A Mathematical Background

Our mechanisms are built with some important mathematical tools. First, in probability theory, an
f-divergence is a function that measures the difference between two probability distributions.

Definition A.1 (f-divergence). Given a convex function f with f(1) = 0, for two distributions over
Q, p,q € AQ, define the f-divergence of p and q to be

Ds(p,q) = /wegp(w)f <;8) :

In duality theory, the convex conjugate of a function is defined as follows.
Definition A.2 (Convex conjugate). For any function f : R — R, define the convex conjugate

Sfunction of f as
f*(y) =supay — f(a).

Then the following inequality ([22,[16]) holds.

Lemma A.1 (Lemma 1 in [22])). For any differentiable convex function f with f(1) = 0, any two
distributions over ), p, q € AS), let G be the set of all functions from ) to R, then we have

D;(p.q) = sup / L 9)0() — F(§()ple) des = supEyg B, f(g)

A function g achieves equality if and only if g(w) € O f (%) Yw with p(w) > 0, where 8f(%)

represents the subdifferential of f at point q(w)/p(w).

The f-mutual information of two random variables is a measure of the mutual dependence of two
random variables, which is defined as the f-divergence between their joint distribution and the
product of their marginal distributions.

Definition A.3 (Kronecker product). Consider two matrices A € R™*™ and B € RP*4. The
Kronecker product of A and b, denoted as A @ B, is defined as the following pm X qn matrix:
anB -+ a1,B

AeB=| i .
am1B - amnB

Definition A.4 (f-mutual information and pointwise MI). Let (X,Y") be a pair of random variables

with values over the space X x Y. If their joint distribution is px y and marginal distributions are
px and py, then given a convex function f with f(1) = 0, the f-mutual information between X and

Y is
px,y(z,y)f (px(x)py(y)> .

[[(X5Y) = Dy(pxypx o) = | R

reX ye)y

We define function K (x,y) as the reciprocal of the ratio inside f,

px.y (2,y)
K(z,y) = ———F.
D= @) )
If two random variables are independent conditioning on another random variable, we have the
following formula for the function K.

Lemma A.2. When random variables X,Y are independent conditioning on 0, for any pair of
(z,y) € X X ), we have

_ N~ P6lx)p(0ly)
K(wy) = 0% p(6)
if || is finite, and (6l2)p(8ly)
_ p(O|x)p(O|y
K= [ PO
if® CR™

12



Proof. We only prove the second equation for © C R as the proof for finite © is totally similar.

_ Py
K9 = 5 o)
_ Joco P(z10)p(y|0)p(6) 46
p(x) - p(y)
_ p(8lz)p(0]y)
/Bee) p(9) a0,
where the last equation uses Bayes’ Law. -

Definition A.5 (Exponential family [21]]). A probability density function or probability mass function
p(x10), for x = (x1,...,2y) € X" and @ € © C R™ is said to be in the exponential family in
canonical form if it is of the form

p(x10) = h(x) exp [87 p(x) — A(6)] (6)

where A(0) = log me h(x) exp [0T¢(x)] The conjugate prior with parameters vy, Tg for 0 has
the form
p(0) = P(B|vo, To) = g(vo,To) exp [V00T70 - VOA(B)] ) @)

Lets = % Si_, ¢(x;). Then the posterior of @ is of the form

p(0]x) o exp [67 (voTo + n8) — (1o + 1) A(6)]

VoTo + N8
= P(O\uo +n, 7),
Vg+n
where ’P(0|u0 +n, %) is the conjugate prior with parameters vy + n and %

Lemma A.3. Let 0 be the parameters of a pdf in the exponential family. Let P(0|v,T) =
g(v, T) exp [VHT? — VA(O)] denote the conjugate prior for @ with parameters v, T. For any three
distributions of 0,

pl(a) = P(0|1/1)?1),

p2(0) = ,P(9|V27?2)7

po(8) = P(0|vo, 7o),

we have B B
/ ]Mde _ g(v1,71)g(v2,T2)
oco  Po(0) 9(vo, To)g(v1 + v — 1, UTLEET2- 100 )

Proof. To compute the integral, we first write p; (), p2(6) and p5(0) in full,
p1(0) = 'P(e‘l/l,?l) =
p2(0) = P(O‘VQ,?Q) =
po(0) = P(8[vo, To) =

Then we have the integral equal to

(7] 0
/ p1(0)p2(0) a0
oco  DPo(0)

:/ g1, 71) exp [107T) — 11 A(0)] g(va, T2) exp [1207 T2 — 1, A(6)]
0co 9(vo, To) exp [108TTo — 1o A(6)]

g1, T1) exp [1107 T — 11 A(0)]
9(v2, T2) exp [1207 T2 — 1, A(0)]
9(v0,70) exp (100" To — 1 A(0)] .

de

:g(V17Tl)g(V277'2) / exp [HT(VI?I + Ty — VO?O) _ A(G)(yl + vy — VO)] do
0cO

g(VOa?O)
:9(1/17?1)9(1/27?2) ' 1
900.70) gl -+ =, BEEETCAT)
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The last equality is because

V1T1 + VT2 — VT _ _ _
g <u1 vy — vy, 212 0) exp [OT(mTl + 1072 — 19To) — A(0) (1 + v2 — )]
V1 +Uv2— 1
is the pdf
V1T1 + VaTa — VT
P<0V1+1/2V0; e 0)
V1 + 1y — 1

and thus has the integral over 8 equal to 1. O

B Missing proof for Lemma 3.1]

Lemma B.1 (Lemmz}v B.1). When D+,...,D, are indeggndent conditioned on 6, for any
(D17...,Dn) and (Dl,...,Dn), if p(6|D1) = p(0|D2) Vi, then p(B\Dl,,Dn) =
p(O\Dl, . ;Dn)

Proof. Suppose Vi, p(0|D;) = p(6|D;), then we have
p(D1, D3, -+, Dy, 0)
p(D1,D2,~ .. aDn)
p(D1,Ds,- -+, Dn|6) - p(6)
p(D1, Da, -+, D,,)

p(D1|6) - p(Ds|0) - - - p(Dn|6) - p(6)
p(Dy, Dy, -+, Dy)

p(D1,0) -p(D2,0) - --p(Dn, 0) - p(6)

p(D1, D3, -+, Dy) - p™(0)

p(0|D17D2a"' 7Dn) =

_ p(0|D1) - p(6|D3) - - - p(6| Dn) - p(D ) p(D2) - -+ p(Dn)
p(D17D27 D) p (0)
p(8]D1) - p(8|D2) - p(6]Dn)
p"1(0)

Similarly, we have
p(0|D1) - p(6|Ds) - - -p(6|Dy,)
p"(0) ’
since the analyst calculate the posterior by normalize the terms, we have
p(0|D1a D27 e aDn) = p(0|D/1,D/2, T vDim)

p(a‘DlhD/Qv"' 7D;z) X

C One-time data acquisition

C.1 An example of applying peer prediction

The mechanism is as follows.

Mechanism 3: One-time data collecting mechanism by using Brier Score.

(1) Ask all data providers to report their datasets Dl, ey Dy
(2) For all D_;, calculate probability p(D_;|D;) by the reported D; and p(D;6).

(3) The Brier score for agent i is s; = 1 — \Dl,,i\ >op_ . (p(D _i|Dy) —1[D_; = D_j))2,
where I[D_; = D_;] = 1if D_; is the same as the reported D,i and O otherwise.

(4) The final payment for agent ¢ is 7; = Br—f

This payment function is actually the mean square error of the reported distribution on D_;. It is
based on the Brier score which is first proposed in [3]] and is a well-known bounded proper scormg
rule. The payments of the mechanism are always bounded between 0 and 1.
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Theorem C.1. Mechanism3)is IR, truthful, budget feasible, symmetric.

Proof. The symmetric property is easy to verify. Moreover, since the payment for each agent is in the
interval [0, 1], the mechanism is then budget feasible and IR. We only need to prove the truthfulness.
Suppose that all the other agents except ¢ reports truthfully. Agent ¢ has true dataset D; and reports
D;. Since in the setting, the analyst is able to calculate p(D_;|D;), then if the agent receives s; as
their payment, from agent i’s perspective, his expected revenue is then:

Rev] =Y " p(D_i|D;)- [ 1=> (p(D",|D;) —I[D"; = D_;])?
D_;

D’

’
—1i

==Y p(Dalpy) [ 3 (p(DLiID)?) — 2p(D-i| D)
—Z( D_|D)" +2p(D~i| D)p(D~|Dy))

Since the function —z2 + 2ax is maximized when = = a, the revenue Rev; 18 maximized when
VD_;,p(D_;|D_;) = p(D_;|D;). Since the real payment r; is a linear transformation of s; and the
coefficients are independent of the reported datasets, reporting the dataset with the true posterior will
still maximize the agent’s revenue and the mechanism is truthful. O

C.2 Bounding log-PMI: discrete case

In this section, we give a method to compute the bounds of the log-PMI score when |©] is finite. First
we give the upper bound of the PMI. We have for any i, D; € D;(D_;)

PMI(D;,D_;) < max {PMI(D;,D_;)}
i,D’_ ,,D}eD;(D"_,)

_ o > p(6|D))p(0|D";)
i,D’_,,D/€D;(D",) p(0)

6co
[~ _pO1D)
= {969 ming (5(0)} }
1
= ming (O]

The last inequality is because we have >, p(6|D;) = 1.
Since we have assumed that p(8) is positive, the term m could then be computed and is

finite. Thus we just let R be log (m). Then we need to calculate a lower bound of the score.
We have for any i, D_; and D; € D;(D_;)

D)p(8]D_
PMI(D,D_;) =37 (01D:)p 9' ) 5 > p(6|Di)p(8ID_)). )
0co p 0cO

Claim C.1. Let D = {d),...,d"™)} be a dataset with N data points that are i.i.d. conditioning
on 0. Let D be the support of the data points d. Define

maxgeco p(0) .
mingee p(@)’ (D) oergil}éD p (6| )/ee®,derg3;r)l(0|d)>0 p(0ld)

Then we have
maxgeo p(0|D)

min@:p(@\D)>0 p(o‘D)

<UD)N . TN,
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Proof. By Lemma[3.1] we have
[, p(6]d“)
p(e‘D) x p(e)N_l )

for a fixed D, it must hold that

maxgco p(0|D)
ming., (| p)>o0 P(0|D)

<UDV TN

O

Claim C.2. For any two datasets D; and D; with N; and N; data points respectively, let D; be the
support of the data points in D; and let D; be the support of the data points in D;. Then

maxgeo p(0|D;, D;)
ming.,(e|p,,n;)>0 P(0|Di, Dj)

< U(Dz')Ni .U(’Dj)NJ .Ni+N; -1

Proof. Again by Lemma 3.1 we have

D) o POID)P(6|D;)

Combine it with Claim |C. 1} we prove the statement. O

Then for any D;, since Y g p(0]D;) = 1, by Claim|C.1]

1
i 6|D;) > £ n(Di, Ni).
H:p(g|uDril)>0p( | ) 14 |9| . U(DZ)Nl < TNi—1 T]( )
And for any D_;, since ) 5. p(0|D_;) = 1, by Claim
1 2
min P 0 D,i Z = D,i,N,i .
6:p(8|D_;)>0 (B1D-2) 1+ (0] - T U(Dy)Ni - T2z N1 u )

Finally, for any i, D_;,and D; € ID;(D_;), according to (8)),

PMI(D;,D_;) > Y p(6]D;)p(6] D—;) > n(Di, N;) - n(D—s, N_y).
6O

The last inequality is because D; € I;(D_;) and there must exists & € © so that both p(8|D;) and
p(0|D_;) are non-zero. Both n(D;, N;) and n(D_;, N_;) can be computed in polynomial time. Take
minimum over 7, we find the lower bound for PMI.

C.3 Bounding log-PMI: continuous case

Consider estimating the mean y of a univariate Gaussian (|, 02) with known variance 2. Let
D = {x1,...,zn} be the dataset and denote the mean by T = >_;j- We use the Gaussian
conjugate prior,

1~ N(palto, 03).
Then according to [20]], the posterior of y is equal to

p(u|D) = N(plpn, o3,

where
1 1 n N
012\, o 0'(2) o2

only depends on the number of data points.

By Lemma4.1] we know that the payment function for exponential family is in the form of

PMI(Div D—i) = — g(yi’ Ti)g(y_il’/;i_-i)ufi?fi—uo?o )
9(vo, To)g(vi + voi — vo, == =)
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The normalization term for Gaussian is \/2172, so we have
™o

; N

N 12,/ = +7N+N—’

When the total number of data points has an upper bound Ny,,x, each of the square root term should
be bounded in the interval
[1’ iz + NTTLaﬁ,‘ ‘|

00 of o2

PMI(D;, D_;) =

Therefore PMI(D;, D_;) is bounded in the interval

[(1 + N,mmag/UQ)il/2

14+ Nmamag/oﬂ .

C.4 Sensitivity analysis for the exponential family

If we are estimating the mean y of a univariate Gaussian A/ (x|, o) with known variance o2. Let
D = {x1,...,zn} be the dataset and denote the mean by T = >_; ;. We use the Gaussian
conjugate prior,

p~ N (plpo, 03)-
Then according to [20]], the posterior of x is equal to

p(u|D) = N (ulpn, o%),

where
1 1 N

[ + =

2 2 2
UN JO ag

1
V2ro?

only depends on the number of data points. Since the normalization term of Gaussian

distributions only depends on the variance, function h(-) defined in (12)

9(vi, Ti)
hp_ (Nl’xl) o 7 Z+V71T i—V0To
g(vi +v_; — w, W)

\/ 02/\/ J Nt N

will only be changed if the number of data points /V; changes, which means that the mechanism will
be sensitive to replication and withholding, but not necessarily other types of manipulations.

If we are estimating the mean p of a Bernoulli distribution Ber(x|u). Let D = {x1,...,zx} be the
data points. Denote by o = ), x; the number of ones and denote by § = . 1 — x; the number of
zeros. The conjugate prior is the Beta distribution,

1
= Beta(u|ap, = oo — )P
p(n) (1]evo, Bo) Bloo. 7o) (1—p)
where B(«yp, So) is the Beta function
(o + o — 1)!

B(QO?IBO) = (ao _ 1)'(60 _ 1)|

The posterior of p is equal to

p(p|D) = Beta(plao + a, fo + ).

Then we have

_ Blag+a;+ai, B+ Bi + i)
ho_i (e f) = B(ag + o, Bo + Bi)

(o + Bo+ Ni + Ny — Dl(ag + a; — 1)Y(Bo + B; — 1)!

(a0 + a5 +a—; —D(Bo+ Bi + B—i — 1) + Bo + N; — 1)
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Define A; = ag+a; —1and B; = By + B; — 1, since N; = «; + 8; and N_; = a_; + 5_;, we have
A'BNA;+Bi+a_;+ 6-; +1)!

(A + a—)Y(Bi + -i)!(4; + B; + 1)!

Now we are going to prove that for any two different pairs (A4;, B;) and (A}, B}), there should always

exists a pair (o’_;, 5;) selected from the four pairs: (a—;, 5;), (a—; + 1, 5;), (a—4, Bi + 1), (a—; +

1,8 + 1), such that h/a'_i,ﬁ'_j(Ah Bi) 75 ha'_,;yﬁ/_i(AQV Bz/)

hp_,(a,B) = ha_, 5_,(As, B;) =

Suppose that this does not hold, then there should exist two pairs (A4;, B;) and (A}, B}) such that for
each (a’_;, B ;) in the four pairs, ho' g (Ai, Bi) = har g (A}, Bj).

Then by the two cases when (o, 8°,) = (a—;, 8—;) and («—; + 1, B_;) we can derive that
ha_iv1.6_(Ai, Bi) _ ha_i11,8_,(45 Bj)

ha—uﬂfi(Aiv Bi) B ha—hﬁ—i (A27 B;)
Ai+Bi+a ;+1+p8;+1 A+ B +a;+1+p8 ;+1
Ai+a_;+1 B Alta_;+1

Replacing S_; with 5_; + 1, we could get

Subtracting the last equation from this, we get A, — A; = 0. Symmetrically, when (o/_;, 8" ;) =
(—s, B—;) and (a—;, f—; + 1) and replacing «—; with a_; + 1, we have B} — B; = 0 and thus
(A;, B;) = (AL, B,). This contradicts to the assumption that (A;, B;) # (A}, B.). Therefore for any
two different pairs of reported data in the Bernoulli setting, at least one in the four others’ reported
data (—;, i), (—i +1, Bs), (a—s, Bi +1), (a—y + 1, B3; + 1) would make the agent strictly truthfully
report his posterior.

C.5 Missing proofs
C.5.1 Proof for Theorem [5.1land Theorem
Theorem C.2 (Theorem[5.1). Mechanism|[I]is IR, truthful, budget feasible, symmetric.

We suppose that the dataset space of agent ¢ is D,;. We first give the definitions of several matrices.
These matrices are essential for our proofs, but they are unknown to the data analyst. Since the
dataset D; consists of V; i.i.d data points drawn from the data generating matrix G;, we define
prediction matrix P; of agent i to be a matrix with |D;| = |D|™i rows and |©| columns. Each column
corresponds to a @ € © and each row corresponds to a possible dataset D; € D;. The matrix element
on the column corresponding to 8 and the row corresponding to D, is p(D;|@). Intuitively, this matrix
is the posterior of agent i’s dataset conditioned on the parameter 6.

Similarly, we define the out-prediction matrix P_; of agent ¢ to be a matrix with [ [, |D;| rows and

|Y'| columns. Each column corresponds to a @ € © and each row corresponds to a possible dataset
D_; € D_,;. The element corresponding to D_; and 0 is p(D_;|0). In the proof, we also give a
lower bound on the sensitiveness coefficient « related to these out-prediction matrices.

Theorem C.3 (Theorem[5.2). Mechanism/[l|is sensitive if either condition holds:
1. ¥i, Q_; has rank |©)|.
2. VZ, Zi’;ﬁi (T’a’flkk(Gl’/) — 1) . Ni’ —+ 1 Z |®‘

Moreover, it is e; - ﬁ-sensitive for agent i, where e; is the smallest singular value of matrix P_;.

Proof. First, it is easy to verify that the mechanism is budget feasible because s; is bounded between
L and R. Let agent i’s expected revenue of Mechanism[I|be Rev;. Then we have

B (ZD_,;EJDf,(D_i) p(D_|D;) -log PMI(D;, D_;) — L)

Rev; = —
v n R—-L
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We consider another revenue Rev] £ p(D_;|Dy) - log 20D POID-1) ) asquming that
i D_; 0 p(0) g
0 -log 0 = 0. Then we have

Revl = " p(D_IDy) (ZpGD p(0|D_; ))

D_,

= Z p(D_|D;) - log PMI(D;, D_;)
D_;,D;eD;(D_;)
+ > p(D_|D;) -log PMI(D;, D_;)
D_;,D;¢D;(D_;)

- > p(D_|D;) -log PMI(D;, D_;) + > 0-log0
D_;,D;eD;(D_;) D_;,D;¢D;(D_;)

- > p(D_;|D;) -log PMI(D;, D_;)
D_;,D;€D;(D_;)

= Rev; L)+ L.
= Rev; - B (R—1L)+

Rev] is a linear transformation of Rev;. The coefficients L, R, % do not depend on Bz The ratio

% - (R — L) is larger than 0. Therefore, the optimal reported D; for Rev; should be the same as that
for Rev]. If the a payment rule with revenue Rev] is e; - sensitive for agent i, then the Mechanism
would then be ¢e; - ﬁ - sensitive. In the following part, we prove that real dataset D; would

maximize the revenue Rev] and the Rev] is e; - W - sensitive for all the agents. Thus in the
following parts we prove the revenue Rev; is e; - sensitive for agent i.

Revj = p(D_i|D;) - log <Z p(0|D:) -(ggoD_i)>

D_; ] p

=S p(Di|D) (Z L Q'D )> S p(D_iIDy) -log (p(D_))
D_; D_;

= 3" p(D-|Dy) <Zp9|D )>—C.
D_;

Since the term >, p(D—;|D;)-log (p(D—;)) does not depend on D;, agent i could only manipulate

to modify the term >, p(D—;|D;) - log (Ze %I;()QDJ) Since we have

3 p(0]D;) - p(6, D_;) Z Zp 0|D;) - p(0,D_;)
£ p(0)

- ;p(la) (pwui) ()
= p(6|D;)
2]

=1,

Since we have >, | (29 %) =1, we could view the term ) _, % as

a probability distribution on the variable D_;. Since it depends on D;, we denote it as p(D_;|D;).
Since if we fix a distributions p(c), then the distribution ¢(o) that maximizes ) _ p(o)logq(o)
should be the same as p. (If we assume that 0 - log 0 = 0, this still holds.) When agent i report
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truthfully,

20: p(0D1)p( Z o( DZ, 0 ?0)“ 0)
_ Zp (D |0 )D i,9)
_Zpr ,»>0) p(6)
-3 ”;’55"”
= p(D—i| Dy).

The data provider can always maximize Rev, by truthfully reporting D;. And we have proven the
truthfulness of the mechanism.

Then we need to prove the relation between the sensitiveness of the mechanism and the out-prediction
matrices. When Alice reports D; the revenue difference from truthfully report is then

Apew = Y p(D_i|D;)log p(D—i| D;) = > p(D—;|D;) log p(D—i| D;)

D_i D—i
D_;|D;)
= Zp ~i|Dy) log~7
o~ p(D—i|D;)
= Dk (p||p)

> Z |p(D—i|D;) — p(D—3| Dy) ||
D_;

We let the distribution difference vector be A; (Note that here A; is a |©|-dimension vector), then we
have

2

AM>Z\p _i|Di) = B(D_;|Dy)? > (p(8]D;) — B(6|D;)) - p(D_i|6)

= ||P,ZAZ»\|2.
Since e; is the minimum singular value of P_; and thus PTiP_i — e; 1 is semi-positive, we have
| P_iAi|)? = AT PT. P, A,
= AT(PL.P_; —e;I)A; + AT e, TN
> Ai ez-IAi
> e, ATA;
= [ Al - €.

Finally get the payment rule with revenue Rev} is e;-sensitive for agent ¢. If all P_; has rank |©/],
then all the singular values of the matrix P_; should have positive singular values and for all 7, e; > 0.
By now we have proven that if all the P_; has rank |©|, then the mechanism is sensitive. Since

p(8|D;) = p(D;|0) - p’zg?) , we have the matrix equation:

Qui=APT P Y
_1
p(D;) . p(61) @)
- p(D? P2
where AP: ' = re _ and A9 =
1 0
p(D;7) Pe)

p(D?) is the probability that agent i gets the dataset D?. p(8},) is the probability of the prior of the
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parameter 6 with index k. Both are all diagnal matrices. Both of the diagnal matrices well-defined
and full-rank. Thus the rank of P_; should be the same as ) _; and we have proved the first condition.

The proof for the second sufficient condition is directly derived from the paper [27] and the condition
1. We first define a matrix G with the same size as G; while its elements are p(d;|0) rather than
p(0]d;). Since for all i’ € [n] the prediction matrix P is the columnwise Kronecker product (defined
in Lemma 1 in [27] which is shown below) of /V;, data generating matrices. By using the following

Lemma in [27], if the k-rank of G, is 7, then each time we multiply(columnwise Kronecker product)

a matrix by G}, the k-rank would increase by at least ranky (G’ ) — 1, or reach the cap of |O].

Lemma C.1. Consider two matrices A = [ay,as, - ,ar] € RI*F' B = [by,by,--- ,bp] €
R7*F and A ©. B is the columnwise Krocnecker product of A and B defined as:
Ao.B£a;®b;,a; @by, ,ap @ bp],
where ® stands for the Kronecker product. It holds that
ranki(A ©. B) > min{rank;(A) + ranky(B) — 1, F'}.

Therefore the final k-rank of the V;; would be no less than min{N; - (r — 1) 4+ 1,|©]|}. We then
need to calculate the k-rank of the out-prediction matrix of each agent ¢ and verify whether it is
|©|. Similarly, the out-prediction matrix of agent i is the columnwise Kronecker product of all the
other agent’s prediction matrices. By the same lower bound tool in [27], the k-rank of P_; should
be at least min{}_,, ; (rankx(G7,) — 1) - Ny 4+ 1,[O|} and by Theorem if the k-rank of all

prediction matrices are all |©|, Mechanism|[1|should be sensitive.

C.5.2 Missing Proof for Theorem

When © C R™ and a model in the exponential family is used, we prove that the mechanism will be
sensitive if and only if for any (v}, 7;) # (vi, T4),

Prlhp_ (V7)) # hp_ (v, 7)) > 0. o

We first show that the above condition is equivalent to that for any (v}, 7;) # (vi, T4),

D—i\rDl[ D,%(V'HT'L) 7& sz(y T )] > (10)

where D_; is drawn from p(D_;|D;) but not p(D_;). This is because, by conditional independence
of the datasets, for any event £, we have

Pr 5:/ 0|D;) Pr [£]dO
Dﬂ‘Di[ J %ep( |1Di) -|9[ ]

—1

and

priel= [ o) pr eldo.

Since both p(0) and p(@|D;) are always positive because they are in exponential family, it should
hold that

Pr [£]>0 < Pr[&] >0.
Dfi‘Di D—i

Therefore @]) is equivalent to (10), and we only need to show that the mechanism is sensitive if and
only if (TO) holds.

When we’re using a (canonical) model in exponential family, the prior p(6) and the posteriors
p(0|D;), p(0|D_;) can be represented in the standard form (7)),

p(0) = P(O|vo, 7o),
p(0|D;) = P(O|vi, 7)),
p(0|D-i) = P(Blv—i, 7-i),
p(8|D;) = P(8|v],7.),
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where v, T are the parameters for the prior p(8), v;, T; are the parameters for the posterior p(6|D;),
v_;,T_; are the parameters for the posterior p(6|D_;), and v/}, 7} are the parameters for p(6|D;).

From the proof for Theorem[5.1] we know that the difference between the expected score of reporting
D; and the expected score of reporting D; # D; is equal to

Apey = Dicr(p(D—i|D;)|lp(D—;| D;)).
Therefore if p(D_;|D;) differs from p(D_;|D;) with non-zero probability, that is,

DPTD_[I?(D—JDJ # p(D_;|D;)] > 0, (11)
then Age, > 0. By Lemma[A.2]and Lemma[A.3]
0|D;)p(8|D_; iy T i iy T —i
6co p(0) 9(v0, T0)g(vi + v — vy, LEEAT0T0)
~ 0|D;)p(0|D_; LT, T
o(D_i1Ds) = / p(O1Di)pBID—i) .p _ g(vi, Ti)g(v ;;Jr)u S
6co p(0) 9(vo,To)g(V) + v_; — vy, 2070

vitv_i—vo
Therefore (11)) is equivalent to

DPTD‘[h’D—i (Vﬂ?i) 7é hD—i(U’L{7?2)] > 0.
Therefore if for all (v}, 7,) # (v;,7;), we have

p L o (v ™) # hp_, (v, 73)] > 0,
then reporting any (v, 7;) # (v;, 7;) will lead to a strictly lower expected score, which means the
mechanism is sensitive. To prove the other direction, if the above condition does not hold, i.e., there
exists (v}, 7;) # (v;,7;) with

DP_er‘[thi(Vz{??g) 7é hD—i(Vi’?i)] =0,
then reporting (v}, T;) # (v;, T;) will give the same expected score as truthfully reporting (v;, T;),
which means that the mechanism is not sensitive.

D Multiple-time data acquisition

D.1 Sensitivity analysis

We first give the sensitivity analysis for finite-size |©|. The results are basically the same as the ones
for the one-time data acquisition mechanism except that we do not give a lower bound for .

Theorem D.1. When |O| is finite, if f is strictly convex, then Mechanism|2|is sensitive in the first
T — 1 rounds if either of the following two conditions holds,

(1) Vi, Q_; has rank |O|.

When © C R™ is a continuous space, the results are entirely similar to the ones for Mechanism [T| but
with slightly different proofs.

Suppose the data analyst uses a model from the exponential family so that the prior and all the

posterior of @ can be written in the form in Lemma[4.1} The sensitivity of the mechanism will depend

on the normalization term g(v, T) (or equivalently, the partition function) of the pdf. Define
ho_,(vi,Ti) = o) (12)

. . ViTitV_iT_i—VoTo\’
Q(Vz-f—sz—Vo’ Vitv_i—10 )

then we have the following sufficient and necessary conditions for the sensitivity of the mechanism.

Theorem D.2. When © C R™, if the data analyst uses a model in the exponential family and a
strictly convex f, then Mechanism [2] is sensitive in the first T — 1 rounds if and only if for any
(vi,73) # (vi,Ti), we have Prp_ [hp_, (v;,7}) # hp_, (vi, Ti)] > 0.

See Section [5]for interpretations of this theorem.
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D.2 Missing proofs

The following part are the proofs for our results.

Proof of Theorem[6.1} It is easy to verify that the mechanism is IR, budget feasible and symmetric.
We prove the truthfulness as follows.

Let’s look at the payment for day ¢. At day ¢, data provider 7 reports a dataset EZ@. Assuming that

all other data providers truthfully report D(f).

5, data provider 7’s expected payment is decided by his
expected score

Ep®) pesvy p® [s4]

1 1
=E 40 f = —Epopof | f = : (13)
PEE A\ Pumr(DY, DU D=lbs pm1(DP, DY)

The first expectation is taken over the marginal distribution p(D(_t:r 1)) without conditioning on Dgt)

because D**1) is independent from D", so we have p(D(f;H)|DEt)) = p(D(ﬁ_l)). Since the
underlying distributions for different days are the same, we drop the superscripts for simplicity in the
rest of the proof, so the expected score is written as

/ ; — * ' ;
o (PMI(E,DJ) o (f (PMI(IN?Z»Di)))' "

We then use Lemma[4.2]to get an upper bound of the expected score and show that truthfully
reporting D; achieves the upper bound. We apply Lemma [4.2] on two distributions of D_;, the
distribution of D_; conditioning on the observed D;, p(D_;|D;), and the marginal distribution
p(D_;). Then we get

Dy(p(D—i|Di), p(D—i)) = sup Ep_:[9(D-i)] = Ep_;ip,[f*(9(D-:))], (15)

where f is the given convex function, G is the set of all real-valued functions of D_;. The supremum
is achieved and only achieved at function g with

g(D_)) = f' (M) for all D_; with p(D_;|D;) > 0. (16)

For a dataset l~)i, define function

1
9P =1 (PMI(Di, D_,-)>
Then gives an upper bound of the expected score as
Dy (p(D—i|Ds), p(D-i))
= ED,i

!/ 1 * ! 1
= (T3).

By (16)), the upper bound is achieved only when

D_)
~ (D) = ’(p(z) for all D_; with p(D_;|D;) > 0,

that is

(b g pD) )f Il D_; with p(D_;|D;) > 0 17
f <PMI(511,D—1)> / (p(DiDi) orall D—; with p(D—|D:) > 0. (17
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Then it is easy to prove the truthfulness. Truthfully reporting D; achieves because by Lemmal[A.72]
forall D; and D_;,
p(Di, D)  p(D_i|D;)

PMI(D;,D_;) = »(Dp(D—)) ~  p(D_y)

Again, let Q_; be a (ILjc(,) j:/D;|™7) x |©] matrix with elements equal to p(6|D_;) and let G;
be the |D;| x |©] data generating matrix with elements equal to p(8|d;). Then we have the following
sufficient conditions for the mechanism’s sensitivity.

Proof of Theorem [D.I} We then prove the sensitivity. For discrete and finite-size ©, we prove
that when f is strictly convex and @ _; has rank |©|, the mechanism is sensitive. When f is strictly

convex, f’ is a strictly increasing function. Let §; = p(8|D;). Then accordint to the definition of
PMI(-), condition (T7) is equivalent to

i 9 D_; D_;|D; .
Z q; - | = _ ol |Di) for all D_; with p(D_;|D;) > 0. (18)
6co (D)

We show that when matrix Q_; has rank |©|, q; = p(@|D;) is the only solution of (I8]), which means

that the payment rule is sensitive. Then suppose §; = p(6|D;) and q; = p(8|D;) are both solutions
of (I8), then we should have

p(D_;|D;) = p(D_;| D) for all D_; with p(D_;|D;) > 0

Y p(D-i[Di)=1="> p(D_|D;)

D_i D—i

and p(D_;|D;) > 0, we must also have p(D_;|D;) = 0 for all D_; with p(D_;|D;) = 0. Therefore
we have

PMI(D;,D_;

In addition, because

PMI(D;,D_;) = PMI(D;, D_;) forall D_;
Since PMI(-) can be written as,

0|D, 9 D_; N
PMI(D,D_)) =Y pOIDIPOID-) _ (5 pgn
6cO p

where A is the |O] x |©| diagonal matrix with 1/p(@) on the diagonal. So we have
Q-_iAp(0|D;) =Q_iAqg = Q_A(p(6|D;) —q) =0.

, which means that the columns of @) _; A are linearly independent,

we mustiave
p(0|D;) —q =0,

which completes our proof of sensitivity for finite-size ©. The proof of condition (2) is the same as
the proof of Theorem [C.3|condition (2).

Proof of Theorem[D.2], When © C R™ and a model in the exponential family is used, we prove that
when f is strictly convex, the mechanism will be sensitive if and only if for any (v}, 7;) # (vi, T4),

Prlhp_ (V7)) # ho_, (v, 7)) > 0. (19)

We first show that the above condition is equivalent to that for any (v}, 7,) # (v;,T:),

Pr [hp_, (v, 7)) # hp_, (vi, T4)] > 0, (20)

l‘z

where D_; is drawn from p(D_;|D;) but not p(D_;). This is because, by conditional independence
of the datasets, for any event £, we have

Pr 5:/ 0|D;) Pr [£]dO
Pr, €= [ pl6ID) P e
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and

Prie] = /6 _0) P [e]ab,

Since both p(@) and p(@|D;) are always positive because they are in exponential family, it should
hold that
Pr [£]>0 < Pr[f]>0.
D_;|D; D_;
Therefore (TI9) is equivalent to (20), and we only need to show that the mechanism is sensitive if and
only if (Z0) holds.

Let q; = p(6|D;). We then again apply Lemma By Lemmaand the strict convexity of f, q;
achieves the supremum if and only if

p(D—i|D;)
p(D-i)
By the definition of PM T and Lemma|[A.2] the above condition is equivalent to
q:(0)p(6|D_; 0|D;)p(0|D_; .
/ wGOWOD-) 4o / pODIPOID=) 4o o atl D_; with p(D_s|Di) > 0. 1)
0co p(6) 0co p(6)

When we’re using a (canonical) model in exponential family, the prior p(0) and the posteriors
p(0|D;), p(0|D_;) can be represented in the standard form (7)),

p(8) = P(0|vo, 7o),
p(81D;) = P(8|vi, 7).
p(0|D_;) = P(9|V—i,?—i)>
ai = P(0|v,7;),

PMI(D;,D_;) = for all D_; with p(D_;|D;) > 0.

where v, T are the parameters for the prior p(0), v;, T; are the parameters for the posterior p(8|D;),
v_;,T_; are the parameters for the posterior p(6|D_;), and v/, 7, are the parameters for q;. Then
by Lemma the condition that q; achieves the supremum (21) is equivalent to

9}, 7) B 6,7 o
v —voToN TitU_iT—i—voToy
0+ s — v, T ™ gl BT

which, by our definition of h(-), is just

hD_i (I/g, ?;) = hD_i, (Vi, ?i), for all D_; with p(D—z|Dz) > 0.
Now we are ready to prove Theorem[D.2] Since (T9) is equivalent to (20), we only need to show that
the mechanism is sensitive if and only if for all (v, 7,) # (v;,T:),

Pr [hD,i (l/l/,?;) =+ hD,i(Viv?i)] > 0.
D_; ‘ D;

If the above condition holds, then q; with parameters (v}, 7;) # (v;,7;) should have a non-zero loss
in the expected score (14) compared to the optimal solution p(6|D;) with parameters (v;, T;), which
means that the mechanism is sensitive. For the other direction, if the condition does not hold, i.e.,
there exists (v}, 7;) # (vi, 7;) with

DPfD‘[hDﬂ' (V;,?;) #hp_,(vi, 7)) =0,
then reporting (v}, 7,) # (v;,7;) will give the same expected score as truthfully reporting (v;, 7;),
which means that the mechanism is not sensitive.
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