand o, (A) = 0, g, (A). We let vec(A) € R%192 be
the vectorization of A. For matrices A and B, we use [A | B] or [A; B] to denote their horizontal
concatenation.
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Notation | Definition

Basic Definitions

(A, B) system matrices

q(-|x) emissions model

fx true decoder

F function class

Wy process noise, which follows w; ~ N'(0,3,,)

X system state, which has initial state xo ~ A(0,X¢)

uy control input

Yt observations

Ct observed cost, with ¢; = x] Qx; + u] Ru,

R,Q control cost, state cost

T horizon

Jr cost functional

Too infinite horizon optimal policy

Cr controllability matrix ([A*"'B|...| B])

Ko, P, Yo | infinite-horizon optimal controller, Lyapunov matrix, covariance matrix (DARE)
System Parameter Bounds

v, upper bound on system parameter norms (Assumption 7)

(0txyvx) upper bound on strong stability parameter (Assumption 7)

K controllability index upper bound (Assumption 7)

L growth condition on .# (Assumption 5)

(aa,v4) strong stability parameters for A (Proposition F.2)

(oo s Yoo ) strong stability parameters for A + BK, (Proposition F.1)

Table 1: Summary of notation.

B Full Algorithm Description

Our algorithm is broken into three phases. In the first phase, we excite the system with Gaussian
inputs, then solve a carefully designed regression problem to recover a decoder f whose performance
is near-optimal under the steady state distribution. The choice of what regression problem to solve is
rather subtle, and we show in Appendix B.1 that many naive approaches (e.g., predicting observations
from inputs) fail. Our first key contribution is to show that an approach based on predicting inputs
from observations succeeds under appropriate assumptions.

The second phase of our algorithm estimates the dynamics matrices (A, B) and certain other system
parameters using our learned decoder’s prediction f(y;) as a plug-in estimate for the system state
X;. We then use these estimates to synthesize a near-optimal linear controller K. The analysis here

is rather straightforward, albeit somewhat technical due to the misspecification error caused by the
inexact state estimates.

Key challenge: Trajectory mismatch. The third phase of our algorithm solves a major issue we
call trajectory mismatch. Suppose for simplicity that K = Ko, ie. we exactly recover the optimal
controller in the second phase (in reality, we must account for approximation error). A tempting
approach is to select u; = Ko f (x¢), where f is the decoder learned in the first phase. Unfortunately,
this decoder is only guaranteed to be accurate on the steady state distribution induced by the Gaussian
inputs we use for the first phase; there is no guarantee that this decoder will be accurate on the state
distribution induced by the policy above. Indeed, this is an instance of a common technical issue in
statistical learning: In general, given a function f such that Ep || f(z) - f*(2)|? < e for a distribution
P, we have no guarantee that Eq | f () — f*(x)||? < & for a different distribution Q unless we put
strong structural assumptions on either P/Q or the function class F. Since we do not make such
assumptions, we solve this problem by learning a new decoder. This is where our work departs from
recent efforts such as [6], who—by working with nonparametric classes which incur exponential
sample complexity—Ilearn a decoder which uniformly approximates f,; such an approach does not
succeed in the general setting we consider here.
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At this point, the challenge we face is how to learn a new decoder f that approximates f, on

trajectories induced by playing 7(y:) = Ko f (y+). In particular, the foundational performance
difference lemma [17] implies that it suffices to ensure that

Z;E’f?[uf(Yt)_f*(Yt)HQ] <e. (B.1)

This presents a clear chicken-and-egg problem: how do we ensure that f enjoys (B.1) on its own
induced policy 7?

Our solution: Iterative decoding. We address this issue by iteratively learning a sequence of
time-dependent decoders { f;}1,. For each iteration 1 < ¢ < T we predict x; with f;(y;), where f;
is a decoder learned at the previous iteration, and follow the induced policy 7T (y:) = Koo f1(¥¢).

We then estimate ftﬂ by learning to predict X, under the trajectory induced by playing u; =
71(y1),-..,us = Tt(y:). The important point here is that the induced distribution for x; does not

depend on f;, only on f1, ..., fi_1, thereby solving the chicken-and-egg problem.

A major technical challenge is ensuring that this iterative decoding procedure does not lead to errors
which compound exponentially in the horizon T'; this issue can easily arise if the misspecification
error for the regression problem we solve to learn ft depends on the quality of the previous decoders
fl, ey ft,l. To solve this issue, we work with another carefully designed regression problem. The
key idea is to roll in with the policies 71, . . ., T;—1, but roll out with purely Gaussian inputs for steps
T=t,t+1,.... This allows us to set up a regression problem which is well-specified and enjoys the
advantages of Gaussianity, while remaining valid under the trajectory induced by {7; }. The analysis
for this phase is quite technical due to the inexact estimates from the first two phases. Showing that
the indirect regression problems we solve eventually lead to a good predictor for the state requires
substantial effort.

Before presenting the full RichID algorithm, we first provide additional details on the high-level idea
behind our method and show where many naive approaches fail.

B.1 Predicting Inputs from Outputs: The Bayes Regression Function

At the core of our algorithm is a simple but indispensible identity for the Bayes predictor that arises
when we aim to predict control inputs u from observations y in the RichLQR model. As a motivating
example, let a time 7 > 1 be fixed, suppose we take Gaussian control inputs uy. := (ug,...,ul)’ ~
N(0, I;4,). and consider the resulting state x..1. Suppose that our goal is to estimate f, with
expected Lo error under the marginal distribution of x,,1. That is, we wish to ensure

E[If(yr+1) = f+(yre1)[?] < (something small), (B.2)

where E[-] denotes the expectation under the Gaussian inputs above.

Attempt 1. The natural strategy to attain (B.2) is to regress y -+ to u;... For example, note that
linearity of the dynamics ensures that there exists a matrix M, € R%*7du gych that E[xr1 |upr] =
M, uy.,. Thus, one could attempt the regression
min E||Mu;., - 2],
o i E[IM - ()]
Unfortunately, there are too many degrees of freedom in this minimization problem: if 0 € .%, then
the above is minimized with f =0 and M = 0.

Attempt 2. A second attempt might be to hope that all f € .# are invertible, and try to solve a
regression problem based on reconstructing the observations:
. -1 2
min E Muy.;) - .
I T
However, since X, .1 = M, uy.; + (noise), passing through the nonlinearity f~! obviates any clear
guarantees. In particular, this setup does not satisfy the usual first-order condition for regression with

a well-specified model. A secondary issue is that even in the absence of system noise, this approach
would likely incur dependence on the observation dimension dy .
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Our approach. Our approach is to flip the input and target and regress u;.. to y,.1. Specifically,
we consider the regression:

i E —u.|?]. B.3
9=]Wftf&;nj\1/[1€]l§‘fduxdx [Hg(y”ﬂ u1,7||] (B.3)

Let us motivate this approach and shed some light on the properties of the solution to this problem.
Leveraging the perfect decodability assumption, one can show that E[uy.; | yr+1] = E[u1:r | Xr41 =
f«(¥r+1)]- Moreover, since X1 and uy., are jointly Gaussian (due to linearity of the dynamics and
Gaussianity of the process noise), a simple calculation reveals that there exists a matrix M such that
Eluy:r | Xr41 = 2] = Mx. Hence,

IE[u-l:‘r | Y‘r+1:| = Mf*(y7'+1)-

In particular, this implies that the unconstrained minimizer (i.e., over all measurable functions g) in
(B.3) lies in the set {M f : f € .%}. Hence, since conditional expectations minimize square loss, we
find:

Up to a set of measure zero, any minimizer of (B.3) must have the form g =
M f,. In other words, the population risk minimizer recovers f, up to a linear
transformation.

Note that this crucially relies on Gaussianity, because while E[x,,1 | uy.,] is linear in uy., for
arbitrary mean-zero process noise, the same is not generally true when considering E[uy.; | X,41].
But with this strong assumption, we find that (B.3) allows us to recover f, up to a global linear
transformation. Of course, there are numerous remaining subtleties, including:

« Inverting M to recover f,.

* Identifying M, especially since the learner does not know the system dynamics or noise
covariance at first.

* Passing from population risk to empirical risk from finite samples.

How we address the above issues varies in different phases of the RichID-CE, and the remainder
of this section supplies these details. But the fundamental principle—that we can solve empirical
versions of (B.3) to recover linear transformations of f,—remains the core workhorse of RichID-CE.

Remark 1 (Oracle Efficiency). Consider the empirical version of (B.3) in which we gather n
trajectories and solve

n
. (8 _ (@) 2
g:]\%r}eg; lgCyzi1) —uizll”

where the superscript i denotes the i-th trajectory. Solving problems of this form is computationally
efficient whenever we have a regression oracle for the induced class { g=Mf|feF MeRumd }
For many function classes of interest, such as linear functions and neural networks, solving regression
over this class is no harder than regression over the original decoder class .%. We believe this is a
reasonable and practical assumption.

19



B.2 Pseudocode

Algorithm 2 RichID-CE (Full version with explicit parameter values)

1:

R I A

Inputs:
¢ (sub-optimality), T (horizon), % (decoder class), (dx, dy,) (latent dimensions), (¥, , K, (., Y+ )
(system parameter upper-bounds), o2 (exploration parameter), A ¢ (as in Assumption 8).
Initialize:

nia = O (A2 (o + du) 1T I (271 /5) - MUZT).

nop = Qe (A% (A + du) 1T ' (71 /0) - 2UF).

Ko = [(1 — 7)) In (8403 atdy (1 - 7. )2 In(10% - nid))]. //burn-in time

e = Omin (Ce) 2 (1 = 7,) 73 (43| W, [2172a8). 7/ upper-bound on (U] Sialopl Sia op)

b=0,((dy +dy)In(e7t/8)). 7/ clipping parameter for the decoders

o? = 5—:2/1_)2. // exploration parameter

3

Phases I // learn a coarse decoder (see Section 2.1)

Set fiq < GETCOARSEDECODER (14, ko, &,/ ).// Algorithm 3

Phases I1 // learn system’s dynamics and cost (see Section 2.2)

Set (Zidz Eid, iwﬁim @id) <« SYSID(‘]‘A}d7 Nnid, Ko, K, \/\I/_*).// Algorithm 4

Phase III // compute optimal policy (see Section 2.3 and Appendix H)

Set T « COMPUTEPOLICY(;{id7 Eida iw,ida @id7 R, Nop, Ky 027 T, 6, ’l”*). // Algorithm 5
return: 7.

Algorithm 3 GETCOARSEDECODER: Phase I of RichID-CE (Section 2.1).

1:

R A A

Inputs:
Niq // sample size.
ko // burn-in time index.
+ // upper bound on the controllability index k..
riq // upper bound on the matrix A in the definition of J4,.
Set Hq = {Mf(-)| feF, MeRxd_ ||, <rg}.
Set k1 = Ko + K.
Gather 2n;q trajectories by sampling control inputs ug, . .., u., -1 ~ N (0, Iy, ).
Phase I: // Learn coarse decoder (see Section 2.1).
Set hyq = arg minge . 2014 \h(y,(fl)) - v |2, where v := (.. e 1)".
Set Vﬁﬁd to be an orthonormal basis for top dy-eigenvectors of ﬁ Y2 (y,(fl) )fzid (y,(fl) )T

i:nid+1
Set fia(+) = V., hia(-). // coarse decoder.

Return: Coarse decoder fid.
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Algorithm 4 SysID: Phase II of RichID-CE (Section 2.2).
1: Require:
2:  Cost oracle to access the cost c; at time ¢ > 1.
3. Inputs:
fid // coarse decoder.

niq // sample size.
kg // burn-in time index.
+ // upper bound on the controllability index k..

Set k1 = Kg + K.
Gather nyq trajectories by sampling control inputs ug, . .., U, -1 ~ N (0, I4,)-
Phase I1: // Recover system dynamics and cost (see Section 2.2).

o A 3n, . ) - ) )
Set (Aid, Bia) € argming 4 p) zi:ﬁ“du Hfid(yf:])+1) - Afua(yS)) - Bul) 2.

Set iw,id = % Z?:zi%idﬂ(fid( Sl)+1) _ A‘idfid(y,({i)) _ Bidu;&?)m, where v®2 := vy,
2

9: Set @id = man Z?fgi%id.;.l (CE”»? - (uf(ﬁa))TRu/(i? - fld(yfﬁ?)TQfld(yfﬁ?))
10: Set @id = (%@id + %@:d)+’ where (-), truncates all negative eigenvalues to zero.

® 32> R

11: Return: System and cost matrices (Zid, B, fw,id, @id).

B.3 Overview for Learning the Initial State

In this section, we give an overview for how Phase III of RichID (Algorithm 5) learns a predictor
for the initial state xg; this is an edge case which is not discussed in the main body due to space
limitation, and comprises Line 19 through Line 25 in Algorithm 5. This discussion supplements
Section 2.3 of the main body, and together these sections give constitute our high-level overview of
Phase III.

If we ignore the clipping in (14), the state decoders ( fT)tZQ follow the recursion

ft+1(YO:t+1) = }Alt(}’nl) - A\Et(}’t) + A\ft(yO:t)a fort>1,

which means that all the decoding error for any ¢ will depend on the error of the decoder f1 for the

state x1. To ensure that f; is accurate, we need to somehow learn to decode the inital state xq, which
we recall is assumed to be distributed as N'(0, 3¢). The challenge here is that the covariance matrix
> is unknown, and we need to estimate it in order to “back out” the initial state through the approach
in Appendix B.1. This is achieved by Line 19 through Line 25 of Algorithm 5, which we explain in
detail below. Briefly, the idea is that since x; = Axy + Bug + wy, to accurately predict x; it suffices
to have good predictors for wg and Axy. We can learn a predictor for wq in the same fashion as
for all the other timesteps, and most of the work in Line 19 through Line 25 is to learn a regression

function f ‘A0 that accurately predicts Axg.

To begin, in Line 19 we execute Gaussian control inputs v, for 0 < 7 < k. We then proceed as
follows.

Line 21. As we show in Theorem 8 (Appendix H), hy (yis1) — Ah, (ye) - E(I?ft (yo:t) + Vi)
approximates the system’s noise wy, for ¢ > 0. In particular, since fo = 0 by definition (Line 11),
Bo(yl) - ;ffzo(yo) - Bvg approximates the noise wg. Since we have x; = Axg + Bug + wy, it
remains to get a good estimator for Axg. To this end, we observe that the predictor fzol,l in Line 21 is
(up to a generalization bound) equal to

argmin Ex [Hh(Y1) - WOHQ] )

he oy
which we show—under the realizability assumption—is given by
E [WO | Y1] =E [WQ | Xl] = EQU(U2BBT + Eu, + AE()AT)il(AXO + BVO + Wo), (B4)

where the last equality—Ilike the rest of our Bayes characterizations—follows by Fact G.2.
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Algorithm 5 COMPUTEPOLICY: Phase III of RichID-CE

1: Inputs: (4, B,3,,Q, R) // estinates for the system parameters and cost matrices.

17:

18:
19:
20:

21:
22:
23:
24:
25:

26:
27:

28:
29:

30:

R A A

Parameters:
Nop // proportional to the sample size.
+ // upper-bound on the controllability index k..
a1/ exploration parameter.
b1/ clipping parameter for the decoders.
Top // parameter to define the function class.
Set Hp, = {Mf(:)| feF, MeRWb | M|o, <rop}.
Set ninit = Nop-
Phase III: // Learn on-policy decoders (see Section 2.3 and Appendix B.3).
Set (P, K) := DARE(A4, B, @, R) (Definition 1).
fork=1,...,kdo
Set Gy = [A*1B | | B).
Set My, = Gl (C.C}l + 072 X A8, (A1)T)~L,
Set M = [ R |(MA“1)]

: Define fo(yo) =0forall yg e .
fort=0,...,7-1do

Collect 2n,, trajectories by executing the randomized control input u, = Kf. (yo:r) + Vo,
for0 <7<t ,and u, = v,, fort <7 <t+k, where v, ~ N'(0,0%1,).
fork=1,...,xdo

Set ht k € ArgMming, e Yo

2

bl

()

tit+k—1

where ¢t,k(h7YO:t7Yt+k) Mk (h(Yt+k) - A* h(yt) - A\k_lgﬁft(}’m)) )
oo [M (i) = An(y(?) = BRFi(v6)) - Belrbin)

i=Nop+1
where d)t(YO t+n) = [¢t 1(ht 1,Y0t,Yt+1) yoe 7¢t,n(ht,nay0 t,y“n) ] .
if t =0 then // Initial state learning phase (Appendix B.3).
Collect 2n4y;4 trajectories by executing the control input u, = v, for 0 < 7 < k,
where v, ~ N(0,0%1,,).

MNini
Set h01 1 €arg mlnhe% P

Set hy € arg minge e 3,

)

. 2
h(y$?) - (ho(y D)= Aho(y§”) - BYS)| -
Set Ecov = njm 2572::]”1 ol l(yl ))hol l(y ))T

(i) ONE
Ay $) = han )]

7 2MNinit
Set hor o € arg Imnhsj%p Yoo hinit

1=ninit+1
Set f4.0(¥0) = ZuEcovhoro(yo).
Set f1(yo1) = ho(y1) — Aho(yo) + fa,0(yo0)-
else

Set ft+1(YO t41) = iLt(yt+1) - Zilt(}’t) + th()’o t)

Set fri1(yoits1) = ferr (yo: t+1)H{Hft+1(YO t1)] < b}
Set controller Ty, 1 (Yo:t41) = K fra1 (Youts1) + Vi1, with vy ~ N(0,0214,).

Return: Controller 7@ = (7;)L ;.
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Line 22. Now, given that /30171 (y1) ~ E[wq | y1], one can recognize that the matrix $eov in Line 22
is an estimator for the matrix

Yu(0?BBT + 3, + ALgAT) IS, (B.5)

In particular, even though we cannot recover the covariance matrix X, the estimator X, gives a
means to predict Axg, leading to an accurate decoder f;.

Line 23.  Since hop1(y1) accurately predicts E[wy | y1] (whose closed form expression we recall
is given by the RHS of (B.4)), the predictor Ao in Line 23 can be seen to approximate

arg min Ex [Hh(yo) - ZM(UQBBT + X+ AZOAT)_l(AXO + Bvg + WO)H2] ,

eHop
which (under realizability) is simply

E[X,(0?BBT + %, + ASgAT) 1 (Axo + Bvg + wo) | X0] = L0 (62BBT + £, + AL A7) Axq.
(B.6)

Lines 24 and 25. In light of (B.6) and the fact that Seov is an estimator of the matrix in (B.5),

we are guaranteed that S ig&v ﬁom(yo) accurately predicts Axg, which motivates the updates in
Lines 24 and 25.

B.4 Extensions

Relaxing the stability assumption. We believe that our algorithm can be extended to so-called
marginally stable systems, where p(A) can be as large as 1 (rather than strictly less than 1). In
such systems, there exist system-dependent constants ¢, c2 > 0 for which || A" | o, < ¢ for all n.
In general, these constants may be large, and in the worst case co may be as large as dx (or, more
generally, the largest Jordan block of A); see, e.g., Simchowitz et al. [37] for discussion. Nevertheless,
if ¢1, co are treated as problem dependent constants, we can attain polynomial sample complexity. The
majority of Algorithm 1 can remain as-is, but the analysis will replace the geometric decay of A with
the polynomial growth bound above. This will increase our sample complexity by a poly(c;7¢?)
factor, where T is the time horizon.

The only difficulty is that we can no longer directly identify the matrices A and B in Phase II. This
is because our current analysis uses the mixing property of A, which entails that if p(A) < 1, then
for ¢ sufficiently large, under purely Gaussian inputs x; and x;,; have similar distributions. This
ensures that predictors learned at time ¢ are similar to those at time ¢ + 1. However, this is no longer
true if p(A) = 1. To remedy this, we observe that it is still possible to recover the controllability
matrix [B; AB; A’B;...; A*¥"1 B] from the regression problem in Phase I up to a change of basis
(see, e.g., Simchowitz et al. [38] for guarantees for learning such a matrix in the marginally stable
setting). We can then recover the matrices A and B from the controllability matrix up to orthogonal
transformation using the Ho-Kalman procedure (see Oymak and Ozay [30] or Sarkar et al. [32] for
refined guarantees).

Relaxing the controllability assumption. If the system is not controllable, then we may not be
able to recover the state exactly. Instead, we can recover the state up to the limiting-column space
of the matrices (Cy ), which is always attained for k < d. We can then use this to run a weaker
controller (e.g., an observer-feedback controller) based on observations of the projection of the state
onto this subspace.

Other extensions. The assumption on the growth rate for .# can be replaced with the bound

1f ()| € Lmax{1,|f.(y)|"} Vf € .Z for any p > 1, at the expense of degrading the final sample
complexity.

B.5 Invertibility of the M -matrix

As discussed in the main body, the matrix MM is full rank lenever either A or B iifull rank
and the system is controllable. Indeed, if rank(B) = dx, then M/, the first block of M, can be
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checked to be invertible. If (A, B) are controllable, then M, is full rank. Thus, if in addition, if

A is invertible, then the last block of M, M, A1, is full rank, ensuring our desired assumption
holds. We are interested to understand if there are other more transparent conditions under which our
recovery guarantees hold. Assumption 8 has the following immediate implication:

Lemma B.1. Suppose Assumption 8 holds and let M= denote the value of the matrix M in (19)
for noise parameter o%. Then, for all o2 sufficiently small, A2 (MTMy2) 2 A - 022> 0.

min

Proof. By continuity of the matrix inverse [31, Theorem 2.2], we have

o—0

| M My fo* = M M| =" 0. (B.7)
On the other hand, by [14, Corollary 6.3.8], we have
nin(MTa M2 [0*) = Apin (M M) < | Mo Mgz o = M Mg
min min(/WT/W) = A, and so for all
sufficiently small o, we have A2 (M, My2) > A - 022, O

min

Combining this with (L.8) implies that A/ (M7, M=) /02 “3° A2
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C A Validation Experiment

In this section we provide a basic validation experiment for RichID using an instance of the RichLQR
problem with four-dimensional latent linear dynamics and images as observations. Code for the
experiment is available at https://github.com/cereb-rl.

Dynamics and observation model. We consider a system in which the agent is a point mass
in 2D space obeying modified Newtonian dynamics. The state x = [x(p); x(“)] e R* consists of
concatenation of a 2D position vector x(P) and a 2D velocity vector x(*). The control u € R?
determines the agent’s 2D-acceleration. We use an absolute frame of reference to measure the agent’s
position and velocity. Dynamics of the agent are given by

(p) (p)
x40 | _ [0.915 I X, 0.51, )
[xﬁi]_[ 0 030 [x»| | L [rrwe W N1,
—_— /Y —

Xt+1 A Xy B

where I, is the identity matrix with n rows and columns. These dynamics represent dampened
Newtonian motion. We observe that A is invertible and p(A) = 0.9. For the cost function, we choose

c(z,u) ="z + \u'u,

which corresponds to the case where @ = I, and R = Aly; here, A > 0 controls the penalty for
acceleration. Lastly, we initialize the agent in a randomly chosen starting state xo ~ N (0, I;) (which
corresponds to X = Iy).

The observations y consist of two RGB im-
ages of size 40 x 40 encoding the agent’s
position and velocity, respectively. We first
restrict the position and velocity vectors to
a [-20,20]% grid by mapping x®)[1] to
max(—20, min(20,x®[1])) and so on. We
then map these restricted position and veloc-
ity vectors to a green pixel in a 40 x 40 grid.
This allows us to generate two images of size
40x40x 3, one for the position and one fo the ve-
locity. We then add noise independently to each
pixel by sampling from A/ (0, 0.1). To obtain the
observation y, the two images are concatenated
along the channel dimension to generate a single
observation of size dy = 40 x 40 x 6, which is
2400 times larger than the state dimension. We
visualize the velocity component for an image
generated in this fashion in Figure 1. Figure 1: Randomly sampled image corresponding
to the velocity component of the observation.

Experimental setup and results. We evalu-

ate the performance of Phase I and Phase II of

RichID-CE in recovering the dynamics (A, B).

We set k = 5 x dx and k¢ = 1 in Algorithm 3 and Algorithm 4. We collect 3niq episodes by taking
random actions from N (0, I5). Using the first niq episodes, we train a neural network model to
predict actions Uy, -1 from x,, . For the regression model ﬁid, we use a two-layer convolutional
neural network with Leaky ReLU nonlinearities. In the first layer, we apply 16 eight-by-eight kernels
with stride 4. In the second layer, we apply 16 eight-by-eight kernels with stride 2. After the last
convolution layer, we flatten the output image to project it to the required dimension xd,, using
a single linear layer. We train the model using Adam optimization with learning rate 0.001 and
mini-batches of size 32 [19]. We use PyTorch 1.5 to implement this model, and initialize using the
default PyTorch initialization.” We then perform dimensionality reduction as in Phase I to transform

Bid into a dx-dimensional decoder fid. Finally, we recover Zid and Ed by solving the regression

"http://pytorch.org/
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problem on Line 7 in Phase II. We use the linear regression toolkit in the scikit-learn library to
perform the this regression.®

Our main result for Phase II (Theorem 3) asserts that A;q and Big approximately recover A and B up
to a similarity transformation. While this similarity transformation is unknown to the algorithm, for
the purposes of evaluation we compute the optimal similarity transformation using knowledge of the
ground truth state. We find that using niq = 30000, the algorithm recovers the system matrices A and
B up to element-wise absolute error at most < 0.07 (after similarity transformation).

®https://scikit-learn.org/stable/
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D Lower Bound for RichLQR Without Perfect Decodability

D.1 Formal Statement of Lower Bound

In this section of the appendix we formally state and prove our sample complexity lower bound
for RichLQR without perfect decodability. The protocol for the lower bound is as follows: The
learning algorithm A accesses the system (3) through n trajectories on which it can play any (possibly
adaptively chosen) sequence of control inputs ug.z and observe yo.7. At the end of this process,
the algorithm outputs a decoder fA, and the prediction performance of the decoder (at time ¢ = 1) is
measured under an arbitrary roll-in policy (chosen a-priori).

Theorem 5 (Lower bound for RichLQR without perfect decodability.). Ler wy, e ~ N'(0,1), let
n > ng, where ng is an absolute constant, and suppose we require that inputs are bounded so that

luy| < 641n"/2 n. For every such n, there exists a function class F with |.F| = 2 and system with
dx = dy = dy = 1 and T =1 such that for learning algorithm A using only n trajectories, and any
roll-in policy m, we have

B () - ) | 2 9200)- 57—

Moreover, each f € F is O(In*? n)-Lipschitz and invertible, with f'(y) > 1 for all y € R.

Theorem 5 shows that to learn a e-suboptimal decoder under output noise for a particular function
class Z with |#| = 2, any algorithm requires an exponential number of samples. We note however

that since the Lipschitz parameter for the functions in the construction grows with n (as In'/? n),
the construction does not rule out a sample complexity guarantee that is polynomial in 1/n but
exponential in the Lipschitz parameter. Nonetheless, the algorithms we develop in this paper under
the perfect decodability assumption enjoy polynomial dependence on both 1/n and the Lipschitz
parameter, which the lower bound shows is impossible under unit output noise. We remark that the

constraint that [u¢| < 641n"/?n can be weakened to |u;| < CIn*?n for any C > 64 at the cost of
weakening the final lower bound to m Finally, we remark that the lower bound only rules

out learning a e-optimal decoder, not an e-optimal policy; such a lower bound may require a more
sophisticated construction.

Beyond Theorem 5, an additional challenge for solving RichLQR without perfect decodability is that
the optimal controller is no longer reactive: since the problem is partially observable, the optimal
controller will in general depend on the entire history, which makes it difficult to characterize its
performance and analyze the suboptimality of data-driven algorithms. We believe that developing
more tractable models for RichLQR under weaker decodability assumptions is an important direction
for future research.

D.2 Additional Preliminaries

For an Lo-integrable function f : R — R, we define the Fourier transform fvia

Flw)= [ e p(w)da

For functions f,g: R — R, we let f * g denote their convolution, which is given by

(F+9)@) = [ fa=y)gy)dy.

For a pair of distributions P <« ) with densities p and ¢, we define

Diw(P1Q) = [ p(@) (p(e)/a(a))da

and
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D.3 Proof of Theorem 5

Throughout this proof we use C to denote an absolute numerical constant whose value may change
from line to line.

We begin the proof by instantiating the LQR parameters. We set T' = 1, dy, = dx = dy = 1,
w¢ ~N(0,1) and &, ~ N'(0,1). We select a = 1 (this choice is arbitrary) and b = 1. We assume that
X is always initialized to the same value, and this value is known to the learner. The precise value will
be specified shortly, but it will be chosen such that y reveals no information about the underlying
instance. With the parameters above, the observation y; follows the following data-generating
process:

yi=f'(x1)+e1

X1 =1Up + %XO + Wp.

Since x( is known to the learner, we reparameterize the control inputs for the sake of notational
compactness via ug := ug — %xo, so the data-generating process simplifies to

(D.1)

yi=f(x) e
X1 = Ug + Wo.

D.2)

The basic observation underlying our lower bound is that the data-generating process (D.2) is an
instance of the classical error-in-variable regression problem in the Berkson error model [26, 27, 34,
35]. To emphasize the similarity to the setting, we rebind the variables as Y =yq, € = €1, Z = xq,
X =ug, W = wq, and m, = f;!, so that Eq. (D.2) becomes

Y=m.(2)+¢

Z=X+W. (D.3)

We can interpret X (the control ugp) as a true covariate known to the learner, and Z (the state x1) as
an unobserved noisy version of this covariate obtained by adding the noise W. The noisy covariate is
passed through the regression function m,, then the noise ¢ is added, leading to the target variable Y
(the observation y1).

Ultra-slow 1/Inn-type rates appear in many variants of the error-in-variable regression problem
[10, 26, 27], as well as the closely related nonparametric deconvolution problem [9]. Our lower
bound is based on Theorem 2 of Meister [27], but with two important changes that add additional
complications to the analysis. First, we ensure that the regression functions in our construction
are invertible, so that the perfect decodability assumption holds in absence of noise, and second,
our lower bound holds even for actively chosen covariates, since these correspond to control inputs
chosen by the learner in the RichLQR problem.

Rather than constructing a decoder class .% directly, it will be more convenient to construct a class of
encoders .# (so that m, € .#), then take % = {m‘l | m e ///} to be the induced decoder class.

Let0<a<1,8>1,andy >0 be parameters of the construction. We define the following functions:
r(z) =z,

$(2) =€ 272, (D.4)
P(z) = cos(4mpz),
h(z) = ad(2)Y(2).

We consider two alternate regression functions: mg(z) := r(z) + h(z) and m;(z) = r(z) - h(z),
and take .# = {mg, m, }. We define f; = m;'.

3

Lemma D.1. For m € {mg, m; }, we have
m'(z) € [y - 14af, v + 14a3].
In light of this lemma, we will leave 3 > 1 free for the time being, but choose

(D.5)



which ensures that
O — < D.6

In particular, this implies that m is %-Lipschltz and invertible (since 8 > 1).

We now specify the starting state as xg = @ This ensures that 1)(xg) = cos(7/2) = 0, so that

mo(x1) = m1(Xo), and consequently the observation yy is statistically independent of the underlying
instance.

Let x( 0 ué ), x(i), yi ), and so forth denote the realizations of the sytem variables in the ith

trajectory played by the learner, and let S = (y(l) ulV, y, gl)),...7(y(") (”)7y§"), g"))

denote the observables collected throughout the entire learning process. For i € {0,1}, we let Pg.;
denote the law of S when m; is the true encoding function, and let E; denote the expectation under
Pg.;. We also let Py, |,.;(- | u) denote the law of y; given ug when m, = m; and p;(y | u) be the
corresponding density (we suppress dependence on X, which takes on the constant value % in both
instances). Lastly, we let E.; denote the expectation over (yg, ug, ¥1,u1) when we roll in with 7
and m; is the underlying encoder.

Let fa(-) be the decoder returned by A, which we assume to be o/(.S)-measurable. We first observe
that since the roll-in policy has |u;| < 8 with probability 1, Lemma D.6 implies that

max E; Er[ (fa(y1) - fi(y1))?] 2 ¢+ max Ei[/_ll(fA(y) - fi(y))?dy|,

1€{0,1} 1€{0,1}

meaning that going forward we can dispense with the roll-in policy and lower bound the simpler
quantity on the right-hand side above. Now, let P; denote the density corresponding to the law Pg.;.
We can further lower bound the worst-case risk of A as

max &1 [ (Galn) - fi)as]

i[EO[f (fa(y) - fo(v)) dy]+E1[f (fay) - (W) dyH
%f [fﬂw[(ﬁ\(y)—fo(y))2+(fA(y)-fl(y))z]min{Po(S),Pl(S)}dS]dy

2 [ o) - )y [ win{Ry(S), Pi(8)}ds
Zi o) - AWy (1- 1R - Al )
- 2 [ o)~ i)y (1~ Dry(Bso | Bs.).
If we choose 8 = 64 In'?n then our key technical lemma, Lemma D.2, implies that

Drv(Ps | Ps.) = o(1). Lemma D.7 further implies that [ (fo(y) - f1(y))?dy > $a?p, so
that when n is sufficiently large we have

max E; [[ (faly) - fi()) dx] >c-a’B=cln”

1€{0,1}

D.4 Proofs for Supporting Lemmas

Proof of Lemma D.1. We calculate that for m € {mg, m; }, we have
52 =2
m'(z) =7+ oz(%e_ﬂﬁ cos(28z) + dnfe 282 sin(2,8z)).

Observe that |cos z|, [sin 2|, e <1,and

=2 1
-2 <

< 7561/2.

_=2
—e 282

E

< —sup|ze
B =
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It follows that

fl(z)e |:'y - a(ﬁell/z + 47r6)7'y + cu(ﬂell/2 + 47rﬁ):| c [y - 14apB,y + 14af],

where we have used that 5 > 1. O
Lemma D.2. If we choose 5 = 64 In'/? n, then for all n > 3 we have

DT\/(]P)&O H ]PS;l) < CTL74.

Proof of Lemma D.2. To begin, we apply Pinsker’s inequality:

1
Div(Psy | Pg;1) < §DKL(PS;0 |Ps;1).

Let o\7) = (yél),u(()l),yf), ugm). We observe that the density P;(o(!), ..., 0(™) factorizes as

Pi(o(l),...,o(")) =
pro;i(yéj))pugw(u((f) | 0(1)’ . .7O(t—1)’yéj))pyl‘uo;i(yiﬁ |u((]J))pu§j)(u§J) | 0(1)’ L ,O(t—l)’y(()J)’u(()J)’yy))’
j=1

where py,.; is the density for y( under instance 7, Py and P, are the conditional densities for
0 1
u,(f ) and ugj ) given all preceding observations, and py,, |4,;; is the conditional density for y; given ug
under instance ¢. The densities Dy and Dy do not depend on the instance ¢, nor does the density
0 1
Py,.i (recall that the choice of starting state xo = i guarantees 1mg(Xg) = m1(Xo), 80 Yo = &o in
law for both instances). We conclude that the KL divergence telescopes as

D (Pso | Psin) = Y. Bo| Dkt (Py,uoso - |05 [ Py, jugia (- u§”))]
j=1

< SB[ (Brupmol- 19" 1 Py 1)

Since the algorithm satisfies [ug’’|,|u;’’| < 8 almost surely, we can apply Lemma D.3 to each

summand, which gives

() 144
0 1

DKL(PS;O H PS;l) <Cn™®.

Lemma D.3. If we choose 3 = 641nn, then for all n > 3 and all |u| < 8, we have

X2 Py, jug:0 (| @) | Py juger (- | w)) < Cn710. (D.7)

Proof of Lemma D.3. Recall that we let p; denote the conditional density for Py, ;i (- | u). Let

pe(e) = e~2<" denote the density of € and py (w) = e denote the density of w. Observe that for
each ¢, we have

Pi(y|u):%fpe(y—mi(UwLw))pw(w)dw.
It follows that
X (Py,jugso (- [ 1) [Py, g (- | )
:%fpil(ym)- f[ps(y—mo(wU)))—pa(y—ml(ww))]pw(w)dw

By Lemma D.4 (with n = 1/5), we have

2
dy.

P (y ) < 312 exp( A1)y =ml 5)

2
<3l exp((l +;/5) v+ 5(1 “;1/5)7%2 + 5)'
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Since |u| < 8, ’yzu2 < 1, so we can further simplify to

- 3
pi'(y|u)<C- eXp(Zyz)
Consequently, we have

X (Py oo (1) I Py jugin (-1 )

<C’fe4y

Using the Taylor series representation for p., we have

[ ety =mou+ w)) = pely = mi (u+ w) Ipw(w)du| d

Pe(y —mi(u+w)) = Z k,pék)(y)(—mz(u+w))k

and so

XQ(]P)ylluo'()(' | u) H HDy1|uo;1(' | u))
<0 [ 18 ) [ [for w) = (Al w) Tpw(wydu| d

Applying the Cauchy-Schwarz inequality to the series, we can further upper bound by

o f & 9—2k o 92k 2
c [ ( > 2k!<p§’“><y>)2)(z 2,7,( [ [(mo(u+w))* - <m1<u+w>>’“]pw<w>dw) )dy

k=0

2

2k

oo -2k - oo 2
:o( iy g <p§k><y>>2dy)(z =/ [<mo<u+w>>’€—<m1<u+w)>’“]pw<w>dw) )

k=0

y

We first bound the left term involving the den51ty pe. Let Hi(y) = (- l)k T4 e denote the
probabilist’s kth Hermite polynomial, so that p )(y) (-D)*Hyp(y)e 2 3y° Then we have

fe%y P (y)] dy=fe%y HE(y)e™ dy
- [ HE @) ay
Q ok [ HE VD)t gy
- V22t [ HE)e Y dy
<C-2Fk),

where (i) uses that Hy, is a degree-k polynomial. Applying this inequality for each k, we have

oo -2k 5 ) oo ]
> 2 [T Ry sce Yot <o
: k=0

and so

2
ool 1) By (1) € 3 ([ [Gmotows w))* = (ms (s ) pw (o))
Next, using the binomial theorem, for any = € R we have

(o))" = (1 (2))" = (r(x) + h(@)* - (1) - ()"
> (P emea -
o \J

=2 3 () ewo.

j<k, odd
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leading to the upper bound
Xz(Pyﬂuo;O(' | u) H IP)yl\ug;l(' | u))

) 2
<C- i 2}: (jq;odd(k,)/rk_j(u+w)hj(u+w)pw(w)dw)

22kk 2

IN

Cg;) o j(};odd(l;)‘/rkj(u+w)hj(u+w)pw(w)dw

_ o 92k k PRI pd . " 9
_ Z jsg:odd(j)“ W % pw) (u)]

sCZ— > (];)SUPKTk Th % pu) ()|

k=0 k! j<k,odd

oo 23k e
- pd
S(Z’IgJ i Jgr}ia(ﬁ sup|(r h % pu )(u)|

where the equality holds because p,, is symmetric. We now appeal to Lemma D.5 for each term in
the sum, which leads to an upper bound of

o 2
2%k k—j i p(k—j+1)/2 Y 5.2 572 2
c> max ("7’ (k=) expl 27| — A1)
J

iz k! j<k,odd

2 2
< 3k13 k=j g glk=3+1)/2 o222 2] .
CZQ kjgcl)a(ﬁd'y o’ B exp| -27 j/\lﬁ
Recalling the choice o = W and v = 1/, we can upper bound
AR o =i+ 12 ¢ gk/2
for each term above, so we have
2
< 93k .3 —k 42 B~ 1152
C Z Hklai(idﬂ exp| —4m 7 Al

k=0 Js
Since (3 > 64 for n > 3, we have 5% < 276% 50 we can upper bound the sum above as

2
<CZ2 P2 max 27F exp( —47 (ﬂ /\1)62).
J

k=0 j<k, odd

We now consider two cases for the term in the max above. First, if j < 2, then we have
2
exp(—47r2(ﬂ7 A 1)ﬁ2) < exp(—47r2ﬁ2). Otherwise, we have k > j > 2,50 27% < 2-8°, Putting the

two cases together (using that exp(—47r2 52) <278 2), we get the following coarse upper bound:
o277 S ok <02
k=0
The choice 3 = 641n"/? n implies that 277" < n~10

Lemma D.4. Let 7 < 1 be given. Then for each ¢ € {0, 1}, we have

pily |w) 23702 exp(_((“n)(g_W)2 . 1))
0

Proof of Lemma D.4. We have

P10 = <= [ pely=mi s w))p )
= %/ exp(—%(y—r(u+w)ih(u+w))2)pw(w)dw.
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Using the AM-GM inequality, we have that for any n > 0, this is lower bounded by

% f exp(—“Tn(y -r(u+ w))Q) exp(—“;/nlﬂ(u + w))pw(w)dw.

We will restrict to 1 < 1. Since |h| < « < 1 everywhere, we can further lower bound by

em(—%) 1+ )
— " en(- 5w w) oy
> e_;;r exp(—l;n(y—r(u+w))2)pw(w)dw

= \e/% exp(—H?n(y—r(u+w))2)exp(—%w2)dw.

Define 1 =y — yu, 02 = (1 + (1 +1)y?)7%, and p’ = (1 + n)yo?u. Then by completing the square,
we have
L+7 2 L o (1+m)p? (w-p')?
exp(—T(y -r(u+w)) )exp(—§w ) = exp(—ww cexp| ——+—|.
It follows that
1 1 1 2
f exp(—ﬂ(y -r(u+ w))Q) exp(—fw2)dw = exp ) V2ro?
2 2 2(1+ (1+1n)v?)

1 2
s exp(-LFDETY 2T
2 3
O
Lemma D.5. There is a universal constant C' > 0 such that for all k£ and j < k with j odd,
sup‘(rk_JhJ *pw)(x)’ <C- vk_Joﬂﬁ(k_”l)/Q IV (k=) ~exp(—27r2(6_ A 1)52) (D.8)
xeR J

Proof of Lemma D.5. Letx € R be fixed. Then, using the Fourier inversion formula (using that both
rE=ip3, DPw, and their respective Fourier transforms are Lo-integrable), we have

|(rk_jhj>epw)(x)|: f€i2ﬂww(m)(w)m(w)dw < f‘(m)(w)m(w)|dw

We proceed to compute the Fourier transform for r*=7 ()7 (z) = ¥ ad a*7 ¢7 (x)1)7 (). We first
. . P 2
observe that ¢7 (x) = exp(—# : %) Let by = ﬁT Then, using that the Fourier transform is self-dual

™

. . . —ex? . _x2 .2
for gaussians (specifically, that the Fourier transform of e™** is \/§ e« “ ), we have

P (w) =/ by 2 e’

Next, we recall that for any f, the Fourier transform of 2" f(z) is ( i)n d"_F(w), so that

dw™
-\ k—j dF-i
I (w) = (21) N L
T

dwk=7

.\ k—j ) bow)?
(L) \/2Wb1b§_]'Hk_j(b2w)€_( 2) .

2T

where by := 27/b;. Finally, we use that

W (z) = (cos(4mBa)) = %(emwz 4 ity

1 J ] idmBa-(5-1 —idmw Bl
} 52(1)6 e
=0

_ i i: (j)6i47r5m-(j—2l)
2] 1=0 !
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We now use that the Fourier transform of e™%“® f () is f(w ~ 5= ) to derive
T

— 1 4 \F d (g )  (bp(w—2B(j-21))2
PTG (W) = 27(%) Vb bk S (;)Hk,j(bg(w _98(j - 2))e P
1=0

It follows that

[T @) )] e

. .1/ 1 k=g . ] )  (bp(w-28(j-21)2
< Jafg(%) NCT JZ(?)f‘Hk_j(bg(w—Qﬁ(j—Ql))e Gatezagis=an®

1=0

S 11\ L (j w-2p(j=20))
< a]g(g) /27Tb1b§7]2(.§)/|Hk7j(b2(w_25(j—21))|67(b2( 26G-20) efzwzwzdw
=0

Now, let 0 <[ < 7 be fixed. We bound

Do (w)|dw

we2B(i—21))2
‘/‘|Hk7j(b2(w_25(j_21))|6_W6_2ﬂ2“’2dw

(ba (w=2B(j-21))% :
Sf( 3y Hii (a0 =280 =2 e

(*)

(bg (w=2B(j-21))2 2 2
+ Hi_i(ba(w—-28(5-20))|e” 2 eI
oy His (ol =28 - 20)

(x*)

For the integral in the term (x), we drop the e 27w’ term (since it is at most one), and apply
Cauchy-Schwarz to bound by

(ba(w=2B(j-21))2
Hy_i(ba(w—-28(5-21))le” 2 dw
J i Hici (o0 =267 = 20)

2 (w=28(j-21))2 bo (w=28(j—-21))2
< H2 (by(w - 28(j — 21))e~ 27522 dw~\/f o~ A2 dw
\/[(—B,B) oy (020 =255 =21)) (-.8)

Observe that since 7 is odd, j — 21 is also odd, and hence |5 — 2I| > 1. It follows that for w € (-3, 3),
w—26(5-21) ¢ (-p,0), and so

(b (w-28(j-21))2 b3 b2
/ e 5 dw < [ e_TZBde£236_72’82.
(=8.8) (=8.8)

Leaving the Hermite integral for a moment and moving to the second term (** ), we have

(bo (w=2B(j-21))2 2 2
Hy,_i(ba(w—-28(5-21))|e” 2 e dw
o Hics (ol =265 = 20)

_on232 f . _ (ba(w-2B(-21)?
<e Hy_i(by(w -2 -20))|e 2 dw
[ s (b= 280 - 20)
-2n?p° f 2 , _(a(wm20G-20)? \/f a(e25G-2)?
<e HZ (by(w-2 -20))e 2 dw - e 2 d
\/ oy e (2w = 2607 =20)) R (-5,6)

w
_an2g? f 9 . _ (ba(w-28(j-21))2 2m
<e H;: . (by(w-2 -2l))e 2 dw-y[—.
Vo Histno=28G-20) Vi

Putting both cases together, we have

w-28(j-21))>
Hy_i(bo(w—-28(5-21 e_(b2( . e‘Qﬂzwzdw
| j J

<C- (VB 1/\/b2) exp(-2r2(b3 A 1)5%) - \/ [ (el -2 - 20 T

W,
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where C'is a numerical constant. Using a change of variables, we have

w— i- 1 -
\/fHI%j(b2(W—25(j—2l))ede:\/g\/f Hgfj(w)e’;dw

2r(k - j)!
bo '

Since this bound holds uniformly for all / and Z{:o (g) =27, we have

[ 16T @) )] e

<O Ak j(l)kj\/ﬁbkj. 27T(k J)! NE] 2072 2
<Cyal| oo b bl -( 6\/1/\/_)exp( 21% (b A 1))
<O AN (B Y 1/\/a)~\/m-exp(—27r (b A 1)5%)

<O Aol BT  [(| — )1 exp(-272 (b A 1)57).
O

Lemma D.6. For any non-negative function g : R — R, and any roll-in policy 7 with |ug| < 5 almost
surely,

1
Eﬂ;i[g(YI)]ZC'f g(y)dy forallie{0,1},
-1

where c is an absolute numerical constant.
Proof of Lemma D.6. Observe that we have

Eralo0)] = Eusi| [~ 90pity [ uo)iy]

Hg

-1

u01 [
= 110 Z[
Lemma D.4 (with n = 1) implies that for all y € [-1,1] and |u| < 3,

[-
exp( (y—yu)*+ 1)) >c

g(y)pi(y | uO)dy]

pi(y|u)>3" 1/2

It follows that

B [ 9@nity | w)i] 2 e [ o)

Lemma D.7. If 8 > 1 and « and +y are chosen as in Eq. (D.5), we have
1 1
[1 (fo(y) = fi(w))’dy > o’
Proof of Lemma D.7. Recall that mg = f;' and m; = f;'. Throughout the proof we will use that

%Sm;(z)é%, and %sf{(y)s%.

As a first step, we have

[ @)= @)= [ o) - B )y z o [ - g (),

2
where we have used that f'(y) > % everywhere. Next, using a change of variables, we have

sy [0 (@) - fi ()2
[ - i)y fm) Fe)

1 f1(1)
28 Ji (1)

(fi' (@) - fo' (2))?da,
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where the inequality uses that f] < 23 everywhere. Next, we observe that f; = m7?', and that
mi(l)<y+a<l, and my(-1)> -y-a>-1
It follows that f;(1) > 1 and f;(-1) < - 1, and consequently
f1(1) 1
[y U@ @Ydez [ (7 @) - 55 @) da

- /_ll(ml(x) ~ mo())2de

1
=4 / h?(x)dz.
-1
Finally, we appeal to Lemma D.8, which implies that
1 2
f h?(z)dz > Sy
-1 2e
O
Lemma D.8. If we choose 3 > 1, then the function & in (D.4) satisfies
B 2 1 2
f W2(2)dz> &2 and f h2(2)dz > . (D.9)
-8 2e -1 2e

22
Proof of Lemma D.8. First, since we integrate only over the range (-3, 3), e 7% > e™!, so we have

2

B B _ 22 B
.[/3 h%(2)dz = o? [ﬁ e 5% cos®(4nfBz)dz > * fﬁ cos? (4w fz)dz.
_ _ e J-

Next, we recall that for any a, the indefinite integral of cos®(ax) satisfies [ cos®(az) = £ +
i sin(ax) cos(ax). Applying this above, we have
B
fB cos® (4w fz)dz = Ty 1 sin(4rwfx) cos(dnfx)| >p5-
-8 2 8np s B Aw B’
For 5 > 1, this is at least g
Similarly, since 3 > 1, we have
1 a? rl
f h%(2)dz > — [ cos®(4nfBz)dz,
-1 e J-1
and
1 1 ' 1 1
[1 cos? (4 Bz)dz = g + o sin(4nSx) cos(4mBx) B >1- o > 3
O
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E Learning Theory Tools

In this section, we state and prove basic learning-theoretic tools used throughout the proofs for
our main results. Appendix E.1 gives the main statements and definitions for these results, and
Appendix E.2 proves the results in the order in which they appear. Our results are split into the
following categories:

* Appendix E.1.1 introduces a convention for subexponential random variables (“c-
concentrated”) used throughout our proofs and establishes key properties of random variables
satisfying this condition (Lemma E.1)

* Appendix E.1.2 gives a concentration properties for Gaussian vectors (Lemma E.2) and
establishes a useful change-of-measure lemma (Lemma E.3)

* Appendix E.1.3 gives a generic template (Lemma E.4) for computing conditional expec-
tations for random variables we call decodable Markov chains (Definition 4), which arise
when analyzing the regression problems used in Algorithm 2.

» Appendix E.1.4 presents Definition 5, which introduces the main notion of covering number
used in our analysis, and provides bounds on covering numbers for these function classes
used by Algorithm 2.

* Appendix E.1.5 gives prediction error bounds for square loss regression over a general
function classes, subject to misspecification error. Proposition E.1 provides guarantees
based on a classical notion of misspecification error (which arises in Phase I of Algo-
rithm 2), while Corollary E.2 gives guarantees under a stronger notion of function-dependent
misspecification error, which is used in the analysis of Phase III.

» Appendix E.1.6 provides guarantees for a principal component analysis (PCA) setup which,
in particular, subsumes the dimensionality reduction procedure used in Phase I of Algo-
rithm 2. It provides guarantees for estimating a covariance matrix under persistent error
(Proposition E.2), and a corollary regarding overlap between eigenspaces (Corollary E.3).

* Appendix E.1.7 considers linear regression. Proposition E.3 gives bounds for parameter
recovery under errors in variables, which is used to recover A;q and Biq in Phase II of
Algorithm 2. Proposition E.4 gives a guarantee for covariance estimation, which are used to
estimate ¥, jq in Phase II.

* Finally, Appendix E.1.8 gives a parameter recovery bound for regression with measurements
which are rank-one outer products of near-Gaussian vectors. This is used to recover the cost
matrix @);q in Phase II.

E.1 Statement of Guarantees
E.1.1 Generic Concentration

Definition 3 (c-concentration). We say that a non-negative random variable z is c-concentrated if
Pz > cIn(1/6)] < 6 for all § € (0,1/e]. For such random variables, we define c,, 5 := cIn(2n/9).

This is one of many equivalent (up to numerical constants) definitions for sub-exponential concentra-
tion (e.g., [43]). We opt for the term “c-concentrated” to make the dependence on the concentration
parameter c precise.

Lemma E.1 (Truncated concentration). Let z be a non-negative c-concentrated random variable.
Then, z is ¢’-concentrated for all ¢’ > ¢, and ez + 3 is ac + 3-concentrated for all o, 8 > 0. Moreover,
the the following bounds hold.

1. Forany ¢ € (0,1/e], we have E[2I{z > c¢In(1/d)}] < ¢4, and in particular, E max{c, z} <
2c. For any integer k > 1, and E[2¥] < 2k!c*.

2. Lete? >E[z], and let § € (0,1). Suppose n is large enough such that ¥)(n, §) < %, where
we define

21n(2n/0)1n(2/4)

n

P(n,8) = (E.1)
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Then with probability at least 1 - §, 2() ~ z satisfy 1 ¥, 2() < 2¢2, where z(*) M 2 for

1<i<n.

3. Consider the previous claim. Suppose we replace the hypothesis that z is c-concentrated
with the assumption that for a given § € (0,1), z < ¢In(2n/d) almost surely. Then with
failure probability at least 1 - 20, L ¥, (9 < 2¢2.

E.1.2 Gaussian Concentration and Change of Measure

Our first lemma shows that norms of Gaussian vectors satisfy the c-concentration condition.

Lemma E.2. Let x ~ N'(0,%). Then, |x|? is c-concentrated for ¢ = 5tr(X).

Next, we provide a change of measure argument, which is used to establish that Algorithm 1 accurately
estimates the system state.

Lemma E.3 (Gaussian change of measure). Let 31, ¥5 > 0 be matrices in R¥™4, Let x; ~ N(0,%1),
Xo ~N(0,%5), and let y1 ~ q(- | x1), y2 ~ q(- | x1). Let h, h, : I - R? be two functions such that
max{|[(y)[, |h«(y)[} < L] f.(y)[. Suppose that

A B 1
Ey, [|A(y1) - b (y)[?] <%, and |1-3125;'512|0p <

14dln( 8O€L2(1€‘;”21”op) ) ’

for some € > 0. Then the following error bound holds:
Ey, [|7(y2) = ha (y2) ] < 2.
E.1.3 Conditional Expectations for Decodable Markov Chains

Definition 4 (Decodable Markov chain). Let u e U, x € X, y € Y be random variables that form a
Markov chainu - x —y. We say (u,x,y) is a decodable Markov chain if there exists some function
fe: Y = X such that x = f,(y) almost surely.

Lemma E.4 (Characterization of square loss minimizer). Let (u,x,y) be a decodable Markov chain.
Then, E[u |y = y] = h«(y), where

h(y) =E[u|x= f.(y)].

Moreover, for any class of functions .7 with h, € Z, for any h € argmin,,.,» E|h/(y) — u/?, we
have

h(y) = h.(y) almost surely iny.

E.1.4 Covering Numbers

Definition 5 (Covering numbers). Let (X,dist) be a metric space with pseudometric dist. The
covering number N (e, X, dist) is defined as the minimal cardinality of any set X' ¢ X such that

max min dist(z,z") <e.
reX x'eX’

We say that X' is a minimal e-cover of X if it witnesses the condition above and has |X'| =
N(e, X, dist).

Lemma E.5. Let ./ := {M e R%% : | M|,, < b}. Then, N(be, 4, | - |lop) < (1 +2/€)%=.

E.1.5 Square Loss Regression

Proposition E.1 (Square loss regression with misspecification error). Let (u,y) be a pair of random
variables with u € U, y € ), and let e € U be an arbitrary “error” random variable. Suppose that 77 is
a function class that contains the function h, (y) := E[u | y = y]. Consider empirical risk minimizer

h., := arg min Z Hh(y(i)) +e —u 12,

hest =1

where (u(,y® e(®) are drawn i.i.d. from the law of (u,y,e) for 1 < i < n. Suppose that there
exists a constant ¢ > 0 and function ¢ : ) - R, such that the following properties hold:
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 |h(y)|? < @(y) forall h e .

* The random variables (y) and |e — u|? are c-concentrated.

e For all ¢ > c and all € < 1, the \/E e-covering number of 7 in the pseudometric
der oo (N h') =supyey{|h(y) = h'(y)| : ¢(y) < ¢} is bounded by a function N(e).

Then, with probability at least 1 — 32—5,

270c;,s
n

E|hn(y) = he(y)|? < In(2N(1/33n)87") + 8E[e|?,

where we recall that ¢, 5 := cIn(2n/9).

We now state two corollaries of the above regression. First, a simple corollary for structured function
classes of the form {M - f}, where M are matrices of bounded operator norm, and f € .% are
elements of finite class which satisfy a growth condition like Assumption 5.

Corollary E.1 (Regression with Structured Function Class). Let (u,y) be a pair of random variables

with u e R%, y € ), and let e € U be an arbitrary “error” random variable. Suppose that Z is a
function class that contains the function h, (y) := E[u | y = y]. Consider empirical risk minimizer

By = arg min Z ||h(y(i)) +e® _u® 2.
he =1

where (u(?, y() e()) are drawn i.i.d. from the law of (u,y, e) for 1 < i < n. Suppose .Z : ) - R%
is a finite class of functions satisfying f(y) < Lmax{1, | f«(y) |2} forall f € #, where L > 1 without
loss of generality. In addition, suppose that .77 takes the form

A ={h(y)=M-f(y): feF MeR™= |M],,<b}.

Lastly, assume that the random variables ¢(y) and |e — ul|? are c-concentrated, where ¢(y)/? :=
bLmax{1,|f.(y)]2}. Then, with probability at least 1 — 32,

N dyd, +1n|F|) - logs(n,d)
Elh, (y) = h. ()] o
170 (y) = ha (Y7 < -

where define logs(n,§) = 2701n(2n/8) In(330n/8) < In(n/d)?.

+8El[e]?,

Second, we state a regression bound tailored to the structured regression problems that arise in Phase
III of our algorithm.

Corollary E.2. Let Z =) x Y. Let (v, z) € V x Z be a pair of random variables, and let e € )V be a
arbitrary “error” random variable defined on the same probability space. Let 5 be a function class,
and let ¢, 9: 94 x Z — R? be measurable functions. Suppose that the set .7 contains a function /.
satisfying ¢(hy, 2) == E[v | z = 2]. Let { (2, v(? e())}™ | bei.i.d. copies of (z,v,e), and define

h := arg min Z |(h, z2D) +e® —v®|2,
hes =1

Introduce 8, (2, h) := (h, 2 = p(h, (7). Suppose that there exists a constant ¢ > 0 and a map
1: Z — R, such that the following properties hold:

L sup,cse [6(h, 2) |2 + suppe e 84 (2, 1) |* < 9 (2)*.
2. Forall § € (0,1/e], we have P[1)(2)? v [e - v[? > clnd ] < 6.

3. J takes the form 7 = {h(y) = M - f(y) : f € F M e R4*d=_ | M|,, < b} for some
b > 0, where .Z : ) — R% is a finite class and . Furthermore, there exists L > 1, matrices
X1, X5 of appropriate dimension, and an arbitrary function 8y : Z — V (which does not
depend on h) such that

VieZ, [f(W)lz< Lmax{l,[fi(y)[} forallyey

—_

VhE%, ¢(h,Z) = Xl(h(yl)—Xgh(yQ))+(So(Z) forallz:(yl,yg,yg).
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4. Finally, cy, > 1 satisifes the following for all all z = (y1,y2, y3)
DL([ X1llop + [ X1+ Xofop) (2 + | £ (i) + [ £« (y2)]) < 2¢49(2).

. 1. 35
Then, with probability at least 1 — R

. 12¢(In|.Z| + d1dx)logs(cyn, d
E|¢(h,z) - ¢(h.,2)|? < (In|-7] 1n ) (cyn,9)

where again we define logs(n, d) := 270In(2n/8) In(330n/5), so that Logs(cyn,d) $ In®(cyn/d).

2 2
+16E[e|” + 8maxE[[4(h, 2)[7,

E.1.6 Principal Component Analysis

Proposition E.2 (PCA with errors). Let 52 < (Y — ]Rd) be a function class, and let y € )) be a
random variable. Suppose that there exists a function ¢ : ) — R, and constants ¢, L such that the
following properties hold:

o |h(y)|? < max{ec,o(y)} forall h e 7.

* (y) is c-concentrated.

Let h, € 2 be given, and let A, := E[h, (y)h.(y)"]. Next, let h € # be given and define

h(y )y )T,

—

A, =

S|
M=

I
—

3

where y () b y. Then with probability 1 — &, we have ||Kn = Aiop € Epca,n,s, Where

Epenms = 3\ e E[[A(y) - ha () [2] + 5en~Y/2 In(2dn/6)*2.

Corollary E.3 (Significant basis overlap). Consider the setting of Proposition E.2, and suppose that
A, = E[h.(y)RI(y)] € R¥? has rank(A,) = dy, so that Aq_(A,) > 0. Let V, € R™% denote
be a matrix with orthonormal columns that span the column space the image of A.. Likewise, let
V e R%%x be a matrix with orthonormal columns span the eigenspace of the top dx eigenvectors of A

Suppose epca,n,s < /\d"fm*). Then on the good event for Proposition E.2, we have o, (V*Tvn) >2/3.
E.1.7 Linear Regression

Proposition E.3 (Linear regression with errors in variables). Let (u,y,w,e, §) be a collection of
n

random variables defined over a shared probability space, and let {(u(i) ,yOw® @ § (Z'))}Z_=1 be
i.i.d. copies. Suppose the following conditions hold:
1. y = M,u+w + e with probability 1, where M, € R *du,
w|u,d~N(0,%,)and u~N(0,%,).
We have E|e|? < ¢2 and E||d]? < £2.

e is cq-concentrated and 4§ is cg-concentrated for ce > 52 and c5 > sg.

wook wn

5(25 < %/\min(zu)'
Let 6 < 1/e, and let n € N satisfy

1. ¢¥(n,d) < min{%%}, where 1(n,0) = w.

2. n>c1(dy +1n(1/9)), for some universal constant ¢y > 0.

Then the solution to the least squares problem

TN () 4 5 _ ()2
M H}Vl[nizle\M(u +6'") -y W7,
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satisfies the following inequality with probability at least 1 — 44:
[Zwlop(dy +du +1n(1/6)) )

n

1M = M, |2, S Amin (Z) 7 (|M* 12,65 +€2+ (E.2)

op ~

Proposition E.4. Consider the setting of Proposition E.3, and suppose we additionally require that
n > ¢o(dy +1n(1/9)) for some (possibly inflated) universal constant ¢. Furthermore, suppose we
have &3 | M., |2, + €2 < 2X, for some A, > Amax(Zw). Then, with probability at least 1 - 74, (E.2)
holds, and moreover

X2(dy +In(1/3))

1o
n

Z(M(u(i) +60) —yy®2 5y

=1

NIy

op

E.1.8 Regression with Matrix Measurements

Proposition E.5 (Regression with matrix measurements). Let y € ) be a random variable, and
let y@ "k y for 1 < i < n. Fix two regression functions §,¢. : 3 — R?, and suppose that
z = max{|g(y)|? [ g-(y)|?} is c-concentrated, and that x := g, (y) ~ N'(0,%,). Let Q* >0 be a
fixed matrix, and consider the regression.

2

Qeargmin; (9. (v?)' Q9. (") - a(y) Mg (y)")
i=1

Set Q := (%@T + %@)J,, where (-), truncates all negative eigenvalues to zero. Then, there is a
universal constant ¢y > 0 such that if the following conditions hold:

2 Ao (Z )2
E|g(y) - g-(y)|* <€ 5/2)< =, n>co(d®+In(1/0 d e?g m—rl
li(y) 0.1 <22 w205 Lo nzeold? +In(1f9), and £t ST
then with probability at least 1 — 26,
10" < 13-} <4 n(anf) - 2 Lo
- - A1rr1in(2a:)2

E.2 Proofs for Technical Tools

E.2.1 Proof of Lemma E.1

First observe that if z is c-concentrated, then for § € (0,1/e], In(1/§) > 1, so that Plaz + 8 >
(ac+ B)In(1/0)] <Plaz > acln(1/6)] = Plcz > cIn(1/6)]. This is at most ¢ by the definition of
the c-concentrated property. We now turn to the enumerated points.
Point 1. For § < 1/e, P[z > ¢In(1/§)] < 6. Thus, for any § € (0,1/e), and u > ¢5 > ¢, we have
P[z > u] < e™*/°. Tt follows that for any § < 1/e,
E[2I(z>cln(1/6)] = [ Plz>uld
[z > (/o)) = [Pl uldu

e—u/cdu _ Ce—cln(l/(S)/c = ¢6.




Point 2. Define the increments A; = z(%) — E[z(i)], and A; 5 := Ai]I(z(i) < ¢p,5). By a union bound,
A; = A 5 for all i € [n] with probability at least 1 — /2. Moreover, —c < —E[z] < A; 5 < ¢y, 5, SO
that by Bennett’s inequality ([25], Theorem 3), it holds that with probability at least 1 — §/2,

%ZAM g \/QVAR[Ai,é] In(2/6)  cusn(2/9)

n 3n

1 1\c,s5In(2/6

T VAR[AMM(,%)M,
2¢cn,s ’ 3 7 n

for any 7 > 0. Moreover, we have VAR[A, 5] = E[A? ;] < cn 5Bz —E[20]] < 2¢,, sE|zP)| =
20”75E[z(’:)] by non-negativity of 2() Hence, with total probability at least 1 — §, we have

1 1 ; 1 1\epsn(2/6

YA ==Y A <TE[2O] (, + ,)M_

n < n %5 3

T n
Recalling that A; < 2(Y) — E[2()] and taking 7 = 1/2, we have that with total probability at least
1-94,

3

Lo SB[+ 5 ens In(1/0)
nw

6 n
By assumption, E[z(i)] < &2, Hence, for

s In(2/6) < 6

n 5

we have that % > iz(i) < 2¢2. In particular, since
2In(2n/6) In(2/6 2¢p. 5 1n(2/5)
w(n,é): ( /) (/): - s

cn
we have L ¥, 2() < 2¢% for ¢)(n, §) < £%/c.

It is simple to verify that all the steps above go through if z < ¢5.,, = ¢In(2n/§) almost surely and
E[z] < c. Substituting in ¢,, 5 := cIln(2n/§) concludes.

O
E.2.2 Proof of Lemma E.2
First, observe that E[ HXH2] = tr(X). Next, from Hsu et al. [15, Proposition 1], we have that
Plx[? 2 tr() + 2V S[r + 2t Slop] < 7.

Setting ¢t = In(1/8) > 1 and bounding tr(X) + 2v/t|S|p + 2| S| op < 5t - tr(X) = 5tr(X) In(1/4)
concludes. O

E.2.3 Proof of Lemma E.3

Let Q; denote the law of y;, Qs the law of y2, P; the law of x1, and P, the law of x». Let ¢(y | x)
denote the density of y given x. We then have that

By [[h.(v2) ~h(y2)I") = [ |ha(w) = h(w)*AQs(v)
= [ a1 9)Ih.(y) - ) PaPa(a)

)

- 1 DG 0 - ho) PP o)

Using the standard expression for the density for the multivariate Gaussian distribution, we have the
identity
dPQ (l‘ )
dPl (:L' )

1
= det(3,3;")"/? ~exp(§f(211 - 25””3)

1 - —
= det(1 + (91755102 - 1) P2 exp( TS (L ).
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Hence, if we set 7 = H(Z}/QEQIEUQ —1I)|op, we have

d
det(I +(5,75,' 27 - 1)) = [TN( + (5)75,'212 - 1))

i=1
d
<[J(1+ ¢ < exp(dn).
i=1
Similarly, we may bound
1 _ _
exp(ngxll/Q(I - 2}/225121/2)211/%) < eXp(gajTZle).
Thus,
d’PQ(it) <

dPi(z) =
In particular, for any B > 0, as long as

exp(g(d+ xTEIIx)).

< 2G/2)

"YTle<B, and 7n<
TEEED d+B

(E.3)

we have

dpg(l’)
Py () <3/2.

Henceforth, fix a bound parameter B and assume 7 < % < 1. We have

By llhe(v2) =) )= [ ate |9 P () = )PP 0)

< 3 f L@l (y) - h(y)|2dP1(2)I(z"S1 e < B)

o

To handle the first term, we use the assumed error bound between h, and h:

Tormy = > [ (e [ 910 () = h() APy @)L 1 < B)

)

:=Term1

Gl mesp(J(d+ a5 )b () - h@) AP s > B).

)

:=Termo

2

3 5 3 X 3
<5 [ @ lh ) - h)PaPi@) = JEy ) -h(v2)|?< T €4

For Termy, we use the bound |h.(y) — h(y)|? < 4L max{1,|f.(y)|?} = 4L? max{1, |z|?} to
bound

[ alpep(3d+aTsim) ) Ih () - ) PaPy @IS > B)

T,y
<dr%e? /Iexp(ngEII:C)(l +[2]?)dPy (2)I(2"S > B).

Let us change variables to u = ¥~'/?z, and let Py denote the density of u, which is precisely the
density of a standard normal A/ (0, I') random variable. Then, using the formula the standard normal
density,

[en(Lasta) 1+ oGS e > By @)

= [ exp( Jul?) - (1 1£20l) - X(Jul? > BYAPo(w)

- [ e -G ) 1= 1 > B

< [ oy (-5 ) s el > 2
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Again, let us rescale via z < (1 - n)~*?u. The determinant of the Jacobian of this transformation is

(1- n)d/Q, so that for B > 1, this is equal to
_ 1 1 _
(=0 [ s esp(=3Iul?) 1+ (=S epl 2RI > BO1- )

= (1= 1) Ea a0, [(1+ (L= m)[SloplzP)I(121> > B(L- 1) )]
(i) _
< ME, po.n[(L+ [ op 2122 > B(L-n)™)]
< (14 D1 op)e™Enenrio.n [12 P11 2] > B(1-m)™)],

where in (i) we observe that (1-7)~/" < e for 1) < 1/2, and where the last inequality uses that B > 1.
Now, from Lemma E.2, we have that |z||? is 5d-concentrated. Hence, for n < 1/2, (1 -71)7!|z|?
is 10d-concentrated. Thus B = 10d1n(1/5) gives E, nro, [ 2|*1((1 - n)7'|2[? > B)] < 10d6 by
Lemma E.1., and therefore

Terms = [ g(x] ) exp(g(2d . :L‘TZlas))Hh*(y) () |APy () I(2 S e > B)

)

<41+ B0 op) L2e™ - €2 .10d6 = 5 - (1 + |1 ||op JA0L2e3M/2,

we have Terms < &, and thus Term, + Terms < 2¢2.

In particular, if 7 < 1/2d and 0 = <5

E2
BOL2[S: Jope’ .
Gathering our conditions, we require < 1/ max{2,d}, B = 10d1n(m), and—from
Eq. (E3)—n < %. Altogether, it suffices to select
21n(3/2) . 1

2

< < . .
Hdn(gorrisrme) M4 (somrmrne)

E.2.4 Proof of Lemma E.4

By the tower rule and the fact that u > x — y is a Markov chain, E[u |y = y] = E[E[u | x,y =
y]ly =y] =E[E[u]|x] |y = y]. Moreover, from decodability, [ [u|x]|y=y] =E[E[u]|x=
L@y =yl =E[u] fi(y) = x] = h.(y).

For the second point, It is well know that any unrestricted minimizer of ||h(y) — u|? over all
measurable h satisfies h = hg almost surely, where h(y) := E[u | y = y]. We verify above that
h.(y) = E[u | y = y], proving the that any unrestricted minimizer h coincideds with h,. Since
h, € JZ, the same holds for the function class constraint in the lemma statement. O

E.2.5 Proof of Lemma E.5

Our task is to bound N(be, .4, |- | op ), where we recall .2 := {M € R% : | M|, < b}. By rescaling,

it suffices to bound N(e, 1.4, | - |op). We recognize .# as the operator norm ball in R**%* and
appeal to the following standard lemma.

Lemma E.6 ([43], Lemma 5.2). Let B3 be the unit ball in R for an arbitrary norm. Then, if dist is
the metric induced by the norm, N(e, B, dist) < (1 + 2)%.

O

E.2.6 Proof of Proposition E.1

Before diving into the meat of the proof, we first establish some basic concentration properties and
state a number of definitions. For each realization (y, e, u), define

&= {He_ u||2 4 (P(y) < Cn,(s}a

where we recall that ¢, 5 := cIn(2n/d). Let £(h) := |h(y) + e —u|?, and let L(h) = E[£{(R)].
Furthermore, define £5(h) = £(h)I(E) and L5(h) = E[£5(h)]. We first establish the following useful
claim.
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Claim E.1. Thenon &, |[¢(h) - £(h')| < 4,/ s|h(y) - W' (y)]|. Moreover, defining z = ||e —u|? v
©(y), we have that £(h) < 4z. In particular, on &, £(h) < 4cy, 5.

Proof of Claim E. 1.
[e(h) — €(R) = ([P () +e ~ul® = |h(y) + e~ ul?|
<2[(h(y) - K (y). e —u)|+ (|A(y) ] + |2 () DR - 1B ()])
<Ay /ensh(y) = ' (¥l

This proves the first claim. The claim holds because ¢(h) < 2|e — u||? + 2|h(y)?| < 2]e - u|? +
2max{p(y),c} < 4max{z,c}. O

Next, Let £(*) denote the event that € holds for the ith sample, and let £;.,, = Uien] € (?). Note that
E1.n, occurs with probability at least 1 — 2 - §/2 = 1 - § by the c-concentration property and a union
bound. On this event, if we define

Los(h) = 4 5(h), where £ 5(h):=1(ED)[a(y™)+e® —u®|?,
=1

we have
hy, = argmin £, 5(h).
hest
Lastly, define the excess risk with respect to the Bayes function h, (y) = E[u |y =y]:
Rus(h) =Lns(h) = Lns(he), Rs(h)=Ls(h) = Ls(h).

Finally, let .74 c .7 denote a finite cover for J# such that, for some € > 0 to be selected at the end of
the proof,

sup inf  sup |[h(y) =K' (y)| < /Cn.sE, (E.5)
het WeHo yp(y)sen s

and let hg € 7% denote the element that witnesses the covering inequality above for h.,. Note that by
Claim E.1 and (E.5), the differences on the truncated losses between h,, and hg satisfy

L6 () = Lo s (ho)| v 1£5(hn) = Ls(ho)| < decn s,
whenever &;.,, holds. Thus, on &;.,,, when h,, € argming ,» Ry 5(h), we have
Ro(hn) = Rs(hn) = Ros (hn) + Rons (hn)
Y R () ~ R ()
<Rs(ho) - Rn,(g(ilo) +2max{|Ls(ho) - Ls(hn)), £n75(ﬁ0) - £n75(ﬁn)|}
<R5(ho) = R (ho) +8cn s€., (E.6)

where () uses that R, (hy,) is non-positive for the empirical risk minimizer.

Step 1: Bounding R;(n). From the bound ¢; 5(h) < 4¢, s (Claim E.1), along with Bennett’s
inequality (see e.g. Theorem 3 of [25]) and a union bound over .74, we have, for all § € (0, 1), with
probability at least 1 — §/2,

Rs(ho) = Rn.s(ho) < \/271’1VAR[€,;75(}AL0) ~ i 5(ha)] - In(2]566]61) + 222 In(2]45)67)
T Cns (4

. 1
VAR[(i.5(ho) - i5(h)] + 7(7 " 7) mEA4lsY), (BT
n \3 T

<
Cn,s

where the last step uses AM-GM and holds for all 7 > 0. Again, by Claim E.1, we have
. N 2
VAR[; (o) - b5 ()] < B[ 1() (#(ho) - £(h))’

< 16¢, 5E [I(E) [0 (y) = hu ()]
< 320 5 [IE) 0 () = hn (¥)[*] + 3260 6B [1(E) [n () = e (9) 7]
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From Eq. (E.5), we have E [I(£) Iho(y) = hn(y) |?] < cn,5€* Moreover, we can always upper bound
E []I(S Vhn(y) = ha(y) H2] by removing the indicator. This ultimately yields
VAR[£;,5(ho) = £i5(ha)] < 32¢h s€% + 32¢, sE [ | (y) = he (7)]?] -

Thus, combining the above with Egs. (E.6) and (E.7), we have
4

. . n 1 _
Ri(hn) < 167E [ (y) = ha (v) 2] + 16605 (e + 7€2) + 20 (g + 7) m(2467).  (E8)
n T
Step 2: Relating Rs5(h) to error against h,. Recall that L5(h) < £(h) due to truncation, so that
Rs(h) = Ls(h) = Ls(hi) > Ls(h) = L(h)
> L(h) - L(h.) - |Ls(R) — L(R)]. (E.9)
We further develop
L(h) = L(h.) =E[|h(y) +e~u]* - |h.(y) + e~ u[*]
=E[|A(y) - u* - . (v) - u|*] + 2E{e, A(y) - h.(¥))
1
> EB[[(y) - ul* - [h.(y) - u[’] - 2E[e]* = ZE[A(y) - h. ()",
where the last line uses Cauchy-Schwartz and AM-GM Moreover, since h, = E[y | u], we can see
that E[| 2(y) - u|® - |2, (y) - u*] =E[h(y) - h.(y)|*. This yields
1
L(h) = L(h.) 2 ~2E]e]” + JE[A(y) - h. (¥)]*.
Hence, Eq. (E.9) yields that for all A,
E[A(y) = he(y)|* < 2Rs(h) +4E|e|? + 2|L5(h) ~ L(R)]-
Finally, recalling z = o(y)? v |e — u|?, we have
sup 2|Ls(h) = L(h)| = sup 2E[I(E°)£(h)]
hest hest

< 8E[I(E°) max{c,z}] (Claim E.1)
< @ (Lemma E.1)
3n
Hence, the previous two displays give
8cH
E[n(y) = h.(y)|? < 2R5(h) + 4E[e|* + 3

Thus, choosing h = izn and combining with Eq. (E.8), we have

E|hn(y) = he(3)[? < 327E [|hn(y) = b (¥)[*] + 32¢n,5(e + 7€%)

0 (2:2)+ 32 s amel®
3n

+ 2

3

n

Setting 7 = 6%1 and using € < 1 gives

E|hn(y) = he ()% < %E [1720(y) =R (9)1°]

en.8 (§ . 128) In(2)7)01) + 4E|e|? + 52
n \3 3n

+33cp,5€ +

.0 134 1n(2|5]07") + 4E|e|2,
n

1 ~
< SE[ln() = 1o () 2] + 33 56 +

where in the last line we folded the 8¢d/3n term into the term with the log, bounding 8/3 + 85/3n <
16/3 < 6. Rearranging the above yields

. 268¢y,5 _
B2 (y) = ha (7)]? < 665 5€ + = In(2|.74(67") + 8E|e|>.

Taking € = 1/33n concludes the proof.
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E.2.7 Proof of Corollary E.1
We verify Conditions 1-3 of Proposition E.1 in succession:

1. Condition 1: By assumption 1 of the corollary, f(y) < Lmax{1, | f«(y)|2}, then h(y) <
bLmax{1, | f«(y)|2} = p(y) forall h e 7.

2. Condition 2: This is satisfied by assumption 2 of the corollary, ¢(y)'/? and |e — u|? are
c-concentrated.

3. Condition 3: We bound the covering number. Let .# := {M € R% : | M|, < b}. Then,
for an € > 0 to be chosen, let N(be, #, | - |op) < (1 +2/€)%= from Lemma E.5, so we
may take a be- cover .#, of ./ to have cardinality (1 + 2/€)®?= . Define the induced cover
H,={Mf:Me.M.,feF}, whichhas || <|FZ|(1+2/e)? Givenh=Mf e,
let b’ : M'f, where M’ € . satisfies | M — M’|op, < be. Then,

der oo (') = sup{[[A(y) = B ()] - () < V')

yey

=sup(I(M =M+ 0 (0)' P < V)
yE

<sup(be- 7)1 ()" V) (|M = M|y, < be)
y€

<sup{be- Lmax{L, |£.(y)|} : p(y)"/? < Ve'}
i (Assumption 1 of Corollary)
< zg)g{be - Lmax{L, | f. ()]} : L max{1, | f.(y)|} < V'}}
(Definition of )
N

Hence, the \/c’e cover of # in the metric der oo (h, k') is at most the cardinality of J7Z,
which is at most |.Z|(1 + 2/¢)?=%= . Thus, we can take InN(¢€) = In|.Z| + d,d, In(1 + 2/e)
in Condition 3 of Proposition E.1. For € < 1, this may be upper bounded by InN(¢) =
In|.Z| + dyd, In(5/€).

Hence, the conclusion of Proposition E.1 entails that, with probability at least 1 — 375,

E|hn(y) = he(y)[
< 270cIn(2n/6)(In(2/8) + In|.Z| + dyd, In(5 - 33n))

+ 8E|e]?.

Recalling that logs(n,d) := 2701n(2n/d) In(330n/4), we simplify
270 -1n(2n/8) - (In(2/6) + In|F| + d1dx In(3 - 55n))
<2701n(2n/8)(In|.Z| + d1dx In(330n/4)|
< (In| 7|+ d1dx)2701In(2n/6) In(330n/d) := (In|.Z| + d1dx ) logs(n,d) (E.10)
which yields our final bound of
Bl (y) - he ()] < c(dydy + ln|3i|) -logs(n,d)

+8E[e?,

as needed.

E.2.8 Proof of Corollary E.2
‘We consider

h := arg min > |(h, z2D) +e® —v®|2,
hesl =1
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Recall the assumption that, for some h. € 5, ¢(h.,z) = E[u| z], and that d,(h, 2) := ¢(h, z) -
@(h, z). Let us set up a correspondence with Proposition E.1.

* gn(2) = ¢(h,z) = 84(h., z). Let & denote the resulting class of functions {gy : h € J}.
e €=04(hs,2) +e.

Then, we have

d(h) = 84(hs, z) = g;(y) = argmin Y. |g(2) + &) - vV,
99 =1

Define g, := gn, = ¢(h+,z) and G = g; . We then have
E|¢(h,2) = ¢(h.,2)|* = E[G(2) = g (2) + 85 (h, 2) = 85 (hs, 2)|?
= 2E[g(z) - g.(2)|* + 2E[84(h, 2) = 84 (D, 2) |
SZEH’g“(z)—g*(z)HQ+8maXJEH6¢(h,z)H2 (E.11)
hes
It remains to bound E|§(z) - g.(z)|>.

Note that g, € ¢, and moreover g.(z) = ¢(h., z), which is equal to E[u | z] by assumption.
Considering the function class 4 = {gj, : h € S} as the function class, g, as the Bayes regressor, v
as the target, and € as the residual noise, let us verify with conditions of Proposition E.1, albeit with
slightly inflated constants. We have
1. Define ¢(z) = 692(2). We bound |gn(2)]? < $(2) via
lgn ()1 < (o, 2) | + 86 (h, 2) [ + 186 (e, 2)])?
< (sup |@(h, 2)| +2 sup [|84(h, 2)[)? < 2 sup | p(h, 2)|* + 6 sup [54(h, 2)|?
hest hest hest hest

<6(sup |¢(h, 2)|* + sup [845(h, 2)|*) < 6¢(2)* = ¢(2),
hest hest

where the last inequality follows by the first assumption of the lemma.
2. Next, we establish the concentration property for ¢(z) v |&; — v¢||? that, for & = 6¢, we have
P[@(z) v & - v¢|? > Eln(1/5)] < 1/6. (E.12)
We have that
P(2) V& = vi|* = 3(2) v [84(2, he) + € = vi|?
<@(2) v (2]85 (R, 2)|* + 2] e; = vi]?)
< (9(2) V2|85 (ha, 2)7) + 2]ler = v ).
Now, by assumption, we have that 2||84(h.,z)[? < $(z) = 61(2)?, so we may drop the
d4-term. Substituting in the definition of $(z) and bounding 2 < 6 gives
P(2) v [& —vel* <6 (¥(2)* v (lec = vel?)).
Hence, the desired inequality Eq. (E.12) follows from the second condition of our corollary.

3. Lastly, it remains to verify the covering property from Proposition E.1. Let .# := {M ¢
R4 ¢ || My, | < b}, let . denote a be-cover of A in | - |op, let S = {M - f: M ¢
M, f € F}, and finally set &, := {gp, : h € H.}. Our goal will be to show that, for e
adequately chosen, ¥. is an adequate cover of ¥.

Let g € 4. Then, g = gj,, where h = M - f for some f € % and M ¢ .#. Let h, € /. be
selected by selecting M, € .#. such that | M — M|op < be, he :== M, - f, and g = gp,_.
Then, for any z, we have

g(Z) - gE(Z) = a(hwz) + 6¢(h*v'z) - (a(hﬂz) + 6¢(h*7z))
= a(h,z) - a(hevz)
D X1 () - Xah(y2)) +80(2) = (X1 (he(y1) = Xahe (2)) +80(2))

= X1(h(y1) = he(y1)) = X1 X2(h(y2) = he(y2))
= X1 (M - M) f(y1) - X1 Xo(M - M) f(y2),
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where in (i) we use the functional form of ¢ assumed by the lemma. Since || M — M, | op < be,
and f(y) < Lmax{L, [ f.[}
9(2) = 9e(2) < be(| Xflop [ f (1) | + [ X1 X2lop |f (y2)])
<bLe([Xufop + [ X1 - Xallop) (max{L, [ £ (y1) [} + max{1, [ f.(y2)[})
<OLe([ Xalop + [ X1 - Xofop) (2 V [ £ ()| + [ £+ (y2)])-

Finally, by assumption, we have that bL([| X1 [op + | X1 X2]op) (2+ | f« (1) | + [ f« (y2)]) <
2¢1(2). Thus, recalling ¢(z) = 61)(2)?, we have

9(2) = ge(2) < cpe/(20(2))2 < epe(2) 2.

It therefore follows that, for all ¢/, and all e < 1, ¥. Jew isa ¢ e-covering number of ¢ in
the pseudometric de o0 (b, h') = sup,.z{|g(2) - ¢'(2)| : ¢(2) < ¢'}. Hence, we can take
N(e) = |9.| is applying Proposition E.1.

Hence, Proposition E.1 implies the bound

. 270¢,,,s _
Elg-g.]* < (2% 33¢,n/0 ')+ 8E[el?,

where we have ¢, 5 = ¢In(2n/d) = 6¢ln(2nd). Combining the above with Eq. (E.11)

12-2701n(2n/6)
n

]EH(i)(gvz) - d)(g*a Z)“2 < ln(2|g1/33cwn|571) + 16E“eH2 + 822%E‘|6¢(h7 Z)Hz'

Finally, let us bound |4} /33, |- From Lemma E.5, we have
In|9.| = In|7| = In(|Z || 4.]) < In(|-#]) + d1dx In(5/€).
Thus, repeating the computation Eq. (E.10) in the proof of Corollary E.1,
2701n(2n/d) ln(2|g1/33%n|5_1) <270-In(2n/d) - (In(2/6) + In|.F#| + d1dx In(3 - 55¢yn))
< (In|Z| + didx)logs(cyn,d).
Thus,

12¢(In || + didx)logs(cyn, )
n

E|é(g,2) - ¢(g+,2)|* <

concluding the corollary. O

2 2
+ 16E[e|” + 8 maxE[[5,(h, 2)|",

E.2.9 Proof of Proposition E.2
Define the matrix A = E[2(y)h(y)T]. To begin, we have
18w = Ralop < 1A = Klop + IR - Rallop.
We now bound the terms on the right-hand side one by one. First,
|4 = Rop
= [E[2(y)2(y)" = he (3) s (¥) lop
<E[[R(y)h(y)" = he(¥)x (¥) op]
<E[([2()] + 12 () DA (y) = h(y)I]
. . 1/2
<E[(|A()] + 17 () D*TV?E[ |5 (v) = R)IP]
Moreover, (|h(y)| + |k« (y)|)? < 4max{c, o(y)} by assumption, so this is at most
IE[A(y)(¥)T = he(¥) e (¥) Top < 2(Emax{e, o(y)})/)E[| b (y) - ()] (E.13)

Finally, using Lemma E.1, one can bound Emax{c, o(y)} < 2¢, so we can further bound by

3VEE[|h. (y) = h(y)I]'/>.
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For the second term, we appeal to truncation. Let £ denote the event {¢(y) < ¢In(2n/d)}, and let
£ denote the analogous event for y(*). By construction £, ..., £(™ occur simultaneously with
probability at least 1 — §/2, so that we may bound

I8~ Ballo (E.14)
H ZE y)h(y) ]- ]I(g(i))il(y(i))ﬁ(y(i))T

< [EL(L-1(ENAAF),,

op

S ELA)()IE)] - E )y )iy ) (€15
We bound the first term above by !
[EL - £)h(y)h(y) ], <E[| - £)hx)ih)],]
=B[(1-&)[H(y)[’]
<E[l(¢(y) > ¢In(2n/5)) max{c,¢(y)}]
SE[I(p(y) > cln(20/6)e(y)] < 5 (€16)

where the last line uses Lemma E.1.

To conclude, let us bound the last term in Eq. (E.15). Define the symmetric matrices M®)
E[A(y)h(y)TI(E)] - h(y ) h(y@P)TI(ED). Then EM® = 0, we can see that [M®|
cIn(2n/d) almost surely (indeed, if X,Y > 0, then | X - Y|op < max{|X|op, |Y |op}), an
thus

=V NI

(M2 < (¢In(2n/6))%1.
Hence, by Theorem 1.3 of [40],

]P’[ i M
i=1
Rearranging, we have that

p[l
n iz

iM(i) > 2¢In(2n/8)\/21n(2d/6) /n sg.

Simplifying 2c¢In(2n/6)\/2In(2d/6)/n < 4en~Y?In(2dn/5)3/?, we have that with proba-

bilitiy 1 - §/2, ¥, E[A(y)h(y)"I(€)] - I(E)Dh(y Ny )] = [Tk, MO, <
4en~Y21n(2dn/6)3/%. Hence, combining with Egs. (E.13) and (E.16), we conclude that with proba-
bility 1 -0,

|4 = Rallop < I+ = Allop + IR - R lop

> t] < 2de‘t2/8”2, where ¢ := n(cIn(2n/6))?.

CE[|1(y) = b (y)[2] + 4en™ "2 In(2dn/8)** + gc
n

< 3\ B[ J(y) - ha (¥) 2] + 5en 2 n(2dn/6)*2 = €2, ,

E.2.10 Proof of Corollary E.3

By assumption, A, is rank dy and Ag, (A,) > 0. Let V, be and eigenbasis for the top dy eigenvalues
of A,, and let V,, be an eigenbasis for the top dx eigenvalues of A,,. From the Davis-Kahan sine
theorem [5], we have that for any « € (0, 1),

[ = ViV Vallop < (1= )" A (M) AL = Ky fop,

50



whenever
1AL = Ay flop < g, (AL). (E.17)

In particular, if n is sufficiently large that for
- 1
[As = Anllop < epcans < 7 A (As),

then from Eq. (E.17),

— 4e S5 1
I-V.V ) Wolop € o2 < =
H( *) H p 3>\d(A*)_1 3

And thus,
00, VIV, 200, (ViVIV) 200, (Vi) = (T = ViV Vilop
>1-1/3=2/3,

where the previous display uses that adx(Vn) = 1 since V,, has orthonormal columns, and that
(I = ViV Vnlop < 1/3. O

E.2.11 Proof of Proposition E.3

Let U be the matrix with {u(i) }?:1 as rows, and let A, Y, W, E be defined analogously for 9, y,w,
and e respectively. Let us assume for now that (U + A) has full row rank; this will be justified
momentarily in Claim E.3. Then we have

M =(U+A)Y
= (U+A)(UM] +W +E)
=(U+A)(UM] +W+E)
=M]+(U+A) (-AM] + W +E). (E.18)
Thus,
A [op [ M fop + [E]op
omin(U + A)

| M = M. |lop < + (U + A) Wy (E.19)

Handling the Gaussian Noise. We first handle the term (U + A)"W|,,. Observe that W is
Gaussian conditioned on U and A. Fix a matrix U with UTU > 0. Fix a vector v € R% with
|v| = 1, and observe that (v,e(")) are | %,, | op-subgaussian. Thus, for any matrix A > 0, we have
from Abbasi-Yadkori et al. [1, Theorem 3] that conditioned on U and A, with probability at least
1-9,

TITY1/2 ~1/2
|UTWv|<A+UTU>ls\jzmeupln(de““[]U) ),

d

Since we are taking U to be fixed (conditioned on U and A), we can take A = UTU. This gives, with
probability at least 1 — 9,

- 92du/2
1U" Wl (grpy-1 €24 2[Ew]op In 5 <2/ 20 |lop (du + 21n(1/6)).

It follows that
[UTW 3 < 0min (U) T UTWO[ (7)1 < 20min (U) ™ V[ Swllop (du + 21n(1/5)).

By a standard covering argument (see, e.g., Vershynin [42, Section 4.2]), we find that with probability
atleast 1 -4,

[UWlop = sup  [UW[ § 0wmin(U) V[ Bu[op(du + dy +In(1/5)),

veRY :|v|=1

Taking U = U + A, this implies that with probability at least 1 — 4,
[(U+A) Wop S 0min (U + A) V[0 op (du +dy +1n(1/3)),
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Error Terms. We have

[AllopMellop + [Elop < [ M flop [ All e + [E] - = ( | M Jlop Z |5“)|2) | 2 €@
i=1

Recall that 1) v(n,d) := M ,2) [6@]2 is cs-concentrated and |e(® |2 are ce con-

centrated (Definition 3), and 3) E||e( )|? < €2 and E|6|? < 2. Lemma E.1 thus implies that
for

Ce C§

2 2
P(n,d) < min{se, 65},

the following event holds with probability at least 1 — 24:

Es1 = {Z 162 < Qneg} n {Z le®]? < 21%:2}. (E.20)
i=1 i=1
Clearly, on &5 1 we have
| Allop| My llop + [Ellop s "2 (| M, [opes + €e)-

Bounding the least eigenvalue. Summarizing the development so far, we have for i)(n,d) <
2 2
max{2, i—;}, with probability at least 1 — 34,

n'2 (| M. [lopes + €e) + /S lop (dy + du + In(1/6))
Omin (U + A)
Finally, let us lower bound op,i, (U + A). We start with the following self-contained result.

Claim E.2. Consider matrices U, A, and suppose | A[2, < T Amin(UTU). Then,

|3~ M. |op $

(U+A)T (U+A)in U.

Proof. By Cauchy-Schwarz and AM-GM, we have the elementary inequality that for two vectors
v, w of the same dimension,

HUH2+ |w]® +2(v,w) > 1]v|* - |w|?. This entails
(U+A)T(U+A)2%UTU—ATA
> U TU—InAnip
- LU (U= [AR,)
1
zZUTU,

where the last line uses the that $UTU > $Amin(UTU), and the assumption |A[2, < Fmin(UT0).
O

Claim E.3. There is a universal constant ¢; > 0 such that the following holds. Let U € R™*%u be
a matrix with rows drawn i.i.d. from A/(0,%,) where ¥, > 0, and let A be a matrix of the same

dimension with |A[2, < 2Anin(Ey). Then, for n > ¢1(dy +In(1/8)), the following holds with
probability 1 - §:

(U+A)(U+A) > n?“ > n)\mi“(zu)].

: (E21)

Proof of Claim E.3. From Claim E.2, we have that if | A[2, < $Amin(UTU), we have

(U+A)(U+A) > ZUTU.
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If this holds, we have

EUTU = 121/2 (z—l/QUTUz—l/Q)El/Q > Ao (2_1/2UTUZ_1/2)E
4 4" u w = 7‘min u w u-

Note that UZ;l/ 2 has standard Gaussian rows, and its number of rows exceeds its number of columns.
Thus, from Theorem 5.39 of [41], we have that

P [)\min(z;l/zUTUE;l/z)l/z > /- O0(G/da + \/1n(1/§))] >1-4. (E.22)
In particular, for n > ¢1(dy +In(1/48)) for some universal ¢, we have that with probability 1 - 4§,

Amin (Z22UTUE,?)1/2 > | /n/2, and thus when this occurs, and when 1A]2, < ”’\%@“) <
i/\min(UTU), we have

1
(U+A)(U+A)= UTU= gzu > S Amin (Su) 1.

n
8

O
Hence, for n > ¢1 (In(1/8) + du), ¥(n,d) < rnao;{z—z7 %}, and 2¢3 < 2 Amin(Sy) (or equivalently,
e3¢ 16 Amin(24)), we find that with total failure probability at least 1 - 44,

n1/2(||M* H0p55 +Ee) + \/sz HOp(dy +dy +1n(1/0))
(Tmin(U+A)
< (| M, |opes +€e) + \/n_l/2 X0 ]op(dy +du +1n(1/))

\/ Arrlin(zu)

Hence, under these conditions, with probability 1 — 46,

|M ~ M. Jop $

— _ by dy +dy +1n(1/6
T M2y 5 hin (B 100 25 0 3 o [Eelenle = ot D))

E.2.12 Proof of Proposition E.4

Assume that the events of the proof of Proposition E.2 above; this contributes a failure probability of
44.To begin, we have that

(J\’](u(i) i 5(1‘)) _ y(i))®2

s

~
Il
—

= S - M) (u® +§0) —w® — )82
i=1

- ((U+A)(M-M,) +AM] -W-E) (U+A)M-M,) +AM] -W -E).

From Eq. (E.18), and the fact that U + A has full rank under the high probability events of Proposi-
tion E.2, we have

M =M]+(U+A)(-AM] +W +E).
This yields
(U+A)Y(M™ - M) = Puia(~-AM] + W + E),

where Pyia = (U+ A)(U + A)" e R™™ is the projection onto the row space of U + A, which
has dimension d,,. Thus, we find that

(M + 60 - y(0))82

M=

i=1

=((I-Pusa)(~AM] + W+E)) ((I - Pusa)(~AM] + W + E)).
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Rearranging, and using that I — Py, a is a projection operator, we have that

<2|Wop|E = AM]|op + [E - AM[[Z,.

L& — @ i 1
Hn S (M(u® +50) —y@)=2 W - Puia)W
=1

op

We can now bound this quantity using the following claim.
Claim E.4. Suppose that A, > Apax(X.), and 6(2;HM* ||(2)p +¢2 < 2)\,. Suppose the event &1 of
Eq. (E.20) holds, and n > ¢’\/dy, +1In(1/9) for ¢’ sufficiently large. Then,

. \/wgmnzpwz)

n

L3 — o e 1
- S (M(u® + 60 - y)®2 ;WT(I— Puia)W
i

op
Proof. On the event £ 1 of Eq. (E.20), recall that
|E - AM [op < 5] M. op + e

In addition, for n > ¢/(dy +1n(1/d)) for some sufficiently large numerical constant ¢/, a suitable
analogue of Eq. (E.22) implies that with an additional probability 1 - 4,

[W lop < Amax (Su) 21552 W o < 20/mAY2.

Hence, for €3 | M. ng +¢e2 < \,, we have that with total probability at least 1 — 55 (including events
from the previous proposition),

I & 76 i i 1
= Z;(M(u( ) 4+ ) -y (D)2 _ SWT(I-Pua)W| s VA (E0) (€31 M. lop +€2).
1= op
O]
To conclude the proof, we bound
LS @ + 50y - y@ye? 5,
niz1
op
13— , . 1
<|[= S (M + 6D —yD)®2 - —WT(] - Py,a)W
nia n op
1
+ Eu} - 7WT(I - PU+A)W (E23)
n

op
The following claim bounds the second term.

Claim E.5. Suppose n > ¢'(dy +1n(1/§)), where ¢’ > 0 is a suitably large numerical constant. For
any upper bound A, > A\pax (2., ), with probability 1 — 24,

<o/ B n(/0)

op n

1
sz AW (- Puaa)W
n

Proof. Define P{j, o := I — Pu+a. Then we have

1 1 - -
[0 WP AW A (Su)In - (W) TRy A (WEL) Lo,
op

)

=M
Now, observe that since Py, o € R™" is a projection matrix with rank n — dy,, and WE;}/ 2
R™*4y | the matrix M = (WE;1/2)TP6+A (WE;1/2) is identical in distribution to GT G, where

G e R("~@u)*dy hag i i.d. unit Gaussian entries. Theorem 5.39 of [41] guarantees that with probability
at least 1 — 24,

V= dy - O(\dy +10(1/5)) < 0min(G) < Omax(G) </ = dy + O(/dy +1n(1/3) ).
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This implies that for n > ¢'(dy + dy + In(1/6)) for some universal constant ¢, we have that
(n - dy) - (’)(\/dy n 1n(1/§))\/n — dy < Amin(M) € Anax (M) < (1 - dy) + O(\/dy + 1n(1/5))\/n —du.
Hence, on this event (and again for n > ¢”’(dy +1n(1/8)) for ¢’ suitably large),
[nI = Mo < du+ O(\/dy + n(1/8) )/n = dy $ \/n(dy +In(1/2)).
as needed. O

In total, combining Claims E.4 and E.5 and Eq. (E.23), we conclude that on the events of the previous
proposition, and with an additional 3¢ failure probability,

N \/)‘maX(Ew)(g?s | M. ng +e2) +

provided that &3 | M, |2, + €2 < Amax(Ew), and n > ¢(dy +In(1/8)) for some universal constant c.

1L &G i i
Sy (T +50) -y -x,
=1

op

Amax (Bw)?(d +1n(1/0))

(E.24)

E.2.13 Proof of Proposition E.5

We observe that since Q* lies in the convex PSD cone, |Q - Q*|r < | (%@T + %@) - Q" |r by the
Pythagorean theorem. In more detail, we have the following result.

Claim E.6. Let A, B e R¥? and let B > 0. Then |A; - B| < |A-B| .

Proof. Let A=A, +A_,sothat A, > 0and A_ <0. Then we have
2 2 2 2 2
| A= Bl =14+ = Bl = [As + A = B = [A+ = Bl = |A-[p + {A-, A, = B).
Now, note that (A_, A, - B) = (-A_, B) >0, since (X,Y") > 0 whenever X,Y > 0. O

Moreover, Q* = (Q*)T, so ||(%Q'T + %Qv) - Q*|r < |@Q - Q*| ¥ by the triangle inequality. Thus, we
conclude

1Q-Q"r < Q- Q" |-
Next, let us introduce v; := vec(g, (y)g.(y)7) € R and ¥; = vee(G(y ) g(y™)T). Let
V e R™4" denote the matrix whose rows are viand V analogouly for v. Then, we have that
vee(Q) = VI Vvec(Q¥)
=V Vvec(Q*) + VI(V = V)vec(Q*)
=vec(Q*) + VI(V = V)vee(Q*),

provided that V is full rank (which we ultimately verify), where we recall that VT = (VTV)~1VT in
this case. Next, we bound

A 1 _
[vee(Q) - vec(Q")|? < ml\(V - V)vec(Q") |3
:;nv (3) VY~ vee(a(v)a (v v 3\ 2
)\min(VTV);( ec(g«(y'") g (y'")") ec(g(y'")a(y'"”)T, vec(Q ))
:;n (%) NT _ A fo (DN Ao (VT Ax)2
Amin(VTV);(g*(y )9 ()T =3y )a(y')T, Q")
:;n (@) ONT _ Ao @Y AoV A*)2
Anﬂn(VT\?);(g*(y )9- (YN =9(y oy, Q")
@ Q5 & DYyg. (v DV — oy Do (y DT
< 219 (v g (v )T =3y )Gy ) e

T (V) S
(b) QHQ*HEP n @) v O O
L —=—=* * . _ 7

ey 4 9 e )T = D)
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where (a) uses Holder’s inequality (|(A, B)| < | Allop | B|muc), and (b) uses that g, (y ) g, (y )" -
g (y(i) ) Q(y(i) )T has rank 2, so its nuclear norm is at most \/2 times its Frobenius norm. Recognizing
Eit1 lge g ()T - g a(y )75 = |V - VI, we obtain
4|V -VIEIQ"[3,
)\min(vTv) .

[vec(Q) - vec(Q™)|? < (E.25)

Next, we give the following bound.

Claim E.7. Suppose that 1)(n,d) < Z—i. Then, with probability 1 - 4§, we have the bound HV—Vng <
|V = V|2 < 8¢, 52, where ¢, 5 = cIn(2n/5).

Proof. To begin, observe that

IV-VIZ, <IV-VI[i

- 3% el (v ). (y)") = vy )ty )

<3 9. () (v ) -3 )aty )
<3 (I ()1 = 19 )2l (5 =y ) 1),

Introduce the event € := max{|g.(y)|?, |§(¥)]?} < cns = cIn(2n/5), and let £ denote the
analogous event for y(V, Let 1) = O™ £ Then £(3) holds with probability at least 1 - §/2,
and on this event the above display is at most

IV = V12, <45 Y HED) 9. (rD) - 5y )

i=1

Next, define the random variable &; := I(£™)|g.(y™) - §(y)|?, and we observe that §; <
4¢1n(2n/8) with probability 1. Thus, by applying Lemma E.1 with ¢ < 4¢, we have that for any
£2 > E[I(E)| g, (yP) = §(y)|?], with probability at least 1 — §/2,

SIED) g (D) - g(y D) | < 2¢%,
=1

as soon as ¥(n,d) < Z—i. In paricular, since [g.(y) - g(y?)|? > 0, it is valid to select £2 >

E[]g. () = g(y)||?]. Hence, for such £2, we conclude that with total probability at least 1 — J,

IV -V|2, <8cpse”.

O
Denote the event of Claim E.7 by £;. Then on &, Eq. (E.25) implies
~ 8¢, 562
N2 < * 12 n,/\ — (E26)
13- @1 <19 s
Next, from Claim E.2, we have that
— 1 sy 1
[V - Vng < ZAmin(VTV) implies  Apin(V'V) > iAmin(VTV).
And thus, on £, we have that
2 Ao 1 - o PP | .
e°< —— < Apin(V'V)  implies  Apin(V'V) 2 = A\ (V'V). (E.27)
32(}”,5 4 4
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Let us now lower bound Ay,in (VTV) with high probability. We observe that Ay (VTV) > g for
some Ao > 0 if and only if

VM eRT: Y (g, (y)g. (v )T, M) 2 N | M,
i=1
if and only if

n

VM e R™4: Z OxOT M2 > \o|| M2, (E.28)

where x() := g, (y®) " A0, %,) by assumption.

Claim E8. Let x(® "% A7(0,%,). Then, for n > cid, the following holds with probability
1—e 2™

VM e R™4: Z:(x(i)x(i)T,ZW)2 >

i=1

Anﬂn(zx)2HA4H%v

N | —

where c¢; is a numerical constant

Proof. Define % := ¥;'/*v()_ Note that £ ~ A’(0, ). From Wainwright [43, Theorem 10.12],
we find that for any o > 0, for all n > c¢;ad, with probability 1 — e “*", the following holds
simultaneously for all matrices M satisfies | M |2, < o| M |3

o 1
(OO, M) > | Mg, (E.29)

s

=1

where || M||yue = Y1ty 0:(M) denotes the matrix nuclear norm. By Cauchy-Schwartz, |M |2, <
d| M |3 for all matrices M € R%*?. This means that we capture all matrices M by setting @ = d, and
thus, for n > ¢1d2, then with probability 1 — e~2", Eq. (E.29) holds for all M € R**? simultaneously.
When this holds, we have that for all such M,

i(x(i)x(i)T’M>2 _ i(i(i)i(i)T7Z}6/2Mz}ﬁ/2> Lz psiregz,

i=1 =1

| =

Moreover, we have that
2P MY F = (S P M e, MTE?)
> Amin (S tr(Z)/ 2 M MTS/?)
= Amin (S e (M0 M) > Ain (S0t (MTM) = Amin (Z2)* | M| 7.
]

Denote the event of Claim E.8 by £>. Then, on &5, we can take \g = %)\min(EI)2 in Eq. (E.28), and
thus on &1, Eq. (E.27) yields that

/\'(2)21 . . ~ o~ )\,(2)2
2 Jmimimr) 2y 1 A (VTV) 5 ZminiZa)”
€= 6dcns 4 o 1mplies ( ) > 5
Thus, by Eq. (E.26), we have that on & n &,
G- Q"2 = Ivee(D) - o> < 4- 166y g% - 1D Ler_
’ Amin(zgy)2

giving us the desired inequality. Since P(&; N &) > 1 -6 — e " for n > c;d?, we have that if
n > c(d? +1n(1/8)) for some universal constant ¢, P(€; N &) > 1 - 24, yielding our desired failure
probability. Recalling that ¢, 5 := ¢In(2/4) concludes. O

F Linear Control Theory

In this section we recall some basic results for the classical LQR problem in the fully observed setting
with known dynamics. The main result for this section is Theorem 7, which bounds the regret of any
policy for the RichLQR in terms of decoding errors. Proofs are deferred to the end of the section.
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F.1 Basic Technical Results

Lemma F.1. Let X be any matrix with p(X) < 1. Then for any Y > 0, there exists a unique solution
P > 0 to the Lyapunov equation

P=X"PX+Y. (F.1)
Moreover, X is (a,7)-strongly stable for o = | P2 || P71/?| oy and 7y = |1 - P72y P71/ ||Z)2
This lemma immediately implies the following strong stability guarantees for the closed-loop and
open-loop dynamics for LQR.
Proposition F.1. A o = A+ BK is (o, Yoo )-strongly stable, where oo := | Polo/QHOpHP;l/QHOp
and Yoo = |1 - PRMPQPRMP | <1
Proposition F.2. If we define ap == |5 [op|£77% [op and v4 = | Ia, — 71| */% < 1, then A is
(4,74 )-strongly stable, where X 4 is the unique solution to the Lyapunov equation

S=AYAT + 1, . (F2)

We also make use of the following bound on the operator norm for the infinite-horizon covariance
matrix.

Proposition F.3. We have [X|,, < [R|,, + HBHip | Poo |

3
op < <203,

op =
F.2 Value Functions

Toward proving our main regret decomposition, in this section we establish some basic technical
results regarding the value functions and Q-functions for the fully observed LQR problem. Our first
result concerns finite-horizon value functions for linear controller.

Lemma F.2. Consider the RichLQR setting (1) under Assumption 1, and consider a state feedback
controller 7k (y) = K f+(y), where f, is the true decoder. Define

T
VE () - EﬂK[Zx;st bl R, | % - ]
s=t

T (E.3)
QfT(x,u) = EWK[Z X.Qxs +uiRug | x4 =,y = u]
s=t
Then we have
T
ot 112
Vir(2) = D[ (A+ BE)*"a| o pye + For (A, B,Q, R, K. 20), )
s=t .

Qlir(w,u) = [2]g + lulf + Vi g (Az + Bu) + Gur (A, B,Q, R K, %,,),

where F.p and Gy.p are functions that depend on the system parameters and time horizon, but not
the state or control inputs.

In light of Lemma F.2, it will be convenient to define

o T
VE (z) = Zt” (A+ BK)S-txH;KTRK, (E5)

which is simply the value function in Eq. (F.4) in the absence of noise. Our next result concerns the
infinite-horizon value functions that arise in the noiseless setting.
Lemma FE.3 ([3]). Consider the optimal infinite horizon controller 7o (z) = Koz, and define
Vool(z) = ||x|\?3w Then V., is the infinite-horizon cost for playing 7., starting from x; = 2 under
the noiseless dynamics

Xyl = AXt + But.

Proposition F.1 and Proposition F.2 are immediate consequences of Lemma F.1, proven in Appendix F.
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Moreover, if we define Qoo (x,u) = HxHQQ + HuHZR + || Az + BuH?Dw, we have

Too (@) = arg min Qo (z, ).
ueRu

Finally, we have

= i((A + BK ) (Q+ KLRK.)(A+BK)"
k=0

The following lemma shows that the infinite-horizon value functions are well-approximated by their
finite-horizon counterparts.

Lemma F.4. For all x € R% and all ¢ < T, we have
[VEr (#) = Ve ()| € O(a2 (1= 72) 1 03) 27D a3

and
Qs (2,4) - Quo (1) £ O(aZ (1=92) W) AT ([} + Jul3).

Lastly, we establish a Lipschitz property for the finite-horizon )-functions.
Lemma F.5. Forall x € R% and u,u’ € R%,

Q27 (20) = QeiF (20| < O - (Jly v Jully v )=

F.3 Perturbation Bound for the Optimal Controller

To analyze the quality of the certainty-equivalent controller used in RichID-CE, we use the following
perturbation bound.

Theorem 6 (Mania et al. [24]). Suppose we have matrices (;f, B , @) for which there exists an
invertible transformation G such that

|Z-cac™|, v|B-cB|, v|Q-cTee™, <

Suppose _that 1Gllop V |G op < Ciim. Let K be the optimal infinite-horizon controller for

(A B.Q, R). Then once € < Cstable * Yoo - Cabdasd(1 = v2) 72U, where cstable is a sufficiently
small numertcal constant,

|E - KuG™H < O(Caad (1-72) 71 0) ¢, (F.6)
and we are guaranteed that A + BE is (0teo, Yoo )-strongly stable, where Yoo = (1 + 700 ) /2.

F.4 Regret Decomposition

The following theorem is the main result from this section, and shows that any policy of the form
7(y1:¢) = K fi(y1+) (in particular, the policy returned by Phase III of RichID-CE), has low regret

whenever K accurately approximates Ko, and f; has low prediction error on the state distribution
induced by 71:4—1.

Theorem 7. Consider a randomized policy of the form T (y1.:) = I?ft(yl:t) + vy, where
E[v: | y1:t] = 0. Suppose we are guaranteed that

|E - Ku,, <ex < [Kul, and Ex|fi(yie) - . (o)) <3 foralt.

Suppose that Hft” < b almost surely, that E|v, H2 < 02, and that IEAthH2 < 2, where b, cy > 1.
Then for any 0 < 7 < T, we have

Jr(7) = Jr (7o) (E7)
<Ch- (E?c +er+02)(T-1)T + Co(ef+ex-ex +0v)T/T + Csexp(—2In(1/ve0 )7)(T - 7)/T,

where C < O(Tici), Cy < O(bYicx(1vay)), and C3 < O(Ozgo\IfZ(ci Vol vib?)).
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F.5 Proofs for Linear Control Theory Results

Proof of Lemma F.1. Existence of a unique solution to the Lyapunov equation is a standard result
[3]. Now, define L = P'/2X P~'/2_ Then the Lyapunov equation (F.1) is equivalent to

L'L+pP2yp12_p

This implies that
HLng = HLTL” < ||I—P 1/2YP 1/2H <1.
op op

-2
Moreover, since L = PY2Y P~1/2, we may take a = | PY/2 | op | P72 op.- O

Proof of Lemma F.2. Since we have perfect decodability, 7 operates directly on the true state, and
so we may overload 7 (z) = Kx. To begin, we observe that if we begin at x; = x and follow 7,
we have

s—1 .
x;=(A+BK)* 'z + Y (A+BK)*" " 'w,.
i=t

It follows that
T s—1 )
Vir(z) =E| Y |(A+BEK)* "z + Y (A+ BK)* " 'w;
s=t

i=t

2
Q+KTRKl

However, since w; are zero-mean and independent, we can expand the norm and cancel the cross
terms, which allows us to write this as

T
VE ()= YA+ BK)S-%H;KTRK + Fur(A,B,Q, R, K, %y). (F.8)
s=t

The expression for foT immediately follows, since we have
Qif7(@,0) = Bny| 2l + [ulf + Veerr (Az + Bu+ wy) |

The fact that VX | . is quadratic and w; is zero-mean again allows us to factor out the noise.
O

Proof of Lemma F4. Since VE. =VE_ we focus on the case t = 1 without loss of generality.
Observe that we have

Vi (2) = ];)H(A + BEK )" z, I;)((A + BKoo) ) (Q+ KLRK.)(A+ BK@%).

2
m”Q+K; RKe

Using the expression for P, from Lemma F.3, it follows that

— Koo
Vi (2) - Voo (@)| < 213 -

S (A + BK))H(Q+ KLRE)(A+ BK.)"
k=T

op

2 - 2
<laly 202 2 [(A+ BEL)"|
k=T
Now, using Proposition F.1, we are guaranteed that || (A+ BK)k Hop < ooy, s0 we have

S A+ BEHE <aZ 342 = aZn 2 (1-92)
k=T k=T

This is establishes the bound on the error to V.. The error bound for the (Q-functions follows
immediately, since

‘Qt[{; (z,u) - Qoo (, u)‘ = ‘VﬁT:T(A:L’ + Bu) - Vo (Ax + Bu)‘
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Proof of Lemma F.5. We first compute that for any z, 2/,

T
<2(|z]l v [2"[5) 2 = 2"l || 2 ((A+ BKw)T)* ™ (Q + Ky RE oo ) (A + BK oo )™
s=t

— Koo —Ko
|Vt+1:T(x) - Vt+1:T($,)

op

i((A +BKo) ) (Q+ KLRKo)(A+ BKo)*™"

s=0

<2(faly v 2" ly) 2 = 271,

op
=2(Jz[, v 2" [) |2 = 2" || Poo -

As a consequence, for all z and u,u’, we have

— Ko — Koo 2 2 — Ko — Ko
Qur (2,u) = Quir” (.| < [Julf - |/ [3] + |Viste (Az + Bu) - VT (Ax + Bu)

—Ke <Ko
<20, (Jully v ') =’y + |Vt+1:T(A'T +Bu) =V, 1y (Az + Bu')
<2, (Jully v [u'll) [u =l + 2 Poo|| (| Az + Bull, v | Az + Bu'[,) [ B(u - u") |,

<O(®Y) - (laly v Jully v u'ly)w =,

O

Proof of Theorem 6. We first consider the case where G is the identity matrix. We apply Proposition
2 of [24], which implies that'®

[P~ P, < O(a2(1-72)09) <,

aslongas e < c- (1-92)%a 2, where c s a sufficiently small numerical constant. Proposition
1 of [24] now implies that

|K - Koo, < O(aZ(1-72)7100) <.
The strong stability result follows by observing that
|PL2(A+ BR)PG?| < |PY*(A+ BKW)PI?|  +|PY?B(K - Kuo) P2
op op op

< Yoo + o W | K~ Koo .

In the general case, we apply the reasoning above with A’ = BAG™, B’ =GB, and Q' = G"TQG™!,
and R, and observe that the optimal controller for this system is K.,G~'. The same perturbation
bound holds, but with ¥, scaled up by at most C2_ and cv, scaled up by at most Cs;y,.

O
Proof of Theorem 7. Before beginning the proof, we collect some helpful norm bounds. We have:
Er x5 < 2, (F.9)
RN 2 _
Ex |7 (ye) 5 < Bz | K fi(y1)|, + 03 < 42975° + 03, (F.10)
x 2 2 2
Ezlm () < [ Kool Erlxel < Wiek, (F.11)

where (F.10) follows because | K | op < 2| Koo | op> sO that Hf?f(ylt)” <2| Ko Hopl_) < 20, b almost
surely.

As a first-step, using the standard performance difference lemma [17], we have

T
Tr(F) = Jr(m) = Ba| 3 QI (x0, 7 (y1)) - QIS (et s (30) |,
t=1

where we have used Assumption 1, which implies that the Q-functions for 7., have the form in
Eq. (F.4).

'9To apply the proposition as stated in their paper, we use that P(Acl,00) < Yoo by Gelfand’s formula, and that
their parameter 7( Ac1,c0, Yoo ) is bounded by e
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Let Ty = T — 7. We handle the timesteps before and after T separately. For the first case, where
t < 7, we apply Lemma F.4, which implies that

To
E'ﬁ[; Qf; (Xtaﬁ(yl:t)) - Qf{f‘o (Xt,Wm(yt))]
To
< E'ﬁ[; Qoe(xt;?(}ﬁ:t)) - Qoo(Xtaﬂ-oo(yt))]

Ty
_ — 2 P 2 * 2
+O(aZ(1-72)7100) - 72T (Erlxels + EIF (i) |5 + Bl (y1:0) [5)
t=1
We simplify the error term above to
V(T -7)-O(a2,¥l(c2 v ol vb®)).
To handle the summands, we observe that since oo (y:) = arg min,, ga, Qoo (X, 1), and since Qoo
is a strongly convex quadratic with Hessian P., + BT P, B = X, the first-order conditions for

optimality imply that
Qoo (%1, F(Y1:)) = Qoo (X, Moo (1)) = [F(¥1:) = oo (1) |55,
Thus, since |2 |, < 2% (Proposition E.3), we have
To To 9
Ez| Y Qoo (X6, F(Y1:t)) = Qoo (Xt Moo (¥¢)) | < 202 Y Bz |7 (y1:) — 7" (ve) [5-
t=1 t=1
Now, for each ¢, we have
— * 2 > 7 2
Ex|7(y1e) - 7" (ye)ll5 :]E’ﬁ“Kft(YLt) +vy — Koo fa (Yt)”Q
— 2
< Bz | K fi(yre) - Koo fu(ye)[, + 03
—~ —~ 2 = 2
2Bz | K fi(yie) - Kfo(yo)|, + 2E=|(K - Koo) fo(ye) |, + 205
. 2 = 2

<8UIEx| fi(y1e) = fo(yo) [, + 244 K - Koo + 203
<8U2e} + 24ckel + 2073, (F.11)

Collecting terms, this gives a coarse bound of

To
Eﬁ[z Qoo (X1, (y1:1)) - Qoo(xmoo(yt))] <OV (T - 7)(ef + ek +03))-
t=1

‘We now bound the terms after time 7. Using Lemma F.5, we have

T
]E%‘I: > QfF (%6, T(y1:4)) = QfTw (Xt,Woo(Yt))]

t=To

T
< O(Wf)Eﬁ[ > Uxelly + [T (yr) | + I7oo (ye) ) IR (y:e) = M(%)Iz]

t=

<OV Ex

t

s =

(Il + Vel )7 (yie) —ﬁoo(Yt)llz]

0

co@ut) S (wﬁﬁuxtui VEWEVERR 1) - 7 (370

t=T0
T4 T 2
<O (ex+ ) 3 VEr[F(y1a) = men (v)13
t:To
<O (cx +0y)(Vscs + CxEr +0vy) - T)
<OMP cx(1voy)(ef +exex +0ov) - T),
where the second-to-last inequality uses Eq. (F.11).
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G Proofs for RichID Phase I and 11

The section is organized as follows.

* Appendix G.1 contains preliminaries. Appendix G.1.1 establishes the relevant Gaussian
marginals and conditionals, Appendix G.1.2 specifies the burn-in parameter ~¢, and Ap-
pendix G.1.3 addresses relevant properties of the function class 7.

* Appendix G.2 provides proofs for Phase I, in particular Theorem 2 and its more granular
statement, Theorem 2a.

» Appendix G.3 provides proofs for Phase II, including Theorem 3/Theorem 3a.

G.1 Preliminaries

Recall that in the identification phase, for each ¢ > 0, we take u; ~ A (0, I, ). We recall that the

controllability matrices are given by Cy, = [A¥"1B| ... | B], and define the following matrices:
k-1
Shia = AFSo(AM)T + 37 (A%) (S, + BBT)(A%)". (G.1)
s5=0
Soosid = . (A°) (S + BBT)(A®)T. (G.2)
s=0

We also recall the definition of k¢ and k1:

1 8407 ot dy In(1000m;
Ko _[ m( O I ”d))]- (G3)
L= (=)
K1 = Kg + K. G4
Finally, we define
vi=(u),...,up, )" e R
and we recall the definition of the function class used in the regression problem for Phase I:
Ha={MFC)| fe F, MeRM 5[ M], < /0., }, (G.5)

which corresponds to choosing riq = /..

G.1.1 Marginals and Conditions

To compute the Bayes regression function for Phase I we use the following results, which are readily
verified.

Fact G.1 (Marginals for Phase I). Fix &, k¢ and define. k1 := kg + k. Then v,x,, are jointly
Gaussian are jointly gaussian and mean zero. Moreover, x,;, ~ N (0,3, ia), v ~ N(0, I1q, ), and
E[vx;]=C].

Fact G.2 (Gaussian Expectation). Let (U, X) be jointly Gaussian random variables with distribution

(U, X) ~N(o,[EUU ZUX]).

Yxu Yxx

Then we have E[U | X = z] = Syx Xy .

G.1.2 Selecting the Burn-In Time

Lemma G.1. Fix an integer n;q € N. Then as long as k¢ satisfies Eq. (G.3), we have that for any
k,k" > kg (including k = o0), the following properties hold.

1. The following bounds hold with respect to the PSD ordering:

11 11
< Ygid < TOZ* < —\Ilfozz(l —’y*)_l -1

Zy,
10 5
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2. Fix € > 0. For any hy, ho € 74 with E|h1(y%) — ha(yr)|? < €2, we have
E[[h1(yir) = ha(yw)|? < 2max{e®, W, L? /niq}.

3. The controllability matrices satisfy the following bounds:

Tw-1/2 5(1-74)
1/\Umin(ck2k/7id) 2de(ck)\‘ W, (G.6)

y 21 =704, (Ck)
119202

and

1A 0min (CL, 1/2) Tmnin (Ziy 1/2

(G.7)

4. ||C,:E;,1yid||0p <+/¥,, provided k >k’ (but in fact, not requiring k > xo).

Proof. Our proof starts with the following claim, which shows that the covariance matrices for k and
k' are very close under the conditions of the lemma.

-17,2 .2
Claim G.1. Fix € € (0,1/2). For all k, k" > ﬁ In % we have that
1/2 -1/2 1/2 - 1/2
max{|] - Zk lé Ekﬂidzk’i{i lop, 11 = Ek{idzk}7id2k{id|‘0p} <€

Proof of Claim G.1. Since ¥, iq = Xy = \II‘II by definition, we have that
-1/2 ~1/2 -1/2 _1/2
17 = S5 S a5 Lo = 50 (Bia = B i) D17
<S55l k ia = Shall € Yo | Sarsa = Sieial-
By the same token,
1/2 < 1/2
|- Ek{idzk},idzk{iduop <e
= (-l <25l sl <L+ o)l

k,id kid =
— (1- E)Z;}id < 22'1,1(1 <(1+ e)Z;Jd (conjugation)
= (1+6) 'Sria<Swia =< (1-€) "' Spia (inversion)
= 1+ T o < o

= |I- E;l(fzk’ 1d2k id Zllop <max{l-(1+e)7L (1-¢)" -1}.

In particular, for € < 1/2, |1 - 2,2 531 52 op < e as long as |1 - 3PS5 1%, Y op < 2e.
Combining with the above,
max( |1 - 22 ldzgiifnop, 17 =555 S 10 op} < € (G8)

if | S0 — Zw i

Next, for any k, k', using strong stability implies
max{k,k"}

> (ADB,(A)T

i=min{k,k’}+1

1Z5ia = Swiallop < [AF(S0) (AF)T = A¥ (S0) (AF) op +

. , max{k,k"}
<, a? QVEmln{k’k by Z 728
i=min{k,k’}+1

op

3\11*04375 min{k,k’}

1-7,
Hence, for a given € > 0, we have

1 3¢ 1, o2
|Sk.id = Sad]lop < € for min{k, &'} > In 25 —+%x
) ) 1 _ ’7* 1 _ ly*
The bound now follows by combining with Eq. (G.8), and shrinking € by a factor of 2. O
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Next, we require a basic operator norm bound for X iq.

Claim G.2. [Xe idfop <2922 (1 -7.)7L

Proof of Claim G.2. |Zecidlop = | Zi”o(Ai)(Ew + BB)(A) [op < (HEw”op +
|B|? o) Tizo [ A H We can bound (|Xop + | B2 o) < 20?2 and HAngp < o242 so that
sz,ldnwsz@*m Zzzo% <Plai(1-7.)7" O

We now proceed with the proof of the lemma. We prove points 1 through 4 in order.

1. We have that %Zw,id < Ykid < %Em,id if and only HI—Z;}/;Z;C’MZ;%EH < 1/10. Hence,
the bounds hold by selecting k < oo, k' < k, and invoking Claim G.1 for our choice of xg.

Moreover, by Claim G.2, Yo jq < 21W2a?(1 - v,) !, yielding the last inequality.

2. For point 2, every h € J#q satisfies |h(y)| < LW, max{1,|f.(y)|}; see the def-
inition of the class %%y in Eq. (G.5). Hence, given two elements h,h’ € %3 with
By, -A(0,5% 1) [1(y%) = B’ (y&) | < €%, Lemma E.3 ensures that

By, N 0.5 ) IM(Ykr) = B (yrr) | < 2max{e®, U, L [nia},
1
ided that |1 - 22 51 w12 .
provided that 11 = 255 10 o < 14dy In(80en;q (1 + [Shidop))

Using that W, a, > 1 and the previous bound, (1 + [Sgiafop) < ZV2aZ(1-7.)™", we
have that as long as

1
[-x2s 1 w2y <
1= 2iaEk iaialo < 14dy In(16 - 22en;q P20 (1 -v,)71)’

we obtain the desired inequality: Ey nvos, Dlh(yre) — B(yw)| <

(G.9)

2max{e?, ¥, L?/niq}. Finally to obtain the guarantee in Eq. (G.9), we require
61403, dy In(16 - 22en;q V202 (1 - v,)™)) )
11—y, ’

1
min{k, k'} > ln(
11—,

Simplifying constants, a sufficient condition is that
1 i 8403 a2d, In(1000n;q¥2a2(1 - v,)™1)
n .
1-7, 1-7,

Finally, since In(zy) = In(z) + In(y) < yIn(z) for x > e and y > 1, we can further simplify
to the sufficient condition

min{k, k'} >

1 402 ot dy In(1000m;
min{k, k'} > 1 1 (8 2 o In( OOOnld)) = K.

— (1-7)?
which is precisely the condition in Eq. (G.3).

3. For the third point, we start with 1

-1/2 1 5(1-7)
S NS OO Tz @10

To prove the first point of Eq. (G.7), we bound

5(1-7)
1102a2’
where we use the first point of the lemma in the last step (Eq. (G.10)). To see that this lower
bound (the RHS of Eq. (G.11)) is less than 1 (acounting for the A1 in the LHS of Eq. (G.7)),

we observe ¥y jq = CxC], for k' > k, and thus o4, (C}, k,lﬁ) <1.

adx(C,I K 1d) 204, (Ck)/\mm(Ek, 1d)>0'd (Ck) (G.11)

Proving the second part of Eq. (G.7) follows by combining Egs. (G.10) and (G.11).
The resultant lower bound is also less than 1, since the (RHS of Eq. (G.10)) < 1, and

o4, (C] Zk,lﬁ) <1 as well.
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4. Finally, [C7Sihqlop < 1CT (S0 D) lop S0 3 lop-  Since Spsa = CiC] for k' > &,

HC,:(Z;}@)HOP < 1. Moreover, since Sy i > 3y, > U1, HE;}{EHOP <\V/V,, as needed.

O

G.1.3 Properties of the Class /74
Lemma G.2. Let kg satisfy Eq. (G.3), and define
12020302

G.12
1= ( )

Cconc,id *=
Then, for all k£ > kg:

\h(yr)|? < L2V, max{1, | f.(yx)|*}, and both are (dx - Cconc,id )-concentrated.

1. mMaXhesq

2. For any matrix V' with |[V|op < 1 (e.g., any V with orthonormal columns) and any
h,h' € 74, the random variable |V h(y})||? is (dxCeonc.ia) concentrated, and |V " h(yy) -
VTR (yi)|? is (4dxCeonc,id )-concentrated.

Proof. Let us first reason about the concentration of |f,(yx)|?. Under perfect decodability,
I f+(yi)|? = |xx|? which is 5tr(Xia) < 5dx| Xk id]op-concentrated by Lemma E.2. Moreover,
from Lemma G.1, we have that 5dx | X id[op < 119202 (1 —7,)7 .

To finish proving the first point, observe that that maxpe s, |h(y)[? < LW, max{1, | f.(y)]*}
(Eq. (G.5)). From Lemma E.1, we recall that if a random variable z is c-concentrated, then o(z + 3)
is a(c+ /) concentrated for 3, a > 0. Hence, maxpe ., |h(y)|?is L2V, (1+11d, U202 (1-v,)71) <
dy - 12L2W302 (1 -7, )7t = dxCoonc,ia-concentrated, as needed.

The proof of the second point is analogous. First, we note that for |V |op < 1, [V h(yi)|? <
|h(yx)|? and |V (h(yx) - B (y&))|? < 4LV, max{1, | f.(y)|?}. Combined with the concentra-
tion result for | f, ()| above, this yields the result. O

Lemma G.3. Let kg satisfy Eq. (G.3), let x € N, and define x; := k¢ + k. Then for all x € R% and
y esuppq(- | ) we have:

Elv|ye =y]= C; ;},idx = h*7id(y),
and h*,id € ,%’fd.

Proof. Since v - X,;, >y, forms a Markov chain, and x,;, = f,(y, ) almost surely, we have that
(V, Xy, Yr, ) 18 decodable in the sense of Definition 4. Thus, by Lemma E.4, E[v | y., = y] = E[v |
X, = f«(y)]. By Fact G.1, (v,x,, ) are jointly Gaussian and mean zero, and E[x,, x| ] = X, i
and E[vx] ] =Cl. Thus, E[v | x,, = 2] = CI¥! ;2 (Fact G.2), giving that E[v | y,, = y] =
CIZ 10 Fa(y) = hesa(y). as needed.

To see that h, iq € 74, we observe that h, g = M f, for M = C;Z;}’id. By Lemma G.1 part 4, we
have | M |op < U2 Thus, from the definition of /%, in Eq. (G.5) and the fact that f, € & by the
realizability assumption, we conclude that h, ;q € 4. O]

G.2 Proof of Decoder Recovery (Theorem 2)

We first state the full version of Theorem 2, which asserts that Phase I recovers a decoder that
accurately predicts the state under Gaussian roll-in, up to a well-conditioned similarity transformation.

Theorem 2a. For a universal constant ¢iq.1 > 8, define

IHQ(%)(duK + dxcconc,id)(ln |ﬂ| + dudxli)

Nid

€ = Gid1 (G.13)
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and assume that niq is sufficiently large such that
1- «)O0dy C 2
€id,h\/ dxcconc,id < ( ;/1242\1]2( K) .

2
Then, with probability at least 1 — 36, there exists an invertible matrix Siq € R satisfying

Umin(cn,)(l - rY*)
4022

1A Unlin(Sid) 2 Omin,id *= y and 1v HSid HOP < Omax,id = \/\I]*a

such that the function f. ;a(y) = Sia f+(y) and the learned decoder fia satisfy

E| feia(¥ea) = fia(@e)I? < €l -

In particular, for
nia = Oy (dxduk(In | F| + dudxr)),

we have that

) duk(In]|Z] + dydyr) In? (%)
]E|f*,id(ym)_fid(ynl)|2SO*( ( | | : ’

Nid

Proof. The proof of this theorem follows from two propositions which we establish in the sequel.

The first, Proposition G.1, demonstrates that the learned function h;q satisfies the following bound
with probability 1 — 3§/2:

Eym [HiLid(y’il) - h*,id (yﬁl )H2] < 8izd,hm

where h, ;4 (y) := C;E;iidf* (). Now recall that the function fiq(y) is constructed as Vigh*,id(y),

where Viq has orthonormal columns. Defining Siq = XZSC;E;}’M, we see that Vigh*,id(y) =

Siaf«(y) = fx,ia(y). Thus, since Viq has operator norm 1,

Ey,, [1fia(yi) = Feiae)I?] = By, IVa(ua(ye,) = heia(ye )]
< Ey»@l [thd (ym) - h*,id(ylﬂ ) HQ] < Ei2d,h‘
To conclude, the norm bounds for the matrix Siq are provided by Proposition G.2, which hold with

probability at least 1 — . O

G.2.1 Prediction Error Guarantee for /g

Proposition G.1. Let (yfj}, v())"d be ag described in Algorithm 3 and Section 2.1, and let
~ nid . .
hiq € argmin ) Hh(y,(fl)) -v@ 2
hedy =1
Then there is a universal constant ¢iq,; > 8 such that with probability at least 1 — %5, we have

Nid
)

. In?("2 ) dyrk(In | Z| + dudyxk)
By, Uhia(ys,) = asa(ye)|*] < el < 0*( :

Nid
We let £iq,1, denote the event that this inequality holds.

Proof. From Lemma G.3, we have E[v | y., = y] = Ay ia(y), 80 h. ia € #Gq4. To prove the result,
we simply apply our general-purpose error bound for least-square regression, Corollary E.1, with
Y =¥x,, u=v, and e = 0. We verify that each precondition for the proposition holds.

* Structure of function class. % is finite, and by Assumption 5, |f(y)| <
Lmax{1l, | f«(y)||}. Moreover, 74 := {M - f : | M| < /¥, f € F}.
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+ Concentration Property. By Lemma G.2, defining ¢(y) := L?¥, max{1, | f.(y)]*} we
see that ¢ (yx, ) i dxCconc,ia-concentrated. Moreover, since v ~ N (0, I4, ), we have that
|v||? is 5dyur-concentrated by Lemma E.2. Hence, ¢ = 5dyk + dxCeonc.id is a valid choice
for the concentration constant ¢ in Proposition E.1.

Thus, Corollary E.1 with ¢ $ duk + dxCconc,ia implies that

R In?( ™9 ) (dyk + dyCeone,ia) (In |.Z| + dudyk)
Ey'ﬂ [thd (ym) - h*,id(ylﬂ ) Hz] N 2 N

o ( In* (™9 (dut + dy) (In | F| + dudr) )

Nid

o ( In*(%9)dyk(In || + dudxk) )

Nid
where the last simplification uses that controllability requires dyx > dx. O

G.2.2 Dimension Reduction

Proposition G.2. Suppose that kg satisfies Eq. (G.3). Let Viq € R*®*% be an eigenbasis for the top
dy eigenvalues of A,,, where we define

1
Rpi==
TL

HM3

hia(y ) hia ()"

Further, let Siq = VTCTZ 1

K1,l

i € R Then if

. (=704, (Cr)?
dx Cconc,1 1 == ) G.14
V/ @xCoonc,id€id,h < 10202 (G.14)
we have that with probability at least 1 — §, an event Eig pca 0occurs such that on &iq ;N Eid peas

Jmin(cn)(l —7x)
4022 ’

LA omin(Sid) 2 Omin,id = and 1V | Sidlop € Tmax,id == V Ux-

Proof. Introduce A, := C;X;! (CT, and let Viq € R"%*% be an eigenbasis for its dy non-zero
eigenvectors. From Lemma G.3 and Fact G.1, we have

E[h’*,id(yﬂ1)h*7id(yﬁ1) ] ¢ E;1,1dIE|: *(yfﬁ)f*(yfﬁ)T] ml,ldCT
= Co X Bl X0, 120 1dCn

N1

- C 2_1 1dEI€1,1dZ,{1 ldCT C Z"Gl 1dCT = A

We apply Proposition E.2 and Corollary E.3, with A, and A, as above. To apply this proposition,
first obsefve that | hia(¥e, )|? is ¢ = dxCeonc,ia-concentrated by Lemma G.2. Morever, on Eq 5, we
have E[[| hia (¥, ) = haeia(¥i)|? < s?dﬁ. Thus, the term €p,a n,s in Proposition E.2, specializes to
1n(2/{d Nid/9) 3/2,

By the fact that njq > rd,, (it can be verified that this is required to ensure the upper bound on €iq p,),

we can bound 1o
- 3/2 VP —
dxcconc,idnid 1n(2"<5dunid/5) / < dxcconc,idgid,ha
where €iq,, is as in Proposition G.1. Hence, we can bound

€id,pca ‘= 3\/d xCconc,id€id,h + 5d Cconc 1dn1d

-1/2 3/2
€id,pca = 3 dchonc,id‘sid,h + 5dxcconc,idnid 1n(2ﬁdunid/5) / <8 dxcconc,idgid,h~

Thus, if we denote the event above by g pca, We that have on Eig n, N Eid peas

1Vid (R = M) Vidllop = [ K = As op < 8v/dxCeonc,ia€id, -
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5(1_7*)011;( (CN)Z

From the fourth point of Lemma G.1, we have that Api, (A ) > TTa?ez

ensures that under the g, N £ig,pea, We have

. Hence, Corollary E.3

\V]

Umln( dVd) > o (GIS)

as long as

(1-7)04,(Ce)? _ 1 5(1-7.)0a,(Cx)”
dx conc,id<i < > < . > )
V @xCeone,idCid,h 710202 48 a2 W2

which is precisely the condition Eq. (G.14) required by the theorem. To conclude, let us bound the
singular values of Siq := VTCTE ! Lid under the assumption that the bound above holds. Since Vld
has orthonormal columns, have that

|Siall < 1CE %51 all < VW (Lemma G.1)
On the other hand, we can lower bound
Famin (Sid) = Onin (VACIERL 0) 2 Omin (VaCIE 2 ) i (5,1 5), (G.16)

where we have used that ¥ 1/ > q and VTC; Hl/l q are square. We now prove the following claim,
which is also reused in a number of subsequent proofs.

Claim G.3. On &g, N &id,pea, We have

_1 2 —1 2
Umm(v;g K /1d) 2 a X(C m,/id)'

-1/2
Iil,id

Proof of Claim G.3. Since Viq is an eigenbasis for CI¥ 7 Cs, we have that CI¥
ViaVihCers 2 and o (VICISE) = 04, (CIS2). Thus,

K1,id?

Omin (ECIS0) = Gumin (VI VAVICLS ;”ii

2 Jmin(‘/id‘/vid)o—min( id ;1/12(1)
P )
> Somin(ViICL S5, (by Eq. (G.15))

where the first inequality uses that o (XY) 2 0pmin (X)0min (Y) for X, Y € R%*x_ Again, since

1/2
Viq is an eigenbasis for the non-zero eigenvalues of C TEK / > We have

Umln( dCT _1/'2 ) = 0dy (Cf:z_l/'z )

K1,id K1,id

Combining the above claim with Eq. (G.16), we have

2 _ _
O'min(sid) 2 go'min(c,zE 1/2 )G"min(E 1/2)

K1,id K1,id
5'20min(cn)(1_’)’*) .
2 1130202 (Eq. (G.7) in Lemma G.1)
N O-min(cli)(l - 'Y*)
N 49202 ’
as needed. 0
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G.3 Estimating Costs and Dynamics (Theorem 3)

To begin this section, we state the full version of Theorem 3, which shows that Phase II (Algo-
rithm 4) accurately recovers the system matrices, noise covariance, and state cost up to a similarity
transformation.

Theorem 3a. For a possibly inflated numerical constant ¢iq,1 in Eq. (G.13), suppose €iq., satisfies
g4, (Cx)*(1 =74)?
id,nVIn(2n4q/d) < —= X
sV In2niaf0) < Lo Te s,
Then, with probability at least 1 — 116 over both Phase I and Phase 11, the following bounds hold:

049 ‘I’Z \/Cconc,iddx ln(nid/(s)

(1 =794)30min(C)* ’

\IIZ/Qa?’

UIIliIl(C )2(1 - 7*)3/2 ’

\1'3/20/l

Umin(cn)(l - 'V*)'

|1Qia — Qidllop S €ian -

|[Aia; Bia] - [Aia; Bia]llop $ &id.h -

”iw,id - Ew,id”op S €id,h

In particular, for
Nig = Q*(diduﬁ(ln | F| + dudxk) rnax{l,Umin(C,.g)_‘l})7
we have that
|Qia = Qiallop v [[Aia; Bial = [Aia; Bialop V |Zw,ia = Zwiallop
< O, (niy"? - (W] 7] + dudscr) In(nia/6)")

G.3.1 Preliminaries for Theorem 3

Before proceeding with the proof of Theorem 3, we recall some notation. First, following Ap-
pendix G.3, we let
gid,h and gid7pca

denote the events from Proposition G.1 and Proposition G.2, respectively. Next, we introduce some
functions used throughout the proof and prove some basic facts about them.

Definition 6. Recall that Siq := ‘ZQC;Z;}’M (Proposition G.2). Define functions f id, fid, erry g
Y - R% vig:
fia = Viihia, feia=Siafe, errpia= fia = feia.

Lemma G.4. Let x satisfy the conditions of Lemma G.1. Then, under the good event &g, N €id,peas

—_

. EHeI‘rﬁid(y,ﬂ )H2 < EiQd,h‘

2. Forany k > kq (in particular, for k = r1 + 1), Ellerrpia(ye )| < 27, ),

3. For any k > #; (in particular, for k € {s1,r; + 1}), max{| fia(yx)|, | fia(yx)|?} is
dxCeonc,ia-concentrated, and [erryiq(yx) |2 is 4dx Coone,ia-concentrated.

4. We have that f, ;q(y«, ) = SiaXx, is zero-mean Gaussian, with

04, (Cr)*(1 - )
E[.f*,id(ym)f*,id(yﬁl)T] = Sid(E[Xﬁlle]) 1-[11 =1 : 10\I/%C¥% '

Proof. For point 1, we have that f, jq := Siaf« = VTCTE ! Liafe = Vi I« ia. Hence,

— ()
Elerrsia(ye)l? = E|Vii (hia - md)H2 Ethd- hoial® < iy
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where inequality (i) uses that ;4 has orthonormal columns, and inequality (i) uses the definition of
&ia,n (Proposition G.1). Points 2 and 3 follow from Lemma G.1 and Lemma G.2, respectively.

Finally, for point 4, we use that Siq = VTCTZ 1 ! q to write

E[fuia (%0, ) foia (%) ] = SB[, %1, 1S5y
= Sida(Zk, i) Shy
= VTCTZ_1 1aSk1,id S 1aCr Via
- TICrs WCu .

Hence,
AT
)\min(SidE[XmX;l]Sde) > Omin(Vi4 lil/ld)z
4 _
> §amm(cgznj{fd)2 (Claim G.3)
4 K 2 1- *
> —- 504, (Cx)"(1=7.) (Lemma G.1)
9 1192a2
L 0 (C)* (=)
- 100202 ’
as needed. O]

G.3.2 Estimation of A;q, Biq, and X, jq

We first show that Phase II recovers the system matrices and system noise covariance.

Proposition G.3. Define

Y - nid . i R ; ;
(Aia, Biq) € argmin > Hfid(}’,(ﬁ)ﬂ) - Afua(y$)) - Bul)|?,
A,B) Thid j=2n4+1

= 1
Yw,id =

Z (fld(ynl+1) Aldfld(y ) Bldu )®2

Nid j=2n; ia+1

Further, define the matrices A;q := SidASld , Biq = SiaB, and X, iq = SiaXwS;y. Suppose €iq,p,
satisfies Eq. (G.14) (which is the preqrequisite of &g pca of Proposition G.2), and n > ¢o(dx+1n(1/9))
for some universal constant cy. Then on Eig pca N Eiq, 1, the following event, designated &iq 15, holds
with probability 1 - 74:
\I/Z/ 2043
HOP ~ 2 3/2 ld hy
Omin(Cr )2 (1= 74) /

Wo/2 4
* a*

Omin (CR ) ( 1- Y

|[Aia; Bia] — [Aiq; Bia]

1S wid = Zwidllop S )Eid,h-

Proof. We cast the regressions above as an instance of error-in-variable regression, then apply our

general guarantees for this problem (Propositions E.3 and E.4). We restate the guarantees here:

Proposition E.3 (Linear regression with errors in variables). Let (u,y,w,e,d) be a collection of
random variables defined over a shared probability space, and let {(u(i) ,yOw® @ § (Z))}::l be
i.i.d. copies. Suppose the following conditions hold:

1. y = M,u+w + e with probability 1, where M, e Rd*du,
2. w|uw,d~N(0,%,)and u~N(0,%,).

3. Wehave E|le|? <eZ and E[§]? < 2.
4

. eis ce-concentrated and 4§ is cg-concentrated for ¢ > Eg and c5 > sg.
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5. €3 < i (Sw).

Let 6 < 1/e, and let n € N satisfy

1. (n,8) < mln{——i} where ¢ (n, §) = ZREn/) InC/5)

2. n2c1(dy +1n(1/9)), for some universal constant ¢; > 0.
Then the solution to the least squares problem
= minS @) 4 5Dy _ ()2
M I%ngl\M(u +6) -y,

satisfies the following inequality with probability at least 1 — 44:

[Zwlop(dy +du +1n(1/9)) ) : (E.2)
n

I = M2, $ Amin(Za) ™ (IM* lopes +ea+

op ~

Proposition E.4. Consider the setting of Proposition E.3, and suppose we additionally require that
n > co(dy +1n(1/0)) for some (possibly inflated) universal constant cy. Furthermore, suppose we
have &3 | M., |2, + €2 < 2\, for some A, > Amax(Ew). Then, with probability at least 1 - 74, (E.2)
holds, and moreover

A2(d, +In(1 )
5\/)‘+(5<2S|M*|gp+53)++(yn(/)'

1 & 7 G i i
‘nZ<M<u<>+6<>>—y<>)®2—zw
=1

op

To distinguish between our present notation and the notation of these propositions, we mark the terms
to which we apply the proposition with a tilde. Define

= fid (y,(;l)ﬂ )

y

5= errra(y D ) = (fora - Fu)(y
e: errf71d(ym+1) (f*,ld fld)(YI{1+1)7
d:= [—errf,id(YM)T5OIlu]T’

a:= [f*,id(yﬁl)T; ull]T’

W= —SidWm’
dg = dx7
dg = dx + dy,
M :=[Aiq; Bia)-

To proceed, we verify that this correspondence satisfies the conditions of the propositions above.

Claim G.4. It holds that MG =y + & + W and

[Aia; Bua] € argmin " |79 - m(a® + 5|2,
M

=1

Proof. Observe that we have the dynamics
Ay, + Buy, =Xy 41 — Wy
and
Af*(ylil) + Buy, = f*(ym1+1) — Wiy -
Thus, recalling that f, ;q(y) = Siaf«(y), we have
SiaASH fria(Yiy) + SiaBuy, = faia(Yers1) = SiaWi, -
In our new notation, this implies that
[Aig; Bia]u = fija(Yi,+1) + W.
Finally, writing f, ia(yx,) = ¥ + € yields the first part of the claim. The second part follows from
similar manipulations. O
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Next, we check the Gaussianity and covariance properties of i, w.

Claim G.5. The following properties hold:

« W, 1, and d are mutually independent.

e W~N(0,2a), where Apax (X ia) < 1.

e U 0, (Co)>(1=7v)
u NN(O,E&), where )\min(zﬁ) > W

Proof of Claim G.5. The first point of the claim follows because W is determined by w,,, and 1 and
é are determined by y,, and u,,, respectively.

For the second claim, we have that w = —S;qw. Since ]E[WWT] =Y., ]E[VVVTIT] = SiaXw Sy
Recalling that Siq = V;;C;Z;iid for some orthonormal Viq, we find that

Amax(sidEwSiL) < Amax(czzgi,jdzwxgiidcﬁ)
2
2 (€S B 2) < (e (CI8 2 (5,25 1))

= Omax K K1,id K1,id T w
. . T T-1/2 -1/2 «1/2
Since ¥y, id = X, and since X, ;4 = C..C,., we have that amax(CﬁZm1 ) crmax(ENl 2w ) <1,
and we conclude that A\yax (SiaXw ;) < 1 as needed.
For the second-to-last claim, we have

- [f*,id(yM):I _ [Sidxm] _

a
u,, uy,
Since x,,, 1 u,,, we have that
Tay (C)*(1-72)
E[ﬁﬁT] _ SidE[XMX;l]Sde 0, |- d LS )
0 1 0 Il

where the last inequality uses part 4 of Lemma G.4. One can verify that the lower bound on the upper
left block is less than 1. Thus,

.. 04, (Co)*(1-7)
Amin (]E[uuT]) > 100202 }

Lastly, we check the relevant concentration properties for the errors € and J.

Claim G.6. The following bounds hold:

* & and & are both ¢y := 4cconc ja-concentrated, and satisfy B8 v E&|? < 2¢2, |, =: ..

21n(2n/6) In(2/5)

 For n > niq, we have that e15/cjs > ¥(n,d) = -

~ 5/2 2
o [Mllop < 53¢y and thus

Tmin (Cr ) (1=«

6505t ) 130W5 0 )
€is < €id,h-
O—min(cﬁ)Q(l_P)/*)2 Umin(cm)z(l_’y*)2 ’

(L+ [ M]3,)ek <

* For &iq,, satisfying Eq. (G.14), we have €, < 7= Amin(23) and thus (1+ HMng)Ei <Ay =
1
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Proof. The first claims follows from Lemma G.4.

The second claim uses that, examining the definition of ¢;q,;, in Proposition G.1, we have €jq,5, <
41p(nia, 0) [Ceonc,id» implying eis/cis > 1¥(niq,0). Lastly use that n > niq and that n — ¢(n,0) is
decreasing.

For the third point,
|8 ]lop = [ [Aias Biallop = I[Sia ASi's SiaB]lop < 2(1 v 07 (Sia)) (1Sia Al op, v 150 Blop,)-

min

Recalling Siq = V,JC/ 571, we use that | Vigop < 1 and Sy, 14 > CJ to bound

K1,id?

[SiaAlop v 1Bl < |55 4], v [5505 Bl -

op — K1,id K1,id
Since Ly, ia = AXWAT > AAT Apin(Zw) > AATY! and X, ;4 > BBT, we conclude that
HSidAHop v HSidBHop < \111/2. Lastly, using oumin(Sid) > Omin,id = % from Proposi-
tion G.2, we conclude that
~ 8W2a? SWE/QaE
”MHOP SV v, C = C ,
amirl( n)(l_’)/*) Umin( n)(l_'}/*)
as needed. The following inequality follows directly:
6505 at 2 1300t 5
el < €y .
o'min(cn)z(l - 7*)2 Is Umin(cn)z(l - '7*)2 id,h

(| M2, + 1et, < (G.17)

_ 2
For the fourth point, we examine the condition in Eq. (G.14), \/dxCconc,id€id,n < %,

which is equivalent to

o (1-7)%0,(6)
id,h = dxcconc,id712a%\y%

(04, (Cr)? [0 W?).

Using the definition of ceone ia = 129302 L2/(1 - 7, ) and that dy, L > 1, this further implies that

2 . (1-7.)%0a, (C)? (1-7)
idh =19, 7120202 U3a2

(04, (Cr)*[202) -

One can verify that (o4, (C,;)*/a?¥?) < 1 using the same arguments as in Lemma G.1. Thus, under
the above condition,

s (1-7)%04,(C)* (1-74)
€ig,n < : .
’ 12- 7120202 3a2
Recalling Apin(g) > 748 02 from Claim G.5, we can directly verify that this implies
&, = 2e0 ), < 2= Amin(Zg). Similarly, using the bound in Eq. (G.17) we can check that (HMHCQ)p +
Leg <Ay =1 O

To summarize, the claims above verify that, for €4 5, satisfying Eq. (G.14), and niq > co(dg + dy +
In(1/6)), the conditions for Propositions E.3 and E.4 hold. It follows that with probability at least
1-76,

H [Zid;gid] _ [Aid; Bid]||(2)p < Arnin(Zﬂ)_l ((1 n ”Mng)gli " ”Zw,idHOP(d'g + dla + 11’1(1/5)) ) 7

Niq

and

_ - 22 (d In(1/6
Suid - Susalop $ \/ A (L+ T2, + 2y ¥ 1n(1/0))

Nid

Finally, to conclude, we note that dj + dg = 2dx + dy, so that (also recalling d,, < dy) it suffices
to ensure €;q 5, satisfying Eq. (G.14), and niq > co(dx +1n(1/4)) for a larger universal constant c.
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Moreover, we can check that (dy +In(1/6))/nia S €3y j,, which together with the bound || S id [lop <

. ~ \IIS 4
A+ = 1 means that the dominant terms above are the terms (1 + | M |\(2)p)512S S Wg‘&_%)zeiﬂ’ .

2
Thus, recalling Apin (Xz) 2 %ﬁ from Claim G.5, we find

- = - V22 Voot
Ai ;Bi -M S v : o1 e
H[ d d] HOp \}O’dx(cn)z(l_’y*) Umin(cn)2(1_’}/*)2 ik
v

< i .
< O'min(cm)Z(l _ 7*)3/2 €id,h
and

\115/2 4

*x

iwi _Zwi o S
H ,id de P O'min(cn)(l_’}/*

)Sid,h-

G.3.3 Recovering the Cost Matrix Q;q

We now show that Phase II successfully recovers the system cost matrix () up to a similarity transform.
Proposition G.4 (Guarantee for Recovery of (Qiq). Recall the estimator

@id = (%@id + %de)

)
+

~ 3nia . . ) ~ . ~ . 2
Qua=min Y (¢ - (D) Rul) - fa(y)) Qfia(y{)))"-
i=2mq+1

Suppose that the following conditions hold for a sufficiently large numerical constant cy:

ga, (Co)*(1 =)
8- 1OCconc,id\II%a%dx .

niq 2 co(d2 +1n(1/8)), and gia,nV1n(2niq/9) <
Then with probability at least 1 — 24, we have

ag\PI\/Cconc,iddx ln(nid/(s)
(1 - V*)Samin (CN)4

|1Qia - Qidllop S

*€id,h-

Proof. We first rewrite the regression as a special case of Proposition E.5, which offers a generic
guarantee for matrix regression with rank-one measurements. Observe that we have

Cry — u;1 Ru,, = (f* (¥r: )TQf* (¥re) + uleum) - ullRum
= [ (¥6) Qe (Yi1)
= feia(¥e,) 'S QS feia (i)
= f*,id(ym)TQidf*,id(ym )-

Thus, the above regression is equivalent to solving

_ 3niq . . R . ~ . 2
Qia = Hgn > (f*,id(yf({?)TQidf*,id(ygl)) - fid(ygl))Tind(ysl))) .
1=2niq+1

We now recall the statement of Proposition E.S5.
Proposition E.5 (Regression with matrix measurements). Let y € ) be a random variable, and

let y( i y for 1 < i < n. Fix two regression functions §,g, : J — R%, and suppose that
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z = max{|§(y)|?, |g«(¥)|?} is c-concentrated, and that x := g, (y) ~ N(0,%,). Let Q* = O be a
fixed matrix, and consider the regression.

=~ L i " i N (i Ao (i 2
Qearg]\?nnZ(g*(y( NQ* g (y™) - a(y ) My(y)T)".
=1

Set Q := (%@T + %@)Jr, where (-), truncates all negative eigenvalues to zero. Then, there is a
universal constant ¢y > 0 such that if the following conditions hold:

2 - (E )2
E|a(y) - g. (v)|? < €2 512y < & > co(d? +1n(1/§ d g2 JminlZe)
i) 0.1 <22 wnb/2)s Lo nzeoldt +n(1f9). and £t S
then with probability at least 1 — 24,
1Q*112,

12 Q"1 1§~ @" I}  64ec m(anfa) - 5 =0

To apply the proposition, we make the following substitutions:

Q"+ Qs @« Qiay g» < frias G fids B < E[fuia(¥u) feia(¥n) ], 7 nia.
We now verify that the conditions for the proposition are satisfied.

1. From Lemma G.4, max{|fia(yu,)? | fr.ia(¥s,)?} i dxCeone ia-concentrated, and
Elfia(¥n,) = Fria(Fe)? < €8y

2
2. We have that )(niq, 0/2) < 7—2"— by examining the definition of &;4 j, in Proposition G.1.

dxCeonc,id
3. We have that f, ;q(¥x, ) = SiaXy, is zero-mean Gaussian, with

04, (C)*(1-7)
1002a2

E[fia(r) fria(ye) ] =1

by Lemma G.4. Hence, the conditions

o . 9 (Cr)* (1 =) 2
€id,h ln(2nid/§) < 3 1OCCQHC’id\I’z(X%dx7 and njq > Co(dx + ln(l/é)),

suffice to satisfy the third condition of the proposition.

We conclude that when the conditions above hold, with probability at least 1 — 24,
|Qia - Qidllop < [|Qia - Qiallr
22\ /ceone,iadx In(nia/)eia,n
h (1 =7)0min(Cx)?

|Qidl op-

Finally, we bound
HQid ||0p = HSi_deidSi_d1 HOP < HQidHOPJI_nzin(Sid)
= U, 0,50(Sia)
-2
NG Omin(Cr) (1 =74)
) 40202
Pt
S * * .
O'min(cfi)Q(1 - ’7*)2

<

Thus, altogether,
|Qia — Qidllop < [|Qia - Quallr
< O‘?\IIZ\/CconC,iddx 1n(nid/(s) .
(1 _P)/*)SO—min(Cf-c)4 idhe

76



G.3.4 Concluding the Proof of Theorem 3a

In total, by combining Propositions G.3 and G.4 and conditioning on the probability 1 — 4§ event
from Propositions G.1 and G.2, we have that as long as (for some universal cy),

Od (05)2(1 - fY*)

. In(2n;q/8) < = ’
5d,h\/m 8- 10¢conc,id P2 a2 dx
€iq,h, satisifies Eq. (G.14),
and nyq > CO(di +1n(1/5)),

then with total failure probability at most 1 — 96 — 44,

G{E \IJZ \/Cconc,id dx 1n(nid/é)

O.. — 0. < .
HQld Qld Hop ~ (1 —’Y*)SUInin(CK)Al €id,h,
. e \117/20[3
Aiq; Big] = [Aia; Bialllop S e ~—5Eid,h>
I[Aia; Bia] - [Aid; Bia]lop (G2 (1 =y i
\112/2044

1S wid = Zwid lop S Eid,h-
)

Omin(cﬁ)(l — Vx

. . .. . . _ d? .
To simplify the conditions slightly, we observe that since €iq,, > Cid,1 P for some universal constant

Gid,1 > 4, by inflating this constant, we can ensure that niq > ¢ (d,zc +1n(1/8)). Next let us consolidate
the conditions

2
K 1 - Ix ..
gid,nV/ In(2niq/9) < 74, (Ce)"(1 ~72) and ¢iq,p satisifies Eq. (G.14).

b)
8- 1Occonc,id \II% a%dx

Restating Eq. (G.14), we require that

(1-7.)oa, (C,{)Q
€id,h\/ dxcconc,id < 71&2@2 :

Since Ceonc,iadx > 1, it suffices to take

/@) < T(Ce) (1= 72)

8OCconc,id\I}% azdx

12L2w3q2 ..
f**, the final condition,

201 - 2
€id,h 1n(2nid/5)ggdx(cn) (1-)

80-12L2W5a4d,

Recalling that ceone,ia =

H Proofs for RichlD Phase 111

Section organization. This section is dedicated to the proof of Theorem 4, which is the main result
concerning Phase III of RichID-CE (cf. Section 2.3). We state a number of intermediate results,
leading up to the proof of theorem. In Appendix H.2, we present a performance bound for the state
decoders ( f;)¢»1 as a function of the decoding error of the initial state decoder f;. Appendix H.3 is

dedicated to the perfomance of fl, as this requires extra steps to the decode the initial state xg. In
Appendix H.4, we combine these results to prove Theorem 4. Finally, Appendix I contains the proofs
of all the intermediate results.

We recall that the definition of the decoders ( f,) requires a clipping step (see (14)). Performing this
step allows us to use standard concentration tools to bound the decoding error for the predictors that
come out of the regression problems solved in Phase III (see Lemma H.3). The impact of clipping on
the prediction error is low: In Theorem 9 we show that the probability of ever clipping is very small,
so long as the clipping parameter b is chosen appropriately.
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H.1 Preliminaries

Before proceeding to the main results, we first provide additional notation and definitions, as well as
some basic lemmas which will be used in subsequent proofs.

Additional notation. For ¢ > 0 and a policy m: U, Y™ — R%, where 7(yo.1) maps past and
current observations y.; to the current action u;, we let P,; and E,; be the probability and expectation
with respect to the system’s dynamics and policy 7. We will use £ to denote events which hold over
the randomness in the learning procedure, and & to denote events which hold under a given rollout
from, say, E .

Throughout this section we let 7™ denote the policy returned by Algorithm 5.

Basic definitions for Phase III. To simplify presentation, we assume going forward that Sjq =
I, at the cost of increasing problem-dependent parameters such as ¥, and «a, by a factor of
1Siallop VI S:|op—we make this reasoning precise in the proof of Theorem 1a. We therefore drop
the subscript id, so that the system parameters we take as a given are (Z, B,0, iw). We will consider
the following function class

Hoy = {M-f()| feF, MeR™ P |M|,<T?}, (H.1)

that is, we take 7o, = T3 (note that the final value for Top When Algorithm 5 is invoked within
Algorithm 1 will be inflated to account for the similarity transformation above).

In what follows, we will construct a sequence of functions ( ft: Y1 - R%) which map observations
(yo:t) to estimates of the true states (x; = f.(y:)). We will denote by 7 the randomized policy
defined by @(yo.¢) = K fi(yo.t) + Vs, for all t > 0, where v; ~ N'(0,0%1,,) for some o € (0,1] to
be determined later. Furthermore, for ¢ > 0, we define the policy 7; which satisfies

_ ~ T(yor), if 7 <t
T (Yor) = { v, NN(O7U2Idu)7 otherwise. *H.2)

Additional problem parameters. Our final results for this section are stated in O, (-), but we state
many of our intermediate results with precise dependence on the problem parameters. To simplify
these statements, we use the following definitions.

Definition 7 (Aggregated problem parameters).

Us = a4 [ Zollop + [Seosiallop + 1, (H.3)
302 —
dev, = AW |K[2,, (H.4)
1-74

War = mase {1, s, [ Ml 0 Mo
Lop = V3L, (H.5)

We simplify our intermediate results to get the final O,(-)-based bound for Theorem 4 in Ap-
pendix H.4.

H.1.1 Approximation Error for Plug-In Estimators.

Recall that Phase III uses the estimates for Zf, E, and so forth from Phase II to form plug-in estimates
for a number of important system parameters. Before proceeding, we give some guarantees on the
error of these estimates as a function of the error from Phase II.

For k € [k], recall that we define the matrices M, € RF9u*dx and M e R(#+1)%/2xx by
My, = CZ(CkC;I + 0722111 +eeet UﬁZAkile(Akil)T)ilv
M= [M], (MzA) o, (M AM)T]T where Cpoi= [ B || Bl e R (He)

We also let M, and M be the plug-in estimators of M}, and M respectively, obtained by replacing

A, B, and X, in the definitions of M}, and M by the previously derived estimators Z, §, and fw,
respectively (see Section 2.2).
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For 0 < gy < 1A [ S flop A [Zwl5p. let Egys be the event

IR = Kaalop, [T 3% - M A¥].,
- JIFRAB M A B|oy, | BE - BK |
ke[x] |de - EME;HOW bty :\E;}l lop,

[ A= Alops [ B = Bllop; [ M = Mop

< Esys ﬂgstabv (H7)

where

ot = {(A + BK) is (oo, Yoo )-strongly stable with Jo, := (1 + 700)/2,} . (H.8)

and A is (a4, y4)-strongly stable with 4 := (1 +v4)/2.

Lemma H.1. Suppose that 02 = O, (1) and
|A- A, vIB-B],vIQ-al,,v[Sw-2u],, <

Then once i4 < Coys = POl (1x (1 = 74), a3 %, ¥71) = O(1), we have that & holds for

€sys < O.(€ia).

H.1.2 Conditioning for the M Matrix
Assumption 8 is central to the results in this section. In particular, we will use the following
implication of this assumption.

Lemma H.2. Let M2 denote the value of the matrix M in (H.6) for noise parameter o2. Then
|Moz],, = Ox(1) whenever 0% = O,(1). Moreover, suppose Assumption 8 holds. Then there

exists @ = O(Apq), such that for all o2 < 2, we have

AL2

min

(MIsMy2) > A -0?[2>0, (H.9)

where A, is as in Assumption 8.

Throughout this section, we make the following assumption, which will eventually be justified by the
choice of o in RichID-CE.

Assumption 10. ¢ <1 is sufficiently small such that Eq. (H.9) holds.

In particular, this assumption implies that the matrix M in (H.6) has full row rank.

H.2 Learning State Decoders for Rounds ¢ > 1

We now prove that Phase III successfully learns decoders for ¢ > 1 with high probability, up to an error

term determined by the auxiliary predictor f A,0 produced during the separate initial state learning
phase; the error of this predictor is handled in the next subsection. For the rest of this subsection,

we assume the iteration ¢ > 0 of Algorithm 5 is fixed, meaning we already have ft and our goal is to
compute f;,1. We introduce the following quantities.

* Let (y-)r»0 be the observations induced by following the policy 7; defined in (H.2).

e Let {(yg)7xg), vﬁ"))}ie[m be i.i.d. copies of (y,,xr,V;), where (v, ) are the random
Gaussian vectors used by the policy 7. This is simply the data collected by the ¢th iteration
of the loop in Algorithm 5.

We also adopt the shorthand n = ngp,.

Learning the decoder at a single step. Let us recall some notation. For round ¢, we already have
a state decoder f;: ! — R%< produced by the previous iteration. As the first step, for each & € [x],
with J%;, as in (H.1), Algorithm 5 solves

5 = i - i 1B F (i i 2
hiy € a}I;ng;lil’l > ”]\4}c (h(yt(Jr)k) - Akh(yt( )) - A* 1B[(ft(y(():t))) - ngt)ﬂc—l ” . (H.10)
€7lop =1
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Using the solutions of the above regressions for & € [«], the algorithm constructs the stacked vector

$t(y0:t+n) = [at,l(ilt,la}’O:thﬂ)T» ceey at,n(ilt,myo:ta}IHn)T]T € R(1+N)H/27
where

at,k(h, Yoit,Yisk) = Mk (h(}’t+k) - Zkh(Yt) - Zk_lB\I?ft(YO:t)) , kelr]. (H.11)

Finally, the algorithm computes the intermediate estimator /;:

e cargmin 3 [ B (A ) - () - BRAGED) - oyl

heop i=n+1

(H.12)

Our first guarantee for this section shows that the function h estimates the system’s noise w; up to a
linear transformation given by the matrix M.

Theorem 8. Lett >0 and b > 0 be given. For h € Hop, and ft: VL S5 X let
Ge(h, Yous1) = M(h(yer1) = Ah(y:) - BK fi(yox))-
If the event Eys holds and Hft (yo:)| < b a.s., then for fzt as in (H.12), with probability at least 1 - 6,
R 2
Ex [Hfbt(ht,yom) - M(w; + Bvy)| ] < Ehoise(8); (H.13)

where

o(8) S (1 +1n(k)) (C"’”’(ln'j | +d3) n* (s 5)

n

+ L(Z) Sys (d \IIZ + devxb )) (H14)

with
Cug = 30kdyo® + 1805 L2 U3, (32dx Vs + 307 - dev, ) . (H.15)

For the remainder of the subsection, we let § € (0, 1] be fixed and define

- 2
gnoise = {E’fr‘ I:H(b‘r(hTayO:‘r+l) - M(WT + BV-,—)” ] < nme(d) forall0 <7< t} (H16)

From noise estimate to state estimate. Now that we can estimate the noise at round ¢ usmg ht, we
build a state decoder le for round ¢ + 1 by combining ht with the decoder ft Recall that fo = fo =0,
and that Algorithm 5 forms f; for all ¢ > 1 via

ft+1(') = ﬁ+1(')]1{|\ﬁ5+1(')|\ < 6}7 where ft+1()’0:t+1) = ﬁt(}’nl) + th(y&t) - th(}’t()ﬁ 7

where b > 0 is the clipping parameter. Note that we treat b as a free parameter throughout this section
unless explicitly specified. The case ¢ = 0 needs special care as it requires decoding the initial state;
we set

AC) = HAOKIAC b}, where fi(yo1) = hi(y1) + fao(yo) - Aho(yo), (H.18)
and f4.0(yo) is the estimator for A, (yo) which we will construct in the next subsection.

Our goal now is to prove that the ft+1 is good whenever ﬁo, el hy are good. To this end, we first
give a guarantee on the unprojected decoder f;,1, which shows that it has low prediction error for

trajectories in which the event
gO:t = {.f‘r(YO:T) = f‘r(yo:‘r), forall 0 <7< t} (ng)
occurs.

Lemma H.3. Let ¢ > 0 be given. Let (.fT)Te[t+1] and &p.; be defined as in (H.17), and (H.19),
respectively. If the events £y and Enoise hold, then for e,i¢c as in (H.14), we have

B [y L Gr) = £ (e T80} ] < B (H220)
where
Edec tr 3aA(1 ,YA) ( bybe + Elmt + Umlﬂ(M) nomet) ) and Elmt '7?[HfA70(y0) - Af* (yO) H2:|
(H21)
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For the next theorem, we show that the even &.; occurs with overwhelming probability whenever the
clipping parameter b is selected appropriately. We need the following definitions. For ¢ > 0 and 77 > 0,
let

t
zi= Y (A+BE)"(Bv, +w;)
=0

denote the contribution of the process noise and Gaussian inputs to the state x;.1. The associated
covariance of this random variable when ¢ — oo is given by

DI i(A+Bf<)T(a2BBT +3,)((A+BEK)7)". (H.22)
7=0

The sum in (H.22) converges under the event gy, since in this case | (A + BEK )Vlop € @eo¥L,, for
allt > 0, and 7 < 1; see Eq. (H.8). Finally, we consider the following useful event:

o= {02 X032 + 277 < (du a2 [ Bolop + dx [Tz, lop) In(2n), forall0<7 <t}

Lastly, we define the following term which guides how we select the clipping in the definition of ( ft)
in (H.17):

b = 6(1- 'Yoo)ilaoo\Il*Edcc,t\/ﬁ + \/Q(duago HEO HOp +dx ”Ez,oo HOP) In(2n)
< 1 = 200 Egys(1 = Yoo )7t ’

(H.23)

where 1) > e is a free parameter.

We now show that if the clipping parameter b in (H.17) is chosen sufficiently large, then under a given
execution of 7, the clipping operator is never actived (i.e. &y.; holds) with high enough probability,
provided that the clipping operator is not activated at ¢ = 1.

Theorem 9. Lett >0, n > 0, and b > 0 be given. Let €gec.t, 22,00, aNd beo be defined as in (H.21),
(H.22), and (H.23), respectively. If (I) the events Esys and Enoise hold; (I1) eys < (1 = Yoo ) (2000 ) ™F;
and (ITD) b > b, then

P[0t A &g ] 2 P2 fi (Yo ) = fi(yoa)] - 2(t +1)/n.

Concluding the guarantee for the state decoders. We now put together the preceding results to
give the main guarantee for our state decoders ( f;) for ¢ > 1.

Theorem 10. Let T > 0, n > 0, and b >0 be given. Under the conditions (I), (II), and (II1) of
Theorem 9, we have

A o (4T ~ A ,
Er [(glt%); I fe(yo:e) - f*()’t)HQ] < 5(21ec,t + (4T1/2Cx + 252) (7 +1-Pz[{fo(yo0) = fo(yo)} A 5)0]) )
where cx = 30dx Uy, + 20 - dev,.

H.3 Learning the Initial State
Theorem 10 ensures that the decoders fo, e fT have low error only if the initial error €2, :=

E=[]| fa.0(yo) - Af«(y0)|?] is small. In this subsection, we show that the extra initial state learning
procedure in Algorithm 5 ensures that this happens with high probability.

Recall that n;,;;, € N denotes the sample size used by Algorithm 5 for learning the initial state. During
the initial state learning phase (Line 19 through Line 25 of Algorithm 5), the algorithm gathers data
by following a policy we denote 7, which plays random noise (v, ), where v, ~ N'(0,0%1,,), for
7>0ando € (0,1].

Let /30170 = hy (recall that the “ol” subscript refers to open loop), where we recall that ho is computed
on Line 17 of Algorithm 5 prior to the initial state learning phase, using the procedure analyzed

Appendix H.2. In particular, by instantiating the result of Theorem 8 with f; = 0, we get that under
the event &y, for any § € (0, 1/e], with probability at least 1 - 6,

~ ~ 2
]Eﬂ'ol |:||h0170(y1) - Ah’OLO(yO) - Bvg - WO” :| < Umin(M)_Q ! <C'\I2loise(5)' (H.24)
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We recall that the minimum singular value of M is bounded away from zero for all sufficiently small

o > 0 (see Lemma H.2). It follows from (H.24) that iLol,O(Yl) - Aﬁol’o(yo) — Bvg can be used as an
estimator for the noise vector wq. Using this estimator, we solve the following regression problem in
Line 21:

MNinit N i — i = (i 2
hol 1€ arg;fn1n Z h(yg )) ( 0170(y§ )) - Ahol,o(y(() )) - Bv(() ))‘ , (H.25)
he op =1

where {(yT ,xg ),VT ))}1525n‘n”, are the fresh i.i.d. trajectories generated by the policy 7, on

Line 19.

We first show that up to a linear transformation, this regression recovers the vector Axg (our target),
plus a linear combination Bvy + wq of the system noise and injected noise for ¢ = 0. This guarantee
is quite useful: Since we can already predict Bvg + wq well via Eq. (H.24), we will be able to extract
Ax( from this representation.

Lemma H.4. Let ﬁol,l be defined as in (H.25), and let 31 = 02BBT + AY AT + X,,. If Esys holds,
then for any § € (0, 1/e], with probability at least 1 — 55/2, we have
Ery [0, (71) = SuwZ1! (Wo + Bvo + Axo) |*] < €211, (H.26)
where we have
9 cl(di+ln|ﬁ|)ln2 Dinit

<C:01,1 S 2 + UmlH(M) - n01se(5) + 5
Ninit

1+ dy||Z0]lop + 02dy
P

sys op
and
ey = L2 U (1+duo® + de (|1 op + [Sollop))- (H.27)

To make use of this lemma, we must invert the linear transformation EwEfl. In fact, the prediction
error guarantee from Lemma H.4 implies that we can estimate X, = EwEwa (where X is as in
Lemma H.4) by computing

. 1 2Ninit i
Seov= = > hon (¥ e ()T, (H.28)

i=Ninit+1

where {(y ) x L ))}nmnqqnlmt , are fresh i.i.d. trajectories generated by the policy 7). To see

this, observe that by (H.26) implies that up to the error €, 1, (H.28) is an estimator for the covariance
matrix of the Gaussian vector ¥,,X7! (wq + Bvg + Axg) which is just ¥,,3713,,. The following
lemma gives a guarantee for the estimated covariance Y¢qy .

Lemma H.5. Let ccoy = L2, (1 + (3dx +2)|0*BBT + AXg AT + Xy op ) and

€l oy = 38011/ Coov + 5ccovln(2dxninit/5)3/2ni_nli<2. (H.29)
Suppose that n;y,;, is large enough such that
el o <omin(Zeov)/2, Where Yoy =X, X718, <2y, (H.30)

and ¥, is as in Lemma H.4. Then under the event £y, with probability at least 1 — (3« +4)d,

”Id - E ECOVE E11 Hop Ecovy Hzcov ||0p 2Hzcovﬂopa and O—min(icov) 2 Umin(zcov)/Q
(H31)

where

257
Eooy = 2\11*(ssys+ 2y Jopeeor ) (H.32)

Umln(zwzl 12117)

Lemma H.5 shows that 3 ZCC}V ~ (X, 27171, which is exactly what we require to invert the linear

transformation in Eq. (H.26). To finish up, we solve the regression problem (Line 23)

2’ﬂm;t

hol 0 € arg min Hh(yé )) hot 1(y§i))H2 . (H.33)

heop i= n]n]t +1
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Note that the argument to h in Eq. (H.33) is y(, while the argument to fALoLl is y1, so that the Bayes

predictor, by Eq. (B.6), is equal to h(yo) = £, 37! Axg. Motivated by this observation, the final step
is to set

R o o7
fA,O(yo) = szcovh’OLO (yO)
Our main theorem for this subsection gives the desired prediction error guarantee for this predictor.

Theorem 11. Let 501,0 be as in Eq. (H.33), and set pr (yo) = iwigg\,ﬁom(yo). If Esys holds and

Eq. (H.30) is satisfied, then for any 6 € (0, 1/e], with probability at least 1 — (3 + 9)4, the following
properties hold:

1. The estimator f A,0 satisfies

~ 2
Ez [||fA,0(YO) - Af.(y0)| ] S it (H.34)
where
, co(d? + 1| 7)) In(
et = 155 1 el PURCET ) v el A 5ol

with eq1,1 as in Lemma H.4, .oy as in Eq. (H.32), and ¢ = 32Lgp\11§dx.
2. Letn > e be given, and let fl and fl be defined as in Line 28 of Algorithm 5. If
b* > bgIn(2n), where bf:=10"dy L2 U (1+ [Soflop + [ Z1op)- (H.35)
then we have

Pz[fi(yo1) = fiyo)] 2 1-n"". (H.36)

H.4 Master Theorem for Phase III

By combining Theorems 10 and 11, we derive the proof of Theorem 4.

Proof of Theorem 4. Let ) > e and 02 < 1 be fixed. Introduce the shorthand A = A i, (M7 M), and
recall from Lemma H.2 that A = O, (1) whenever o =< 1. Lastly, let us set nipit = 7op-

Let us begin with some initial parameter choices. First, we set ninj; = nop. Following Lemma H.1,

we assume that ;4 = @(1) is sufficiently small such that £y holds and &gy < 18_;“ < O,(eiq) =

0, (1). Next, following Lemma H.2, we assume that o < 1 is chosen such that ¢ = O(A ) and
A= Amin(-/\/lT./\/l) > )\3\40’4/4

Since 0% = O, (1), we observe from (H.23) that

Bzo < O*(ggiec,Tn + (dll + dx) ln(n))v

and from (H.35) we have
ba1n(2n) < O, (dx In(n)).
Let us assume for now that b? = Q, (dy + dy); we will specify a precise choice at the end. Note that

choosing b > boo V bo In(27) is non-trivial, since our bound on b, depends on £qec,, Which itself
depends on b. Nonetheless, we will show that an appropriate choice of b solves this recurrence.

Let 6§ < 1/e be given. Define logs = (d2 + In|.Z|) In*(n0p/0) V In®(n0p/8). As a first step, we
simplify the various parameters defined in this section using the O, (-) notation. In particular, we
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have

Cw.p = Ox(Kdy +b%) = O, (kb?),

w0l . 22|
612101513(5) = O*(H(C 0 08 +58y5(dx+b2))) = O*(Kogs + b2 Sys)a

Top Nop

cx = O, (dy + %) = O, (b%),
c1= 0, (dy +dy),

2 _
501,1 - O*
TNop

Ceov = O*(dx);
02 In(np/0)? 24,2
(Eéov)2 = O*(Egl,ldx + xn(np/)) — O*(A—l . (ﬁdblogs + /fdx gyst))

Nop Nop
COV O (€byh + (€COV)2 ) *

We now appeal to Theorem 11. Simplifying the upper bounds, we are guaranteed that with probability
atleast 1 — O(k0), we have

c1logs

272|
FATIE2 L (8) + 22 (dy + du>) = O*(A‘l : (’“’°g$ kb ))

Nop

P=[fi(yo1) = fi(yo)]21-n"
and

Ex [|fa0(vo) - A7) | 5

where

| 2 272|
€. = (’)*(d 08 . 2 1t dxgcov) = (9*(/\‘1 . ("W rkd2e fy5b2))

Top Top

We now appeal to Theorem 8 and Theorem 10. By the union bound, and in light of Eq. (H.36), we
have that with probability at least 1 — O(xT),

Eﬁ[ggg | fi(yo) = fulye) HQ] <O, (Edeer + (TPex + 0°)T ) (H.37)
where
2d2 b2
Etziec T~ O ( Einit +AT 1T‘Enmse sysbz) O*(A_lT : (H ; ogs d>2< gysb2
op

Hence, we can simplify to
; _ 2
Eﬂ[gg | fe(you) = fu(ye)] ]

232712
so*(T3/2b2n-1+/\-1T-(’W"°gs rd2e? b2))

n x sys
op
<O TPV + € + A Trd2e2, b?), (H.38)
24272
where €2 1= A7 =008,
op

It remains to choose 1 and ensure that the condition on b is satisfied. We choose 1 = 502 Since
€3ee.r S Ou (g + N Trd2el (b?), this implies

by In(20) v b2, = O (edce 7 + (du + dx) In(1))
:o*(1+552-x "Trd2e? b* + (du + dy ) In(5?)).

sy:a

It follows that if €2, < O(—

Sys S ), we have

d2 b2T

b3 In(2n) v b2, < O, ((dy + dx) In(g5?)) = Ou ((dy + dx) In(nop)).
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Hence, we can satisfy the constraint that by v be, < b by choosing b = O, ((dy + dx) In(nep))-
Returning to the final error bound, we have

Bl a1 (o) - £- (01

< C’)*(I_)zTS/zn_l +eg+ N ' Trdael b?)

sys
L 0. (PT2E2 + X Tr2e2, )
[
- O*(/\_1T3/{2(dx + du)4 ln2(nop) . (Wgs + sfd)).
Nop

To simplify, we recall that (1) \™! < 4\320™%, and (2) logs = O, ((d2 + In|.Z|) In® (nep/d)). More-
over, our condition on 4y above implies that

egys < O(logs/nep),

2

Sys) = O(logs/np) as well. Hence, for the final bound, we

which means it suffices to take £2; = O(e
can simplify to

o. (A%;T%?(dx r gyt (B IZD 0 (10 /0) )
g

Nop

I Supporting Proofs for Appendix H

I.1 A Truncation Bound for the Iterates

Before proceeding with the main proofs in this section, we state a lemma which bounds the magnitudes

of the states under the event that fT returns state estimates bounded by b. This bound is used by a
number of subsequent proofs.

Lemma L1. Letb>0and ¢ > 0. If | f, (yo.r )| < b a.s. for all 7 > 0, then for all 6 € (0,1/e] and all
7 > 0, we have that

= 2
Pz, [HXT |I? > 30d, Uy + 2b* - dev,, In g] <6, and @D
Ex, [Ix-[?] < 3dx¥s + dev, b°. (1.2)
Moreover, both displays above also hold with 7; replaced by 7.

Proof. Let T > 0 be fixed. By the system’s dynamics and the definition of 7; (cf. Eq. (H.2)), we have

-1
x; = ATxo + Z AT_S_l(BI?fS(yO:S)HSSt +Bv, +wy). (I.3)
s=0

Thus, by Jensen’s inequality, and using strong stability of A,

-1 2 tA(T-1) . 2
Ix, | <3| ATx0[* +3 || > AT N (Bvs +wy)|| +3| > AT 'BE fi(yos)|
s= s=0
2 2 2 3a124 =12 72
<3ai|xoll” +3 (&7 + 1.2 | BK]5, - b7, 1.4)
A

where £ = Z;& AT Y (Bvg+w,) ~ N(0, Ye¢), with X¢ < X jq since o < 1 under Assumption 10
(cf. Eq. (G.2)). By Lemma I.11, the expression above implies that

303 —~ 5 -
Pr, [|xf|2 S ((ai S0l + [Senalo O 6) + 2 |BK|§pr)1n<2/6>] <5 as)
A
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which we simplify to

2

AE‘ . |Bf<|§p52) 1n(1/5)] <.

3o
P 122 (204 Bolop om0+ 6) 2

Substituting in the definition of dev, and Uy, (Eqs. (H.3) and (H.4)), with ’yfl < 1 establishes (I.1).
We now show Eq. (I.2). by (I.4) and Lemma 1.9, we have

3aA

2
Ex, [Ix-1?] < 20%E=,[[xo|*] + 3E=[|€,1°]+ = | BE 2,07,
30‘,4 2 72
<3dx([Zoflop + [Zeoiallop) + =12 | BE |2, 1.6)

The second part of the lemma follows from (I.5) and (I.6) by the fact that 7; and 7 coincide up to
round ¢ (inclusive). O]

1.2 Proof of Lemma H.1

Proof of Lemma H.1. The bounds on |A — A, and | B ~ B|,, immediately follow from the condi-

tions of the lemma. To show that A is (a4, 74)-strongly stable, we observe that if S is the matrix
that witnesses strong stability for A, we have

|5~ 1ASHOp IS5~ l(A A)Slop + 1S 1ASHOp§O‘A€1d+7A

HS 1ASHop <A

Hence, once giq <

Next, we appeal to Theorem 6, which implies that once eiq < ¢+ a22(1 - ~2)2W ;! for a sufficiently
small numerical constant c, we have

Hl? - Ko ||0p < 04 (&ia),

and A + BK is ((loo, Yoo )-strongly stable for Jo, = (1 + 7o )/2. In particular, for &4 sufficiently
small we have || K [|op < 2| Ko |op, so that

HEI? - BI?HOP < O.(€ia)-

Next, we observe that once ejq < ¥;1/2 < Apnin (Z4)/2, we have /\min(iw) > Amin (Zw)/2, and so
we can apply Proposition 1.1 to deduce that

||Idx - iwzz_ul HOP v Hi;l - E;ul HOP < O*(Eid)'

Finally, we bound the errors for the terms involving Hk and M. We first show that to do this, it
suffices to bound maxi cx<x | My — My | op. First, as long as €ig = O. (1), we have

”MkA\kE - MkAkBHOp < O*(HM}CZIC - MkAk HOp + Eid),
by triangle inequality. Next, we have

HMkAk MkAk H0p ”Ak ||0pHMk - Mj, HOP + HMIC HOPHA Hop
= ”Ak ||0pHMk - My, HOp + O*(HAk - Ak”Op)-

( "/A)

By Lemma 1.2, once €iq < , this is upper bounded by

O*(W,’Z_lk' (”Mk - Mk”op +€id))-
Note that maxys; 7571k < ¥52, 7571k < 1/(1-54)% = O, (1), so the bound bove further simplifies

to
O*(H]’\-Ik - Mk Hop + 5id)~
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Finally, by similar reasoning, we have

| M A* — My A" op

M=

”M\_ MHOP <

ke
I
=

M=

O(V5 " k(| My = My |lop + 1))

e
Il

1

< (’)(max | My, — My, op + Eid) ) itk
k=1

1<k<k
< O*(II?&);”Mk = My|lop + €id)-
Finally, we appeal to Lemma 1.3, which implies that maxi <<, Hﬁk — My |op = Ou(€ia)- O

I.2.1 Supporting Results
Proposition L1. Let X, Y € R™“ be positive definite matrices with | X - Y[, <e. Then we have
I7= XY Hop < Y e and [ X7 =Y Hlop < [X 7 op[Y ™ op - .
Proof of Proposition 1.1. The result follows by the inequalities
[ X7 =Y M op < [X M lop - 11~ XY™ op,

and 1 1
1= XY <Y o [¥ = X op.

Lemma L.2. Suppose |4 - A, < % Then for all k > 1,
| A"~ A¥lop < 03757 KA - Alop,

where 74 = (1 +74)/2. Furthermore, we have | A* ||, < 200475 k.

Proof of Lemma I.2. Using Lemma 5 of Mania et al. [24], we are guaranteed that'!
% -~ k-1 =
| A~ AF[op < @f(@al A~ Alop +74) KI A~ Allop.

The condition in the lemma statement ensures that a4 | A — A||op + 74 < 74, leading to the first result.
As a consequence, we also have

A k A k
HA H0p3 HA HOP"'HA -A ||0p
< k 2 k=1L T A
Saava +ax¥a Kkl lop
<oaavh +aa(l-34)75 'k
<2047 k.
O]

Lemma L3. If gy < % A \I/T_l and 02 = O, (1), then for all 1 < k < s, | My — My |op < O, (&)

Proof of Lemma 1.3. Let k be fixed. Define
ko _ R B |
Y= ZAZ—IZU,(AT)Z%’ and 3 = ZAPIZUJ(;F)Pl,
=1 i=1
so that we have

M, = C;(C;@C; +U_2Z}€)_1, and ]/W\k = é;(@q 4—(]'_2’Z\k)_17

""In the notation of Mania et al. [24], we can take p < 4 and T(A;v4) € aa.
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where Cy, := [A*'B| --- | B].

As a starting point, we have by Lemma 1.4 that |Cy, — Cs lop < Ox(€1a) once eiq < % As such

our task will mainly boil down to relating the error of M, to that of C,. We will use going forward
that [[C[[op v [Chlop = Ox(1).

For the first step, by the triangle inequality we have

Hﬁk - My, Hop

< |C = Cillop [ (CiCry + o2Z) 7+ ICkllop [(CkCry + 072Z1) ™! = (CuCL + 07 2E0) 7 -
Now, note that C;.C; + 0728, = 0728, 50 | (CCy + 0723k) Hop = Ou(c?). Similarly, as long

as giq < U;1/2 < A\uin(Xw)/2, we have )\min(iw) > Amin(Zw)/2 > 0, so we have ||(é\ké;€r +
o7251) " op = O (c%). This leads allows us to simplify the bound above to

|3 = Miop, < O (0%e1a) + O4(

(el + o780 - @T + oS ),

and moreover, by invoking Proposition 1.1 with the aforementioned operator norm bounds for the
inverse matrices, we can further upper bound by

<0, (c%q) + O, (04” (CkCh +0725%) - (CiCj + Jizik)Hop)
< 0.(0%z1a) + O (*|ChCf = Chll lop + 0[Sk = S o ).
< O*(eid + sz - ik”cp)a

where the final step uses that 0 = O, (1) to simplify. Finally, we bound

k . —__ i— Ai_ — i—
”Zk_EkHOpS ZHAZ_I_AZ IHODHEw(AT) 1H0p+ HA 1H0pHEw_EwH0pH(AT) 1”01)
=1

+ |‘A\i_1§w HOP HAi_l - A\i_l H0p~

By Lemma 12, once giq < 55242, we have [ A[op < 0. (3719) and | A" = A'Jop = O. (i isia)-

We also have | A7 op = O, (5%) and |Zu [op V [ Swlop = O« (1), s0 we can bound the sum above as

k . oo .
125 = Zkllop < Ox (5id : (1 + 27,24(12)2’2)) < (9*(61(1 . (1 + 27,24(22)1'2)) = 0, (ciq)-

=2 =2

Lemma I4. If ;4 < % then for all 1 < k < &, |Cr, — Cx lop < Os(€ig)-

Proof of Lemma 1.4. Let k be fixed. As a first step, we use the block structure to bound

€ = Cillop < N AT B~ A7 By

on

i=1

=

< I Bllop| A = A op + | A op | B = Bllop.-

K3

I
_

By Lemma 1.2, once €iq < % we have | A?| o, < O, (7i7%) and | AT — AP op = O (35 Vi - €5).

We further have |A?||op = O, (7%) and |Blop V | Bllop = Ox(1), since g4 = O, (1). Plugging in
these bounds above and simplifying, we have

k . o .
Hé\k -C HOP <0, (Eid(l + Z _342i)) <0, (5id(1 + 2’7222)) = O*({iid).
i=2 i=2
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1.3 Proof of Lemma H.2

Let M be as in Eq. (20). For the first point, it is easy to see that | M} | = O, (1) whenever o2 = O, (1)
using strong stability. It follows that

IMyel,y < S 1AM < a(z fy,’f;l) - 0.(1).
k=1 k=1

To prove the second point, we first recall the following result.
Lemma L5 ([31], Theorem 2.2). Let X,Y ¢ R¥“. If X is non-singular and r := ||X‘1Y||Op <1
then X + Y is non-singular and ”(X +Y)t-Xxt ||Op < HYHOPHX‘1 ||C2)p/(1 -r).

Let k be fixed. We set X = Y5 | A715, (A7) T and Y = 0C,C}. Since X > 3, > 0, we have that
[ X op = Ou(1) and Y], = O.(?). Moreover, [C |, = O.(1). This implies that for any fixed
€ > 0, there exists = @(5) such that for all o2 < 52,

-1 -1

k
> |cr (UQCkcg = Ai-lzw(Ai-l)T)

i=1

er (5.0 )

- on
k -1
= HMk [o®-C] (Z A“zw(A“)T) (L.7)

=1

op
Define My, = C; (Zle ATY, (AT )T)_l. Then using the definitions of M and M, we have that
ML Moo~ 5T g < 2(| Mol v UL, ) Mo -
_(9*( 02/02—/\7”0p)

and

IMoafo? - Rl < 31441, |Mefo® - T,
k=1

_
< 0. (yuax |Mifo® - W14, ).
Together with (1.7), this implies that
IMI, Mgz /ot = M Mop < O.(c), Vo <52 (1.8)

Now, note that
Pnin (M2 M2 [01) = Apin (M M) < [MT Mz [0t = M M|op.

Combining this with (I.8) implies that, for all o2 < 52,

mln

A2 (M7, M) [0? - AM\ <0, (o). (1.9)

Finally, by definition of the O, (-) notation, there exists ¢ = O(Aa¢) such that the right-hand side of
Eq. (1.9) is at most Ax¢/2, which yields the desired result.

O
1.4 Proof of Theorem 8
I.4.1 Regression Bound for ¢; ;
Lett > 0 and k € [~] be fixed and introduce the shorthand
Ze k= (Yo, Yiek)- (1.10)
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Define the “true” ¢-function

bt (h,ze 1) = My (h(yt+k) — AFh(yy) - Ak_lBKft(Yo:t)) , (L11)
for h € Hop, and its plug-in estimate analogue:

—

bere(h, 2o k) = My (h(yeer) — Ah(ye) - A*
Finally, define their difference by
Stk (h, 2o k) = auk(h,Zth) ~ bk (P, 2o k)
Lemma L.6. For k € [x] define the error bound
Ve (zer)? =603 L2 00, (2+ x5 + [xean |3 + U2 K)2,0%) (1.12)

which is well defined since x, = f,(y,) due to the decodability assumption. Further, introduce the
error constant

'BE fi(yox))-

Cw,p = B0kdyo? + 3005 L2 W3, (62dx Us + 507 - dev, ) . (1.13)
Then, recalling v := [v],...,v],, ]", forall 6 € (0,1/e] and h € Hp,, the following results hold.
1. We have the bound
sup |65 (R 2 1) |° + sup 184,50y 2e,1) | < ek (2,0) - (I.14)
p b

2. We have the bound
Lop (1M llop + 1M A" op) (2 + [ £ (ye) |2 + [ £+ (yeer) |2) S ek (2e5)- (115)

3. Forall § € (0,1/e),

5
Py, [wtk(ztk) 80 (hazes) - v|? > fcw¢ln(1/5)] (L16)

4. We have
E;ﬁ[ igp 18¢ & (hyze )| | < 24L§p €2 s (dx Wy +dev,b?). (L.17)

Proof’.\ For notational convenience, we will drop the subscripts ¢,k in the expressions of
Ot k> Pt ks Wt ks Ot.1, and z¢ 1. Let h € Hop, be fixed throughout.
1. Proof of Eq. (I.14) By Jensen’s inequality and Cauchy-Schwarz, we have
[6(h,2)[* < 3|1Mi 2, (1h(yee) |? + 272 [B(ya) |? + 272 2| BK12,0°)
CBIM2, (L2, (10 + el + 04 :]%) + 0| BRIZ,).

(41) P
< B3WR QA L2 (2+ [xeen]® + [xe|? + U2 K20, (L.18)

where inequality (i) follows by the definition of the function class .74, and (i7) uses that
s, Lop > 1, | Myllop < Ui, and | B|| < ¥,. Similarily, we also have

18(h, 2)|* < 3LE, | M — MycJop (1 + [xek ) + 3L2, | M5 A" — M A |2, (1 + x]1%)
+ 3| M, A B - M, Ak’lBH(%pHI?ngEQ

< 3L2 sys(l + HXtJrkH ) + 3L sys(1 + HXtH ) + 3€sysHKH2 b2
< 3Lc2)p sys (2 + HXtJrkHQ HXtH2 + HKHOpbz) (119)

where the second-to-last inequality follows since we have assumed that the event gy holds,

and the last uses L2 > 1. Combining (I.18) and (I.19), with a4, U, > 1 and ¥y, > gy,

sup [o(h,z)|* + sup [6(h,2)|* < 63 L3, V3, (2+ [xel3 + [xear 3 + VIIEK)2,0%) =

€ op € op

where we use the simplification a4 > 1, and the definitions of ¥, and ¥,, followed by
Lop > 1. This shows (L.14).

90

¥(z)?,



2. Proof of Eq. (I15) Using the bounds | M, A% — My A*|op, | My, — My |op < €sys < 1, and
[ My llop € War, |A¥|op < cva, we have
Lop(| M llop + [ Mu A" op) (2 + [ £ (ve) |2 + | f+ (i) [12)
= Lop(| M Jop + [ My A" [op) (2 + 3¢ 2 + |14 2)
= Lop(2€sys + [ M lop + | M A" |op) (2 + %t ]2 + [ %11 ]12)
< Lop(2esys + Uar(1+aa))(2+ [xe]2 + [xesn]2)-

Since g5y5 <1 < Wy, and ay > 1, the bound follows.

3. Proof of Eq. (I.16) By Lemmas I.1 and I.11 we have, for all § € (0,1/e], and any 7 < ¢ + k,
- 2
Px[|v]? > 0” - (3kdy +2)In6""] <6, and P, [HXTHQ > 15dy Uy, + b2 - dev, In g] <4,

and so by a union bound, with probability at least 1 - 6,

-1
(1“2) ((2)? v [8(hs,z) - v]?)

5 -1
S(lng) (20(2) + 2|v]?)
< (207 (3kdy +2)) +60% L2 U7, (2 + 30dx Uy + 20° - dev, + U2 | K[2,0%).

<10kdyo?

Finally, since dev, > W2 HI?H?m by definition (see Eq. (H.4)), and ¥y, > 1, the above is at
most

0

Finally, for § < 1/e, we have that (In 2) < 5In(1/6). This bound follows by the fact that
In(5/8) =In(5) +In(1/6) < (In5+ 1) In(1/8) < 51n(1/4), for all § € (0,1/e].

4. Proof of Eq. (I.17). We bound

-1
(ln §) (¥(2)* v [8(f.,2) - v|?) < 10kduo® + 605 L2, U3, (32dx U + 307 - devy ) 1= ¢y /5.

Ex, |: sup |6(haz)|2:| = Ex, |:hsup H‘St,k(hJO:t,th)Hg )

€Fop €Fop

<BL2 el (2+ K207 + Ex, [Ixeer|” + [xc?]) . (1.20)

sys

where we use Eq. (I.19) in the last step. From Lemma I.1, we have

3L2 el (2+ | K207 + Ex, [[xesr]® + [xe?]) < 3L2 2,6 (2 + | K|2,0% + 6dx U + 2dev,b?) ,

op©sys op©sys

Using the above two displays together with dev, > | K |2, and U5 > 1 yields

Ex, [ sup [5(h, z)||2] <3L2,e5 . (8dx Vs + 3dev,b?) < 24L2 2 (dyx s + devyb?).

sys sys
€op

O

Lemma L7. Let¢ >0, k € [x]. For iLt,k and ¢ ; as in (H.10) and (I.11), respectively, we have with
probability at least 1 — 30/2,

. 2
Ez, |:||¢t,k(ht,kay0:t7}’t+k) — My (A "Wy + o+ Wi + AFI By 4+ By ] <en(6),

Cw.o(IN]|.Z| +d2) In?(n/d)
n

where 63}(5) =ce, ( + Lgp52 (dx\I/g + devaQ)) , 1.21)

sys

and where c., is a sufficiently large constant, chosen to be at least 100 without loss of generality, and
Cw, 18 defined in Eq. (I.13).

91



We denote the event of Lemma 1.7 by £y.; 1(6).

Proof. We will apply Corollary E.2. We verify that the conditions of the corollary hold one by one.

1. Substitutions. We apply Corollary E2 with e = 0, 2 = (Yo, Yesr), v = [V, ..., V], ],
@ = Ptk» ¥ = Vi, 06 = dtk, and ¢ = ¢y ¢, Where ¢y 1, V1 1,01 1, and ¢y ¢ are as in
Lemma 1.6. Moreover, we let ¢, be the constant implicit in Eq. (I.15). The dimension

parameters are dy, d; < dx.

2. Realizability. By our assumption on the function class 5,, there exists f,. € 7, such that
f«(y) =z, for all y € supp (- | ). Therefore, by the system’s dynamics and the definition
of the policy 7;, we have almost surely

6(he,2) = Mi(fo(yer) = A fu(ye) = A" BE fu(yo.)),
= Mk(Akilwt + o+ Wegk—1 AkilB'Vt + e+ thJrk—l)a

=Ex[v] A YWyt Wiy + AP B e+ Bviyp-1], (by Fact G.2)

= Eﬁt [V Z_{f:l (Aj_lwt+k}—,z).:' Aj_let+k—j) , (122)
o ARf (i) + AFBE fi(you) + Sy (AT Wepiej + A7 By ;) ,
' Yo:t
(1.23)
=Ex [V | yot, [« (Yeer)], (1.24)
=Ex, [V | Yo, Yirk]; (1.25)

where (1.22) follows by the fact that (v ),»; and (W, ),»; are independent of y., (1.23) fol-

lows by the conditioning on yq.; (which determines the term A* f, (y;) + A1BEK ft (y0:¢))s
and (I.24) uses the system’s dynamics. Finally, (I.25) uses the realizability assumption.
Thus, (I.25) ensures the realizability assumption in Corollary E.2 is satisfied.

3. Conditions 1 & 2. Lemma 1.6 ensures that conditions 1 and 2 of Corollary E.2 are satisfied.

4. Condition 3. By the structure of /77, condition 3 is satisfied with L as in Assumption 5
and bL = L. Examining at,k» we can take X = Mk, and X5 = A*,

5. Condition 4. By Eq. (I.15), this holds for some ¢y S 1.

Recall the notation logs(n,d) S In*(n/d) defined in Corollary E.2. With the substitutions above,
Corollary E.2 implies that with probability at least 1 — 375:

p 12¢4, ¢ (In | F| + dx - dx ) 1ogs(cyn, d)

E| ¢t (h,2) = $ex(fer2)]? < +16E|e|” + 8maxE[5; x(h, 2)|

n
12¢y o (In|F d?)1 ;0
_ 12¢y,4(In].F7| + d)logs(cyn )+8maXE”5t,k(haz)H2’
n hes?

Cw.p(IN|F| +d2) In*(n/d)
n

+ L2 el (dx U + devy b)) .
(by Eq. (1.17))
O

N

L.4.2 Regression Bound for ¢

Let ¢t > 0 be fixed. Recall the various functions defined at the start of Appendix [.4.1. In addition,
consider the following functions for k € [k], h € J,:

be(hyyousrt) = M (h(yes1) - Ah(y:) - Eth(YO:t)) )
Gt (h,yois1) = M (h(Yt+1) - Ah(y:) - Bl?ft()’o:t)) )
8¢(hyyoies1) = Gt (B, your1) = d¢(hy Yous1)-
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Further, for (ﬁtyk)km as in Eq. (H.10), define

6t(y0:t+ﬁ) = [at,l(ilt,laYO:taYt+1)Ta ceey at,n(ilt,m}’O:t,stm)T]T,
De(Yorsn) = (001 (he1s Yo, Yee1) T - ooy Pen (Bt Yout, Verw) 1T
(1);(}’0:”;{) = [¢t,1(f*ay02tayt+1)T7 S »¢>t,n(f*,}’0:t7}’t+n)T]T'

Here, the first term uses estimated dynamics and estimates h of f«; the second term uses true dynamics
and estimates h; the third term uses true dynamics and the ground truth f,.

Lemma L8. Let v = &f (Yo:t4x), € = O; (Yortar) — ¢ (Yo:t4r ). Recall the function 1,1 defined in
Eq. (I.12). Then the following properties hold.

1. We have the bound

sup |pe(h, your1)|> + sup [8:(h, yo:es1)]? Swt,1()’0:t+1)2- (1.26)

e €Hop
2. We have the bound
Lop(|Mllop + [MA0p) (2 + [ £+ (y) 2 + [ £+ (Ves1) [2) S 1 (Yo1)- (1.27)

|9V}

. For any § € (0,1/e], we have
P, [¢e1(Youse1)? V |V — €]* < 2kcy,6(1 + In(k)) In(1/5)] < 6. (1.28)

4. For any 0 € (0,1/e], on the event N}_; 4.1, (d) (cf. Lemma 1.7), we have that

Ex, [e]? < 3rew(5)*. (1.29)
5. For any d > 0, we have the following bound (independent of §):
sup E[8y(h. yo:+1)|? < £, (6)*. (1.30)
eHop

Proof of Lemma 1.8. In what follows, let us suppress dependence on y and z; ;, when clear from
context, where z; j is as in (1.10).

1. Bounding SUPhesz,, le(hy yousr) | + SUDpez,, 18:(h,yo:e+1)] < ¢t,1(}’0:t+1)2-

The bound in (I.26) actually follows from the same argument as in the proof of Lemma 1.6
with k = 1 and (M}, M}, ) replaced by (M, M) (using that ¥, also bounds | M |, and
Esys upper bounds | M — M [op) under Egys.

2. Establishing Eq. (I.27). This is also analogous to the proof of Eq. (I.15) in Lemma 1.6.

3a. Bounding |v - e|?%. We bound
—~ Ko~ 4 2 &
|v-e|®= H¢(y0:t+k)H2 =3 ek (he s you, yeer) | < Yer(zer)?,
k=1 k=1

where we use Eq. (I1.14).
3b. Establishing Eq. (I1.28). We have

K
%,1(}’0:t+1)2 Vv - eH2 < wt,l(YO:tﬂ)Q \ Z wt,k(zt,k)2a
k=1

¢t,k(zt,k)2,

Gad L2, Wy (2+ el + [xer |3 + UK [2,0%) -

K
2
k=1
K
2
k=1
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Now, with probability 1 — (% + 1)6, we have that all |x;;||? fori € {0,1,...,x} simultane-
ously satisfy

- 2
Ix¢1i])% < 30dy Us; + 2b° - dev, In 5
by Lemma I.1. Hence, with probability 1 — (s + 1)J, we have
¢t,1(y0:t+1)2 v HV - eH2

K
< Z wt,k(zt,k)Q
k=1

_ 2 o -
= k6o L2, U7, (2 +60dy Uy, + 4b? - dev, In S 2 \|K|\§pb2)
2

5

where in the last line, we absorb various parameters into larger ones. Finally, replacing § by
8/(k+1) gives (1/2)-In(2(k+1)/0) = (1/2)-In(2/5) +In(2(xk+1)) < 2(1+1In(x)) In(1/H)
for ¢ € (0,1/e]. This gives that,

P [t (your1)? V [V —€]® > 2kc,,6(1 +In(k)) In(1/5)] < 6.

- 2 1
< mﬁaisz\IJ?w (62dx\1'2 +5b% - devgg) In 5 < w0 In

. Establishing Eq. (1.29). First, we bound
Hd)t(}’():tm) - Cb; (yo:m)l\% = Z H‘bt,k‘(ht,k) - ¢t,k(h*)”2'
k=1

From Lemma 1.7, we have on the event Nj_; £4.:,%(J) (recall the definition of the event
Ep:,1(0) from Lemma 1.7) that

Ex, [0t (Yourn) = Bt (Yourn)|? € Y €0 (0)? = kew(9)?. (L.31)
k=1

Second, we note that

k

= 3 1861 (he) 12,

k

1 (Yosten) = b (Yostan) |3 = i | b0k (her) = den(her) |,
1
=

so that by Eq. (I.17),
Ex, [0t (Youen) — &f (Yourrn) |3 < 24“L<2)p5§ys (dx Ty +dev,b?).
Hence, on Egys NN7_; €11 (0), it holds that
Ele|? < 2Ex, [t (Yoitrn) — Of (yourn) |2 + 2B, [ bt (Yorter) — Pe(Fortan) |
< 2kE(6)? + 48K L2 el s (dx Vs + devyb®) < Bkew (6)7,
where the last line uses the definition of &,,(5)? from Lemma L.7.
. Establishing Eq. (1.30). By using an analogous proof to that of Eq. (I.17) (in particular,

exploiting that £4y, bounds the error of both M and M, &), we can show that

Ex, | sup [8:(h, your1)]? | < 241262 (dx s + dev,b?) .

The right-hand-side is crudely bounded by &, ()2 for any 6 € (0, 1).
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1.4.3 Proof of Theorem 8

Again, we appeal to Corollary E.2. We verify one by one that the conditions require to apply the
corollary hold.

1. Substitutions. We appeal to the corollary with € = ¢F (Yo:ter) — Pt (Yortsr)s Z = Yors1s
V = O (Yoitir)» @ = O, 0 = 4,04 = 84, and ¢ = k(Ink + 1)cy, ¢, Where ¢y, 1, 8¢, and
Cw, are as in Lemma 1.8. We also take dy,dyx < dx.

2. Realizability.

By our assumption on the function class 72, there exists f. € .7, such that f,(y) = x for
all y € supp q(- | ). Therefore, by the system’s dynamics and the definition of the policy
7, we have

¢(frr2) = M(Wi + Bvy),
l Ml(Wt+BVt)

)

M,{Amil(;vt + B\/t)

[T Ml(Wt + B\/t) ]

= E’ﬁit ) ) W + BVt s
[ LM (Zy AT Wiy + AV By ) |
[T Ml(Wt + B'Vt) ]

= Ex, , 5 4 Wit By 3
L _MK(Z;zl Aj_lwt-*-n—j + A]_let+N—j )‘ Yot
[T M1 (Wt + B'Vt) ]

= [Ex, , : 4 Yoits Xe+1 | (1.33)
LM (E5o0 AT Wi + A7 BV |
[[ i1 (Yo, Yee1)

= Ex, : Yo:it, Yi+1 |5 1.34)
L _(bt*,m(yO:hYtﬂ@)

where: (1.32) follows by the fact that (v, )»; and (W, ) are independent of y.;; (1.33)
follows by the fact that w; + Bv, can recovered from x;,; given yq.; and vice-versa; and
finally, (I.34) follows from the system’s dynamics and the definition of 7;. Thus, (1.34)
ensures that the realizability assumption in Corollary E.2 is satisfied.

3. Conditions 1& 2. Lemma 1.8 ensures that conditions 1 and 2 of Corollary E.2 are satisfied.

4. Condition 3. By the structure of %, condition 3 is satisfied with L as in Assumption 5
and bL = L,,. Examining ¢;(h, yo:i+1) = M (h(yt+1) - Ah(y:) - BKft(yO;t)), we can
take X; = ﬂ, and X5 = A. The term Mgl?ft(yo:t) does not depend on h, and thus
corresponds to 8.

5. Condition 4. By Eq. (1.27), this holds for some ¢y $ 1.

Recall logs(n,d) s In(n/d), defined in Corollary E.2. Corollary E.2 implies that with probability
atleast 1 - 3§
50,

126(Ink + 1) cy, o (I | F| + dx - dx ) 1ogs(cyn, 9)
n

E|¢i(h,z) - d(fer2)]? <

< cwgr(Ink +1)(In].Z| + d2) In*(n/s)
~ n

+16E|e|* + 8 max E|5;(h, z)|?

Ele|? E||5,(h, 2)]||%.
+Elel” + max 18+ (h, 2)|

Substituting in the bounds in Eqs. (1.29) and (1.30), which hold on the events N}_; 4.1 () (i.e., the
intersection of the events from Lemma 1.7), followed by the definition of ¢,, given in Eq. (I.21), the
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expression above is bounded as
E|¢1(h.2) - ¢u(f+.2)|?
< cwgk(Ink+1)(In]|.Z| +d2) In?(n/s) .
n

Sk(l+ ln(ﬁ))gw(6)2
$ k(1 +In(k)) (Cw’qb(ln'g' +dg) In*(n/9)

n
Finally, let us account for the total failure probability. By Lemma 1.7, we have P[N;_; .1 ()] >

1- 37“5, and the above display holds with another probability 1 — %5 . Hence, our failure probability
3(k+1)6
2

/%w(é)2

+ L2 el (du Vs + devlf)z)) .

op©sys

is at most . Rescaling § « and noting that In(c¢; /6) < ¢1 In(1/6) for constants ¢y, we

find that with probability 1 - 4,

29
3(k+1)’

Cwp(I0[F| + d2) In*(nk/d)
n

El6:(h,2) - 61(f..2) m(nln(n))(
se (D).

noise

+ L2 el (dxUs + devzl_)z)) :

sys

O

I.5 Proof of Lemma H.3

Proof of Lemma H.3. Lett > 0 be fixed. To begin, consider a fixed 0 < 7 < ¢, and let (k) and (¢,)
be as in Lemma I.8. For notational convenience, we define ¢.- = ¢, — M Bv,.. From the definitions
of f;.1 and ¢, we have

fr+1(}’0:r+1) = Xfr (yor) + iLT(yT+1) - Ah, (y+)s
= A+ (yor) + BE f-(yo:r) + BVr + ((he (y741) = Ahr(y7) = BR f7(y0s)) = B,),
= Af:(yor) + BE f-(yor) + Bvr + M6, (e, yoiri1),

where we have used that M has full row rank by Assumption 10. This implies that

Fro1(¥ors1) = fo(yren) = (A= A) fr (Yor) + A(fr (0ir) = fo(Y0r)) + (M7 (for, Yoirs1) = wr).

Under the event &p.;, we have in particular that fs = fs, for all 0 < s < 7. Thus, by induction we have
f7+1 (Yorr+1) = fu(Yre1) = Z AT ((A\_ A)fs(YO:s) + (MTE;S (iLsa Yois+1) = Ws))
s=0

+ A7 (fao(yo) - Afi(¥0)),
with fo = fo = 0. As a result, we have, for ¢j = HfA,o(Yo) - Af.(yo)| and g4y as in (H.7),

| frr (Yoirs1) = fo(yr) | (135)
<|ISSATEHA - A) folyos) || + || ATHM b (s, youse1) = W) || + aavi e,
5=0 =0

B

< CVA&?sysB(]- - 'YA)71 + OZA’YZ(IEO + Z HA‘ILS ”0})” (MT;Z;S(}ALS» yO:s+1) - Ws)
s=0

-
< OlAgsysb(l - 'YA)71 + OZA’Y,27160 + s Z Ya® ||(M’¢S(h87 Yo:s41) = Ws)
=0

)

)

_ . T ~ A
< aAesysb(l - ’YA)_l + (XA'}/;—leO + O‘AH-/\/ll ”op Z ’Y;—s||¢s(hsvy0:s+1) - Mw,
5=0

2

9

;ng (ilsv y0:s+1) - Mw

_ ) RN
< aesysb(1=74) " +aari e+ aa|[ MU | D Ay
s=0 s=0

(1.36)
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Taking the square on both sides of (1.36), then applying the expectation E=, we get

B [ 1 et (o) - .7 1) 137)
— t ~ ~
< 3a?4€§ysb2(1 - 'VA)_2 + 30‘124512nit + 304124(1 - VZ)_lamin(M)_Q Z E?r‘ |:H¢S(h87y0:s+1) - MWS HQ] ;
s=0
< 3a?4€§y3132(1 —74) %+ 3a?4512nit + 30&(1 - 'yf‘)_lamin(/\/l _QEEOiset, (1.38)

where the last inequality follows by the fact that under the event &,i5¢, We have
E- [H(Es(ﬁs,yo;sﬂ) - Mw, ||2} <e? .., forall0<s<t.
Finally, we simplify Eq. (I.38) to

3aA24(1 - FYA)_2 (Ezysi)2 + Eignit * Omin (M)_2€ioiset) '

1.6 Proof of Theorem 9

Proof of Theorem 9. Define &, = .+ A &5, and let p; = Pz[&}},]. We will recursively prove a
lower bound on p;,1 in terms of p;. From Lemma H.3 and Markov’s inequality, for all 7 € [¢ + 1],

P [Tg[%] 1Fr (Yoir) = Fo(yo) | 2 Caeesn/T c%’;’t] (1.39)
-P» [ mase | Fo(Yor) — £ (vl 2 1 é’o’;]
Te[t+1]
1 -
]E?F T ) T J* T 2 (5”"
< e g 1)~ ) |
= 12 Eﬁ[ max HfT(y()iT) - f*(Y'r)Hz ]I{@@(;lt}]
7’]pt€dec’t Te[t+1]
1 3
= 7E’7? T ) T Jx\Yr 2']1 (g); s
B U o) = £ ) 1)
<p;inh (1.40)

On the other hand, we also have that under the event &y, since no clipping occurs, the dynamics
satisfy

X1 = (A+ BI?)Xt +Bvy+ 8, +w;, where §;:= Eth(Yo:t) - B[?f*(}’t)-
Thus, by induction we obtain,

t
X1 = (A+ BE)'xo + d(A+ BR)"T(Bv; + 8; + wy),
7=0

By Jensen’s inequality, we have for 7, as in (H.8),

t
[xte1 ] = rooTo [0l + oo D) 7o 872 +

7=0

)

t
> (A+BE)"(Bv. +w,)
7=0

t
= QooVoo [Xo | + Qoo DT85 ]2 + [ 2, (L41)

7=0

where z; = ! _ (A + BK)"7(Bv, + w,). In this case, we have z; ~ N(0, X, ), where

t
Zz — Z(A+Bf?)t_T(O'QBBT + Zw)((A+B[?)t—T)T < Zz7°°7 (142)

7=0
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with ¥, o is as in (H.22). Under the event &, (and since 7o, < 1) we have

by = /2(du S0 ]lop@2, + dx Sz 00 op) In(27) > /262, %02 + 2] ¢ |2,
> Qoo Voo [ X0 + | 2¢]- (L43)

On the other hand, by Holder’s inequality, we have

t
~t-7 Qoo
<
oo TEZO%O 18] < 5 5. I8-1l,

Qoo _ .
A (gsysb + max | BK(f-(yor) = f*(yf))\l) :
Qoo _ B
ST (e 20 g o) - 2.

where we have used that under &y, | BEK ||op < 1Alp + 1A+ BE |op € Uy + Qoo oo < 20, From
(1.40), it follows that

t
Pﬁ[amzvzﬂsfu

7=0

oo (Esysb + 2V, £ dec 1
( y: — d ,t\/ﬁ) ’ éaolzlt]gptln 1. (144)
~ Yoo

Thus, by (I1.41), (1.40), (1.43), and (1.44), we have
P=[& | o] <n'pp'

where

£ {Xm |2 (1= oo ) ™ Qoo (€aysb + 2V s €qce,t0/1) + bn,} .

or [ fer1(Yoer1)| 2 [Xes1ll + €dec,en/M
This implies that
aoossysl_) + (2V, oo + 1 = Yoo )Edec,t\/T
1 - Yo

Pﬁ‘[|ft+1()’t+1)| 2 +by

é%;]Svf*pgl. (1.45)

which we simplify to

~ QooEsysh + 3V QooEdec,tn/T] -
Pﬁbﬁﬁwﬂn|z = T e”vr+bn(%4SnlmP (1.46)
On the other hand, by Lemma I.11, we have
P [a2, [xo0]? + |21 |* 2 0,272 <7t (1.47)
Thus, for ~ B
b2 (1= Foo) ' (QooEsysh + 3V QooEdec,t7/7) + by (1.48)

we have with (1.47), (1.46), and a union bound,
Pr [{I ferr (yerr)| 28} v{aZIxol + |21 |* 2 0,272} | &5l ] <207 'py
This implies that
Prl 6o A Sl | 654] > 1- 207 pr (149)
Therefore, we have
Pr[Eoia1] = pe - Prlran A &y | €] 200 = 2071 = P[5, ] - 207

Now by induction on ¢ we get, for all 7 > 1,

Pz[&orr ] 2 Pr[&oa A Eoar] - 27/, (1.50)
For the base case, by (1.47) and a union bound, it follows that
Pz[-&gal <207, (L51)

and therefore, by (1.50), we get
Pz[ &0 ] 2 Pr[&oa] = 2(7 + 1) /n.

Finally, as fo = 0, we have P=[&p.1 ] = Pz[&1], which completes the proof. To get the stated value for
beo, we rearrange Eq. (1.48) and recall that 7, = %(1 + Yoo )- O
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1.7 Proof of Theorem 10

Proof. Let &)l = o0 A EJ,p. By Lemma H.3, under the events Egys and Epoise, We have
B [ max 1fi(vou) - £. 50 Hdor) | < e (1L52)
It follows that for all 0 < ¢ < T", we have
e | max 1 (vou) = £.(70) || < B | a1 (y00) — £. (3012 T}
= £ ) - 2 4 2"
+Bx | a1 Fo(von) - .70 I 165} .
<Ex | max 1 (y0) - £. 50 o)
0<t<T

_1(2b 2y L2
+Bx | 2B+ 2 uax x| ) - 1{-65} .
< Eheer +2(1 -Pz[&57]) (b +1/E= [&1% I ||4]) , (1.53)

where the last inequality follows by Cauchy Schwarz and Eq. (I1.52). Now by Lemma 1.1, we have
that the random variable ||x;||? is cx-concentrated for all 0 < ¢ < T with

x = 30dy U + 202 - dev,.

Therefore, by Lemma E.1, we have Ex [||x,[*] < 4¢2. Using this, we get that

E- H<(T+1 E~ 4] <87¢2.

7 [ggtag [t ] < (T +1) max E= [ |*] < 8T
Combining this with (I.53), and Theorem 9, we have
E= [(glt%); Hft(YO:t) —fu (Yt)HQ] < 5<21ec,t + (4Tl/20x + 252)(1 - P?[gol:,T])'
< o+ (AT 20+ 267) BT 4 1 - P2 [{ fo(y0) = fo(yo)} A &1).
O

1.8 Proof of Lemma H.4

For the proof of Lemma H.4, we introduce the following functions and random vectors:

o(y1) =L2,(1v |x1]?),
u = Wy,
€:=Wwo— (ilol,o(ygi)) - A\ﬁol,o(y(()i)) - §V0)~
Let us abbreviate n = n;,;. Recall that we are analyzing the regression

2

)

flou € argmin Z Hh(ygi)) - (ﬁol,o(yg)) - A\ﬁol,o(y(()i)) - Evéi))‘
heop i=1

where {(yg) , XQ’) , vg) ) }1<i<n are fresh i.i.d. trajectories generated by the policy 7).

Proof of Lemma H.4. Our strategy will be to invoke Corollary E.1 with ¢, u, and e as above. We
start by verifying the technical conditions of the corollary.

1. We directly verify from the structure of .7, we may take b = U2 and L as in Assumption 5.
Hence, bL = L, and thus ¢(y1) satisifes the requisite conditions of the ¢ function. In
addition, we may take d, dx < dx.
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2. Concentration Property. Next, we bound the concentration parameter c. Recall that all
h e A, have |h(y:)| < Lopmax{l,|x,|}. Hence, under the event &, we have by

Jensen’s inequality, Cauchy-Schwarz, and the fact that ho1 o € H5p,
p(y1) Vv le-ul® <o(yi) +5L5, (1 + [xa[?) + 5L3, (| Al5, +e2y5) (1 + [x0[?)
+5( B3, + 5ys) [ ol
<GLYL(1+ [xa|®) + 5L, (JAIS, + el (1 + [x0]*)
+5([Blay +e2ys) [ vol,

= 6L(2)p + 5Lc2)p(HAHc2)p + Z':gys) + 5(HBHc2)p + Egys)”\/o H2 (1.54)
+ 6Lc2)pHX1 H2 + 5Lgp(HAH§p + ggys)HXOHQ'

Let us simplify the above. Assume 2, < W3 (where ¥, > max{1, |Aop, |Bop}). This
lets us simplify the above by

e(y1) v le-ul? < L2, W2 (6+10 + 10 vo|* + 6]x1]? + 10]x0[?)
<SI6LZ, W2 (1+ [vol® + |x1]? + [ x0[). (1.55)

Since xg ~ N(0,%0), vo ~ N(0,06%14,), and x; ~ N'(0,0°BBT + AL AT + %), we
have by Lemma 1.11 and the fact that In 3 + 1 < 3, the following holds: For all § € (0,1/¢],

P [cp(yl) V]e-ul*2¢ln 5_1] <0, (1.56)

where
c1 = 48L2 W3 (1 +5dyuo” + 5dx (| S1lop + [Zollop)), (1.57)
Y, :=0’BBT + AY AT + 3. (L.58)

3. Bounding the error e. On the other hand, by Jensen’s inequality and Cauchy-Schwarz, we
can bound the error e by

le]® < 2|wo — hoto(¥7) = Ahoro(y ) = Bvo|? +4e2 L2, (1 + |x0[? + [ vol?) -

Therefore, by Lemma 1.9 and (H.24), we have with probablity at least 1 — § over the
trajectories used to form A o,

Ergi [[€]*] < 20min (M) €515 () +4elys Loy (1 + dx [ Zoop + 0 dua). (L.59)

4. Realizability. We have
Bry[ulyi] =Er,[wo[xi],
= Eﬂ—ol [Wo | AX() + BV() + Wo],
=Yu(Xw +02BBT + AX A7) 'x; = h, (y1), (L.60)

where the last inequality follows by Fact G.2. Therefore, by the definition of %, in (H.1)
and the fact that |2, (2, + 0?BBT + ASqAT) ™ |op < 1 < U3, we are guaranteed the
existence of h € %, such that h(x1) = E[u | y1].

Applying Corollary E.1 with ¢ < ¢1, dy, dx < dx, and the above bound on E,_,[|e[?], we obtain for

N < Nyn; that with probability 1 — %‘5 -8 =1-5§/2 (the second § factor comes from the event used

to bound E,_ [|le]*]),
E|ho1(y) = he(¥)]*
c1(dZ +1n|.Z7|) In? THigit

Tinit

Jmin(M _25ioise(5) + Egych%p(l + dx ”ZOHOP + 0'2du),
as needed. Moreover, because the above bound suppresses constants, we can replace ¢; in Eq. (1.57)

by 1 < L2 02 (1+ dyuo?® + d (| Z1]op + | Zoflop)) - Substituting in the definition of /. concludes
the proof. O
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1.9 Proof of Lemma H.5

Proof. Since ho1 € Hop, we have |ho1(y1)| < Lop(1V |x1]]), where x; ~ A(0,%;) and
¥ :=02BBT + A¥y AT + ¥,,. Therefore, by Lemma I.11, we have, for all § € (0,1/e],

Pr,, [ hot1]* > L2, (1 + (3dx +2)[0° BBT + ASg AT + 5y op) In 6] < 6. 1.61)

Combining this with the fact that | 711 (y1)|| < Lop(1V |x1|) implies that o (y1) = L2, (1v %] ?) is
c-.(:(k)lncentrated with ¢ = L2 (1+(3dx+2) |0>? BBT+A¥g A" +X | op ). Thus, applying Proposition E.2
wit

(P(y1): h(y1), he(y1)) = (L2,(1V [x1[%), on 1 (91), B X7 %1)

and invoking Lemma H.4, we get for all § € (0, 1/e], with probability at least 1 — (3x + 4)0,

1Zeov = w7 B llop < € (162)

!/
cov?

for &/, as in the lemma statement. By the triangle inequality, whenever the condition (H.30) that

Etov < Omin(Zeov) /2 < | Zeov Hop holds, this implies that

Hicov ”op < QHZwEIIEw ||0p7 and Umin(icov) 2 O—min(zcov)/Q (163)

which shows the second inequality in (H.31). Furthermore, whenever (1.62) holds, Lemma I.12 and
the condition Eq. (H.30) imply that

. 2 2—1 o /
”2;}1 —Zgg‘,EwEIlHop < H w H pglcov ) (164)
Umin(EwZI Zw)
By the triangle inequality, this implies that under &gy,
2[%," lopEéov

H’j;)l - S;&vzwzzl HOP < 65}’5 +

Umin(zwzzlzw) .

This further implies that

(1.65)

S5 g v < |S 215 fope!
|Idx—2w2C§Vzwzs|0ps|zw||op(gsys+ wtlovtion ).

O—min(zw 211 Ew )

Since e4ys < 1 by the definition of &y, we have that Hiwﬂop < 2W,, leading to the result. This
establishes the main inequality in (H.31). O

1.10 Proof of Theorem 11
For the proof of Theorem 11, we introduce the following functions and random vectors:
p(yo) = Lgp (1 [x0]*)
u=%, (8, +02BBT + AXgAT) " (Axo + vy + Wo)
e=u- izol,l(yl).
Recall that we are analyzing the following regression problem, where for n = njy;¢:

BOI,O € a}rlgg;fnin % HM.VS”) - ﬁol,l(yii))H2~

op i=n+1

Proof of Theorem 11. Our strategy will be to invoke Corollary E.1 with ¢, u, and e as above. We
verify the technical conditions of the corollary.

1. We directly verify from the structure of 7, we may take b = W3 and L as in Assumption 5.
Hence, bL = L, and thus ¢(y1) satisifes the requisite conditions of the ¢ function.
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2. Concentration property Now, under event &y, by Jensen’s inequality, Cauchy-Schwarz,

and the fact that h01 1 € % (and hence satisfies Hhol 1(y1)| € Lop max{1,|x1]}), we
have

¢(yo) ve-ul? <o(yo) v (L3, (1 + [x:]*)),
< Lap (1 [xof* + ).

Since x¢ ~ N (0,%) and x1 ~ N'(0,%;), where ¥ = X, + 02BBT + AXy A", we have by
Lemma L.11 that for all § € (0,1/e],

P, [cp(yo) Vie-ul?> ¢ lné_l] <4, where ¢ = 2sz(1 +5dx (| Z0]op + [Z1]op))-

(1.66)
Moreover, since o < 1 under Assumption 10, we have || | < 3¥3, so that
ch <3212, Wldy =: co,
and hence
Pr, [¢(yo) V]e-ul>>colnd '] <o (1.67)

3. Bounding the error e. By Lemma H.4, we have with probablity at least 1 —55/2 over }Azol_yl,
Era[lel®]<eX . (1.68)

4. Realizability. We have
Er,[ulyo] = Ewol[u | x0],
=, [Zw(Zw + 02 BB + AXgAT) ! (Axg + Vo + W) | X0,
=Y (X +02BBT + AX A7) Axq,
= YWY Axg = Ay (x0). (L.69)

Therefore, by the definition of /%, in (H.1) and the fact that |2, 37" A op < U3, we are
guaranteed the existence of h € J%,, such that h(x¢) = E[u | yo].

Applying Corollary E.1 with ¢ < ¢p, dy, d < dx, and the above bound on E_[|e]?], we obtain for
N < Ninjs that with probability at least 1 — =2 — 2% = 1 — 46 (the second term comes from the event
used to bound E_ [|e]?]),
- co(d2 +1n|F|) In( Rzt )2
E|ho0(yo) = ha(¥)[? $ : +5c2>1,1

Ninit

as needed. In particular, recalling that h, (yo) = X, X7 Ax( in the above realizability discussion, we
find that for an appropriate upper bound 521’1,

co(d2 +1In |.Z]) In(Miic )2
E”holo(YO) )Y leAXOH <&’ ol,1 S +531,1

Ninit

This further implies that

Er,y S0 S0 hor0(y0) = Axo[?] < 2181 12,1 Eecov 12,62
+ 2B, [|(Ta, — SwEgay ZwE1 ) Axo %],
<2085 50 1 Eeov 1256511
+2dx]| (I, = S0 ST Al 2,1 %0l (1.70)

where the last inequality follows by Lemma L9 since x¢ ~ N (0, X ). Thus, under the event Eys, we
have by Lemma H.5 and a union bound, with probability at least 1 — (3 + 9)4,

- = - _ co(dZ +1n|.Z7|) In( Dzt )2
Er (IS0l oo (y) - Axol?] < |25 ||3p|zcov|zp( 2 e,

Tinit

+dyeloe | A2 1 %0, (L71)

cov ‘
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where we recall that X, = EwZile by definition. The desired bound (H.34) follows by the fact
To1 and 7 match at round zero.

We now prove that Eq. (H.36) holds. By definition of f 1, we have
Fi(yo) = SuSiholo(yo) + ho(y1) = Aho(yo), (L72)

and so since A .0 and h are in Hp, we have by Jensen’s inequality and Cauchy-Schwarz,

|1 (o) 12 < 41Z0 13, 1S o 12, L35 (1 + 1x0]*)
+ALS, (1 + [xa ) + 4] A3, (1 + xo]*) + 41 A = A2, (1+ xof). (173)

Under &gy we have |, [op < 2|, [ and [ A~ A|op < 1, and the event of Lemma H.5 implies that
124 lop < 21228 |op- Hence, using that L, > 1, we can further upper bound by

[F1(yo) | < L3, (64 S 13, Seov 55 + 41A[5, +4) (1 + [xo]?) +4L2, (1 + [xa[?).
Next, we note that |2, ]|op < ¥, and |22 |lop < 3¥S. Hence, we can further simplify this bound to
58ALZ W% (2+ %o + |x1[).
Since xg ~ N (0,X) and x; ~ N (0,3), we have, by Lemma L.11,
Px [1f1(yo) |? 2 584Lop W22 (2 + (3 +2) ([ o op + [Z1]lop)) In(2) ] < 7
so that in particular, we may take
by = 108 du L2, W32 (1 + S0 [lop + |1 ]op)- (1.74)
This establishes Eq. (H.36). O
I.11 Supporting Results

Lemma L.9. Let z ~ N(0,%), where ¥ € R™ ™ is a positive definite matrix. Then E[[z]?] <
|3 op.

Proof. Let z' = ©7"/2z and note that 2’ ~ (0, I,,,), and so |2’ |? ~ x2(1m). As a result, we have

(*)
E[l2°] =E[I="22"[°] < [Z1opEl1217] = m[Elop,
where (*) follows by Cauchy-Schwarz. O

Lemma L10. Let ag > 0 and (a1, c1,21), ..., (as,cs, zs) € RSy, where (z;) are (potentially depen-
dent) non-negative random variables satisfying P[2; > ¢;Ind~*] < 6, forall i € [s] and § € (0, 1/e].
Then, for all § € (0,1/e] we have

0> ]P’[ao +ai1z1 +Fagzs > (ao + Z aici) 1n(s/6)] ,
i=1

> P[ao tayzy+--+aszs > (Ins+1) (ao + Zaici) lné_l] . 1.75)

i=1
Proof. Let c(8) = (ap + X351 a;c;) Ind~1. Define zo = ¢y = 1. Since § € (0,e7'], we have
Plag+aiz1 +--+aszs 2 ¢(0)] ]P’|:Zgzaz(zZ cilnot) > ]
< ]P’[Elz €[s]:zi—cilnd” 0
< ZS:]P’[zi—cilnch 20],

i=1
< sd. (by assumption) (1.76)
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For any given § < 1/e, by applying this result with §’ := §/s, we have for all § € (0,1/(se)], §' < 1/e,
and so

c(¢') = (ao + iaici) In(s/0) < (Ins+1) (ao + Zs: aici) In(1/6).

i=1 =1
This together with (1.76) implies (1.75). O
Lemma L11. Let ag > 0 and (ay,¢1,21), ..., (as, cs, 25) be such that (a;,¢;) c R%; and z; € R%

are random vectors satisfying z; ~ N'(0,3;) for i € [s]. Then, for all § € (0,1/e] we have

52 an szl vz (a0 s S alSi (3002 o)

i=1

> ]P’[ao + alelHQ 4ot astsH2 >(lns+1) (ao + Zai”EiHOp - (3d; +2))ln5_1:|. @.77)

i=1

Proof. Fori e [s], let z} = E;Uzzi; in this case, z; ~ N(0, I4,). Thus, by Lemma 1 of [21], we
have that

02|27 2 ds +2V/din6 " + 2157 |
> P[l2i]? 2 [Siflop (d + 2/@ 106 +21n57)]
> P[li]? 2 [Sillop (d + 2/ 106 +21n57)]

>P[)zi]* > |Siflop - (3d; +2) Ind™"], (178)
where the last inequality follows by the fact that § € (0,1/e]. By (1.78) and Lemma 1.10, we get
(L77). O

Lemma L.12. Lete > 0, and M, N € R™*™ be given. Suppose N is non-singular and | M —N||op, < €.
Then if € < oyin (V) /2, M is non-singular and

2e

I,-M Nl < ——.
” H 1% Umin(N)

(1.79)

Proof. We first bound the minimum singular value of M. Let x € R™ be a unit-norm vector such
that | Mz| = omin (M ). Then, from the fact that | M — N||op, < &, we have,

e>||Mz- Nz,
> |Nz| - |Mz|, (by the triangle inequality)
= 0min(NV) = omin(M).  (using that |z] = 1)
In particular, the last inequality implies that

Umin(M) 2 Umin(N) — €. (180)
Thus, since € < o iy (IN), the matrix M is invertible. On the other hand, we have
€2 M- Nop,

2 Umin(M) . ”Im - (M)_lN”OPa
> (Omin(N) =€) In = M N|op.  (by (1.80))
The desired result follows by the fact that € < o (IN)/2. O

J Main Theorem and Proof

We now state and prove the main guarantee for RichID-CE (Algorithm 1). To begin, we state the
values for the algorithm’s parameters niq and nqp:

1
Nid :Q*(/\/_\ZT3I€5(dx+du)16 In*?(1/6) - ng'g’dj') a.0
o
Nop = Q*()\NQITSH‘g(dx +dy)? I (1/6) - 1“"5') (J.2)
g
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We also recall from Section 2.1 that for the burn-in time, we use the choice
Ko i= [(1 -7,) ' n (84\115*’0/*161,((1 —7,) 2 In(10% - nid))] .

Finally, we set 7iq = \/ W+, and set 7o, = (1) to be a sufficiently large problem-dependent constant.
The values for o and b are given in the following theorem.

Theorem la. Let 6 € (0,1/e] and = O(1) be given. Suppose we set b* = O, ((dx + dy) In(1/5)),
0?2 = O(e%/b? A Am), and choose niq and noy, as in (J.1) and (J.2). Then with probability at least
1-O(KT - 90), Algorithm 1 produces a policy T with

Jr(T) = Jr(7e) < &, d.3)
and does so while using at most

_
O*(AAiT%(dx 4 dy) 05 (1)0) . 7 |)

-6
trajectories of length O, (T).

J.1 Proof of Theorem 1la

Proof of Theorem 1a. We first restate Theorem 3, which bounds the estimation error for the system
parameter estimates produced by Phase II of Algorithm 1.

Theorem 3 (Guarantee for Phase II). If niq = Q. (d2dur(In].Z| + dudxr) max{1, omin (C,g)‘4}),
then with probability at least 1 — 11§ over Phases I and II,

I[Aia; Bia] - [Aia; Bialllop v [ Qia = Qidllop V [ Zw.ia = Sw.id]lop < €id, (12)

where £iq < O, (ni > 1% (10 /0)\/doeah (W [ + dydlcr) ).

Going forward we condition on the event in Theorem 3, and define f, iq = Siq f+,id and K iq =
Ko Si’dl. We recall that whenever this event holds, we have

[Siallop v IS ], < B2 v (1= 72)7 (492020 (Ce) = O.(1),

min

as per Theorem 2. As a consequence, we have the following fact, which we will use heavily
going forward: If we define (U',,/,,~., k%, L") to be the analogues of (U.,ay, Vs, kx, L) for
(Aia, Bia, Qia, R, X id, fx.1a), we have ¥ = O, (¥, ) and L' = O, (L), and we may take o, =
O, (aw), 7s <74, and K, < Ry

We first apply Lemma H.1, which implies that once ;4 = O(1), we have

”I? - Ko"ﬂidHop = O*(Eid). (J4)

Next, we invoke Theorem 4, associating A < Ajq, B < Bid, @ < Qid, 2w < Zuw,ids [+ < freids
and inflating the problem-dependent parameters by O, (1) accordingly. In particular, suppose that
f?d < O((In|.Z] + dz)ng}) for a problem-dependent constant ¢y = O(1), and suppose we set
b? = 0,((dx + du)In(nep)) and 0% = O(Ny,) = O(Am). Then conditioned on the event of
Theorem 3, we are guaranteed that for any § € (0, 1/e], with probability at least 1 — O(xT0),

» bYvi d2 +1n|.Z]) In® (nep /0
Egp = E'ﬁ |:1I£1t%)1(“ ||ft(y0;t)—f*,id(yt)\|§] SO*( “/Zl ~T3K,2(dx+du)4. ( b’ | |) ( P/ ))

o Nop

where )‘9\/1 is the analogue of A\ v for the parameters (A;q, Bid, Xw,id); note that to apply the theorem,
we must set the radius of the class .72, based on W, rather than ¥, , which leads to the value for this
parameter passed into Algorithm 5 when it is invoked within Algorithm 1. Likewise, we must inflate
bby Q,(1). Lastly, we note that X'y, > €2, (Aaq); which can be quickly verified.

105



Taking a union bound and simplifying the upper bounds slightly, we are guaranteed that with
probability at least 1 — O, (kT9),

ln|J|

e, < K2 (dy + du)* In* (n34/9)

<o, ( MT3 3 (dy + du )61n( o/0) 1“'“'),

op =
op

so long as the conditions on nq, €4, b, and o2 described so far hold. We next invoke Theorem 7
with 7 = T (again, we use that changing the basis by .Siq inflates problem-dependent constants by
0., (1)),!? which implies that

JT(%\) - JT(Woo) < O*(B Cx * (Cx *Eid t 6op + 0-))7

where 2 = maxy <7 Bz x|, so long as 62 = O, (1). From Lemma L1, we have ¢2 < O, (b +

dy) = O, (b?), so we may further simplify to
JT(?('\) - JT(ﬂ'oo) < O*(E2 : (6 "€id T Eop T 0’))
Hence, to ensure the regret is at most O, (¢), as a first step we choose o = O(£/b?). This leads to

In|Z| 1
)

2, <O, (AAiT%”’(d,c +dy)m%(1/6) -

op

We next choose 2, = O(£?/b*) which, per the inequality above, entails setting

1
Nop = Q*(/\ KT (dy + dyg) 2 In* (1/6) - nu')
Finally, we require that sld < O(e/b?), and we also require €4 to satisfy the earlier constraint that
g2, <O((In|.Z| + d%)n; 1). To satisfy the first constraint, it suffices to take

nig = Q ( (dy +dy)®In 6(1/5)1‘”53')

For the second constraint, it suffices to take

niq = Qe (nop - 67 (dx + du)* In*(/5))

-0, ()\MT?’ 5(dy + du) ® In'5(1/5) - h""y')

Lastly, we observe that the algorithm uses O(nop - T' + niq) trajectories in total, leading to the final
calculation in the theorem statement. O

"It is possible to get better dependence on 1" by choosing different values for 7 based on €, but for the sake
of simplicity we do not pursue this here.
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