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A Some illustrating experiments

The different results provided are theoretical and we proved that two eigenvalues separate from the
bulk of the spectrum if the different parameters are big enough and sufficiently far from each other.
And if they are too close to each other, it is also quite clear that spectral methods will not work.
However, we highlight these statements in Figure 1.

Those figure illustrate the effect of perturbation on the spectrum of the stochastic block models for the
following specific values: N = 2000, p1 = 2.5%, po = 1%, k = 0.97 and v € {50, 70,100, 110}.
Notice that for those specific values with get A\; = 35, Ao = 15 and py € {20,14.3,10,9.1}; in
particular, two eigenvalues are well separated in the unperturbed stochastic block model.

The spectrum of the classical stochastic block model is colored in green while the spectrum of the
perturbed one is in blue (in red is represented the spectrum of the conditionnal adjacency matrix,
given the X;’s). As expected, for the value of v = 50, the highest eigenvalue of P; is bigger than
A2 and the spectrum of the expected adjacency matrix (in red) as some "tail". This prevents the
separation of eigenvalues in the perturbed stochastic block model.

Separation of eigenvalues starts to happen, empirically and for those range of parameters, around
~v = 70 for which v A1 < g =10 < Ao

We also provide how the correlations between the second highest eigenvector and o, the normalized
vector indicating to which community vertices belong, evolve with respect to ~y for this choice of
parameters, see Figure 2.

B Additional results and technical proofs of Section 1

In this section, we gather additional results on the random graphs P, namely when it is connected
(i.e., without isolated vertices) and whether it is possible to prove that some eigenvalues separate
from the spectrum or not.

Then we will proceed to prove technical statements made in Section 1.

B.1 The connectivity regime

Let us first consider a preliminary remark on the connectivity of the random graph. This result is for
illustration purpose, as the connectivity (or not) of the geometric graphs would have no real impact on
our main result, so we do not put too much emphasis on the exact threshold of connectivity. On the
other hand, the result of Lemma 11 is rather intuitive as with very high probability, one of the || X;]|?
are going to be of the order of 2 log(V), which indicate that the transition between connectivity or
not should indeed be around log(N)/loglog(N).

log(N)

TToglog N 00 as N — o0. Then one has that

Lemma 11. Assume that

P(3 an isolated vertex i,1 < i < N) - 0as N — oo.

Proof. Fix a vertex ¢. Conditionally on the X;’s, the probability that ¢ is isolated is
[Ja—exsr,
i

which we will integrate w.r.t. the distribution of independent X’s, j # i. Precisely, we get that the
probability that there is an isolated vertex is upper-bounded by

XX |2 1 2y ix2\N-1
EZH(l,e v X XJ|):NE(]_f1+2rye T2y 2 )
i i

1 _ 2y a2\ N-1 —A?
gN(l— e 1+2v2) + Ne™ 2
142y

11
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Figure 1: The spectrum of the perturbed/unperturbed stochastic block models for v = 50 (top left),
70 (top right), 100 (bottom left), 110 (bottom right).
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Figure 2: The correlation between the second highest eigenvector and the community vector quickly
grows from near 1 to 0.9 around the critical value v = 60.

_ A2
for every A > 0. In particular, the choice of ne 2~ = 1 /log(NN) gives that the probability of having
an isolated vertex is smaller than

N -1 1 1 1
N ( T Nlog(N T)
P Nlog(N) 1+ 27( og(IV) i log(N)
So as soon as % — 00, the probability of having one isolated vertex goes to 0. O

B.2 Separation of eigenvalues

We now examine the possibility that some eigenvalues of P separate from the rest of the spectrum,
as it could interfere with standard spectral methods used in community detection. For that purpose,
we are going to study the moments of the spectral measure of P.

Proposition 12. Let | > 2 be a given integer, then the following holds:

l
lim tpTe (2F) 2 L
N—o0 7y N 12

l
1 P 1
Var;Tr (’};\]_) =0 (N)
Proposition 12 implies in particular that the non-normalized spectral measure

N
n(P) =36,
i=1

has asymptotically some positive mass on large values in the order of . This does not prevent

that the largest eigenvalue separates from the others but it does not hold that the largest eigenvalue
computed in Proposition 2 overwhelms the remaining eigenvalues.

Proposition 12 roughly states that the largest eigenvalue does not macroscopically separate from
the rest of the spectrum. Instead it is blurred into a cloud of large eigenvalues and thus cannot be
distinguished. Notice that this phenomenon is rather different from the standard stochastic block
model for which there exists a regime (in the average degree of the graph) where a finite number of
eigenvalues really overwhelm the rest of the spectrum.

Proof. We use the fact that the X;’s are Gaussian random variables to give an explicit formula for
the moments of the spectral measure p(P). Let us use the standard method to derive its moments: let
[ > 1 be given. One has that

N l
EY p=ETP'= > E[]Pyi... (6)
i=1 j=1

11,82,..0,%1
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using the convention that ¢;; = i;. Note that there may be some coincidences among the vertices
i1,12,...,4; chosenin {1,..., N}. We forget for a while the precise labels of these vertices and
denote them by w;, ws, . .., w; instead (keeping track of the coincidences however).

For each possible choice of the set of coincidences in (6), we denote by k& > 1 the number of
pairwise distinct indices (that we again label w1, wo, . . . wy). We associate a graph Gy, on the vertices
{w1,ws, ... wy} by simply drawing the edges (w;,w;41),j = 1,...,l. Note that the graph may
have multiple edges. It has no loops because P;; = 0, for any vertex . Let C; denote the simple
cycle with vertices 1,2, ...,[ in order. Then this graph corresponds to the case where there is no
coincidence. When there are some coincidences, some vertices from C) are pairwise identified
(excluding the possibility that subsequent vertices along the cycle are identified due to the fact that
loops are not allowed). For £ < [ we denote by Gy the set of such graphs obtained by pairwise
identifications of vertices from C; (excluding subsequent vertices). Note that G; = {C}}.

Then one has that

N l
EY p=> > NN-1)---(N-k+1E [] P 7)
i=1 k=2 GGy e€Gy
where in the above formula we have chosen the set of actual vertices among {1, ..., N} and each

edge e € Gy, is repeated with its multiplicity in the product. By standard Gaussian integration, using
that P(;;y = exp{—~||X; — X/||*}, one can easily check that

E [[ P.=(det(T+2yLg,) ™", ®)
ecGy

where L¢, is the Laplacian of Gj: we recall that the Laplacian of a graph G = (V, E), V =
{1,...,k}is the k x k matrix whose entries are

L;; = —deg(z),z =1,2,..., ]f;Lij = mij,i <7,
where m;; is the multiplicity of the non oriented edge (¢, j).

We now perform the expansion of det (I + 2vL¢, ) according to the powers of . By the matrix tree
theorem (see [6] e.g.), one has that

k

det (I +2vLg,) = (27)* 'k x #{spanning trees of G} } + Z(Q'y)k_iak,i, 9)
i=2

for some coefficients ay ; which can be easily deduced from some minors of L, . Combining now
equations (7), (8), (9), and using that Cj has [ spanning trees, we deduce that

1
221+ o(y™)

1
(27 tek(1+0(v7)

(1+(9(7‘1)+0(%)). (10)

ESN 4 =N'(1+0(1)
-1

+> N¥(1+o(k*/N))
k:2Nl
“ e

In the second line of (10), the constant ¢, is given by

1
-1 Z
Ck = 3 N . .
oy kt{spanning trees of Gy}

Thus we have proved the first statement of Proposition 12.

Let us now turn to the variance :

Var(TrP') = E (TeP'TrPY) — (ETrP!)”.

14



363
364
365

366
367
368
369
370
371
372

374

375

We again developp the product

l 1
PP = Y [[Poise D kHlP%“

01,092,000 k=1 i iyl =

and draw the associated graphs (forgetting the labels) on possibly 2] vertices. If the two graphs are
disconnected (this means that the two sets {41,192, ...,4;} and {4},45, ..., } are disjoint, then the
expectation of the product splits by independance. The combined contribution of each subgraph to

the variance will thus be in the order of I2/N times (IETrPl)2. This comes from the fact that one
has to choose 2k pairwise distinct indices when combining the two graphs (while twice k pairwise
distinct indices when considering the squared expectation of the Trace). Thus, by definition of the
variance, the only graphs which are contributing to the variance are those for which at least one
vertex from {i1,4o,...,4;} and {i],45,...,4;} coincide. This means that using the same procedure
as above, one can restrict to the set of graphs G, k < 2] — 1 which are obtained from Cy; by at least
one identification.

1
From the above it is not difficult to check that Var%Tr (%) =0 (%) . This finishes the proof of
Proposition 12. O

B.3 Proof of Proposition 1

We first show that there exists a constant C'; such that

m(P) 1
NCi(v) —

for N large enough. Fori = 1,..., N we setd(i) := >_, P;;, which we call "the degree" of i. By
the Perron Frobenius theorem the largest eigenvalue of P cannot exceed the maximal degree of a
vertex, (which can be proved to be strictly greater than %). However the number of vertices whose
degree is such high is negligible with respect to IV (it is not obvious such a number grows to infinity
actually). Because all the entries of P are positive, one knows that the largest eigenvalue of P is
simple and is equal to the spectral radius of P. Furthermore, one has that

. <U1,PZU1>
P) = lim ~———"_
'LLl( ) ZLIEO <’(}1,Pl71’01>

where vV Nv; = 91 = (1,1,...,1)t. Actually we are going to show that

<’U1 ; P2l+2,ul>

(1. Poy) forl =1InN.

ui(P)? = (1+o(1))

First one has that ( 2042 )
vy, P U1
P 25 Vb P
pa ( ) = <U1,P211}1>

Now we show some concentration estimates for both the numerator and denominator, for [ ~ In NV
showing that to the leading order they concentrate around their mean which is enough to show that

p = C1(7)N (1 +o(1)).
Py, P

1142

forl=InN.

Observe that (0, P'o;) = S it it P;,_,jis asumof at most N'** terms. Each of the

summands if a function of the Gaussian vector X = (X1, Xo,..., X)!. We are going to show that

X Y. .. . Py P,i,P;,_,;is Lipschitz with Lipschitz constant in the order of N (2/+1)/2
5750150050 —1

for some constant C' large enough. AsE>”, .. . Py P, Py 5 = (NCs(70))"* (1 +0(1))

for some constant Co (7o) > 0, this will be enough to ensure using standard concentration arguments
for Gaussian vectors that

Pl Y PuPyuPi,j— (Caio)N)H] = ANCHD/2 | < 90247,

450581500 —1
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Thus this implies that a.s.

lim Zi,j,il,.“,i, 1 P“lplﬂzplz 1J
N—o0 (C2(0)N)HH

s7ze  Consider two vectors X and Y. One has that

‘ Z P7«11P1122P7«l 1J(X) - Z P’”«lp'll'lQP'Ll 1J (Y)‘

=1

',j 74.1’ i1 00501500t —1
< Z Z Pii, (X)Piliz (X) Pik’ik+1 (X) - Pikik+1 (Y) Pik+1ik+2 (Y) s Piij(y)
k= Oz j Tl tl—1
k-1 -1
< OZZ Z H Piliz+1(X) H ‘Piziz+1(y)’|Xik - Xik+1| - |)/Zk - Yvik+1| )
k=01,7,i1,...,3;—1 [=0 l=k+1

Y

. . 2, . .
377 where in the last line we have used the fact that x — e~ 7* is a-Lipschitz. The constant a can

a78  be chosen as @ = 4,/ysup,, |ze=="|. Consider the sum in (11). We note >, the sum over indices
379 1,4,%1,...,%—1 and k in the following. One has that

k—1 -1
Z H Pil’iz+1 (X) H Pil’iz+1 (Y)“Xlk - Xik+1| - |Ytk - Yik+1|
* =0

I=k+1

l

k—1 1
< Z H Pi2m+1( lm+1 \/Z ’|X1k - lk+1| | ik 'Lk+1|
*  1=0

= k+1

2

<NETNT (Z 81X — Xpvy — (Y — ka1)|2>
< ONCHL2| | X — v

‘We now show that z
<’Ul, P2 +2’01>

P2 < (1 1 forl =1n N.
Nl( ) = ( +O( )) <’U1,P2l’01> or n
Denote by w;,7 = 1,..., N a set of orthonormalized eigenvectors of P. Equivalently the above
means that
Z“ Ywi, 01)% = ZMQHQ (w;, 01)?
i>1 i>1

Fixe>0.Setr?:= 3, . (wi,v1)?. The first sum in the above then does not exceed:
26T2u%l+1 + ufl”(l _ 7,2)(1 _ 6)2l

This is 0(1)u2l+2 2 provided that 72 > 7 for some n > 0. This is the fact we prove below. To

that aim we show that (w, v1> > 1. Using that w, (associated to ;) has non negative coordi-

nates and is normalized to 1, one has that (wy,v1) > W Thus it is enough to show that
1|oco

lim sup v N|w1 | < 00. Assume this is not the case : then there exists a sequence Ay — oo such
that v N|w1 | > An (along some subsequence). In particular let w;, = maxw; > AfN Fix 6 >0

small. Set J := {j,w; > dw;, }. Then one has that §.J < 52A2 < N. Using this in the expression

H1 = ZRO] wj +ZP10]

jed Wio i¢J

one deduces that
H1 S Né + ﬁ']7

sso  which is a contradiction. This finishes the proof of Proposition 1.
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st B.4 Proof of Lemma 3

Let us first introduce some notations and key results for the proof. The function
1
0:r>0~0(,r) = / —e*‘zlg/zd/\g(x),
D(X,,v7) 27
ss2  where D(X;, +/r) is the disk centered at X; of radius /7.
Notice that the following holds for all » > 0

_Ixa? _r\ _alx, . _ X2 . _
e 2 (1_6 2)6 2\|X1\|ﬁ§9(277a)§6 4 <1_e 2>e2||XLH\/F.

It also holds that
X2

20 IXI* (1 — e ") < O(i,r) < e F(e? —1)
and moreover if r; > 7o then we immediately have

™ —To

H(i,Tl) —9(2’,7"0) S D)

Conditionally on X, the number of vectors among the X ]’s whose distance to X; falls in the interval T
is a binomial random variable Bin(N — 1,6(4,1(I))). So we recall the following basic concentration
argument (see equivalently Theorem 2.6.2 in [21]). Let Z be a binomial random variable with
distribution Bin(m, p). There exists a constant o« > 0 (if p < 4/5, one can choose o = 1/32) such
that for any C' > 0, one has

P(|Z — mp| > Cy/mp) < 2"
We can now turn to the proof of Lemma 3 itself. Let ¢ > 0 be fixed (its specific value is tuned at the

end of the proof) and i € [N] be a fixed index such that | X;|? < 21% We are going to show that

N

: N
S = e MXi=Xi* = 0 (1 +0(1 ,
Zl 0 (1+0(1))
j=
where
21115'\{
— T L (i) —ke
0= N 2 M
k=1
with Vi = 1,...,227,
i k+1 k
n o= n (o, B o, )
Y Y
As «y goes to infinity with IV, then it holds that
Ix;12 / € 1n2’y (i) €
Ne =2~ (— -0 ) < <N—
‘ 2 O] sma =Ny

a3 so that if ||.X;]|? < 21n77 then nl(:) o~ %E which ensures that ¢y = 3(1 + o(1)) is well-defined.

ss« To control .S, we split this sum into three parts, depending on the distances from X; to X, as follows

S = E e—’Y\Xi—Xj\Q + E e—lei—lez

3:d2( X, X;)€[£, 2120 J:d?(Xi, X5)<2

~0

S1 Sa

+ § e VIXi=X;?

Jid2 (X, X5)> 28

S3
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We first focus on \S; that we are going to further decompose as a function of the distance from X; to
X, : definefor k € {1,... ,21“?7}

n) = 8{1,d%(x, X)) € {If W[} .

Then one has

5

N

Sy < Z e—ksng)
k=1
glny olny
=S e hend 4 S et (”;(f) _ n}(j))
k=1 k=1
glny
N . i ;
- ﬂ(l —|—0(1)) + Z eika(nl(c) — nl(:)),
k=1

where the last equality comes from the approximation of nl((i) as N and v goes to infinity. It also
holds that

Zlnfy
S1 > Z e_(k+1)5n,(j)
k=1
olny 2lny
_ ef(k+1)sn£i) 4 Z o~ (bt 1)e (ng) _ US))
k=1 k=1
olny
N € . .
> _—(1—-2¢—0(1)) + e~ (kD Dy,
o W)+ 3 e EG) - nl?)

It remains to control the different errors ngf)

21 i i i 1 _ N
;W, n —nl| > 5n£)> < 8—11?)6 e 35

— 0. It holds that,

b

Py, (31 <k<

because each nl((i )~ Jz\'—i as v increase to infinity with N. At the end, we obtained that for each X

such that [| X, |2 < 2% then

Sy — A E(Se—l—o(l))

< with proba at least 1 — 8
2y 2y

ln(’Y) 670463% . (12)
9

Let us now focus on Sy which is obviously smaller than néi) where
nf) 1= 85, (X:, X) < )
Moreover, because of the concentration of binomials, it holds that
Py, <n§f) > 2N0(4, i)) < 2e7 N0,
Now as v goes to infinity with NV, then for v large enough, the following holds

=<0, 5) < —
4y Y 2y

Px, (né“ > NE) < 2e7%
Y

which ensures that
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As a consequence we have shown that

Ne . .1 _a Ne
So < —  with probability at least 1 —2e~ 7 . (13)
Y
Last, by the very definition of Ss, it always holds that
N
Sy < Ne 7" < . (14)
Y

Combining (12), (13) and (14), we obtain that with probability at most

26—%% + 81n(7) e—ozs?’%
S

one has that N .
S——‘<—5 1).
[$ = 5| < 5 (5 +o(1)

As a consequence, as [N grows to infinity, one has

N
2In~y _x2 N N
Pl 3:: Xi2§ and‘ e VIXi—X;l ——‘2— He +o(1
< 2 a3 |2 2 e ott)
<an™Y (e—%f +4—ln”)e—“3%) =0
y €

N
vIn~y
This proves Lemma 3.

—~1/4
by choosing ¢ = ( ) (so that € goes to O as intended) and because % goes to infinity.

B.5 Proof of Lemma 4

The proof is almost identical to that of Lemma 3. The only difference is that we cannot approximate
B )

nl((i) by ]2\7—75 because e 2~ might go to 0. Yet it still holds that ny*~ < %E And thus, we can easily
prove the weaker statement

N

P (303 e > X1 gse 4 o)

i=1 7

axe 1
< 4N<e—17 + 47H§Y)6_&53%) =0

with the same choice of ¢, assuming Assumption (H) holds.

B.6 Proof of Lemma 5

If we can show that for any ¢ € J and with probability close to 1, it holds that
N
Y p<—, (15)
Ty, 7
then the result would be a direct consequence of Lemma 3.
By the very definition of J, if j ¢ .J, then necessarily | X;|* > 21% Notice that | X;|> > (3+ e)lnT”
then v|X; — X;|? > (1 + €) In~y so that for any ¢ € J, this immediately yields that
N N
> PSR <
) In Y v
FIX; 122 (346 22

This is enough to obtain (15) for the contribution of such indices. Note also that the same argument is
valid to get (15) for the subsum (keeping ¢ € J fixed)

N N
Z P < ire < —.
3| Xi—X;|2>(14€) Iny v v
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Thus we only need to consider indices i € J and j ¢ J such that v|X; — X;|? < (1 +¢€) In+y. This
implies in particular that necessarily ||X;||* < 8@. Consider therefore such an index i and let

S = Z e VX=X,

FX = X2 < (14€) In v, | X 2> 2122

Because || X;|? < 811177 then the number of indices j ¢ J is smaller than than 16NV IHT'Y with

a8N1

probability at least 1 —e™ = Asa consequence, the sum above is composed of at most 16 N 1“77

terms, all smaller than 1. Obviously, if they are all smaller than ln% 5 then S < IGWﬁ 5 < %

So this implies that it only remains to control the sum S for indices ¢ € J such that for some j & J it
holds that || X; — X;||? < @. This implies that such indices ¢ € J must satisfy

1 1 Inl
o) > X2 > 2t (12,2220 .
Y Y In~y

And, using the same argument as before, there are at most 8%\/lnfyln In~y such indices with
arbitrarily high probability (as -y goes to infinity). On the other hand, §.J (the cardinality of J) is, with
arbitrarily high probability, of the order of NV 1“77

This gives a lower bound on the spectral radius of Pj: let v be the unit vector v = (1,...,1)

(of dimension £.J). Then

g
R

gJ — 8%Vlnvlnln’y N a

(Pyv,v) > 0 S o(1))
N Inln~y
2%(1—0(1)) (1—8 Iy )
N
> 5(1 —o(1))

Hence Lemma 5 is proved.

C Technical proofs of Section 2

C.1 Proof of Proposition 6

The preceding proof can be easily modified to obtain the following bounds on the spectral radii :
there exist constants ¢y = 1/2,C > 0 so that with high probability

N
p(P1) < s p(Ac) < CVN.

Following [11], we first prove that the largest eigenvalue of A is up to a negligible error (in the
appropriate regime of p1, p2, 7v) that of Fy. More precisely, it holds with arbitrarily high probability

that
_ b1t D2 N prt+p2 | K

It easily follows that the largest eigenvalue p; (A) of A satisfies

1 1

In addition decomposing a normalized eigenvector v associated to p; as

v =110, + 1209 + V1 — 12w

20



414
415

416

417
418

419

for some normalized vector w orthogonal to v, and v and where r? = r? + 73, then one has that

(Av,v) = T%N

N _
p ;m +OWN +2)f() F NP2

the proof that the largest eigenvalue (and eigenvector) of A and P, almost coincide. Similarly, since

for some function f () such that || f||se < 1. Thus it follows that 7, = 1+ (9(% + N~ z). This finishes

N
<A’UQ,’U2> = )\2 + @ (7 + \/N) y
the same arguments imply that the second largest eigenvalue of A and Py coincide provided
N
N(p1 —p2) > VN + >

And associated normalized eigenvectors coincide asymptotically, following the same basic perturba-
tion argument.

C.2 Proof of Lemma 9

We first prove the first point. The objectif is to lower-bound (vy,w;). Since w; has non negative
coordinates and is normed to 1, >, wy (i)|w1|s > 1 = |w;|3. Thus we immediately get the first
lower bound

(v w>ziiw(z)>#
1, W1 \/Ni:1 1 =N

‘w|oc.

Let i, be a coordinate such that w; (ig) = |w|s. Then one has that
N N N
pwi, = Y Pigjwy =Y Pigjwig + Y Pigj(w; — w;,).
j=1 j=1 j=1

Fix n > 0,e¢ > 0 that we allow further to depend on N and such that > €. Using that pq >
dmax (1 — €) (see Proposition 2), we thus obtain that

N
Z Py j(wiy — wj) < €dmaxwio, (16)
j=1

N
where dhax = max; ijl P~ Co%. Define now
wio

2

B :={j,P;; >nand w; <

and - w:
B :={j, Piy; >nand w> 2"’}

Using (16), one obtains that nfBw;, /2 < €w;,dmax. This means that

2
4B < = dinas. (17)
n
We can also deduce from the fact (11 > dpax(1 — €) that

N
Zpioj Z dmax(l — E).
j=1

Let us assume for the moment that

Z Pigj Z Cdmax

JiPigi=>n

21



420

421

422
423

424

425

426

427
428

429
430

431
432
433

434

435

for some constant c. Then by (17) this implies
ﬁE Z Cdmax - ﬂB Z dmax(c - ;) Z Cdmax

for some constant C' > 0. Using the fact that [|w]| = 1, this implies that dpaxCw?, /4 < 1 which in
turn yields that
C/
[wloo < —==,
* dIIlaX

and then Lemma 9 will be proved.

Therefore, it remains to prove that

Pi; > clmax-

JiPigj=>n

This is true if i is such that | X;,|? < IHT”, by slightly adapting the proof of Lemma 3 and choosing

7 of the order of min{+/, 1/v} — more precisely, the only change in the proof of Lemma 3, is the

control of S7.
One can easily extend this claim if | X;, | < @ for some constant K large enough. Now noting

2_; P/; the subsum over those indices j such that F;; < 7, one has that

Kl -

P 327 |X7f‘2 Z ﬁ ZPZ_] deax(l_Qe)
0 -
J

CN K—-1)1 1
<P <3 ——) points X in a ball B(x, ), |z| > w, r < QM) :
Y Y Y
<c" (JJX) e—C’N(K—2)1n77
Bt

where C, C’, C" are constants and the last follows from Gaussian integration on squares of size 2“17”

covering B(0, (K — 3)1“77)0. Choosing K large enough (actually K = 4 should be enough) yields
the result and finishes the proof of the first part Lemma 9.

We now consider the second, more technical point. Let us consider a subset of indices I C {1,..., N}

to be fixed later and w; = ﬁ(w[(l), ., wr(N))t, where wr (i) = Liey.

I 1
(wr,v) = \/g and (Piwr,wy) = i Z Py =: Dy,

i,5€1

Then one has

where D; denotes the average inner degree (restricted to edges between two vertices from I) and it
also holds that(Pyv1,v1) = d where d is the average global degree. We now show that we can exhibit
such a set I such that # > v and D; = p1(1 + o(1)), since we assumed % ~ Np. Fix A > 0. Set

I={1<i<N,|Xi|?< A%}.

Since v 1n /N tends to 0, the arguments of the proof of Lemma 3 can be easily adapted to prove that
g1 > ~A with arbitrarily high probability as long as A < In~y. Moreover, adapting again the proof
of Lemma 3 (controlling the sum S; defined there in a similar fashion since we can still approximate

. 12
nl((l) by ]2\7—76 as e~ TF goes to 1), we obtain that Dy = p1(1 4 o(1)). We can do the same to define

a vector supported on % coordinates instead of ~.

Consider now the largest entry of ws: let ¢ be such that w; = |wi|s. Let € be fixed small so that
1 > %(1 — €). Let J be the subset

J={j,w(j) = (1 = 3e)wi}.
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Then, one has that deJ P” + (1 =36)>; Pij — > jeq i) = éY/(l — ¢) from which one
deduces that > jed P > 2 g 2 . In particular this implies that w; cannot be localized on less than & =
coordinates (and is roughly equally spread on these coordinates). One can also show that the second
block of largest entries of w; has size at least of order % and entries greater than w1 |« (1 — 3€)?.

Assume w; is localized on less than «y coordinates so that (wq,w;) — 0.
In the same way we constructed 7, one can construct at least v /N vectors 9; whose support are of
size A% A > 0 chosen large enough, 2 by 2 disjoint such that

N
ﬁZ,Pﬁl 27176.
(61, Péi) 2 5 (1 =)

Let now w; be the vector whose coordinates are those of w; greater than n|w; |, with 7 > 0 chosen
small. Because w; is localized on less than ~ coordinates, the number of non zero coordinates of w;

can be written k;ﬁ\/’ for some k << . Let € be such that 1 — 3¢ = n, so that there must exist an index
i € J such that for some § > 0,
Y Pz 5*

J¢J
This follows from the fact that J corresponds to a subset of indices of the smallest of the X;’s and the
nearest neighbors cannot be all in J. Furthermore, for the same reason there exist at least §’ % such

indices i. Indeed define for any vertex j € J:

ZPJ]C7S2 Z-le

keJ leJe
One then has that "
——— > 1,Vj e J
S0+ S:0)
In all cases one has that
M s
S1(J )+Sz(')

Fix § > 0 small. And set E5 = {j € J, m € [§,1 — 0]}. We call Es the boundary of .J. For

any i = 1,...,kN~~ (corresponding to the non zero entries of 1), consider the ball B(X;, %) It

is colored green if #@2(1) > 1 — 6. Itis colored red #(15)2(1) > 1 — 4. In all other cases, such

a ball is colored blue® . One can note that the boundary corresponds to blue balls. We claim that there
exists 0 > 0 small such that the edge Es is non empty and furthermore encircles an area in the order
of k&

il

To prove this fact, one first remarks that there are green balls. This follows from the fact that we
assume the size of the support of w; is negligible with respect to . There also exists at least one red
ball. Indeed, consider the ball centered at X; where w; = |w1 |~ One then has that

M1 S1(i) Sa (1)

S10) + 92(1) _ Si(0) +52(z')“ S+ %)™

where a151 = >, o Pirsk, a2S2 = ), je Pk, One deduces that

Si) o 751@)/1152(1‘) -
Si(i) +52(0) = ar—ag
< ay < 1. From this one deduces that
S0 oy e
S1(2) + Sa2(i) 1—mn
Choosing 7 > 0 small enough (n < 1/2) yields that
S1(4)
S1(@) + Sa(4)

30f course, this choice of colours is completely arbitrary and only for illustration purpose

p1
where SOESN0)

>1-2>1-6
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provided § > 2¢. Consider two balls intersecting on more than one third of the total area of one ball.
This is the case if the center of the second ball is contained in the first one. They cannot be colored
green and red provided 2§ < 1/3. From this fact we deduce that there necessarily exists an interface
of blue balls surrounding the red balls. Now .J consists of indices corresponding to those in the area
encircled by the blue interface (up to an error in the proportion of ¢) and some more points which
are necessarily included in red balls centered at some point X, j € J. Note that the proportion of
those points in .J and such red balls cannot exceed 6. The minimal area A to contain kN~ ~! points
is in the order of A > Ck~~! for some constant C. Now the total area covered by red balls with
some inside points in J defines a domain D whose area is at most in the order of % Among these a
proportion of at most 2§ corresponds to points in J. From this we deduce that the area encircled by
blue balls is at least cA for some constant ¢ < 1. Thus one can find at least K = (kv)'/? blue disks
whose support are pairwise disjoint and on the frontier of the domain.

As a consequence there exists at least one normalized vector v; such that the supports of ¥; and w1
are disjoint. Calling I the support of ¥; one has that there exists a constant ¢ > 0

o S S . N
R’Uz T Z P”wl(l)\/ﬁTQ - \/ﬂT2 Z wq (Z) Z C\/:n|w1|ool’lfl- (18)

iG.],jGIQ i€ly

Now we can construct at least K such vectors whose support are pairwise disjoint by considering the
blue disks. We denote these vectors vq, ..., vk. Let then set

Zf; Vi.
VK

Then because (v;, Pv;) > %(1 — ¢), and (18) one can check that

v =

sup{rw; + 1 —r2v, P (rwl +v1- r2v))
s

is achieved for ¢y < 1 such that

_ N(1—¢)
= 5 = - zal .
1—rg \/Ec,/%n|w1|oou1

The denominator is much larger than g as one can check that v K 4 / % |w1 |0 does not tend to 0.
And furthermore this maximum can excede 1 : this is a contradiction.

C.3 Proof of Theorem 10

Let us denote by 6; and 65 the two eigenvalues that exit the support of the spectral measure of P;.
Now assuming this holds true, an eigenvector associated to such an eigenvalue 6 has necessarily the
form:

w= R, (9)((11’01 =+ 042?]2)7

where
V1 + vy € Ker([ + P()Rl).

Hereabove and in the sequel we denote R, for R;(6) for the sake of notations. Using this one deduces
that

_ /\1<U17R1U2> o
A1 (v, Ryvr) +1 2
and )\1)\2<’01, R1U2>2 = (1 + )\1<’U17 R11)1>)(1 + )\2<’U27 R1U2>).

a1 =

Then for such an eigenvector setting a; = (v;, Ryv;), fori = 1,2 and b = (v1, R1v2) we obtain that

2
5 05 bag
— . - s 19
(w, va2) —)\%,<w,v1> T (19)

24



464
465
466

467

469

470
471
472
473

474

475
476

477

So far we have not normalized the eigenvector w: this has to be considered in order to show that
there is indeed some information on v, using the two normalized eigenvectors. Let us now recall the
equation to compute the two eigenvalues 6;:

Frina(0) = (14 Aar(0))(1 + Aza2(0)) — Aidab?(9) = 0, (20)
which we have solved as € being a function of A\; and A,. The very definition of w yields that
\2p? A1b
2 2 1 i ’ 1 /
= ———a; (0 0) —2———=b'(0) | .
wua4WmH¢me> Mﬁlm)
Using (20) we obtain that

Ofrgng TESIEY
2 00 2 o0 (21)

= - 5
(14 Mar)  PANE (14 y\a)
2

lwll* = a

and combining (19) and (21) gives

(w,v2>2 1 1+ May
= . 22
Tl = 2 22

Notice that Equation (22) implies that there are at most two eigenvalues of Py 4+ P; that separate
from the spectrum of P;; denote them by 6, and 65. We also recall that we have denoted by 6(\;)
and 0()\2) the respective solutions of 1 + Aja; = 0 and 1 4+ Agas = 0. We claim that those four
specific values satisfy the following relations

0> < min{f(A2),0(N\1)}
0, > man(00w B0y + PO2) Sde b and A< O(0) < At n

The inequalities on the left are a consequence of the fact that 6; and 65 are solutions of fx, x,(0) =0
thus (1 + A1aq1(6;)) and (1 4 A2a2(6;)) must have the same sign, the one of 0%719“2 (0;). The second
inequality is a consequence of the fact that |u;| < p; and then plugging this value in as. The
inequalities on the right are a consequence of the very last argument and of the fact that (A1) > A;
since 6(A1) is an eigenvalue of Py + )xlvlvlT.

This immediately gives the first bound

2
T At

27_
Ggf,uj )\2‘{“2#1

— (1+Mai(02)) = A Y (23)
J

As a consequence, it remains to control dfgilg‘” (A2). Notice that, by definition of fy, x, and the fact
that f, a,(62) = 0, we get

Ofai2s
00

8(11 8a2
(6‘2)‘ S )\1%(92)(/\2|a2| — 1) +)\2%(92)(A1|a1| — 1)
ob

+2%(92)\/)\1>\2\/(1 + )\1@1)(1 + )\2(12)

Moreover, we immediately get the following upper-bounds

@ =3 < L o< s
' r 0—p; = 0—p T 0w VT T (0 —)?
Plugging those estimates in 8’0*6719’*2(02) gives that
Ofaia A1z Ao A3 A
A D22 < -1)+ -1
| o | = (92—M1)2(92—M1 ) (92—M1)2(92—M1 )
g YhiAade ( A 1)( M 1) (24)
(02 —p1)? | Y02 — 02 — 1
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From Equation (5), we get that 5 > % > 11 (1 + ) so that we get non-zero correlation between wo
and vy from Equations (23) and (24).
We can actually be more precise. It is indeed quite easy to prove using (??) that

A N Ao A1 A2
pr—0 o —0  (u+0)2

f>\17/\2(9) > 1+

Let us assume that the ratios :\\—; =qg>1and0 < f{—; = x < 1 are fixed, and make the change of
variables § = Ao — yu1 = (1 — yx) Ao, so that
_ 1+¢ q

I—(vy+)z  (1—(y-1x)*
In order to control the solution of fy, », = 0 w.r.t. 7y, we are going to assume for the moment that
(v + 1)z < 3 so that the r.h.s. can be easily lower-bounded into

Frana(®) 21— 1+ ) (1+ (v + Dz +2((y +1)%?))
+q(1+2(y -z — (v —1)%2?)
= x([v(q —1) = (3¢ +1)] —2z[(3¢ + 1)y* —2(¢ — 1)y + (3¢ + 1)]>7
which gives an explicit (and uniformly bounded) upper-bound 7 for ~, i.e., the solution of the above
degree 2 polynomial. Notice that when x goes to zero, the expression boils down to
4

f)\17A2 (9> >1

Plugging 7 into Equations (23) and (24) gives that

2 _ (= 1 3
<7ﬁ71)||22> > (1 B 2:101) 1-#H+ D) i
w — . —
TV (14 e+ VaG + o)

which is uniformly bounded away from 0.

Moreover, when x goes to 0, it holds that

o) 4 o
R e A

A1
o n [m
peentalit

and when x is small enough?, then we also have that (y + 1)z < % as required. This proves the
theorem (since ratios are assumed to be uniformly lower and upper-bounded).

“Numerical implementation suggests that those computations hold for z < %, i.e., when the value on 7 is
setto 3 + ﬁ without the O(z) term.
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