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Supplementary Material for ''Adaptive Experimental Design with
Temporal Interference: A Maximum Likelihood Approach"

A An Example: Cooperative Exploration

Throughout this section, we refer to the two Markov chains depicted in Figure 1. The state space
for both chains is S = {1,..., s}, where s > 1. The red chain corresponds to £ = 1 and the blue
chain corresponds to ¢ = 2. The transition probabilities are as depicted in the figure. In particular,
we assume that chain 1 has P(xz,x + 1) = P(s,1) = 1 forz = 1,...,s — 1, and chain 2 has
P(z,z—1)=P(l,s) =1forxz =2,...,s.

We assume the experimenter knows the transition matrices exactly (as they are deterministic), and
thus the only uncertainty in estimating the reward distribution comes from uncertainty regarding
the reward distribution of each chain. We assume each chain only earns a reward in state x = 1. In
particular, chain £ earns a reward that is Bernoulli(g(¢)) in state 1, for some unknown parameter ¢(¥)
with 0 < ¢(¢) < 1. Clearly the stationary distribution of each chain is 7(¢,2) = 1/s, and so the
steady state mean reward of each chain is «(¢) = ¢(¢)/s. Thus the treatment effect is (¢(2) —q(1))/s.

First, suppose that for £ = 1,2 we wanted to estimate only «(¢) by running chain ¢, i.e., A,, = ¢ for
all n. Then note that in every .S steps, only one observation is received of the reward in state 1. Let
ép, (€) denote the maximum likelihood estimate of steady state reward obtained from the first n steps.
Given the structure of this chain, it is straightforward to check that the MLE at time n > s reduces to
the sample average of |n/s] independent Bernoulli(g(¢)) samples. This estimator has variance that
scales as ©(s/n). Thus, any attempt at estimation of the variance of steady state reward by running
each chain in isolation will have variance that scales with s.

On the other hand, now suppose we use the following sampling policy: the policy always samples
chain 1 when in state s; the policy always samples chain 2 in states 2, ..., s — 1; and in successive
visits to state 1, the policy deterministically alternates between sampling chains 1 and 2. Suppose
for simplicity that this chain starts at Xy = 1. Then in every four periods, this chain obtains one
independent sample each of a reward from chain 1 in state 1 (i.e., Bernoulli(g(1)), and a reward from
chain 2 in state 1 (i.e., Bernoulli(¢(2)). Thus the maximum likelihood estimator of «(¢) will have
variance that scales as ©(4/n), and in particular, does not grow with s. In particular, the improvement
in variance under this policy relative to the preceding approach can be made unboundedly large by
increasing s.

This example illustrates the surprising insight that by cooperatively exploring using both chains
together, substantial benefits in estimation variance can be achieved relative to the variance of
estimation with each chain in isolation. In this example, both approaches to estimation will be
consistent. However, the state-dependent sampling policy leads to a substantial reduction in variance,
because it benefits from cooperative exploration: for each chain ¢ = 1, 2, the other chain is used to
drive the system back to where samples are most needed to reduce variance. By contrast, running
each chain in isolation forces the experimenter to wait s time steps between successive observations
of the random reward in state 1. When s becomes larger, the long run average time spent in state
1 approaches 1/2 for the state-dependent sampling policy, but approaches zero for either chain in
isolation.

Figure 1: The two Markov chains described in Appendix A. Chain 1 is red, and chain 2 is blue.
Rewards are only earned in state 1 for each chain; in particular, the reward distribution in state 1 is
Bernoulli(g(¢)) for chain ¢.
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st B Proofs: Section 4

ss2  Proof of Proposition 4. Relations (18) and (19) are obvious. As for (17), note that

1 1
1 n—1
= Z I(X; =vy) G8)
7=0
1 n 1
:EZI(X]'Zy)+E(I(X0:y)_I(X7L:Z/)) (39
j=1
1 & 1
ZE;I(Xj =y)+0p <n> “0)

=ZZ%ZI(X]»_1:$,A]-_1:é,X]:y)JrOp (i) (41)
2
:ZZ %Fn(gvx)P(gvx’y) 42)

22 {iZHXm =@, Ay = OU(X; = y) - P(&x,yn} +0, (;) SNCE)

(=1z€eS j=1

ss3 (Here we use the notation that f(n) = O,(1/n) to denote stochastic boundedness of n f(n): for all
ss4 € > 0, there exists deterministic M such that P(|nf(n)| > M) < e for all n.)

sss LetW; = I(X;_1 = 2,4;_1 = O[I(X; = y) — P({,z,y)]. This is a martingale difference
sss  sequence adapted to G;. In particular, as a result the W; are orthogonal in the sense that for j < k,
ss7  there E{;W}} = 0. (This result follows by conditioning on G; and nesting conditional expectations:
se  E{W;W;} = E{E{W4|G,;}W;} = 0.) Using orthogonality of the martingale differences implies
g9 that

B{ (5 _Xj;f(xj-l Ay = OI(X; = y) - P, y>1>2} (44)
:E{ngrn(e, z) (P, z,y) — P2(€,x,y))} -0 45)

390 as nm — oo. Therefore, by Chebyshev’s inequality

1 n
- S I(Xj oy =a,A; 0 =0[I(X; =y) — P(L,z,y)] 0 (46)

Jj=1
391 as n — oo. Taking the limits in (43) yields (17). m
392 Proof of Proposition 6. We start by proving (22). We recall that

n—1
Ej:o I(X;=2,4;={X;11=y)

Po(t,2,y) = 47
(bz9) max{T, (¢, 7), 1} @D
393 As in the proof of Proposition 4,
1 n—1
- S IXj =24, =0,X;11 =) (48)
j=0

:{Tll z_: I(Xj = Qf,Aj = g)[I(Xj-‘rl = y) - P(&xay)]} + %Fn(& g;)P(E,x,y) (49)
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Therefore,

A (LS 106 =) = 01060 = )~ ()}
Ptz y) = o Tn(l,2), 1] (50)
T, x)
+ mp(f,l’,y) (51)
_ Op(l) F’I’L(€7 fL')
~Tinax(Tu(6,2), 1} | max{T(6,2),1) (6z,y)  from(6)  (52)
5Pt x,y) (53)

as n — oo, where the convergence in (53) holds because (¢, ) are almost surely positive.

We now prove (23). Let u,, denote the law of 7,,, and view it as a probability measure on vectors
in the probability simplex on the state space S, denoted A(.S). The set A(.S) is compact, and so by
Prohorov’s theorem there exists a deterministic subsequence ny, such that 1, converges weakly to

a probability measure 1 on A(S), with associated random variable 7/ (¢). Since P, (¢) £ P(¢) by
(53), and P(¥) is deterministic, it follows by Slutsky’s theorem that:

Tony (0) P, (0) = 7' () P(0).

Since the policy limits are almost surely positive, J is almost surely finite. Thus, for all sufficiently

large k there holds 7, (€)P,, (£) = #tp, (£). It follows that 7/ (¢) = 7’ (¢) P(£), so that ' (£) = 7(¢)
almost surely. In other words, the measure i is the Dirac measure that places probability one on 7(¢).
Since this is the case for every convergent subsequence of {, }, we conclude that 7, (¢) = = ().

Since () is deterministic, we conclude that 7, (¢) £ 7(¢) as n — oo, as required. m

Proof of Corollary 7. Since the policy limits of A are almost surely positive, it is straightforward to
show that for each £, x, 7, (¢, ) 2 r(¢, ) as n — oo. The result then follows from Proposition 6. m

C Proofs: Section 5

Proof of Theorem 9. We begin by showing that for £ = 1,2 and n > J, there holds:

(7 (0) = m(£))r(€) = 70n(0) (Pu(0) = P(£))3(0). (54)
To see this, observe that for n > J,
Fll) = 7(0) = 70 Pa(l) = #(OP(0) + 7 (O)P(D) — 7(O)P(0) (55)
so rearranging the terms we get,
(7tn(€) — () (I = P(£)) = 70 (€) (Ba(£) — P(0)). (56)
Because I1(¢) has identical elements down each column,
(n(6) — 7(0))TI(0) = 0, (57)
and hence
(700 (0) — 7(0)) (I — P(£) +T1()) = 7, (£) (Pu(¢) — P(L)). (58)
Recall that we defined §(¢) = (I — P(() + H(E))_lr(é); thus
(Fn(€) = 7(0))r(€) = 7 (£) (15”(6) — P(0))g(0), (59)
as desired.
Now for / = 1,2, and z € S, define
r(l,z,y) = /R 2F(dz,x,y, ). (60)
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Recall that &,, = 7, (2)7,(2) — 7, (1)7,(1). We can write:
7 (0)Pn (€) — 7w (£)r(£) (61)
= (Fn(0) = 7(0))r(€) + 70 (£) (Fn(€) — r(£)) (62)
= n(0) (Pa(0) = P(0)g(0) + 7 (0) (7 (€) = (D)) (63)
_ Zﬁ_n(&x)zyzl I(XJ*]. —CC;Agfl —K) [g(€7Xj) (P(é)g(é))(XJ 1)]

"o Il(X; =2, A; = 0)(Rjy1 —r(lx
+ Zﬁ”(g’ z) Z]_O ( max{T", (¢ CZ)( 1}+ : )) ©4)

. Z?:l Dj(é, $)
" max{T, (¢, x),1}

(65)

where
Di(t,x) :=1(X;1 =x,A;1 =0)[3(0, X;) — (P(0)g(0))(X;—1) + R; — (£, X;_1)]. (66)
Note that for each ¢, z, D; (¢, ) is a martingale difference sequence adapted to G;.

For deterministic w(¢) = (w(¢,z) : x € S),¢ = 1,2, consider

2
%ZZZD x)w(l, x) (67)
LG:D (68)
where

2
Z Z w(l, ). (69)

The D,’s are martingale differences adapted to (G; : j > 0). Since they are bounded by
2max{|g(¢,z)| : z € S, = 1,2} < oo (since r(¢, x) is finite), the following conditional Lin-
deberg’s condition holds (Eq. (3.7) of [10]):

"1
foralle >0, Y EE{D?I(|DJ»| > 6)|Gi1} B o. (70)
j=1
Furthermore,
n n—1
1
EZE{Dﬂgj_l} = ZZZ =z, A = 0> (4, x)w?(l, x) (71)
j=1 6 1x€S j=0
2
= Z Z o2, x)w? (¢, ) In(t,2) (72)
{=1z€S "
2
B Pa)w ( x)y (L x) £ P, (73)
(=1 z€eS

since A is assumed to be a TAR policy. We therefore conclude that (by Corollary (3.1) of [10])

T, = Z Z o(l,x)w(l,x)\/v¢, )G, x) (stably) 74)

(=1 z€S
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asn — 0o

Stable weak convergence implies that the following convergence of characteristic functions holds as

well:
E{enqﬂz+i§:§:wwﬂﬁﬂ&xﬁ}

(=1x€S

(75)

—>E{ exp (z Z Z w(l, z)Gl,x)o(l,x)\/v(l, x) + i Z Z w(l, )y (L, m)) } (76)

{=1z€S (=1 z€S

as n — oo, for any deterministic choice of w(¢) = (w(¢,x) : x € S),j = 1, 2. The Cramer-Wold
device therefore implies that

<W,W(& x):x €S L= 1,2) = (a(ﬁ,x)\/’y(& )Gl ), y(l,x) :x € S, 4= 172>

N
(77
as n — oo. Consequently, since the (¢, )’s are almost surely positive,
" Dl x
D CE I BN A GL0(< () B (78)
V(¢ o) v x)
as n — oo. Because E;Eﬁg L lasn — oo, Slutsky’s lemma implies that
21 Dj(t, @)
_— (=1,2 7
\/ﬁ< T,,(0, ) z €S, ; (79)
:(szazeswzm) (80)
V(¢ x)
as n — oo. Finally, Result 2, (80), and another application of Slutsky’s lemma imply that
Z?'l—l Dj(lvx) Zr'L—l Dj(QvI)
(1 == I 7 2 == Jr 7 7 1
z€S zeS
(1, z)o(l,2)G(1,x m(2,2)0(2,2)G(2,x
Ly mb)olla)Gle) g~ (2 a)o(25)0(2.a) &)

zeS ’Y(l,l‘) ’7(2’1‘)

as n — oo, proving the Theorem. m

zeS

Proof of Corollary 10. Note that the Skorohod representation theorem together with Fatou’s lemma
applied to (29) yields the following:

1
lim inf n Var(&,, — o) > w20, x)o* (L, 2)E { } .
i 2 )

Using Jensen’s inequality on the right hand side of (83), we obtain the result in (30), as required.
(Note that E{~(¢, )} > 0 for all ¢,  since we assumed the policy limits are almost surely positive.)
]

Proof of Corollary 11.

First we show the following limits hold:

(83)

) 7o (£, ) w(l, x)

1 E S frd . 4
nres {ezﬁ‘;},’;es max{To(6,2), 1}/ Aoy | [ ®
_ Fn (L, 2) (x|

lim E su = (85)
nohoe {H,g}ies max{Ty(6,2),1}/n~ y(l,)

3If a sequence of random variables Y;, on a probability space (€2, F, P) converges weakly to Y, we say
the convergence is stable if for all continuity points y of the cumulative distribution function of Y and for
all measurable events F, the limit lim, oo P({Y, < y} N E) = Qy(F) exists, and if Qy(E) — P(F) as
Yy — 00.
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We know from Proposition 6 that 7,, = m,, for all £, .. Further, we know from the definition of policy
limits that T'(¢, ) /n £ ~(£, x) for all £, z. Thus the vector (7, T',, /n) converges in probability to
the vector (7, ). Use the Skorohod representation theorem to construct a joint probability space on
which these limits hold almost surely. Then note that each of the terms inside the expectations are
bounded in (84)-(85), so the desired results hold by the bounded convergence theorem.

For the next steps, we use the same definitions as in the proof of Theorem 9, and refer the reader there
for the relevant notation. In particular, we define D; (¢, x) as in that proof, and use the relationship in
(65). We make the following two definitions:

Yo (€) = 7 ()0 (€) — ZZ max{l" 1}/n Dj(j,u’ﬁ);
j=1lz€S
Dj lx
0-3. 55 2 .

Note that &,, — a = Y,,(2) — Y,,(1). The main remaining step in our proof is to show that we can
compute the scaled asymptotic variance of Z,,(2) — Z,,(1), and to use this to upper bound the scaled
asymptotic variance of Y,,(2) — Y, (1).

We now show the following limit holds:
2 2
lim Var(vVi(Za(2) = Zo(1))) = 3 (4 2)o* (¢ z)

n—oo = )

(86)

Observe that Z,,(¢) is a weighted sum of martingale differences; thus we use orthogonality of
martingale differences again. In particular, E{Z,(¢)} = 0 for all n. Thus Var(v/n(Z,(2) —
Z,(1))) = nE{(Z,(2) — Z,(1))?}. Observe that:

ZZ Z )7(2,y) D;j(1,2) Dy (2,y)
j=lk=1lzx yGS FY ) n
We show that E{D;(1,2)D(2,y)} = 0. If j = k, then the product D;(1,z)D;(2,y) = 0 since
only one of the two chains ¢ = 1,2 can be run at time k. If j > k, then the tower property of
conditional expectations is applied as usual to give:
E{E{D;(1,2)|Gk} Dr(2,2)} = 0.

The same holds of course if j < k. Thus we have E{Z,,(1)Z,(2)} = 0 for all n. Finally, using (71)
with w(1l,z) = w(1,2)/v(1,x) and w(2, 2) = 0, together with the Skorohod representation theorem
and the bounded convergence theorem, it follows that:

B0z, (1) Y TR,
zeS )

(Use of bounded convergence here requires assuming boundedness of rewards.) An analogous result
holds for the limit of E{nZ,(2)?}. Combining these steps, we obtain (86).

Finally, we can establish the following upper bound:

o2(
lim sup n Var(&,, — ay,) Z Z (¢, z) . 87)

o ¢=1,2z€8

To prove this we upper bound the variance of Y,,(2) —Y,, (1) in terms of the variance of Z,,(2) — Z,,(1).
Note that Var(Y;,(2) — Y,,(1)) < E{(Y,,(2) — Y,,(1))?}. Further, because D; (¢, z) are bounded,
there exist constants M7, My such that:

_ 2 _ 2 su (£, x) _ m({,x)
(Yn(Q) Yn(l)) < (Zn(Q) Zn(l)) + M, E:l,QE:GS maX{Fn(ﬁ, x),l}/n ’Y( T
n(l, ) (¢, :U)
+ A gziggeg max{T, (¢, z),1}/n B ~v(¢, x)
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Taking expectations on both sides, and applying Steps 2 and 3, establishes (87). Combining (87) with
(30) yields the desired result (note that E{~y(¢, )} = (¢, ) since the policy limits are almost surely
constant).

Proof of Theorem 13. First, we show that (33)-(34) has a unique optimal solution «*, with entries
that are all positive. It is straightforward to see that the solution to this problem will be positive in all
coordinates, since the objective function approaches infinity as any (¢, ) approaches zero (as all
o (¢, x) are positive). Further, note that the objective function is strictly convex and K is convex and
compact, and thus there must be a unique solution x* € K to the optimization problem (33)-(34).

Next, we show that the limit inferior of the scaled asymptotic variance of the MLE under any TAR
policy with positive policy limits is bounded below by the optimal value of (33)-(34). This follows
by applying Corollary 10. In particular, from Remark 5, we know -y is a probability measure over the
set K (cf. Definition 3). The set K is convex and compact, and so k = E{vy} € K. In particular, as a
consequence by applying (30) we conclude that the optimal value of (33)-(34) is a lower bound to
liminf,,_,~ Var(&, — «).

Finally, the fact that (35) holds follows from Corollary 11. The stationary Markov policy A* defined
via (20) has the constant policy limit x* (cf. Remark 5), so it is efficient. The theorem follows. m

D Pseudocode for OnlineETI

The pseudocode for OnlineET] is prsented as Algorithm 1.

E Proofs: Section 6

Proof of Theorem 14. We establish that for OnlineETI there holds:
1
Efn(f, x) LN K (¢, x), (88)

where k* is the solution to (33)-(34).

First, note that the forced exploration (i.e., the M,, () ~'/2 term in the definition of j,, (¢, z)) ensures
that T',, (¢, 2) — oo almost surely for all ¢, z. To see this, note first that as long as M, (z) — oo
almost surely, it must be the case that I, (¢, ) — oo for £ = 1, 2 almost surely as well, due to the
forced exploration term, the fact that > E>1 k—1/2 diverges, and the Borel-Cantelli Lemma. Since
the state space is finite, almost surely, there exists at least one state =’ that is visited infinitely often.
Thus almost surely, all states reachable from =’ in one step under either P(1) or P(2) must be visited
infinitely often as well. The same argument applies to those states, and so on. Since the state space is
finite, and both P(1) and P(2) are irreducible, this process exhausts all the states, and we conclude
M, (x) — oo almost surely for all x € S.

Next we show that for all £, x, vy, Pn(é,x,y) converges to P(¢,z,y) almost surely. For each
¢, x, it is convenient to define T,,,(¢,z) = inf{n : T',,(¢,z) = m}. By the standard strong law
of large numbers, it follows that PTm(&m) (¢,z,y) — P({,x,y) almost surely; this is because
me(g_’z)(lg, x,y) is the sample average of m independent Bernoulli random variables, each with
success probability P(¢,z,y). Now observe that for n such that T,,,(¢,z) < n < Tp11(4, ),
Pn(ﬁ, z,y) = PTm (¢,z)(£, z,y); i.e., between successive Visits to state « in which policy £ is sampled,
b, (¢, z,y) remains constant. It follows therefore that P, (¢,z,y) — P(¢,z,y) almost surely as well.

We now use a compactness argument analogous to that used to establish (23) to show that 7, (¢£) —

7(¢) almost surely. Let .J be the first  at which P, (¢) is irreducible for both £ = 1,2. The time
J is almost surely finite, because both chains are sampled with equal probability until time J, and
because P(¢) is irreducible for £ = 1, 2. Thus for the remainder of our argument, we condition on
the almost sure event .J < oo. Next, consider any subsequence {n;} along which, almost surely,

Tn, (£) = 7' (£). (Note that in general, this is a random subsequence.) Since 7, (£) Py, (£) = 7, (£)
for all k, almost sure convergence of P, (¢) implies that 7' (¢)P(¢) = 7«'(¢). Thus 7’'(¢) = w({)
almost surely. Since this is almost surely true for every convergent subsequence, we conclude that

7 () — () almost surely, as required.
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Algorithm 1 OnlineETI (Online Experimentation with Temporal Interference)

1: procedure EXPERIMENT(initial state x()

2: Set initial state Xy = xg

3: Initialization: For ¢ = 1,2, x,y € S, set ]50(6,;10, y) = ﬁ; To(l,z) =0; Po(, x,y) = 05
4: Oo(l,x) =0; ¥o(l,x) =0; Yo(l,z,y) =0; 79 (¢, z) = 0; $0(£,z,y) = 0;

5: fo(ﬁ, x,y) =0;79(¢, ) = 0; po(¢,z) = 0.5

6: forn=1,2,...do

7: Set A,,_1 = ¢ with probability p,,—1(¢, x), i.e.:

8: Ap—1 =1ifU,—1 < Pp_1(1,z), and A,,_; = 2 otherwise

9: Run chain A,,_1, and obtain reward R,, and new state X,
10: Forall/ =1,2,z,y € S:
11: Fn@,w)FFn 1(@ x)—l—I(Xn 1=x,A,_1=1)
12: D, x,y)  Op1(lyz,y) + I1(Xpoy =2, X, =y, Ay = 0)
13: @n(€7 l‘) — @n 1(&1‘) + I(Xn 1=x,A,_1 = E)Rn
14: \Ijn(&m y) =V, 1(6 z y) + I(anl =z, Xn = Y, Ap_y = e)Rn
15: Yoll,x,y) < Coa(byz,y) + 1( X1 =2, X, =y, A1 = O)R2
0,z
16: P(0,z,y) ﬁax{lﬂ(n(&g,l}
17: if for both £ = 1,2, P, (¥) is irreducible then
18: Set 7, (£) to be the unique steady state distribution of P, (¢)
19: For{=1,2andz,y € S:
20: H (£) « efrn(£)
-1,
21 gn(l,x) g B, ((5) ) 1,(0) " #(0)
U, (L,x,y
22: (€, ) may;f{srn(e,x),1J}
. & \Pn(f,z, )

23: f"(g x y) max;‘@&(f,x?{)y),l}
24 tn(g x y) mmx{£ (,F ’ryy) 1} ) A
25: (E :17) — Zyes (E Z, y)[gn(ga y) - ZzeS Pn(f,:m Z)gn(& Z)]2
26: + 3 es Pallz, ) (Ea (6 2,y) — 8a(6,2,9)?)

~2 ~2
27: Choose any f,, in arginfrex Yo > ,cs W
28: Forallz € S, M,,(z) < T'n(1,2) + ' (2, x)
29: if £, (1,2) + #n(2,2) > 0and M,,(z) > 0 then
0. Pulls) = (1= M) ~7?) (st )
31: +iM,(z) V2 fort=1,2,2€ S
32: else
33: pn(l,z) =05forl =1,2,2€ S
34: G T (2)70(2) — 70 (D)7, (1)
35: else
36: Pn(l,x) < 0.5
37: G, 0

Because rewards are bounded, and thus in particular have finite moments, an argument analogous to

that above for P,L establishes that almost surely we have:
Prn(l,x) = r(l,x)

and

fn(€7x,y) — §i(£,x7y)2 — Var(Ry|Ag =0, Xg =2,X1 = y).

When .J < oo, since each P, (¢) is irreducible, it follows that (I-

continuity, conditioning on J < co, we have:
g(l,x) = g(l, x)

almost surely as well, and thus:
62, x) — o*(4, x)

18
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almost surely.

We now establish almost sure convergence of ,, to k*. To do this, for a distribution 7 on the state
space S and a nonnegative vector &, define the correspondence K (7, &) to be the set of minimizers of
Dot=122ves 720, x)5%(¢, z)/k(L, z) over k € K; recall that K is compact so this correspondence
is nonempty everywhere. Further, observe that if 7 and ¢ are positive in all coordinates, then the
minimizer is unique, i.e., K is a function. Then by Lemma 15 below, K is continuous in 7 and &
when they are both positive in all coordinates. Since #,,(¢) — 7(¢) and 62 (¢, x) — o(¢, z) almost
surely, and both limits are positive in all coordinates, it follows that K (7, 5,) — K(m, o) = k*
almost surely, and thus #,, — * almost surely.

In particular, we thus know that almost surely, &, (¢, z) > 0 for all sufficiently large n. As a result, it
follows that p,, (¢, ) — p* (¢, x) almost surely, where:

k(¢ )
k*(1,x) + k*(2,2)

p* (67 35) -

To complete the proof, we require some additional notation. We define the following stochastic
matrix:

Q(z,y) =p"(1,z)P(1,z,y) +p*(2,7)P(2,7,y).
Note that this matrix is irreducible, and because «* € IC, we can easily see that () has the unique
stationary distribution given by:
() = k*(1,2) + K*(2,2).
(See also the discussion in Remark 5.)

In addition, we define:
S I( X =, X =vy)

Q'n(xvy) = maX{Mn(‘r)7 1}

Observe that Qn is a stochastic matrix.
We now show that Q,, 2> Q. We rewrite Qn(a:, y) as follows:

Y I(Xjr =2, A5 =10)
max{M,(z),1}

Qn(z,y) = Y Pull,z,y) - (89)

0=1,2

For each x and m, let S, (z) = inf{n > 0 : M, (x) = m}; this is the time step at which the m’th
visit to x takes place. Further, define flm =A Sum ()5 this is the policy sampled at the m’th visit to z.
Let Hp(7) = o((X;,U;,Vj, j < Sm(); Xg,,(2))) be the sigma field generated by randomness up
to the 1 th visit to , but prior to the policy being chosen. Finally, let G, (£, z) = ps,, (z) (¢, z). Now
observe that when M,,(z) = m > 1, we have:

i lXji =2, A =0) T (A =0)

max{M,(z), 1} m
_ XL IAi=0 —alty) | YL, i)

m m

The terms in the first sum on the right hand side of the previous expression form a martingale
difference sequence adapted to H;. Thus using orthogonality of martingale differences, we have:

2
1 m B 1
_ E R _ A <
mQE (i_l I(Al e) qz(gv CL’)) = 4m7

which approaches zero as m — oo. By Chebyshev’s inequality, it follows that:

Z;T;l I(Az' = g) - (ji(gv ff) 20
m

19



549
550

551
552

553

554

555
556
557
558

559

560
561

562

563

as m — oo. On the other hand, note that since M,,(z) — oo almost surely, we also know that
Sm(x) — 0o as m — oo almost surely. Thus it follows that:

EiZI q1(€7x) %p*(f,x)
m

almost surely as m — oo, and thus in probability as well. Combining these insights, we conclude
that:
Y l(Xjoi =3, 40 =10)
max{M,(z),1}

as n — 00, and so returning to (89), we find that:

Qn(x7y) - Z p*(ﬁ,x)P(Z,x,y) = Q(:c,y).

=12

L p*(l,x)

Next, observe that:
My(x) i I(Xj=2) I(Xo=z)-I(X,=1)
n n n

— (S Qutay R ) o, (1)),

yeS

Since M, (x) — oo almost surely, in what follows we condition on M, (z) > 1 for all x and
thus ignore the “max” on the right hand side in the preceding expression. Note that for all n,
> »es Mn(x) = n. Thus using a compactness argument analogous to that used to establish (23), it

follows that: v
Molt) 2, ¢+ (2,

We can now complete the proof of the theorem. We have:

n

n—1
I, (¢ ) :% IX;=2,A;=1)
§=0
1 n—1 1 n—1
== I(X; :x)p*(ﬁ,x)Jrﬁ I(X; = 2)(p;(¢,x) — p* (£, z))
=0 =0
1 n—1
=0

Because I(X; = x)(I(A; = £) — p;(¢,2)) is a martingale difference measurable with respect to G,
orthogonality of martingale differences implies that

E{ (ié](xj =z)(I(A; =0) —ﬁj(e,x)))g} ©1)

1 1 1
< E{4 : nQFn(f,x)} < — (92)

—0 (93)
as n — oo. Therefore, by Chebyshev’s inequality

LS 1 =) (14 = 0~ 5y(6) B0 o4
§=0

as n — oo. Also, since p, (¢, z) — p*(¢, z) almost surely, we have:

n—1

D I(X; =) (p;(6,x) — p* (L)) 5 0. 95)

J=0

1
n
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Finally,
p (L, x) M, (¢, x)

- ﬂ)p*(ﬁ,m)(*(f,x).

n—1
1 *
S I = () =
j=0
Combining the preceding results, we conclude that as n — oo in (90), we have
1
T, x) 5 W, x)p (L x) = K5 (4, x) (96)
n
as n — oo, completing the proof of the theorem. m
Lemma 15 Suppose that the set X is compact, the set © is open, and the real-valued function f(0, x)
is continuous on the domain © x X. Suppose further that for every 0 € O, there exists a unique
x*(0) = argmingec x f(0,x). Then x*(0) is continuous in 6.
Proof. Suppose that (") — 6. For all n we have:
FO 2" (0™)) < F(0T,2%(6)). (97)

Since X is compact, let {n;} be a subsequence such that 2*(§("*)) — 2’ as k — oc. Taking limits
on both sides of (97) along the sequence {ny}, we obtain:

£0,2") < £(0,27(0)).

Since x*(#) is unique, this is only possible if 2’ = x*(#). Since every convergent subsequence must
have the limit ’, we conclude that z*(0()) — 2*(6) as n — oo, as required. m
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