Figure 2: Pictorial illustration of the example that validates Claim 1.1. The black “+4” and “—”
represent positive and negative examples according to the label system induced by w;, and the solid
line represents the corresponding separating hyperplane. The dashed line represents the hyperplane
whose normal vector is ws, which, along with the solid line, partition that ¢ space into four quadrants.
The red “+” and “—” represents the positive and negative examples under the new label system.

A Technical Details

A.1 A Example Validating Claim 1.1

We first formally define the notion of a “label system™:

Definition A.1 (Label system). Let (X,Y") be a fresh sample from the data distribution. The label
system is the function 1 : R? — [0, 1] defined by
nx)=PY =1|X =x).

Let ¢(-) be the feature map corresponding to K, so that K (z, ') = (¢(x), #(x’)), where (-,-) is
the inner product in the ¢-space. By our assumption, ¢ is also label-agnostic.

Suppose ¢ works well on the label system 7n;. This means that a simple linear fit in the ¢ space
suffices to achieve satisfactory accuracy. Geometrically, this translates to the existence of a hyperplane
which can almost perfectly separate the two classes. In other words, we can find a normal vector w;°,
such that P, (Y - (w1, ¢(X)) > 0) & 1, where we use P, to stress that Y comes from the label

system 7;.

Now, choose any vector ws in the ¢ space, such that ws is orthogonal to w;. We consider the
following relabelling procedure, which produces another label system 72:

() = {(1) ftél‘iivfi”” ) o) <0 (10)

Under 12, the ¢-space is partitioned into four quadrants, which we label as I, II, III, IV counterclock-
wise. Then, any « in [ and III is labelled as —1, and any @ in IT and IV is labelled as +1. Obviously,
there is no hyper-plane that can separate the +1 and —1 examples, meaning that ¢ can be arbitrarily
bad under 72, hence validating Claim. See Fig. 2 for a pictorial illustration.

A.2 Exact integrability of the approximate K t(z)

In this subsection, we prove the following result:

SHere we implicitly assume this hyperplane crosses the origin. The construction without this assumption is
similar.
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Proposition A.2 (Exact integrability of the approximate Kt(z)). Assume £y = 0,, 7, then the first
three terms in RHS of (4) is equal to

Ké2)(m, x') + <K53)($, x', ), (ng))—l (In - e_tKgf)/") y>
+y" (K (In - @‘tK?/">K5‘” (.2, ) (K§) 'y — y PQz,@ )Py,
where
<Q(:c, a;’)> = (1 — ¢ tPitDisi)/ny (PTK(S4) (z,2,-, ~)PD1) /<Dii + Djj),
ij ij
and PDPT is the eigen-decomposition ongz).
Proof. For notational simplicity, we let H = K(()Q). We have
/Ot h, — ydu = /Ot e "H/mydy = —nH 1y + nH e /1y,
Hence, the second term in the RHS of (4) is

1 [t ) )
_5/0 <K§3>,hu - y>du = <K§3>,H—1 (In - e_tH/”>y>.

We now deal with the third term in the RHS of (4). We have
t u
| [ =T, - gyavd
0 Jo
t u
= yT/ / e—uH/nKé4)e—vH/nydvdu
0 Jo
¢
_ yT/ equ/nK(()‘l)(anl . anlequ/n)y
0
t
— nQyTH—l (In _ e—tH/n>Ké4)H—1y _ nyT/ e—uH/nKé‘l)H—le—uH/nydu.
0
Let PDP T be an eigen-decomposition of H. Then we have

t t
/ e—uH/nKé4)H—1e—uH/ndu _ / Pe—uD/n PTK(g4)PD—l e—uD/nPTdu
0 0 —
=M

t
:P/ e tP/n\[e~P/ngyP T,
0

Note that
(etn/nMeD/n) My d)/n,

iJ
here d; := D;;. Hence,
t
~tD/n\e~P/" ) du = M., - noo_ N —t(ditds)/n
/0 (e ¢ ) CENY G d,  ditd; ’

)

which yields
t
/ e /g VH e /gy = nPQPT.
JO

Putting the above equations together gives the desired result. O

"The formula for nonzero f; can be obtained by similar but lengthier calculations. Since this is not the focus
of this paper, we omit the details.
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A.3 Proof of Lemma 2.2

Note that the finite variance assumption in the definition of G 4 is vacuous, because our label is binary.
The rest of the proof is standard (see, e.g., Section 11.4 of Van der Vaart 2000).

A.4 Proof of Theorem 2.1

Assumption A. There exists a small constant ¢ > 0 such that ¢ < |z;||s < ¢! forall i € [n].
Moreover, there exists an integer p > 4 such that for any 1 < r < 2p + 1, the following two things
happen:

1. the activation function has a bounded r-th derivative;

2. there exists a constant ¢, > 0 such that for any distinct indices 1 < aq, s, ,a, < n,
the smallest singular value of the data matrix [Xa,, Tey, - , Lo, Is at least c,.

To prove Theorem 2.1, we first collect some useful details into the following lemma.
Lemma A.3. Under the assumptions of Theorem 2.1, with high probability, for any u < t, we have

1 ~ (1 1
|K<3>||oo—0( M)’ IIK£4>00=O(>’ 12 "W‘O( +u)’
m m

m2
u(l +u)y/n n
£l O (0 D) -yl = OV

A
Proof. This is implied by Equations (C.12), (C.13), (C.16), and (C.28) in Huang & Yau (2019). [
We are now ready to present the proof.

Proof of Theorem 2.1. We have
2
K (@, )

1 t
= K(g2)(wmmﬁ) - <K(g3)7/ h, —y+f, - hudu>
n 0
1 t U
7/ / (hy —y+£f, —h) (K + K® - K" (h, — y + £, — h,)dvdu
0 JO

1 . t 1 t U
= K(gz) (wou Sﬂﬁ) - n<Ké3)aA hu - ydu> + ﬁ/o /0 (hu - y)TK(()4)(hv - y)dvdu + ga

where the error term £ is given by

5<K(3) / f,—h du> 2// — ) KM (£, — hy)dvdu
n

+ —/ / v — K(4) K(()4))(fu — y)dvdu
o Jo

+— / / (f, — h,) TKY(£, — y)dvdu.
n* Jo Jo

We label the four terms in the RHS above as I, II, III, and IV. By lemma A.3, for the first term, w.h.p.
we have

1, @3 !
1< K @)l [ 15, = Bulad

< Lix®) /tu(l—i—u) uh ) du
Nm e 0 )\

< (IOgm)C . <(t3 +t4) A n(tQ +t3)>

~ o m? A
c ., 42

- (logm) “tP(141) LAY

~ m? A
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For the second term, we have

1 t u 4
Wz [ =l = ol 5 )

<1/t/uv(1+v) o A VKD | o dvdu
~mJo Jo A 0=

SWKKU(HU)(M;})

(logm)® 4 5 n(t®+1th)
—(t )N ———=
m2 (#+7%) A

(logm) - t3(1 +t) (M n>

m2 A

A

For the third term, we have

1 t U
<z [ [ = ulallt, =~ el K8 @5, — K @a. 5.0, adodu
0 JO
Note that
u(l 4+ u)y/n n
I = ol < I = £l + 18—yl £ " (wn T 4 v,

I£, — 2 < V.
and
4
IED (@a, 25, ) — K (®ay 25, )|2

<n ma[x] KW (x4, @, 2, @5) — Ké4)(aza,w5,mi,a:j)|
,JEN

v
<n max \Kgl)(wmw&ﬂvi»wjﬂdw
0 Ji€ln]
v 1
=n max —
0 “JER] N

Z K (@a, w5, i, 5, k) (fu(Tr) — yi) |dw
ke[n]

v 1
<n [ KD =6~ ylladu
! NG
n(logm)©

o /0 (1+w)dw

n(logm)© - (v + v?) .

S

<
~ m
Hence, we can bound the third term by

1 < W/Ot/ou(v+u2)<1+ ull +u)(UAn/)\))dvdu

m

<
~ 2

m

A

logm)¢-t3(1+1t)  (logm)®-t4(1+t +t?) n
+ 3 tA .
m

Finally, we bound the fourth term by

1 t u
V< g [ I Bt e (o v

§WAtAuu(1+u)<qu>dvdu
< (logm)e - t3(1 +t) (M n>

m2

2

A

Combining the above four bounds gives the desired bound on £. The bounds for the three terms in
the RHS of (4) are derived similarly, and we omit the details. O
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B NTH-Related Calculations
B.1 An Symbolic Program to Compute NTH

In this section, we develop a recursive program to symbolically compute K. t(r) , the r-th order kernel
in NTH. For simplicity, we consider neural nets without biases :

fl,w) = W(L)U(W(L—l) . (W(Q)U(W(l)a:))).

We begin by noting that K. t(2) can be written as an inner product of two gradients. We will see that
K t(?’) can be written as a quadratic form, and K (4) can be written as a cubic form, etc.

To this end, let us denote V f (2, w) to be the partial derivative of f(x,w) w.r.t. w. We sometimes
drop the dependence on t and write f(x,,w;) = f, when there is no ambiguity.

We will regard w = = {W : 4 € [L],j € [pe),j € [qe]} as a rank-3 tensor. We write

WEQ = W), when there is no ambiguity. In our current notations, V f(z, w) = {(V f(z, w))éﬂC :

e [L],j € pe,k € q¢} is also a rank-3 tensor. We begin by writing
K (w0, @) = (Vf (@0, w,). Vf<x5,wt>>

af [e3) t af ) t
:ZZZ (T, w (-’Uﬁz)v)

(
emicparem  OWi OW
= (Vfa) 75 (V f3)ej
where in the last line we have used the Einstein notation °. Taking derivative w.r.t. t gives
d (2 d Lk tik d
— K, = (—Vf,)¥ ) L .
T @a,@p) = (V)T (V a)eje + (VFa) 7H (Y )i
We have
d _ a(vfoz)fjk dwsuv
@Yo = 5w @

_ 0Vfa)er  —dL(wy)
8WSUU dWS'LVU

- M (—i 5 1) (V)

v€[n]
v.fa)é]k
R Z BTSU,U (vf'y)suv
“/E[n]
- Z VQfa)gﬁ; : (vf'y)sum

[n]

where we denote V2 f to be the rank-6 tensor, whose (¢, j, k, s, u, v)-th entry is given by

AV )i/ OW gy = i
Ljk suv — awquW@'k .
A similar computation gives
d )
( vfﬁ ik = Z V2fﬁ)€3ff] . (vf’y)suv-
’YE[n]

8The method developed in this section applies to neural nets with biases, but with lengthier calculations.
That is, if an index appears twice, we take the sum over this index.

17



Hence, we arrive at
Kt(?))(m(!’ Tg, T)
= (VQfa)gﬁ;(vfﬁ)fjk(va>suv + (vfa)fjk(VQfﬁ)ﬁzﬁv(va)suv

Of (xp,w;)  O*f(Ta,wi) Of (T, wy)
Z Z Z Z Z Z oWy OW0Way, ;

8WSU1J
Ce[L] j€[pe] k€lge) s€L] u€[ps] vE(as]

Of (®a, wi) i 0% f(zp, wr) i Of (@, wy)
8vajkr aWijawsuv awsuv .

+

Note that the above expression is a quadratic form:
K (@a,xp,2,) = (Vo) (V2 La) (V1) + (Vfa) (V2 f5)(V)-

We have already seen some patterns showing up. To obtain Kt(?’) from K, t(Q), we simply conduct the
following program:

1. Start with K(z) (V £4)%%(V f5)e;1. in Einstein notation, which is a function of r = 2
gradients;

2. Introduce a new index +y for data points, and a new set of indices (suv) for weights;

3. Replicate Kt@) for r = 2 times, and append (V £, ) sy, to the end of each term:
(Vfa)éjk(vfﬁ)fjk(vf'y)suv + (vfoz)éjk(Vfﬁ)ljk(vfw)suv;

4. Choose a term from a total of » = 2 terms in K 52), raise its gradient to one higher level, add
the new indices (suw) to this term, and do this operation in all possible ways:

KV = (V21a) 38V )i (VI )suo + (V)15 (V f) A (V o s
‘We now apply the above program to obtain Kt(4) from Kt(g):

1. Introduce a new index ¢ for data points, and a new set of indices (abc);

2. Since K®) is a function of » = 3 gradients, we replicate Kt(?’) for 3 times, and append
(V fe)abe to the end of each term:

(sza)gﬁ; (vfﬁ)ljk(vf’v)suv(vfé)abc
( )ﬁﬁ;(vfﬂ fjk(va)suv(vfﬁ)abc
(V )ﬁzﬁ)(vfﬁ)ﬁjk(vf’y)euv(vff)abv
(Vfa)fjk(v2fﬂ)gﬁ; (va)suv (vfi)abc
(Vfa)ein (V2 15) 3 (V f)sun (Y fe ) abe
(Vfa)éjk(v2fﬁ)gﬁ; (va)suv (va)ava

3. Raise a term’s gradient (from the former 3 terms) to a higher level, add the new indices, and
do it in all possible ways:

N
n
n
n

K" <V3fa>€z;i,abc<Vfﬁ>ejk<va>m(vmabc
+ (V2 ) S5 (V2 £3) e (V £y ) sun (V fe)abe
+(V mizjz(w Vet (V2L2) 5 (V fe)abe
+ (V2 fo) (V2 £3) 2K (V £ sun (V fe ) abe
+ (V)i (V2 F8) e (V) sun (V fe)ave
+ (V)i (V2 [8) 3 (V2 )55 (Y fe ) abe- (11)
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In the above program, we have regarded V3 f as a rank-9 tensor, whose (¢, j, k, s, u, v, a, b, c)-th
entry is given by
03f
aVvabcavvsu'u aW@]k .

The correctness of the above recursive symbolic program can be proved by straightforward induction,
and we omit the details.

B.2 Explicit Expressions for NTH for Two-Layer Nets

Taking advantage of the recursive program, it’s relatively easy to get explicit expressions for K (")
when 7 is not too large. We focus on the following two-layer net

fz,w) = iaTa(W:c). (12)

vm
Proposition B.1 (Expression for K, 52), Kt(?’) and Kt(4) in a two-layer net). For the two layer neural
network f(x,w) = ﬁaTU(W:I:), where a € R™, W € R™*4 and o an activation function, we

have
K (@0, z5)
1 1
= Eazlxﬁ . <a’(Wsr:a) ® a0 (Wag) © at> + m<U(Wma), U(Wm5)>, (13)
K (@a, 25, 2,)

1
= LTy, LT <at OaOa, o' (We,) ©d' (Weg) © O'/(W.’B,y)>

my/m
1
+ mi\/mﬂ:gw,y . :E(Iw,g . <at ® ag [O) at70'/(W$(¥) [O) O'N(WQEB) ® O'I(WSL'»Y)>

2
+

— mwgwﬁ : <at,o’(W:ca) ©d'(Wzxg) © 0(Ww7)>

+

1
- mwng : <at,a’(W:Ba) ©o(Wzxg) ® 0’(Ww7)>
1
+ mmgmy : <at,a(Wﬂ:Q) © o' (Wzg) @0’(Wm7)>, (14)
4
Kt( )(xaamﬂ’wwwé)
—iw—rw cxla, xlxe - (alt 0" (Wa,) © o' (Wag) @ o' (Wa,) © o' (W)
_m2 atp a Y a € t >0 (&3 g B g Y o 3

1
+ Wﬂ:gma TR T LT <a?4, o (Wz,) ®d"(Wzxg) © o' (Wa,) © a'(Wm5)>

1
+ W:L'g:cg (T Ty YT + T, T TFT) <a®4, o' (Wz,) ©d"(Wxg) © o' (Wa,) ® O'/(Wilig)>

1
+ m—:c—'—a:V ‘XL Ty T T <a®4, " (Wzy) © o' (Wxg) o’ (Wa,) © 0'(W335)>

2 [0

1
+ ngxv Xy T T <a®4, o' (Wz,) ©d"(Wag) © o’ (Wa,) ® a’(Wm§)>

—xlxg-xlx, (a®% 0" (Wz,) 0o (Wxs) © o' (We,) © O'(WCCE)>

xpxy - (a9, 0/ (Wa,) 00" (Wag) © o/ (W) © a(Wm§)>

2
STy zize - (2%, 0" (Wz,) © 0/ (Wag) © 0(Wa,) a’(W:r,g)>

_l_
[ V)
8
w
8
Q
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2
+ 3T Ta zywe - (a2, 0/ (Way) 00" (Wag) © 0o(Wa,) © o' (Wae)

2
ST z xe- (a9 0/ (Wao) © o' (Wag) © o' (Wa,) © o' (Wae)

1
+—zix, xlze - (a%% 0" (Wz,) © 0(Wag) 0 o' (We,) © o' (W)
m

1
Ty Ta w we - (a0 (W) 0 0(Wag) © 0" (Wa,) © o' (Wae)

1
+ Wa:g:c,y xpxe - (%%, 0(Way) © 0 (Wag) © o' (W) © o' (W)

T

1
+ W{nl—az@ xy e - (a9, 0(Wao) © o' (W) © 0" (W) © o' (Way)

+ %(wlwv TpTE+ Ty T Ty T - <a®2, o' (Wz,) © o' (Wag) ® o' (We,) © 0’(Wa:5)>
+ %mlxﬁ : <1m,a/(Wma) O o' (Wzg) ©c(We,) © 0(Ww§)>

+ #mlazv . <1m,a’(Wa}a) ©o(Wag) ©d'(Wz,) ® a(Wm5)>

+ #wng . <1m,a(Wma) ©d'(Wzg) ®d' (Wa,) © a(Wm5)>, (15)

where we let a®" to be the vector whose i-th entry is aJ.

Proof. Computation of Kt(Q). We first compute Kt(Q) (o, 28) = (Vfa)eje(Vfa)eji. We have
Of (x, w) 1

R ﬁa(Wm)
% = % diag(o’(Wx)ax " = % (a’(Waz ©) a)) z’.

Then Equation (13) follows by trivial algebra.
Computation of Kf?’). Now consider Kt(?’). We have

K (@0, @, @) = (V2 Fa) 2 (V 1)V Fy)suw + (VFo)egi (V2 £3) 20 (Vs
For the ¢/ = s = 2 term, we have (VQf)gfjf} = 0, since f/0a is constant in a. Forthe { = s = 1
term, we have

; 0 f(x,w)
2 \1jk )
(v f)luv - 8W1“,ij
0 1
1
= ﬁa”(W:cj)éjuwvajwk,

where d;, is the Kronecker delta function. Hence we have
i 1
15k
(V2 fo) (V)14 (Vo) 1un = —=0

1
= xlx, xlxs- <a© a®a, o’ (Wzx,) ©d' (Wzxg) © U/(WCILY)>.

"(Waxy)j0' (Wag) ;o' (W) jaiTe v Ty v TakTs k

my/m

A similar computation gives

J 1
(VL (TS F = el (avasa. o (Way oo (Was) oo (Wa) ).
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For the £ = 1, s = 2 term, note that a is a vector (also a row matrix), so u = 1. This gives

(V55T F3)13e (T ot = (jma'wvwa)jajwa,k) = (W) 2y —=o(Wa),
= = (W), (W)@ o(Wa,),
= ! =0 (Waa)j0' (W) jo (W, )ja;@a ks k
= lmmga}g . <a, o' (W) ® o' (Wag) © cr(Wa:,Y)>.

By symmetry, the term (V fo )1, (V? f@)%{f (V f)210 is also equal to the above quantity. Finally, we
calculate the ¢ = 2, s = 1 term. Note that in this case, j = 1. Hence, we have

0 1 1 1
(VQfa)ﬁlfj(Vfﬁ)mk(va)luv = m (\/%U(Wﬂh)k) : ﬁa(Wmﬂ)k : ﬁal(wmv)uaummv
1
= ma'(Wma)chukwa,U co(Wag) - o' (W) yau, Ty

1
= mJ’(Wma)ka(Wwﬁ)ka’(W:c,y)kaka:a,vm,w

1
= zlx, - <a, o' (Wzy) ®o(Wzxg) © 0’(Wa:v)>.

m-~/m

A similar computation gives
1
(Vfa)21 (V2 f3)Tun (V o) 1uw = ng% : <G7U(W%) O o (Wzg) © U/(Wfﬂv)>~
Combining above terms proves Equation (14).

Computation of K £4). Recall that

KD =(V2 fa) 2 (Y F8)eit (V1) s (Ve ae

+ (V2 o) 5 (V2 £8) e (V £ s (V fe)abe
+ (V2 £a) il (V £8) i (V2 )b (V fe) abe
+ (V2 fa) i (V2 £5) 25 (V £y s (V Fe ) abe
+
+

Vfa)fjk(v3f5)ii]j),abc(va)suv (vfﬁ)abc
Vfa)fjk(VQfB)gﬂcv(vgfv)qufg (Vfé)abo

We denote the six terms above as I, IT, III, IV, V| VI. We first calculate some useful quantities. Recall
that

%U(ka), (VH)ijr =

In the calculation for K t(?’), we have shown that

(Vf)ark = o' (Wz,)a;zy.

1
N

(V2f)31h =0
) 1
(V)i = (V2 )it = —=0' (W) 6wy

21k — \/E
; 1
(VQf)E’Z = (VQfH?ig = ﬁg//(wwj)ajéjul‘kifv-

21



For the third derivative, we note that the expression (V3 f )gﬁ) aube 18 invariant to permutations of the

three triplets (£5k), (suv), (abc). Some algebra gives the following identities:
(st)gﬂf,mc = (ng)ggilbc =0

; 1
(V?’f)}i'i,m = 7JII(ij)6ju5jcwkwv

A/
; 1
15k
(v?)f)lZw,lbc = \/mo—m(ij)aj(sbjéjuwkwvwc'

We now calculate expression for K 54) based on different configurations of layer indices (¢, s,a) €

{1,2)%.

1. If{=s=a=2,orif { = s = 2,a = 1, then all six terms are zero.
2. fl=a=2,s=1,then] =1 =1V = V = 0. The third term is
I = (V2 £2) T8 (V 3)216 (V2 £1)352 (V fe) a1

1
= WU’(Waca)kéukmaﬂ, co(Wzg) - 0" (W) Oyey o - 0(Wae),

1
= mZa‘,gwy<1m, o' (Wz,) ©o(Wag) © o' (Wa,) ® U(Ww5)>.
A similar calculation gives

1
VI = mzmgscw<1m70(W£ca) © U/(W;cﬁ) © O./(Ww’)/) © O'(ng)>

3.Ifs=a=2,{=1,then] =1Il =V = VI = 0. And we have
1L = (V2fo) 31 (V2 £3) 50 (Y f1)210 (V fe)21c
1
= m2xlmﬁ<1m, o' (Waz,) o' (Wag) ©ac(Wz,) © U(W$§)>.
A similar calculation shows that IV = II.

4. If { = s = 1,a = 2, then we have

L= (V fa) 1 21e(V f8)156 (V)1 (V fe)21
- 12 xlx, - ml—mﬁ<a®2, o' (Wz,) ©d'(Wag) © o' (We,) 0(Wm5)>.
m

Meanwhile, we have

= (V2 fa) s (V) ot (V)1 (V fe) 21
- Tr1L2 xl s :cla;7<a®2,a”(Wsca) © o' (Wzg) ®d' (Wa,) © a(Wm5)>

=1
A similar calculation shows that III = II = 1. On the other hand, it’s easy to check that

1
IV=V=VI= Ww;waw;w&a@% o-’(W:ca)@a”(wxﬂ)@o—'(w%)@o—(wmg)>.

5. If { = a =1, s = 2, then one can check that
1
[=1V= le:c[g . wlx§<a®2, d"(Wz,) © ' (Wzxg) © 0(We,) © U’(Wm§)>,
and that
1
M=V = ngaca : w;w£<a®2,a’(Wa:a) ©d"(Wag) ©o(Wz,y) © U’(W:Bg)>,
On the other hand, we have

1
I = Vlﬁwlmg : w1w5<a@2, o' (Wazy,) © o' (Wzg) © o' (Wa,) © a’(Wm5)>.

22



6. If s=a =1,¢ = 2, then we have
1
[= — —zlx, wlw5<a®2, o' (Wz,) © 0(Wag) © o' (Wa,) © o' (W)

1
I=—ax

Ty - :cﬁ ze(a¥% 0/ (Wz,) © ' (Wzg) © o' (Wz,) © o' (Wag)

1

mM=—zz, x <a®2 (Wz,) ©(Wzp) © 0" (Wz,) © o' (Wag)
1

vV = m—xlmf ‘xp :c7<a®2 "(Wz,) © o' (Wzg) © o' (We,) © o' (W)

1
V= m—xg:u, : e(a”% 0(Wz,) 00" (Wzg) © o' (Wa,) © o' (Wag)

\/\/\/\/\/\/

1
VI = m—:c:'/—a:g : :B:Vr:c5<a®2, o(Wz,) © o' (Wag) © 0" (We,) © o' (W)

7. If { = a = s = 1, then we have

(vsfoz)ii]z’lbc(vfﬁ)1jk(vf'y)1uv(vf£)lbc

1
= 50" (Wa);2;000juta,cCan®ak -0 (Was)ja;5,) - 0 (Ws Juau @y - o' (W hpar@e,c

Ii

1
== — iz xlx, wlwg<a®4, " (Wz,) ©d' (W) © o' (Wa,) ® a’(Wm5)>.
Meanwhile, we have

1= (V2 fa )10 (V2 o)1 (V o) 1o (V fe ) 1ee

1

= 0" (Wao)jaj0ju@ak®aw 0 (Wag)ja0xs 1xs,c 0 (WEy)ydy@y,y - 0 (We)papxe
1 T T T ®4 " " / /

—3%a®p Ta Ty Take{ @0 (Wzxy) © " (Wzg) © ' (W) © 0’ (W) ).

The other terms are calculated similarly:

1
= —z x,  z, oz wjy—a:5<a®4, o"(Wz,) © ' (Wxg) © o’ (Wx,) © o' (Wag)
m

1
IV=—z x5 x)z mgmw<a®4, o"(Wzy) " (Wxg) © o' (Wa,) © o' (W)
m

1
V=—ziw, xjT, w;az5<a®4, o' (Wzx,) ©o"(Wzxg) © o' (We,) ® o' (W)
m

1
VI = m—wng TET :B;ra:g<a®4, o' (Wz,) © 0" (Wxg) © 0’ (W) © o' (Wag)

Putting the above terms together gives Equation (15). O

B.3 Expected Values w.r.t. Gaussian Initialization

We now consider the expected values of Kt(r) at initialization, where both ag and W have i.i.d.

N(0,1) entries. We will focus the ReLLU activation:
o(x) = max(0, z). (16)

Technically, o(-) only has a subdifferential at zero, but since Gaussian initialization puts zero mass at
this point, we can safely write o’ (z) = 1{z > 0}. Moreover, we have ¢’ (z) = §(x), where () is
the Dirac delta function, and o’ (z) = ¢’ (x), where 6’(-) is the distributional derivative of (-). In
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this sense, many terms in Kt(4) are not well-defined, if we don’t take expectation. For example, the
following terms are not well-defined functions:

<a?4, d"(Wzx,) © ' (Wzxg) © o' (Wz,) © a’(Wm§)>
<a®4, d"(Wz,) ©d"(Wag) © o' (Wa,) © U’(Ww5)>
<a®4, " (Wz,) ©0(Wzg) © o' (Wz,) © a’(Wm§)>.
So it is necessary to integrate over the Gaussian measure to actually make sense of the above

expressions.

On the other hand, the following expressions are well-defined functions:

<a®2, o' (Wz,) © o' (Wag) ©o' (We,) © O'I(Wélig)>
<1m7 o' (Wz,) ©0(Wzg) ® o' (Way) © U(W:B§)>,

because there is no expressions like §(-) and ¢’(-).

We now calculate the expectation of K 52), K (()3) and K 64) under Gaussian initialization. First, let us

note that EKég) = 0. In fact, since the r-th moment of \/(0, 1) is zero for odd r, we have EK (") = 0
for any odd 7.

B.3.1 Expectation of the second-order kernel

For K, 52), we need to calculate the following two quantities:
IE<U’(W3:Q) @at,a’(WmB)Qat>, E<O’(W$a)70(wa},@)>.
For the first term, we have
E<J/(W$Q) ®ay, o' (Wag) © at> = mEz N (0,14) [al(le)a'(ng)} ,
whereas for the second term, we have
E<0(Wma), 0(W$5)> =mEzn0.1,) {g(le)a(ng)} .

The above quantities are calculated in many literature (see, e.g., Cho & Saul 2010; Arora et al. 2019a;
Bietti & Mairal 2019). Let A, € [0, 7) be the angle between z, and xg. We have

T—A
Ez~n0,1.) [O’/(ing)a'(ach)} = Taﬁ
Dotz  lealaloale ( )
Ezn(o,1) |0(®0 Z)o(T52)| = o Sin Agg + (7 — Aag) €08 Aag ).

Hence, we have

sin Apg + (1 — App) cos Ayp

T—A
57+ lzall2llzs]l2 o

]EKéz)(a:a, xg) = (ng,@ . 5
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B.3.2 Expectation of the fourth-order kernel

We now try to compute EK 84). Inspecting Equation (15), we notice that it suffices to calculate the
expectation of the following quantities:

I= <a®2, o' (Wz,) © o' (Wzg) © o' (Wz,) © 0’(Ww§)>
1= <1m, o' (Wzx,) © o' (Wzg) ®o(Wa,) J(Wm5)>
I = <a®2, o' (Wzx,) ®0(Wzxg) © o' (We,) © a'(Wm§)>
IV = <a@4, " (Wz,) ©d”"(Wxg) © o' (Wz,) © o' (W)

)
V= <a®4, " (Wz,) ® o' (Wzg) © o' (Wz,) © a'(Ww§)>.

The rest of the terms can be calculated similarly.

The first term. For the first term, we have
E<a®2, cr’(Wsca)Qa’(Wmﬁ)@a'(Wmv)Qa/(W:cg)> = mP(ng >0,w32>0,2,7Z>0,x Z > o),

Note that this term only depends on the angles, so we can WLOG assume that all four vectors lies
on the sphere. We reduce this d-dimensional integral to a four-dimensional one. For any orthogonal
matrix (), we have

1P><mgz >0,xyZ>0,2)2>02]Z > o) = P((Qa;a)Tz >0,(Qxs) Z>0,(Qx,)"Z>0,(Qxe)" Z > 0).

We choose a @ s.t (Qx,); = 0fori > 2, (Qxg); = 0fori > 3, (Qxy); = 0fori > 4, and
(Qxe); = 0 for i > 5. Moreover, we require (Qx,)1 = 1. Those requirements specify a unique (up
to flips in one direction) rotation matrix (). In order the preserve the angles, we necessarily have

Qra=(1 00 0 0 - 0)
(Qzp) " (Qza) = cos Aag, [|Qzsll2 =1
(Qz,) " (Qza) = cos Aay, (Q) T (Qup) = cosAgy, [|Qzy 2 =1

(Qze) " (Qaa) = cos Aag, (Qme) T (Qmp) = cosAge, (Qe) ' (Qm,) = cosAge, [[Qell2 = 1.
Solving the above system of equations gives

(Qxp) = [cosAyp, sinAyg, 0, - -+, O]T
(Qz,) = {cos Aoy, (sin™! Aqg) - (cos Agy — cos Agp cos Agy ), \/si112 Aoy — (Qz)3, 0, -+, O)T
Ao —
(Qe) = {COS Aag, (sin~" Aag) - (cos Age — cos Aag cos Aqg), = (Céim;b@%)g,
v)3

.
\/sin2 Ane — (Qze)s — (Qze)3, 0, -+, 0} :

Let v4, v, vy, ve be the vectors composed of the first four coordinates of Qz,, Qx s, Qx~, Qxe,
respectively. Then we have

P(@Zzo,mgzzo,wjzzo,mgzzo) :P(vgzzomgz20,1;}2207@2220),

where with a slight abuse of notation, the vector Z ~ N (0, 1) is now a four-dimensional standard
Gaussian. Let
v

e R¥4, (17)

<
QL qme

V=Vagnre=

<
A
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Then the quantity of interest becomes P(VZ € H), where H is the positive orthant of R%. It’s clear
from the construction that V' is invertible, so we are interested in P(Z € V~1H). The set V~'H is
the positive hull made by the four columns of V=1, Since the law of Z is spherically symmetric,
the measure of V ~! H under the law of Z is the fraction of the unit sphere S® in this hull, which is
equal to ©/(272), where 272 is the surface area of S3, and 2 is the solid angle for the four column
vectors of V1. The solid angle for r vectors has analytical formulas if » < 3. For r = 4 and
higher dimensional, there is a formula in terms of multivariate Taylor series (see, e.g., Aomoto 1977;
Ribando 2006), but no closed-form formulas are known to the best of our knowledge. However, the
probability we are interested in can be efficiently simulated by law of large numbers, because we
have reduce the d-dimensional Gaussian integral to a four-dimensional one.

In summary, we have the following expression:
El = mP(VZ = 0), Z ~ N(0, ).

The second term. For the second term, we have
E<1m,a’(Wma)Qa’(WscB)Qa(Wmv)@U(W:Cg)> =mRE {sz-scgz-n{xgz >0,w3Z2>0,2,Z>0,xl Z > OH.
Similarly, we have

Ezn(o.1) [a:jz xl 7 ]1{9522 >0,252>0,a0,Z>0,x]Z > 0}]

~ e lllzele  Bamniony |7 200 2+ 1{Vapq.2 € 4,
which gives the following expression:

Ell = m||z, ||2||x¢2 - E {UIZ 0 Z W VapreZ = 0}] Z ~ N(0,1).

The third term. For this term, we have
EIII = 3mRE [5(@2) xy - 1{;5;2 >0,a,7Z>0,x]Z > 0}]
Using the same rotation trick, we have
I = 3mE {5(||xall2v§Z) Nwgll2vg Z - ﬂ{vgz >0,vZ>0,v{ Z> oH Z ~ N(0,14).

Since v, = (1,0,0,0) T, we have

E[é(uxangzg vy Z - 11{@2 >0,0]Z>0,0{ Z> OH

o 1
— Ez,z,.2, [ / dzlmezf/%(|xa||221>h<zl,zz,zsvz4>]

— 00

1
[@allov2m
1

= E[vg_lz_l : 11{11;_12_1 >0,0) 1 Z-1>0,0f 7> OH
HxaHQ 27T ) ) ) )

= EZ2,Z:s7Z4 [ h(0> 2y, Z3, Z4):|

where we let h(Z1, 22, Z3,Z4) = v;Z . ]l{vﬁTZ > O,UIZ > O,ng > O}, and in the second

equality, we used the fact that, for ¢ # 0,

S 0o cr sign(u)-(4o00) ” 0o ”
/_ f@®)d(cx)dx = /_ %f(?)é(cx)dca: = 1/ ) f(=)o(uw)du = %/_ f(g)é(u)du = @

oo C Jsign(u)-(—o0) C ||
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Note that the above computation isn’t too messy, because we rotate Z to align with z,, and the delta

function appears only at the « location. Other terms in K t(4) with similar structures as III should be

handled similarly (i.e., rotate Z to align with the axis where the delta function appears).

In summary, we have

3
EIII = /2% ”i“t E[vg,_lZ_l : ﬂ{vg_lz_l >0,v) 121200, Z1> OH

The fourth term. We have

EIV = 3mE {5(@2)5(@2)1{9@12 >0,m! 7> OH

=3mE |:5<||l‘a||2 . Z1> . (5(”1},@”2 . (’U,@JZl + U@QZQ)) . ]l{(l?,l—Z Z O,QJE—Z Z O}:|

=3mEz, z, { doy——e /2 le e/ 6(||@all2z1) - 5 (llzsllz - (vg121 +vp,222))

v 7

: 1{%,121 + vy 222 + vy 323 + vy 424 2 0,0¢121 + Ve 220 + Ve 343 + Ve aly > OH

3m i .
Ez, 2, [ | e S(lalavpaz)

B ||$Oé||2 - 2m —o0

: ]1{%,222 +vy,343 +VyaZs 2 0,0¢ 222 + Ve 343 + Ve aly > OH

3m

= P(vy 323 + vy a2y > 0,ve 343 + Ve aZy > 0).
I lalaleslalopal 2 Ot 2 O teata FveaZa 20)

The probability in the RHS can be calculated explicitly. By spherical symmetry of Gaussian, we have

T — Z(Vy 3.4, V¢ 3:4)
o ’

P(U%;),Zg) + Uy aZy > 0,0¢ 343 + Ve 42y > 0) =

.
Vy,3:47¢,3:4 )
llvy,3:4ll2[lve 542
(vy,3,0+.4), (Ve,3, Ve 4). Hence, we arrive at

where Z(vy 3.4, V¢ 3:4) = arccos( € [0, ) is the angle between the two vectors

3m[m — ZL(vy 3.4, Ve 3:4)]

EIV =
Am?(|zq |2l s 2|vs 2]

The fifth term. We have

EV = 3mE {5’(@12) : ﬂ{xgz >0,2)2>0,a;Z > OH

= 3mE {5’(||xa|2zl) ~ 11{ Z>0v]2>0,0Z> OH

3m e _,
o A R A

0/(0/37121 + v;—’_lZ_l)cf’(v%lzl + U,I_lz_l)dl(’l)§7121 + U;_lz_l):|

3m o o
= WEZl,ZQ,Zg |:/ du - 5/(u) e /2)|zall2
all2 e
0/(%1” 52 )U/(%u +v) 1 Z- )0’(U +ol 2 ﬂ
eals * 07 ) T el 7)) T el T
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3m d 2 2
___3m n A —a/2leal
||$a||2 /;27_‘_ ZQ7Z37Z4{du |:€

v u v u Ve1U
0/( 38,1 +U;121>0/( v,1 +U1121>UI(571+U£1Z1>:|

[zall2 [zall2 [Zall2

b
u=0

where the last equality is by integration by part (which essentially defines 4(+)). With some algebra,
one can see that the derivative term in the RHS is equal to (with u = 0)

v )1
Ty S8 1200 (U] 120" (0 1 Z1)
(e}

Uy 1 T

i o 20
ve1
el

For the first term in the above display, we have

171271)0/@;71271)

T

+ o' (vg,_1Z-1)0" (v _12-1)6(v{ 1 Z_1),

E 5('0;7_1Z_l)a’(v,j’_12_1)0'(Ug_1Z_1)}

1
= WEZ&ZA} {0/(%T,3;4Z3:4)0'(U,gT,3:4ZS:4)}
2

T — Z(Vy 3.4, Ve 3:4)

27V 27 - |ug o

Meanwhile, we have
E {U'(v;_lZ_l)(S(vI_lz_l)J'(vg_lZ_l)]

1
= [27r // ™) 26 (0, 52 + vy 323)07 (v5,222)0" (Ve 222 + Ve 373 + veaZa) |-
RZ

Using the following change of variables:

U = Vy 222 + VU~,323, w = 22,
so that
— _ U Uy W
Zy = W, 23 = ,
Uy,3
we have

E {al(v;_lZ_l)é(vl_lz_l)U’(vg_lZ_l)]

1 1 —(w? + (v~ ow/v 2 U — Uy oW
= —FEgz, [// exp{— ( (vy,200/04.3) )}5(11,)0'/(1},37210)0'/(1)5,210 + U§7377’2 +veaZy)
27 R2 |Vy,3] 2 Uy,3

1 * w? 2\ 7 / V¢,3V~,2
= ———— gz, dwexp{——- - (1 + (vy,2/vy3)")}0 (vg2w)o' | (ve2 — ==)w + ve aZy
27T|U7,3| —o0 2 Uy,3
_ 1
V2 - [vy 5

where W ~ N (0

Vg 30y 2
Ez,w [0'(116,2“’)0' ((%2 - 750 1= )w + 05,424)],
v,3

)

. By rescaling, for (X,Y) ~ N (0, I2), we have

)
143, /03 s

E [a’(vg_1Z_1)5(vj,_1z_1)a’(vg_1z_1)}

1 —_
_ Exy [0/( vB.2 _X) 0/( Vg20y3 — Vg aVy2 o +u5,4Y>}
V2mlvy 3 V1402 5/02 vy 34/ 1+ 025/ 02 5
1 Vg, 2V~,3 — Vg 3V 2
:W. |:7T£((\/1+U,2yg/’l),2%3,0)7( at . 72 ea) | |-
V.3 Vy,34/ 1+ 03 5 /02 5
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Now let us consider

E [U’(v;_lZ_1)0'(vl_1z_1)5(vg_lZ_1)

1
2w/ 21

We use the following change of variables:

2, 2, 2
/ 67(Z2+Z3+Z4)/25(’U§7222 + ve 323 + U§,4Z4)0'/(vﬁ,QZQ)U/('U’y,QZQ + U'y,323)d22dz3dz4'
R3

T =UVg2%2 + Vg 323+ Veq, Y=23, Z=24,

so that
Xr — U§73y — 1)5742’
="  *A3=7Y, z4=2%
Vg,2

Then we have

E |:O'/(’U;121)0/(UI121)(5(U;|:1Z1):|

_ 1 expl— (x — Ve, 3y — Ug74z)2/vg’2 + y2 + z2} L (vﬂg(az — Vg 3y — U§’4Z)>
27’(‘\/ 2’/T"U§,2| R3 2 Ve 2

o’ (v7’2 (@~ vesy — vea?) ) §(z)dxdydz,
V¢ 2

where 1/|v¢ o| is the Jacobian term when we do change of variables. Let us define X via

o1 (Lt VEa/VEs Ve 3Vga/Ve 2
¢ Ve Ve a/ve2 14 UE 4 VE

Integrating = out, we get
E [U’(v;_lZ_l)a’(vl_lz_l)é(vg_lZ_l)]

det(X¢)/? det(X¢) /2
_ € ( f) € ( E) / exp{ _ (y72)2§—1(y7z)"r/2}0_/< _ UB,Q(U§,3y+U§,4z)>
vV 27T'|’U£72| 27 R3 Ve¢,2

o <(U%3 _ Dhvesy  Uyaved Z) dyd=

Ve,2 Vg,2
_ det(EE)l/ZE |:O—/ < B 1)[372(1)573}/ + ’UEAZ)) o ((1)%3 Uy 2Ug3 )Y _ Uy2Uga Z):| ,
V2m|ve o Ve,2 Ve,2 Ue,2

where (Y, Z) ~ N(0,%¢). Note that for another independent vector (Y, Z) ~ N (0, I5), we have
(¥, 2) =a 2*(V, 2).
Hence, we have

E [U’(v;lZl)a’(vllzl)é(vngl)]

det(zﬁ)l/Q [ /< vg,2 1/2 Xr 5 T) /< U~,2V¢ .3 V~,2V¢ 4 1/2 /5 5
=S gl =22 (ea,vea) SV (V2T 0 (0,5 — L2083 T2V 91/2(p T
arlveal ves (vessvea) - 27 (Y, Z) (7,3 ves ves )- B/ °(Y, Z)

:W.[W_4<_W.El/2.<v§,3> ni/2, vvﬁ‘% )}
2m/2mfve o vea & \vea) S " '

In summary, we get

—3m

EV=—°"_.
|zall3v2m

{Uﬁ,l T4 vy - To + U§,1T3}7
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where

= Z(U'y,?xéla 05,3:4)

T —
1 2727 - [vg 2
2 2 Yg.2Uy,37V6,3Vy,2
Tzzl,[ﬂ_é( \/m (s )}
21/ 27|y 3] 0 Ve 4

det(2,)1/2 ) O o — Vr.2VE3
7, = Aot 77 [w - 4( -2 mye (v“> D )}
27/ 27| ve o Ve,2 Ve T Tvez

—1
o (1 Es/vEs vesvea/veo
T \vesvea/ves 1H+024/vE,)

where

C Connections and Differences to Previous Works on Label-Aware Kernels

We discuss the relation between our proposed kernels and two lines of research on label-aware kernels,
namely the Kernel Target Alignment (KTA) and the Information Bottleneck (IB) principle.

Connections to KTA. Recall that our higher-order regression based kernel is
KM (g 2') .= Eim[Ké2) (x, ') + \Z(z, 2, S),
where Z(x,2’,.5) is an estimator of (label of &) x (label of 2’). From a high-level, this can be
regarded as a specific way to to align with the “optimal” kernel yy ", because
KM, yy7) = B K ]yy ) + MZ.9y7),
and the term (Z,yy ') is close to one as Z estimates yy ' by construction.

Relations to IB. Consider the following the model fitting process: ¥ — X — T — Y. Thatis: 1)
The nature generates a label Y € {£1}, e.g., a cat; 2) Given the label Y, the nature further generates
a “raw” feature X, e.g., an image of a cat; 3) We try to find a feature map which maps X to T’; 4) We

use 7" to generate a prediction Y.

The IB principle gives a way to justify “what kind of 7" is optimal”. More explicitly, it poses the
following optimization problem:

wmin I(px; pr) — BI(pr; py);

Py |T
pT

where we let p 4|5 to be the conditional density of A conditional on B. Then the “optimal” feature 7'
is a randomized map which sends a specific realization X =  to a random feature 7' ~ pr|x—g-

Note that in the IB formulation, the optimal feature 1" has no explicit dependence on Y — it only
depends on Y through X. This is in sharp contrast to our formulation, where we allow the feature to
have explicit dependence on Y.

To further illustrate this point, it has been shown that any optimal solution to the IB optimization
problem must satisfy the following set of self-consistent equations (Tishby et al., 2000):

pr(t)
Z(x; B)

p(t) = / prix (o) (z)dz

prix (tlr) = exp { - [3DKL(PY|X||PY|T)}

pyir(ylt) = / pyix (ylo)px o (lt)de.

Note that the distribution of the optimal feature 7" only has dependence on z, and has no explicit
dependence on Y, because Y is marginalized in the KL divergence term.
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D Experimental Details and Additional Results

D.1 Details on Figure 1(b) and 1(c)

To experiment with different label systems, we use the MS COCO object detection dataset (Lin et al.,
2014) because there can be various objects in the same image. In this experiment, we consider 50
images with both cats and chairs, 50 images with both cats and benches, 50 images with both dogs
and chairs, and 50 images with both dogs and benches. An image with cats and chairs will include
neither dogs nor benches, and similar for other cases. Therefore, in total, there are 100 images with
cats, 100 images with dogs, 100 images with chairs and 100 images with benches.

We then consider the same two-layer neural network as in Sec. 3.2 and plot the relative ratio (Eq. (9))
for Kt(z) as t increases, which gives Fig. 1(b) and Fig. 1(c).

D.2 The Architecture of CNN

The architecture of the CNN used in Sec. 3.1 is as follows: there are seven convolutional layers with
kernel size 3 and padding number 1, followed by a fully-connected layer. The output channels of
each convolutional layer are: 16k, 16k, 16k, 32k, 32k, 64k, and 64k, where by default k = 1. But
we increase k to 16, 8, 4 to get better CNN performance for multi-class classification with 2000,
5000, and 10000 training examples in Table 2. The strides for each convolutional layer is 1 except
the fourth and the last, which are 2.

D.3 Details on LANTK-HR

The hyper-parameter \. Based on our experiments, the test accuracy is usually a concave function
of A. So we simply choose the best value among {0.001,0.01,0.1,1.0}.

Choice of Z(x,z’,S). Our first choice of Z is based on a kernel regression. Specifically, for
LANTK-KR-V1, we consider

Z(:B, (13/, S) = Z yzy]w(ElthéQ) ((137 .’I}l), EinitKE)Q) ((137:, w]))a
4,
and for LANTK-KR-V2, we consider

Z(@,2',8) = > (EmK) ™ 9)i((EniK) )0 (Eni K (2, ), Bt K (1, 25)),
i,J
where
B — (¢ap — 0i5)*
n?B — Zs,t((bab - (bst)z
is a normalized similarity measure (smaller (¢,, — ¢;;)? indicates larger similarity) and B is a
constant which is set to be the largest (draz — ¢mm)2 in the training data. Note that the change

from y to (Eip K )~y in CNTK-V2 is inspired from the second term in KN (2, /).

V(Pab, di5) =

Our second choice of Z is based on a linear regression with Fast-Johnson-Lindenstrauss-Transform
(FJLT) (Ailon & Chazelle, 2009) and some hand-engineered features. FJLT is used to reduce the
computational cost because there are O(10%) examples in the pairwise dataset'®. And the hand-
engineered features are as follows:

1. For LANTK-FJILT-V1, we use the following features: ]Eith(()?) (z, x") (the label-agnostic
kernel), cos (x, z’) (cos of the angle), z7x’ (the inner product), ||z||2||=’||2(the product
of Ly norms), ||z — «'||3 (Euclidean distance), |z — «'|{(L; distance), (x,x’) (the angle
between two vectors), sin (&, ') (sin of the angle), RBF(x, ') (RBF distance between
two vectors), p(x, ') (the Pearson correlation coefficient between two vectors).

2. For LANTK-FJLT-V2, in addition to the ten features used in LANTK-FILT-V2, we also
include the same 10 features based on the top five principle components from principal
component analysis (PCA).

0ur implementation is based on https://github.com/michaelmathen/FJLT and https://github.
com/dingluo/fwht.
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D.4 Details on Training

We use the Adam optimizer (Kingma & Ba, 2015) with learning rates 3e~* for 300 epochs for the
CNN in Sec. 3.1 and for 500 epochs for the 2-layer neural network in Sec. 3.2. For simplicity, we use
the parameter with best test performance during the whole training trajectory.
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