Supplementary Material

A Two time-scale stochastic approximation result from Borkar| [4,
Chapter 6]

We provide here a well-established convergence result that we use to establish our main results. The
result is taken from a work on stochastic approximation [4] and is used to establish convergence of
two time-scale algorithms. Let

Uty — Uy + (o7 (F(ut, 'Ut) + mt+1) (7a)
Vip1 < Vi + Bi(G(ug, ve) + ng41), (7b)

denote two coupled iterations of a stochastic approximation algorithm, where u; € R? and v; € R4
for all t. We consider the following assumptions:

(A) F:RP xR?— RP and G : R? x R? — RY are both Lipschitz continuous functions;

(B) The step size sequences { a;,t € IN } and { 5;,t € IN }, are such that
D af < oo,
t=0
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> B} <oc,
t=0
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and a; = o(f).

(C) {m¢t€N}and{n;,t € N} are two martingale difference sequences w.r.t. the o-algebra
Fi generated by { (u,,v,,m;,n;),7=0,...,t}. Furthermore, there exist constants
Cm, Cp, SUCh that for all t > 0

E [Ime 1] < cm(1+ el + oel),
E [ l’17] < en(1+ el + o).
We then have the following result [4].
Theorem 3. Assume that, for every u € R?, the ordinary differential equation (o.d.e.)
v = G(u,vy)

has a unique, globally asymptotically stable equilibrium A(u), where A : RP — RY is Lipschitz
continuous. Further assume that the o.d.e.

’l:l,t = F(ut,)\(ut))

has a unique, globally asymptotically stable equilibrium u* € RP. Then, under Assumptions|(A)
through the coupled iterations (1) converge w.p.1 to (u*, A(u*)) as long as sup, ||u|| < oo and
sup; ||ve]] < oo wp. 1.

B Proof of Theorem /1l

This appendix provides a more detailed proof of Theorem || carefully establishing each of the
technical conditions required for the application of Theorem[3] We establish a number of intermediate
results (Propositions I through ) that establish the key properties of the mean fields ¥’ and G and
the martingale difference sequences { m; } and { n; } defined in the main text. We then establish, in
Propositions 5] and[6] the stable behavior for the relevant o.d.e..
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B.1 Preliminaries

For convenience, we repeat herein the relevant definitions from the main text. Our algorithm is

defined by the two coupled updates
Upt1 < Ut T O (d)(xt, ay)Qu, (¢, as) — Ut),
Viy1 & vy + Bed(xe, a1)dy,
where
0r = 1o+ max Qu, (2, a') = Qu, (1, ar).

We assume that

@)
(219

(I) Forallt, (x¢,at,x},1¢) is sampled from B = { (x;, a;, x},7;), ¢ € N } according to a fixed
distribution p over B. Moreover, the next-state distribution x’ is such that p(z’ | z,a) =
P(2’ | z,a) for each 2/ € X and the reward distribution r is such that E, [r | z,a] =

R(z,a).

(II) The matrix E, [qb(xt,at)qu(xt,at)} is non-singular and ||¢(z,a)|l, < 1, for all pairs

(z,a) € X x A
(III) The step size sequences { a;,t € N} and { f;,t € IN }, verify

o0 o0

2
E Qp = 00, E oy < 00,
t=0 t=0

oo oo
> B =00, > B < o,
t=0 t=0

and, moreover, oy = o(5;).

‘We define the mean fields
def
F(Umvt) = Eu [(Z)(Xt,at)(f)T(Xt,at)} Vi — Uy,

Glur,ve) B, [@(xr,a0)3r | e, v
and the martingale differences

myq o <¢(xtaat)¢T(Xt7 at)vt - Ut) - F(Ut, Ut)»

def
1 = G(x4,a1)0 — G(ug, vy).
Finally, we consider the o-algebra

Fy o c({(ur,vr,m;,n;), 7=0,...,1}).

(8a)

(8b)

(9a)

(9b)

For the upcoming results, it is important to emphasize that, from Assumption [(T)] the sequence
(x¢, a¢, 4, x4 ) is 1.4.d., generated by a fixed distribution p and thus independent from F; itself. Unless

otherwise noted, ||-|| refers to the standard 2-norm in R¥.

B.2 Lipschitz continuity of F' and G

We start by establishing F' to be Lipschitz continuous.

Proposition 1. The function F : RE x RX — RE, defined in (8a), is Lipschitz continuous.

Proof. We constructively show that for some cr > 0, and for all u, v, w, 2z € RX,

[F(u,v) — F(w, 2)|| < crl(u,v) — (w,2)].
We have that

1F(,v) = Flw,2)] < [E [¢00, 0067 (ceya0) | (0 = 2) | + 1u =]

< |[Bu [@Cet, 200" (0] |llo = 211+ u = w]
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where the first inequality follows from the triangle inequality, and the second follows from the
Cauchy-Schwarz inequality. Using Jensen’s inequality and the fact that ||¢(z, a)||, < 1, we have that

)

E, [ sup H¢(xt,at)¢T(Xuat)wM

llzll=1

HE“ [¢(Xt73t)¢T(Xt,at)} H < ]EM [Hﬁb(xt,at)ﬁbT(Xuat)

<E, [ sup ||¢><xt,at>||\¢T<xt,at>w\]

llll=1

<1.

This yields
1F (u,v) = F(w, 2)]| < [[v = z[| + |lu — w]| < VE]|(u,v) — (w, 2)],

and the proof is complete. O

We now establish a similar result for G.
Proposition 2. The function G : RX x RE — RX, defined in (8B), is Lipschitz continuous.

Proof. We want to show that, for some cg > 0,
1G(u,v) — G(w, 2)|, < call(u,v) — (w, 2)]|,,
for any fixed u, v, w, 2 € R¥. Following along the lines of the proof of Proposition|I| we get

1G(w, v) = G(w, 2)]|

By [1(x1, 20) (max ¢ (x;, o' Ju — max ¢ (], a’)w)} H + B [# e, 208" (s a)(w = 2)] |

S ‘

<AE, | lo(xt, a0l

max @' (x}, a'Ju — max o7 (x, a’)wH + B [$0xt, 20087 (i) 1o - I
< B, | b0, an)]| max| e (') (u — w)\] +lv - 2|

< E, (I @(ee,an) | max|[¢7 (1}, @)

||<u—w>|] oz

< By |1, )| max| 67 (<1, )

< Al(x, v) — (w, 2)],

} o — ] + o — 2]

and the proof is complete. O

B.3 Square integrability of { m; } and {n; }

We start with the following preliminary result.

Lemma 4. The sequence { (my, F;),t € IN } defined in (9@) is a martingale difference sequence.

Proof. To verify that { (m¢, 7;),t € IN } is a martingale difference sequence, we must verify that
the following conditions hold for every ¢:

o E [[jmy[]] < oo;

o E[mt+1|ft]20.
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For the first bullet, we have that

E[[[myqf]] = E {H (¢(Xt7at)¢T(Xtaat) — By [¢(Xt’at)¢T(Xt’at)]) Vtm

Using the Cauchy-Schwartz inequality and the linearity of the expectation, we get
B el < B [0, 2007 (s 0) = By [@00s0, 20087 (s 0] || B vl
< E [ o020 Gt 0) | + [ B [0 2067 (s 0] || E el

Repeating the steps from the proof of Proposition|I} it follows that

E {Hd)(xhat)QST(Xhat)m <1,

yielding
E [[jmg [} < 2E [[ve]|] < oo,

since vy is constructed by a finite number of algebraic operations over finite quantitiesﬂ

To finish the proof, it remains to show that E [m;; | F;] = 0. We have that
E [my1 | 5] = E |(@c 00" (x0,a0) — By |lxr. )" (x0)] Jor | 7
= E [@(x,a0) " (x1,20) — By |t )" (1,0 | Fi ws
= (B [¢(xt.20)8" (x1,00) | Fi] — E B, [0(x1,2007 (x000)| | ] e

= (Eu [d)(xhat)d)T(xt,at)} - ]E;L [¢(Xtyat)¢T(Xtuat):| )Ut
0.

For the sequence { n; }, we have a similar result.
Lemma 5. The sequence { (n;, F;),t € IN } defined in (b)) is a martingale difference sequence.

Proof. As in the proof of Lemmaf] the following must hold:

o E [[n]]] < oo
[ E[nt+1 |ft]:0

Writing down the expression for n;, we get
E [[[nga[l] = E [[lp(x¢, a¢) 0 — By [@(xe, a¢)0¢ | e, ve] ]
< E[[|@(xets ar)ot | + By [@(xe, a:)dr | we, vel]]

where the inequality follows from the triangle inequality. Using Jensen’s inequality, we then get

Eflnsafl] < E{ll@Cxr, )0t ]| + By ([l (xr, a0)0e| | e, ve]] < o0,
where the last inequality follows from the fact that all terms are bounded.
To show that E [n;41 | 3] = 0, we can write
E g1 |Fi] = E [@(xe, ae) 00 — By [P(xe, a0) 01 | we, ve] | Fi
=E[p(xt,a:)00 | Fi] — B [Ey [@(xe, a0)0¢ | ue, ve] | Fi

=E, [P (x¢,a0)0; | we, vy] — E, [P (x¢,a0)0; | we, vy
= 0.

'Since we are not conditioning on JF;, v is treated as a random variable.
?Note that this does not imply, however, that sup, ||v|| < oco.
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Endowed with Lemmas 4] and[5} we proceed to establishing square-integrability of { m, } and {n, }.
Proposition 3. There exists cy, > 0 such that, for any t > 0,

2 2 2
E [Imesl* | 7] < e+ Judl® + o).
Proof. From the definition, we get

B (I | 7] = B | (8(00008" (500 ~ By [9x,0067 000)] ) w1 7]

< [(|0terao (a0
< 4f|v,||?
A1+ [l + [lvel3)-

+ HEM [¢(Xt,at)¢T(Xt,at):| H)2 ”’Ut||2 | }—t:|

O
For { n; }, we get a similar result.
Proposition 4. There exists ¢, > 0 such that, for any t > 0,
E [Inell® | 7] < en(l+ el + o)
Proof. Note that
E {HnHlH2 | ]:t} =E [||¢(Xt’at)5t —E, [@p(xt, a:)d: | Un’Ut}HQ | ]:t}
E [([l(x, ae)8el| + [[B [@(xe, ar)de | ws, ve][)* | Fi]
— 4E [ ¢(xe,a0)0)* | ] -
Breaking down the right-hand side, we get
r 2
B I a)d® 1 7] = 2 | [ 0) 1+ g 7 e = 6 )0 |ﬂ]
r 2
<E |[lp(xr, )| |1 +7max¢ (xt, @ )ur — @7 (xp,a0)ve)| | ]'—t]
<E |p+ (‘wmeaﬁqﬁT(xg,a’)ut + ‘(;Z)T(Xt,at)vt )2 ft:|
<& [o+ (a7 ) [l + 0 G0 Je? 1 7]
< p At ([fe ]| + [loe])
< en(L+ [luell” + o)),
where ¢, depends on p and K. O

B.4 Stability of the o.d.e.

Propositions [I] through @] establish that our algorithm verifies the technical assumptions of Theorem 3]
It remains to show that the remaining conditions of theorem also hold—namely, the stability of the
associated o.d.e. and the boundedness of the iterates u; and v;.

Proposition 5. For any fixed u € RY, the ordinary differential equation
’l'Jt = G(U, 'Ut) (10)

has a unique, globally asymptotically stable equilibrium X(u), where X : RE — RE is Lipschitz
continuous.
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Proof. For a given u, v* € R¥ is an equilibrium of the o.d.e. (T0) if
G(u,v*) =0
or, equivalently, if

v = E;lEM {d)(xt,at)(rt +’ymax¢ (x},a )u)} .

That such equilibrium exists for any u follows from the fact that 3, is non-singular, as required by
Assumption Define A : RX — R¥ as

Au) =3,'E, [qa(xt,at)(rt +’ymaxd) (x}, ’)u)} .

To see that the function A thus defined is Lipschitz continuous, we note that
I3 = M = |25 2600, 0) O 8 ' g8 )|

< =1

_7¢GQJuMgg§¢T&LaUU-gg§¢T@haUUU'.

Using Jensen’s inequality, we get

1) = X)) < |25 [E,

s ) g (' g )|

< [ s s o = )

] —

< [ B |, ) mavs |67 (')
< exllu— ],

for some ¢y > 0.

Finally, to show that, given u, A(u) is a globally asymptotlcally stable equilibrium for the o.d.e. (T0),

we define the candidate Lyapunov function Lg : R¥ — R as

La(w) = 5o~ Aw)*

The proof is complete as long as

1. LG('U) > 0 forall v € RX;
Lg(v) = 0if and only if v = A(u);
La(v) <0 forallw € RE;

4. Lg(v) = 0if and only if v = A(u).

The first two properties follow directly from the definition of L¢. As for the last two, we start by
explicitly writing L¢, to get

h
Q
S

e

| =
~
2
S
[
[~
Q
\h
Q

Gr(u,v) = (v — /\(u))TG(u, v)

Hence,
La(0) = (0 Aw) 7B, 0500010+ o (< - 6 (v a0)o)|

= (0= M) (B, |90+ 7mx 87 (K~ 6 x,)0)| — Glu Aw)).
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where we used the fact that G(u, A(uw)) = 0. Then, after some shuffling, we finally get
= (0= AW) B, [lxi,a009" (50,20 (A(w) = )]
— (v~ AW) T, (0 — Alw)) 0,

where the last inequality comes from the fact that E,, {d)(xt, at)ng(xt, at)} is an auto-covariance
matrix and, as such, positive definite. The conclusion follows. O

Next, we present a similar result for the slower o.d.e.

Proposition 6. The ordinary differential equation
’iLt :F(ut,)\(ut)) (11)

has a unique, globally asymptotically stable equilibrium u* € R¥.

Proof. We start by establishing the existence of at least one equilibrium. A vector u* € R¥ is an
equilibrium for the o.d.e. if
Fu*,A(u")) =0

or, equivalently, if
u* =E, [¢)(xt, ay)(r; + ymax ¢’ (x}, a’)u*)} .
a’€eA
Define H' : R — RX as
H' () = B, 00+ g o ()
Then, the equilibria for the o.d.e. (TT)) correspond to the fixed points of H'. By showing H' to be a

contraction, Banach’s fixed point theorem ensures existence of a single fixed point, thus establishing
both the existence and unicity of an equilibrium for (TT). Given any z,w € R¥,

[H' (w) — H'(2)||
= ‘Eu {cﬁ(xt,at)(rt +7E}g§¢T(X;,a')w)} E, [qﬁ(xt,at [rs Jr’ymaxqb (X;,a')z]] H

Using Jensen’s inequality,

E, {W(Xt,at)(g}gﬁ ¢ (x},d)w — g}gﬁ¢ (x;,a ] H

|H(w) - H(z)| <E, _Hwﬁ(xt, ) (i 67 (. o/ — max 87 (. ) 2)

|
|

=E, Yl (e, a0

maqu (x},a")w — max ¢” (x},a')z
a’'cA

< By 1000 0) |yl (<o - 7 )z

=B, [vllo(xt, ar)| max " (x),d')(w — z)ﬂ

_ =

It follows that there is, in fact, a unique equilibrium «* for the o.d.e. To show that it is globally
asymptotically stable, we again use Lyapunov’s second method. We define the candidate Lyapunov
function Lr : RX — R as

< E, |19, a0) | max |67 (. )

<w = =|.

1 .2
Li(w) = 5[lu— .

Once again, the conclusion follows as long as
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for all w € RX;

o O

if and only if u = u™;

for all u € R¥;

if and only if u = u*.

The first two follow directly from the definition of Lr. As for the last two,
Lp(u) = (u—u")"F(u,A(u))"

= (u—u")"E, {W(Xt, ar) (max ¢” (x;, a')u — max ¢” (x, a’)U*)} — [l —wr|?,

where we used the fact that F'(u*, A(u*)) = 0. Using Jensen’s inequality, we get

2
H—Wu—uw

LF(U) < ||u - U*HEH |:H’7¢(Xta at)(g}gﬁ d)T(X::’ a/)u - Er,lgﬁ ¢T(X;7 al)u*>

< |0 0) a7 ) I°

Lm—uw?wu—u*
2 2

<l — ) fu - ]

< (y—Dfu—w']? <0,

The conclusion follows. O

C Boundedness of u; and v;

We conclude by establishing the boundedness of the iterates v; and u; under Assumptions [(I)]through
[(IID)} To do that, we use the following result.

Theorem 6 ([S]). Given the algorithm
wip1 = we + ap (H(wy) + myyq),
where

1. The function H : R® — RX is Lipschitz continuous. Moreover, defining H, : RX — RX
as

there is a function Hy, : R® — RX such that

lim H,(w) = Hoo(w)

r—00
forall w € RE.
2. The origin is a globally asymptotically stable equilibrium of the o.d.e.
Wy = Hoo(wy).
3. The sequence { my,t € N } is a martingale difference sequence and verifies, for all t > 0
E [lmesl® | 7] < eot+ flw)
for some cy > 0.

4. The sequence { oy, t € IN } verifies
o o
Z ay = 00, Z ozf < 00.
t=0 t=0
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Then, with probability 1, sup,||w.|| < co.

Following [4]], we analyze each iterate of the algorithm separately. In particular, we analyze the faster
iteration by treating the slower as stationary and analyze the slower iteration by treating the faster as
if in equilibrium.

For a fixed u € RX, let

We have the following result.
Lemma 7. There is a limiting function G, : R — R¥ such that

lim G.(v) = Goo(v),
c—00
and the origin is an asymptotically stable equilibrium for the o.d.e

’l'Jt = Goo (’Ut).

Proof. Replacing the definition of G, we get

lim G.(v) = lim Glu,cv)
c— o0 c—00 C
. 1
= CIEEO E]Eu |:¢(Xta at) (Tt + 7512;} ¢T(x2,at)u - C¢T(Xt7 at)"’)]
=-X,v.

Therefore, letting G (v) = —X v, the o.d.e.
'ilt = Goo(vt) = _EMU'

is linear and time-invariant. Since X, is positive definite, it is immediate that the origin is a globally
asymptotically stable equilibrium. O

Noting that all other conditions follow directly from Assumptions [(D)] through [(TIT)] and Propositions|T]
through[6] we can now apply Theorem [6]to get the following conclusion.

Proposition 7. Under assumptions|(I)|through[(II)} sup, ||v| < oo almost surely.

For the slower iterate, we consider that the faster has converged, and define
F(cu, A(cu))

F.(u) = —

We have the following counterpart to Lemma (7]
Lemma 8. There is a limiting function Fs, : R — RX such that

lim F.(u) = Fo(u),

c—00

and the origin is an asymptotically stable equilibrium for the o.d.e

”U:t = Foo (Ut)
Proof. Replacing the definition of F., we get

lim F.(u) = lim 1 (IEH [¢>(xt,at)¢T(xt,at)} Alcu) — cu)

=00 o0 ¢
=1E, [d)(xt, at) max o7 (x, a’)u] —u.
Let us then define
Foo(u) =~E, [qb(xt,at) max o’ (x), a’)u} —u.

Consider the candidate Lyapunov function L(u) = 1 ||u||§ The conclusion of the lemma follows by

2
showing that
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0 for all u € R¥;

1. L(u) >

2. L(u) = 0if and only if u = 0;
(u) <
(w)

~

u

~-

u) < 0forall u € RX;

~-

u) = 0 if and only if u = 0.

The first two conditions follow directly from the definition of L. As for the last two, we observe that
L(u) = uT Fyo (u)
=u’ (VE# [q&(xt, ag) max o' (x], a’)u} - u)
— T |9, a0) o o | ~
Using Jensen’s inequality, we get -

L (u) < lulE, Hqsxt,a»maxqb <xt,a>uH f?

< AullE, ||, a) ||\max¢ <xt,a>u} P

I 2
< e 106, a7 ] |

_ | -

The proof is complete. ]

<l {1@0xes )| max |6 ()

< (v = Dul* <0.

Finally, again resorting to Theorem [6] we can state the following proposition.

Proposition 8. sup, ||u|, < oo almost surely.
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