A  Proofs

A.1 Proof of Theorem 3.1

Lete = m. Let N be a neural network of depth & and width poly(d), such that | N — f]| 1,y <

£. We will construct a network N of depth 3k + 3, width poly(d) and poly(d)-bounded weights,
such that | N — oo < e

Since f is approximately poly(d)-bounded, there is B = poly(d) be such that

B (f60 - 60l se)* < (5)

X~

Let f/: R — R be such that f'(x) = [f(x)]|—p,p5). Thus,
1= fllzag < 5 (D

Let N be a network of depth &+ 1 such that for every x € R we have N'(x) = [N (x)](_5,p5). Such
N’ can be obtained from N by adding to it one layer, since N'(x) = [N (x)+B]4+—[N(x)—B]+—B.
Although we do not allow bias in the output neuron, the additive term —B can be implemented by

adding a hidden neuron with fan-in 0 and bias 1, that is connected to the output neuron with weight
—B. Note that Ex,(N'(x) — f(x))? < Ex~.(N(x) — f'(x))?, and therefore
2e

IN" = F ot <IN = Fllzany <IN = Flleag + 1 = Fllea < 5 (2)

Letd = 403%. Since y has an almost-bounded support, there is R = poly(d) such that Pry.,(x ¢
[-R, R]%) < 6. Let p(d) be a polynomial. LetI = {1 (d) —Rp(d) < j < Rp(d),j € Z}. Let
x € R%. For every i such that z; € [-R — 2p(d) R+ 2p(d)] letz, € 7 be such that |Z; — ;| is
minimal. That is, Z; is obtained by rounding z; to the nearest multiple of ( 3 For every ¢ such that
zi & [-R— g5 R+2p(d)] let #; = 0. Then, let X = (&1,...,%4). Let N : R* — [~ B, B] be

a function such that for every x € R? we have N(x) = N'(x). We will prove the following two
lemmas:

Lemma A.1. There exists a polynomial p(d) such that

||N7N,||L2( <

Cﬂ\m

Lemma A.2. There exists a neural network N of depth 3k + 3, width poly(d) and poly(d)-bounded

weights, such that

- ~ €
19 = Nllza < £

Then, combining Lemmas [A.T|and [A.2] with Eq.[T]and 2] we have
IV = Fllzagy <IN = Ny + 1N = Nllpyguy + 1N = Fllpago + 15 = Fllzawn

and hence the theorem follows.

A.1.1 Proof of LemmalA.1]

We start with an intuitive explanation, and then turn to the formal proof. Since we have N (x) = N’(X)
and |[N'(x)| < B for every x, then we have | N (x) — N'(x)| < 2B. In order to bound || N — N'|| 1, (,.)

we show that w.h.p. [N (x) — N’(x)| is small. Namely, that w.h.p. the value of N’ does not change
too much by moving from x to x. Since the Lipschitzness of N’ is not bounded, then for every choice
of a polynomial p(d), we are not guaranteed that | N'(X) — N’(x)| is small. However, we show that
for a sufficiently large polynomial p(d), the probability that we encounter a region where N’ has
large derivative while moving from x to X%, is small.
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We move from x to X in d steps. In the i-th step we change the i-th component from z; to z;. Namely,
we move from (Z1,..., %81, i, Tit1,---,2q) 0 (1, .., Ti—1,Ti, Tit1,--.,2Lq). We show that
for each step, w.h.p., the change in N’ is small. Since in the i-th step the components [d] \ {¢} are
fixed, then the dependence of N/ on the value of the i-th component, which is the component that we
change, can be expressed by a network with input dimension 1, width poly(d), and constant depth.
Such a network computes a function g; : R — R that is piecewise linear with poly(d) pieces. Since
N’ is bounded by B then g; is also bounded by B, and therefore a linear piece in g; whose derivative
has a large absolute value is supported on a small interval. Now, we need to show that the interval
between z; and Z; has an empty intersection with intervals of g; with large derivatives. Since there
are only poly(d) intervals and intervals with large derivatives are small, then by using the fact that u
has an almost-bounded conditional density, we are able to show that w.h.p. the interval between zx;
and x; does not have a non-empty intersection with such intervals. Intuitively, we can think about
the choice of x ~ 11 as choosing the components [d] \ {7} according to fig)\; and then choosing x;
according to 11;)(4)\;- Now, the choice of the components [d] \ {i} induces the function g;, and the
choice of z; is good with respect to g; if the interval between x; and Z; does not have a non-empty
intersection with the intervals of g; which have large derivatives. We show that w.h.p. we obtain g;
and x;, such that x; is good with respect to g;.

We now turn to the formal proof. Let
. 2
A= {x eRY: (N'(x) — N(x))? > ;O} .

Letx € R% lety; = (Z1,...,%i1,Zis1,-..,24) € R, andlet N/, : R — [-B, B] be such
that .
Ni/7)’ri(t) = N/(i‘l, ce ,.ii_l,t, RN ,l‘d) .

Note that for every x € R%, we have
IN'(x) = N(x)| = |[N'(x) = N'(%)|

ZN’(fh--~7531—1,I7:,-~-756d)—Nl(i’la-~-,f71,$7:+1,-~-7~’0d)

1€[d]

< Z |NI(.7~J1,...,fi,17$i7...,$d)—Nl(i'l,...7.i'i71'i+17...,{)3d)|
i€[d]

= >INy (@) = Niy, (@)
i€[d]

Thus, using the shorthand Pr(- | [~ R, R]?) for Pr(- | x € [~R, R]%), we have

Pr(A|x€[-R,R]Y) = Pr ((N/(X) — N(x))? > =0 [-R, R] )

= Pr (|N’(X) — N(x)| > S\G@’[—Rv R]d)

el Do I Niy, (&:)] > 53 (R, R]"

i€[d]

< Pr (Hi € [d] s.t. [N}, (z:) — N, ()| > 5\;%’[—1%7 R]d>
< 3 P 1Nty o) = Ny, 8] > R

i€[d]

Now, since Pr(x ¢ [—R, R]%) < §, we have
Pr(A) = Pr(A|[-R,R]*) - Pr([-R,R]*) + Pr(A|R?\ [-R,R]%) - Pr(R*\ [-R, R]")

<ZPT<| (@) = NIy, (&) > fd‘[ R,R]d>+5. (3)

1€[d]
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Let

Aj={xeR: N/, (x N (@) > —— }
{X | ”y‘( i) - ””( %)l 5v/2d
Lemma A.3.

62

Pr(A;|x€[-R,R] )*40032(1

Proof. Letd' = m Since 4 has an almost-bounded conditional density, there is M = poly(d)
such that for every i € [d] we have Pr(G;) < ¢', where

={xe R?: 3t € Rs.t. piae (T, - T, Tt - Ta) > MY
Now, we have
Pr (A4i|[-R,R)%) = Pr (A; N Gy|[-R, R*) + Pr (4; N (R*\ G;)|[-R, R]%)
Pr(Gi|[-R,R]*) + Pr (4;n (R \ G))|[-R, R]Y) 4)
Note that

Pr(G;N[-R,R]Y) - Pr(Gy) - 5
Pr([-R,R)4) ~ Pr([-R,R]%) —1-6"

Pr(Gi|[-R,R]*) = S)

Thus, it remains to bound Pr (4; N (R®\ G;)|[~R, R]?). Let x € [~ R, R]". Note that the function
Ni”yi : R — R can be expressed by a neural network of depth k + 1 that is obtained from N’ by

using the hardwired y; instead of the corresponding input components [d] \ {:}. That is, if a neuron
in the first hidden layer of N’ has weights wy, . . ., wq and bias b, then in N{yyi its weight is w; and its

biasis b+ ((wi, ..., Wi—1,Wit1,--.,W4q),y:)- A neural network with input dimension 1, constant
depth, and m neurons in each hidden layer, is piecewise linear with at most poly(m) pieces ([29]).
Therefore, N . consists of [ = poly(d) linear pieces. Note that I depends only on the depth and

width of N/, and does not depend on 7 and y;.
Since N/, (t) € [-B, B] for every t € R, then if N/ has derivative « in a linear interval [a, b]

then |(b — a)a| < 2B. Letx* = (z1,...,%i_1,Tit1,...,2q) € R4 Lety = M We
denote by ; 4 - the set of intervals [a;, b;] where the derivative o; in N} . satisfies |aJ| > . Note
that y; depends on x* and does not depend on ;. Now,

2B 2B
[a;.b;]€], a.b;]e] 5] v
¥R i, xl J le
Let § be the open interval (z;, Z;) if z; < Z; or (Z;, ;) otherwise. If 5 N [a;,b;] = 0 for every
laj,b;] € I xi -, then
- B
N, (Z)] <135 — 24y < —
| (i) = Niy, (Z:)] < | | )

Let

/

1 1
I =1 a} b)) ral = a; — —=,b; = bj + —,[a;,0;] € L i ¢ -
1,X {[a] g] a] a] p(d) J J + p(d) [aj J] 3 77}

Thus, if [N} . () = Nj . (2:)] > d) then 3N a;,b;] # 0 for some [a;, b;] € I; xi -, and therefore

x; € [aj,b;] for some [aj, bvil € I 3 i -+ Hence, for a sufficiently large polynomial p(d), if x € A,
then z; € [a}, b’] for some [a], b’] € Il’ Xyt

We denote (1] ;) = Z[a/"b,‘]ep (b — a};). Note that

2 21 (Bq. ) 21 2Bl
0T} i ) = 5 bj—a;j+ —=) < —= + E bj —a;) < —m+—.
Uixiy) = (J ! p(d)) p(d) (bj = aj) pd) v

)

a5 b5 €T, i,
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Forz € R4 ! andt € R we denote z; ; = (21,...,2i—1,t,%i,---,24—1) € R% Note that for every
z € R and every ¢, ¢’ € R, we have z;¢ € Gy iff zi € G Let G) = {z e RT! : Tt €
R s.t. z;,; € G;}. Now, we have

Pr(A; n(R*\ G;) N [-R,R]%) = / p(x)dx
Aiﬁ(Rd’\Gi)ﬁ[fR,R]d

:/ / w(z;)dt| dz

Rd—l\G; {teR:z; € A;N[—R,R]*}

- / l/ M[d]\i(Z)Mind]\i(ﬂz)dt] dz
]Rd—l\Gg {teR:z; € A;N[—R,R]*}

z/ Hiapi(2) / Hiltai(tlz)dt | dz
RA-1\G {teR:z; €A;N[—R,R]4}

< sup tifai(tz)dt .

N zeRI-1\G/, /{tE]R:zM €A;N[—R,R)?}
Recall that if z € R4~ \ G then p1;)4\;(¢|z) < M for all ¢ € R. Hence the above is at most

sup Mdt .

z€RI-ING], ~/{t€]R:z,i,t €A;N[—R,R)4}

Also, recall that if x € A; N[~ R, R]? then x; € [a’,, V] for some [a’;, V] € I! .- Therefore the

VAR VARG i,x%,
above is at most
sup / Mdt < sup Z / Mdt
Z€RI-1I\G!, J {te[a}, b} ):[a} b} ]€T] , } 2€RIING] (0 iy [a/,.b})
373 2,7
= sup Z (b —af)M
zERI-I\G [ b]ET),

sup M -4}, .)

1,2,y
zeRI-I\G/,

(Eq.17) 21 2Bl
2By ( + ) :
pd) v
Now, we have
Pr(4;n(RY\ G;) N[-R, R]Y)
Pr([-R, R]9)
2l 2Bl 1
w2 ) L
(p(d) vy )1=4¢
s : : 1 g7 e? 6400B3d M1
Combining the above with Eq. E|and and using § < 5 6 = Teoogza and v = >, we have
0’ 21 2Bl 1 21 2Bl
Pr(A;|[-R,R]%) < +M<+>§26'—|—2M<+>
IR R < 75+ M g + 5 ) 125 @y
B €2 L 4M1 n €2
~ 800B2d  p(d)  1600B2d
Therefore, for a sufficiently large polynomial p(d) we have Pr (A;[[-R, R]%) <

Pr(4;n(R*\ Gy)|[-R,R)*) =

IN

A

€2
400B2d"

By combining Lemma and Eq.|3| and plugging in § = ﬁ we have

2 62 62

< = .
Pr(4) < %;] 100B2d T 10082 _ 20082
1

Finally, since for every x we have (N'(x) — N(x))? < (2B)?, and since for every x ¢ A we have
(N'(x) — N(x))? < &, then

E (N’(x) - N(x))2 < Pr(A)- (2B)? + Pr(R%\ A) - <

X~

€2 €2 €\ 2
< B4+ S = (7> .
— 20082 + 50

g
=1
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A.1.2 Proof of LemmalA.2l

The network N consists of three parts. First, it transforms with high probability the input x to a
binary representation of X. Then, it simulates /N (X) by using arithmetic operations on binary vectors.
Finally, it performs clipping of the output to the interval [— B, B] and transforms it from the binary
representation to its real value.

We start with the first part of N, namely, transforming the input x to a binary representation of X.
The following lemma shows a property of almost-bounded conditional densities, that is required for
this transformation.

Lemma A.4. Let y be a distribution with an almost-bounded conditional density. Then, for every
€= there is A = pOl;(d) such that for every i € [d] and s € R we have

Proep (z; € [s,8+ A]) <€

p01Y( )

Proof. For x € R? we denote x' = (21,...,%_1,%it1,...,2q) € R¥L. Since p has an almost-
bounded conditional density, then there is M = poly(d) such that for every ¢ € [d] we have

Pryu (Ht e Rs.t. ,uin}\i(ﬂXi) > M) < % .

Let A = 1 SOy (@) such that MA < £

Then,

Pryu(z; € [s,s+ A]) = / 1u(x)dx
{x:z;€[s,s+A]}

:/ M[d]\i(Xi)uin]\i(aji‘Xi)dX
{x:z;€[s,s+A]}

:/ fugapi () l/ Mi|[d]\i(xi|xi)d$i] dx’
Ra—1 [s,s+A]

:/ : , piapni(x') [/ gt (X" ) dazs
{x*€RI-1LVLER . pyjjap: (tx) <M} [s,5+A]
/ ; . ppap(x°) [ / mnd]\i(fvilxi)da:i] dx’

{c? ERITLIER . pug g (tlx?)>M} [s,5+A]

S/ v v prap e (x°) [/ Mdz;
{xI€RI=LVLER . g\ (E[x?) <M} [s,s+A]

ppap(x°) { /R :uil[d]\i(mi|xi)d$i] dx’

dx*+

dx*+

x/{xiEJRd_lzzltE]R - M\ (t]x¥) > M}

< / ,u[d]\i(xi)MAdxi—i—
{xP€RI"LVEER . puyap\a (t[x) <M}
/ ()
{XGRdIHtGR . Mi|[d]\i(t|xi)>hf}
< MA + Pro, (3t € Rt i (tx°) > M) < g gze,

O

Let ¢ be an integer greater or equal to log(2Rp(d) + 1). For ¢ € [d] we denote by
(p(d)#;)*(¢) € {0,1}¢ the c-bits binary representation of the integer p(d)#;. Note that since
p(d)Z; € [-Rp(d), Rp(d)] then c bits are sufficient. We use the standard rwo’s complement binary
representation. In this representation, the arithmetic operations of addition and multiplication of
signed numbers are identical to those for unsigned numbers. Thus, we do not need to handle negative
and positive numbers differently. We denote by (p(d)%)P™() € {0,1} the binary representation
of p(d)x, obtained by concatenating (p(d)Z;)*™ fori =1,...,d.
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Lemma A.5. Let ¢ < poly(d) be an integer greater or equal to log(2Rp(d)+1) and let §' = m.
There is a neural network N of depth 2, width poly(d), weights bounded by some poly(d), and (c- d)
outputs, such that

Pree, (N(x) - (p(d)fc)bin(c)> >1-4.

Proof. In order to construct A, we need to show how to compute (p(d)Z;)™(®) for every i € [d].
We will show a depth-2 network A/ such that given z; ~ p; it outputs (p(d)Z;)*™©) w.p. > 1 — %.
Then, the network A consists of d copies of N, and satisfies
‘ ‘ 5
Pray (N() # (P ) < 37 Pro,s, (N'(@0) # (p(d)) ™) < = d = 5.

i€[d]

For j € [c] let I; C {—Rp(d), ..., Rp(d)} be the integers such that the j-th bit in their binary
representation is 1. Hence, given z;, the network A/ should output in the j-th output 1, (p(d)z;).

By Lemma there is A = p()l; cay such that for every i € [d] and every t € R we have

Pl ( © {t St péoD < RO TH ®

For an integer —Rp(d) <[ < Rp(d), let g; : R — R be such that

=[5 (-103) B (-9

Note that g;(t) = 0if t <1 — 1, andthatgl()flift>lff+A Let g;(t) = g1(t) — g141(2).
Note that g/(t) =0ift <l —Lort >0+ 4+ A, andthat gj(t) = 1if | - § + A<t <1+ 3.

Let h;(t) = Zlelj g;(t). Note that for every | € {—Rp(d),...,Rp(d)}andl — 1 + A<t <1+1

we have h;(t) = 1if I € I; and h;(t) = 0 otherwise. Hence, for p(d)z; € [-Rp(d) — 3, Rp(d) + 1],
if [p(d)x; — p(d)Z;| < 3 — A then h;(p(d)x;) = 11, (p(d)Z;). For p(d)z; < —Rp(d) — 3 — A
and for p(d)z; > Rp(d) + 1 + A, we have &; = 0 and h;(p(d)z;) = 0 = 1,(0) = 1, (p(d)Z;).
Therefore, if h;(p(d)z;) # 11, (p(d)&;) then p(d)z; € [l — 3 — A,l — § + A] for some integer
—Rp(d) <1< Rp(d) + 1.

Let N7 be such that N’ (z;) = (hi(p(d)z;), ..., he(p(d)x;)). Note that N’ can be implemented by
a depth-2 neural network.

Now,
Pre, (N'(@) # (pld)3 )b‘““) Proy (35 € [ st by p(@)e) # (p(d)z)")
= Pr,, i~ (3 ( ( )xz)7é111( ( ) ))
1
< Pro,, (p(d)a?i e {z — AL +A] —Rp(d) <1< Rp(d) + 1)

<

1 A l 1 A
. _Rp(d)gzw(dmp ro (”” ) Lxd) T p@) o) ) p<d>D

(Eq I & &
(2Rp(d) +2) - R t2d d°

We now show that X — N (x) for our network N can be computed approximately by a depth-k

network N’/ whose weights and biases are at most 2°°'¥(9)and have a binary representation with
poly(d) bits. The network N” will be useful later in order to simulate such a computation with
arithmetic operations on binary vectors.
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Lemma A.6. ([l[8]) Consider a system Ax < b of arbitrary finite number of linear inequalities in [
variables. Assume that all entries in A and b are integers of absolute value at most a. If this system
has a solution in R, then it has a solution of the form (571, e, %), where s1, ..., s, t are integers

of absolute value at most (21 + 1)!a?"+1,

Lemma A.7. Let p'(d) = poly(d). There is a poly(d)-sized neural network N'' of depth k such that
for every X € T¢ we have:

* If N(x) € [-B, B] then [N"(x) — N(x)| < pl%d).

* If N(X) > Bthen N"(x) > B.
« IfN(X) < —B then N"(%) < —B.
Moreover, N" satisfies the following:

« There is a positive integer t < 2P°W (D sych that all weights and biases are in Q; = {4
|s] < 2relv(d) s € 7).

 The weights in layers 2, ... k are all in {—1, 1}.

Proof. In [18§]] it is shown that a similar property holds for the case where the output neuron has sign
activation, namely, where the output of the network is Boolean. We extend this result to real-valued
functions.

We construct N” in three steps. First, we transform N into a network N; of depth k& where the
fan-out of each hidden neuron is 1, such that for every x € R? we have N;(x) = N(x). Then, we
transform NV, into a network N» of depth k where the weights in layers 2, ..., k are all in {—1, 1},
such that for every x € R? we have N5(x) = N (x). Finally, we show that Ny can be transformed
to a network N that satisfies the requirements (in particular, with exponentially-bounded weights
and biases). The last stage is the most delicate one, and can be roughly described as follows: We
create a huge set of linear inequalities, which encodes the requirement that the weights and biases of
each neuron in N, produce the appropriate outputs, separately for each and every possible input x
from our grid Z¢ (up to polynomially small error). Moreover, it can be shown that the size of the
elements in our linear inequalities is poly(d). Hence, invoking Lemma we get that there is a
solution to the linear system (namely, a set of weights and biases) which approximate Ny, yet have
only 2P°(4)_sjized entries.

We now turn to the formal proof. First, the network N is obtained by proceeding inductively from
the output neuron towards the input neurons. Each hidden neuron with fan-out ¢ > 1 is duplicated ¢
times. Let I;,1; be the number of hidden neurons in the i-th layer of NV and N; respectively. Note
that I; < [; - I ;. Since k is constant and [; = poly(d) then the size of IV} is also poly(d).

In order to construct Ny, we, again, proceed inductively from the output neuron ny, of /Ny towards
the input neurons. Let wy, ..., w; be the weights of the output neuron and let n,...,n; be the
corresponding hidden neurons. That is, for each 7 € [I] there is an edge with weight w; # 0 between
n; and ney. Now, for each ¢ € [I], we replace the weight w; of the edge (n;, nou) by I;UTI and

multiply the weights and bias of n; by |w;|. Note that now the multiplication by |w;| is done before
n,; instead of after it, but ny still receives the same input as in N;. Since the fan-out of every hidden
neuron in N is 1, we can repeat the same operation also in the predecessors of ny,...,n;, and
continue until the first hidden layer. Hence, we obtain a network N where the weights in layers
2,...,kareallin {—1,1}.

We now show that N, can be transformed to a network N that satisfies the requirements. Let [;
be the number of neurons in the first hidden layer of Vs, let m,, = d - [; be the number of weights
in the first layer (including 0 weights), and let m; the number of hidden neurons in Vs, that is, the
number of biases in No. Let m = m,, + my. For each i € [I;] we denote by w; € R? the weights
of the ¢-th neuron in the first hidden layer in Ns, and for each hidden neuron n in Ny we denote by
b,, the bias of n. We define a linear system Az < c where the variables z € R™ correspond to the
weights of the first layer and the biases in No. We denote by z; the d variables in z that correspond to
w;, and by z,, the variable in z that corresponds to b,,. Note that each assignment to the variables z
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induces a neural network N3 where the weights in the first layer and the biases in [V are replaced by
the corresponding variables.

For each X € Z¢ we place in the system Az < c an inequality for each hidden neuron in N, and
either one or two inequalities for the output neuron. These inequalities are defined by induction on the
depth of the neuron. If n; is the i-th neuron in the first hidden layer and its input in the computation
of Ny (%) satisfies (X, w;) + by, > 0, then we add the inequality (X,z;) + z,, > 0 to the system.
Otherwise, we add the inequality (X,z;) + z,, < 0. Note that the variables in the inequality are
Zi, Zn,, and that X is a constant. Let S; C {n; : ¢ € [I;]} be the neurons in the first hidden layer
where (X, w;) + b,, > 0, that is, the neurons where the ReLU is active in the computation Nz (X).
Now, the input for each neuron n’ in the second hidden layer in the computation N» (%), is of the
form I(n') = >, g, ai((X,Wi) + byn,) + bpy where a; € {—1,0,1} is the weight of the edge
(ni,n')in Na. Let I'(n') = 3, <5 ai((X,2i) + 2n,) + 2. I I(n”) > 0 then we add the inequality
I'(n") > 0, and otherwise we add I'(n") < 0. Note that the variables in the inequality are z;, zy,, , zp’
(for the appropriate indices ¢) and that X, a; are constants. Thus, this inequality is linear.

We denote by S» the set of neurons in the second hidden layer where the ReLU is active in the
computation No(X), and for each neuron n”’ in the third hidden layer we define I(n’) and I'(n")
and add a linear inequality analogously. We continue until we reach the output neuron ng,. Let
I(nou) be the input to nyy in the computation No(X), and let I’ (nqy) be the corresponding linear
expression, where the variables are z and the constants are x and the weights in layers 2,...,k
(which are all in {—1,0,1}). Note that I(nou) = N2(X) = N(x). If N(x) € [-B, B, then let
—Bp'(d) < j < Bp'(d) — 1 be an integer such that ﬁ < I(now) < %. Now, we add the two
inequalities ﬁ'd) < I'(now) < %, where j, p’(d) are constants. If N(X) > B, then we add the
inequality I’ (noy) > B, and if N(X) < —B, then we add the inequality I’ (nqy) < —B.

Note that if z satisfies all the inequalities Az < c, then for each neuron n, the expression I'(n) is
consistent with the set of active ReLUs according to the inequalities of the previous layers. Therefore,
the input to n in the computation N% (%) is I’(n). Hence, for such z we have for every x € Z¢
that if Na(X) € [—B, B] then |[N2(X) — Na(X)| < ﬁ, if Na(%X) > B then N%(x) > B, and if
N3(X) < —B then N¥(%x) < —B. Note that Az < c has a solution in R™, since the weights and
biases in N satisfy all the inequalities. The entries in A, c are either integers with absolute value at

most poly(d), or of the form ¢ - T; = pqi;) or ﬁ where q, ¢’ are integers with absolute values at

most poly(d). Therefore, by LemmalA.6} there is an integer @ = poly(d) such that the linear system

(p(d)p'(d)A)z < p(d)p’(d)c has a solution z = (2%,..., %), where s1,..., Sy, ¢ are integers of
absolute value at most (2m + 1)!a?™+1 < 2rolv(d) Hence, the network N = NZ satisfies the
requirements. O

Let N be the network from Lemma with p/(d) = V50 The following lemma follows easily.

€

Lemma A.8. For every x € I% we have

- s 1
NG = N < s
Proof. * If N(x) € [~B, B] then [N"(x) — N(X)| < ;g5 and we have
S 1/ e 1/ 11 (=~ ~ 1
[IN"(®)][-p,p) = N'(%)] < [N"(%) = N'(%)| = [N"(%) - N(x)| < e

» If N(X) > B then N”(x) > B, and therefore
[[N"(%)]=5,5) — N'(X)| = |B—B|=0.

* If N(X) < —B then N”(x) < —B, and therefore
[IN"(®)]j-p,5 — N'X)| = | = B~ (-B)| = 0.
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The weights and biases in N” might be exponential, but they have a binary representation with
poly(d) bits. This property enables us to simulate [N (X)](_ p, 5] using arithmetic operations on
binary vectors.

We now show how to simulate [N"'(X)]|_ g, 5] using binary operations. Recall that the input X to N’
is such that every component Z; is of the form p‘(’;) for some integer g; with absolute value at most

poly(d). We will represent each component in the input by the binary representation of the integer
p(d)Z;. It implies that while simulating N”/, we should replace each weight w in the first layer of N/

_w_

with w’ = oy Then, w - &; = w’ - (p(d)Z;). Recall that the network N is such that all weights

in layers 2,...,kin N” are in {—1, 1} and all weights in the first layer and biases are of the form
%t for some positive integer ¢ < 2Poly(d) "and integers s; with |s;| < 2P°Y(9) We represent each
number of the form ¥ by the binary representation of v. Since for all weights and biases % in N’ we
can multiply both ¢ and s; by p(d), we can assume w.l.0.g. that p(d) | s; and p(d) | t. Then, for each
weight w = % in the first layer of N”, we represent w’ = % = t_;% by the binary representation

of the integer %.

Since the input to a neuron in the first hidden layer of N”’ is a sum of the form I = )", e WiTi + b=
> ie(q) Wi(p(d)Z;) + b, then in order to simulate it we need to compute multiplications and additions

of binary vectors. Note that p(d)#; are integers, w;, are represented by the binary representation of the
integers g; such that w; = 4, and b is represented by the binary representation of the integer ¢ such
that b = %. Then, I is also of the form % for an integer v with |v| < oroly(d) and therefore it can be
represented by the binary representation of v. Since the biases in N’ are of the form % for integers s;,
and the weights in layers 2, ..., k are in {—1, 1}, then in the computation N”(X) all values, namely,
inputs to neurons in all layers, are of the form 7 where v is an integer with |v| < 2poly(d) That is, a
binary representation of v requires poly(d) bits. Thus, since all values have ¢ in the denominator,
then we ignore it and work only with the numerator.

Let C' = poly(d) be such that for all x € Z¢, all inputs to neurons in the computation N"'(x)
are of the form 7 where v is an integer with absolute value at most 2¢". Namely, all values in
the computation can be represented by C’ bits. Let C = poly(d) be such that every integer v

of absolute value at most 2" + Bt has a binary representation with C' bits. Also, assume that
C > log(2Rp(d) + 1). Such C will be sufficiently large in order to represent all inputs p(d)Z; and
all values in our simulation of [N"(X)]—p, B

We now show how to simulate p(d)x +— [N"(X)]|—p, ) + B with a threshold circuit.

Lemma A.9. There is a threshold circuit T of depth 3k + 1, width poly(d), and poly(d)-bounded
weights, whose inputs are the C-bits binary representations of:
* p(d)Z; for every i € [d].

. % and ;(—fii)for every weight 5 in the first layer of N".
And its outputs are:

* The C'-bits binary representation of v such that:

- IfN"(x) € [-B, B] then 7= N"(x) + B.
— Otherwise v = .

* A bit ¢ such that c = 1 iff N"(x) > B.

Proof. In order to simulate the first layer of N, we first need to compute a sum of the form
> icld) Wi Zi where w; = ﬁ and z; = p(d)Z; are the inputs and are given in a binary representation.
Hence, we are required to perform binary multiplications and then binary iterated addition, namely,
addition of multiple numbers that are given by binary vectors. Binary iterated addition can be done
by a depth-2 threshold circuit with polynomially-bounded weights and polynomial width, and binary
multiplication can be done by a depth-3 threshold circuit with polynomially-bounded weights and
polynomial width ([28]]). The depth-3 circuit for multiplication shown in [28] first computes the
partial products and then uses the depth-2 threshold circuit for iterated addition in order to compute
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their sum. They show it for a multiplication of two n-bit numbers that results in a 2n-bit number.
The same method can be used also in our case for a multiplication of two C'-bit numbers that results
in a C-bit number, since C' was chosen such that we are guaranteed that there is no overflow. Also,
in two’s complement representation, multiplication and addition of signed numbers can be done
similarly to the unsigned case. In our case, we need to compute multiplication and then iterated
addition. Hence, instead of using a depth-5 threshold circuit that computes multiplications and then
computes the iterated addition, we can use a depth-3 threshold circuit that first computes all partial
products for all multiplications, and then computes a single iterated addition.

Since the hidden neurons in N have biases, we need to simulate sums of the form b + Zi eld) Wi * Zi-

Hence, the binary iterated addition should also include b. Therefore, the bias b is hardwired into the
circuit 7". That is, for every bias b = %, we add C' gates to the first hidden layer with fan-in 0 and
with biases in {0, 1} that correspond to the binary representation of v.

Simulating the ReLUs of the first hidden layer in N’ can be done as follows. Let v be an integer and
let 0P () € {0,1}¢ be its binary representation. Recall that in the two’s complement representation
the most significant bit (MSB) is 1 iff the number is negative. Now, we reduce the value of the

bin(C i
in( )" bin(C) to

MSB, namely vgin(c), from all other C' — 1 bits v; . vgif(lc). Thus, we transform v

(sign(v?in(c) - vgin(c)), . ,sign(vgiﬁ(lc) - Ugin(C))’ 0). Now, if v < 0, that is vgin(c) =1, then
we obtain a binary vector whose bits are all 0. If v > 0 then vgin(c) = 0 and therefore vP™(©) is

not changed. Thus, simulating a ReLU of N” requires one additional layer in the threshold circuit.
Overall, the output of the first hidden layer of N”' can be computed by a depth-4 threshold circuit.

Now, the weights in layers 2, ...,k in N” are in {—1, 1}. Note that simulating multiplication by
a threshold circuit, as discussed above, requires 3 layers. However, we need to compute values of
the form b+ >, a; - z; where a; € {—1,1}, and 2;, b are given by binary vectors. In order to avoid
multiplication, we keep both the values of the computation N’ (X) in each layer, and their negations.
That is, the circuit 7" keeps both the binary representation of z; and the binary representation of
—z;, and then simulating each layer can be done by iterated addition, without binary multiplication.
Keeping both z; and —z; in each layer is done as follows. When T simulates the first layer of N, it
computes values of the form z = b+ 3,5 w; - (p(d)Z;), and in parallel it should also compute
—z=—=b+>_,c(q(—wi)- (p(d)Z;). Note that both w; and —w); are given as inputs to 7', and that the
binary representation of v such that —b = % can be hardwired into 7", similarly to the case of b. Then,
when simulating a ReLU of N”, it reduces the MSB of z also from all bits of the binary representation
of —z. Thus, if z < 0 then both z and —z become 0. Now, computing 2’ = b + 3, a; - z; where
a; € {—1,1} and z;, b’ are binary numbers, can be done by iterated addition, and also computing
-z = =V + ), —a; - z; can be done by iterated addition. Note that the binary representations
of v such that b’ = ¥ are also hardwired into T'. Since iterated addition can be implemented by
a threshold circuit of depth 2, the sum 2’ = b’ 4+ >, a; - 2; can be implemented by 2 layers in 7',
and then implementing [2’] 1, requires one more layer as discussed above. Thus, each of the layers
2,...,k —1in N” requires 3 layers in 7T

Let N”(x) = . When simulating the final layer of N"/, we also add (as a part of the iterated addition)
the hardwired binary representation of Bt. That is, instead of computing the binary representation of
v, we compute the binary representation of v/ = v + Bt. We also compute the binary representation
of v = —v + Bt. Note that ”7/ = N"(x) + B and ”TN = —N"(x) + B. Now, the bit ¢ that T
should output is the MSB of v”, since v is negative iff N”(X) > B. The C-bits binary vector that T
outputs is obtained from v’, v” by adding one final layer as follows. Let MSB(v") and MSB(v") be
the MSBs of v/, v”. In the final layer we reduce MSB(v") + MSB(v") from all bits of v’. That is, if
either v’ or v’ are negative, then we output 0, and otherwise we output v’. Now, if N”(X) € [-B, B]
then v',v” € [0,2Bt], and we output v’, which corresponds to N”(x) + B. If N'(X) < —B
then ”7' = N”(x) + B < 0, and therefore MSB(v') = 1, and we output 0. If N”(X) > B then

UTN = —N"(x) + B < 0, and therefore MSB(v") = 1, and we output 0. Thus, simulating the final
layer of N/ requires 3 layers in T": 2 layers for the iterated addition, and one layer for transforming

v’,v" to the required output.

Finally, the depth of T is 3k + 1 since simulating the first layer of N” requires 4 layers in T, and
each additional layer in N required 3 layers in T'. O
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The following simple lemma shows that threshold circuits can be transformed to neural networks.

Lemma A.10. Let T be a threshold circuit with d inputs, q outputs, depth m and width poly(d).
There is a neural network N” with q outputs, depth m + 1 and width poly(d), such that for every
x € {0,1}¢ we have N'(x) = T(x). If T has poly(d)-bounded weights then N also has poly(d)-
bounded weights. Moreover, for every input x € R? the outputs of N are in [0, 1].

Proof. Let gbe a gate in T, and let w € Z! and b € Z be its weights and bias. Let n; be a neuron
with weights w and bias b, and let ny be a neuron with weights w and bias b — 1. Lety € {0, 1}\.
Since ((w,y) + b) € Z, we have [(w,y) + b]+ — [(w,y) + b — 1]+ = sign((w,y) + b). Hence,
the gate g can be replaced by the neurons n1, no. We replace all gates in 7' by neurons and obtain a
network AV, Since each output gate of T' is also replaced by two neurons, A has m + 1 layers. Since
for every x € RY, weight vector w and bias b we have [(w,x) + b]4 — [(w,x) + b —1]; € [0,1]
then for every input x € R< the outputs of N'(x) are in [0, 1]. O

We are now ready to construct the network N.Letd = ﬁ. The network N is such that w.p. at
least 1 — &' we have N (x) = [N"(%)]—B,B]- It consists of three parts.

First, N transforms w.p. > 1 — ¢’ the input x to the (C - d)-bits binary representation of p(d)x. By
Lemmal[A.5] it can be done with a 2-layers neural network N;.

Second, let T" be the threshold circuit from Lemma[A.9] By Lemma[A.10| 7" can be implemented by
a neural network N3 of depth 3k + 2. Note that the input to N> has two parts:

1. The (C - d)-bits binary representation of p(d)x. This is the output of Aj.

2. The binary representations of :(Z) for every weight % in the first layer of N"'. This is

hardwired into N by hidden neurons with fan-in 0 and appropriate biases in {0, 1}.

Thus, using N the network N transforms the binary representation of p(d)x to the output (v*(©)  ¢)
of T
Third, N transforms (v""(), ¢) to [N"(%X)][_p,p) as follows. Let v be the integer that corresponds

to the binary vector v™(®). The properties of v and ¢ from Lemma imply that [N (%)]|_p,B] =
% + c¢- 2B — B, since we have:

* If N"(x) € [-B, B] then § = N”(X) 4+ B and ¢ = 0.

e If N"(x) < —Bthenv=0and c=0.
e If N'(X) > Bthenv =0and c = 1.

Hence, we need to transform (vbi“(c), ¢) to the real number % + ¢ - 2B — B. Note that v > 0, and
therefore we have -

v bin(c) 27

t Z Yi ot

1€[C—1]

bin(C)
i

Also, note that ¥ € [0, 2B], and therefore for every 7 € [C' — 1] we have v ? < 2B. Hence,

we can ignore every ¢ > log(2Bt) + 1. Thus,

i—1
v bin(C) 2
i€[log(2Bt)+1]

Since for i € [log(2Bt) + 1] we have ? < 2B, then in the above computation of 7 the weights

are positive numbers smaller or equal to 2B. Thus, we can transform (v*™(“) ¢) to $+c-2B-B
in one layer with poly(d)-bounded weights. In order to avoid bias in the output neuron, the additive

term — B is hardwired into /V by adding a hidden neuron with fan-in 0 and bias 1 that is connected to
the output neuron with weight —B.

Since the final layers of A7 and V> do not have activations and can be combined with the next layers,
and since the third part of N is a sum, then the depth of N is 3k + 3.
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Thus, we have w.p. at least 1 — ¢’ that N (x) = [N"(X)]-B,B]- By Lemma it implies that w.p.
at least 1 — ¢’ we have
- - 1

NX—NX‘S—. (10)

N6 - N )| < s
However, it is possible (w.p. at most ¢’) that V] fails to transform x to the binary representation of
p(d)%, and therefore the above inequality does not hold. Still, even in this case we can bound the
output of NV as follows. If V] fails to transform x to p(d)x, then the input to A3 may contains values
other than {0, 1}. However, by Lemma|A.10} the network N outputs ¢ and v"*(¢) such that each
component is in [0, 1]. Now, when transforming (v"*(¢) ¢) to % + ¢+ 2B — Bin the final layer of
bin(C)

i

N, we compute § by the sum in Eq. El Since v
most

€ [0, 1] for every 4, this sum is at least 0 and at

1 . 210g(23t)+1 — 4B .

4
Therefore, the output of N is at most 4B +1-2B — B =58, and at leaet 0+0-2B— B =—-B.
Thus, for every x we have N (x) € [—B, 5B]. Since for every x we have N (x) € [—B, B], then we
have

|N(x) —N(x)‘ <6B.

Combining the above with Eq. and plugging in §' = % and p/(d) = V50 we have

€

2 2

>2+5’-(6B)2 (- sen < (£)

E (69~ 860 < 1-0) (o

Therefore | N — N|| Lo(u) < £ as required.

50 50 -36B2 5

A.2  Proof of Theorem

The proof follows the same ideas as the proof of Theorem [3.1] but is simpler. Consider the functions
f"and N’ that are defined in the proof of Theorem For every x € Z¢ we denote X = x, and

N(x) = N'(x) = N'(x). Now, from the same arguments as in the proof of Theorem it follows
that we can bound || /" — fl|z,(p) and [|[N" — f'||z,(py. Since [|[N — N’||,py = 0, it remains to
show that Lemma[A.2 holds also in this case.

The network N will have a similar structure to the one in the proof of Lemma

First, it transforms the input x to the binary representation of p(d)X = p(d)x. This transformation is
similar to the one from the proof of Lemma However, since D is such that for every i € [d] the
component z; is of the form ﬁ for some integer j, then for an appropriate A, we have for every

integer [ that
l 1 A l 1 A
Preer ( © [md) T 9@ @) pd)  2p(d) p<d>]> =0

Hence, there is a depth-2 network with poly(d) width and poly(d)-bounded weights, that transforms
x to the binary representation of p(d)x and succeeds w.p. 1.

Recall that in the proof of Lemma the next parts of N transform for every x the binary
representation of p(d)x to [N"(x)](—p,p). Since this transformation is already discrete and does not
depend on the input distribution, we can also use it here. Then, by lemma[@we have for every x
that

1
N (x)]i— - N'(x)| < .
|[ (X)][-B,B) (X)’ = ()
Thus, for p’(d) = 2, we obtain a network N such that w.p. 1 we have }N(x) - N(x)‘ < £, and

therefore [|[N — N||z,p) < £.
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A.3  Proof of Theorem 3.3

Lete = m, and let N be a neural network of depth k" such that | N — f[[1,(,) < €. Inthe

proof of Theoremm we constructed a network N of depth 3k’ + 3 such that | N — f|| La(n) < €

The network N is such that in the first two layers the input x is transformed w.h.p. to the binary
representation of p(d)x. This transformation requires two layers, denoted by A/. Since the second

layer in N7 does not have activation, it is combined with the next layer in N. The next layers in N,
denoted by N>, implement a threshold circuit 7' of depth 3k” + 1 and width poly(d). The depth of
N3 is 3k" + 2. Since the final layer of A5 does not have activation, it is combined with the next layer

in N. Finally, the output of N is obtained by computing a linear function over the outputs of N5.
Let g : {0,1}% — {0,1} be the function that T’ computes. Note that d’ = poly(d). Assume that g

can be computed by a threshold circuit 7" of depth & — 2 and width poly(d’). By Lemma the
threshold circuite 7" can be implemented by a neural network N3 of depth & — 1 and width poly(d’ ).

Consider the neural network A obtained from N by replacing N5 with V. The depth of A is k.
The same arguments from the proof of Theoremfor showing that | N — f|| La(u) < € now apply

on N, and hence ||/\7 — fllzo(u) < €. Therefore, f can be approximated by a network of depth £,
in contradiction to the assumption. Hence the function g cannot be computed by a poly(d’)-sized
threshold circuit of depth k& — 2.

A.4 Proof of Theorem 3.4

Lete = 1 Sory(ay> and let IV be a neural network of depth k' such that | N — f||1,(p) < £. In the proof

of Theorem we constructed a network N of depth 3k” + 3 such that | N — f|| Lo(p) < € The

structure of the network NN is similar to the corresponding network from the proof of Theorem
Now, the proof follows the same lines as the proof of Theorem

A.5 Proof of Theorem 3.3

Let f(x) = g(||x]|) where g : R — R. Lete = poly( 5- By Theorem 3.1} there is a neural network
N of a constant depth &, width poly(d), and poly(d)-bounded weights, such that Ey.,, (N (x) —
f(x)? < (%)2 Since N has a constant depth, poly(d) width and poly(d)-bounded weights, then it
is poly(d)-Lipschitz. Also, as we show in the proof of Theorem 3.1} the network N is bounded by
some B = poly(d), namely, for every x € R? we have | N (x)| < B.

Letr = ||x|| and let y1, be the distribution of 7 where x ~ 1. Let U (S?~!) be the uniform distribution
on the unit sphere in R, Since w 1s radial, we have

€2
=) > E(Nx)-f(x)?= E E (N(rz)—f(rz))>= E E (N(rz)—g(r))>.
(5) 2 ENG-J7 = E | E (NGz)-f(2)?= E_E (N(rs)-g(r)
Therefore, there is some u € S?! such that E,,,, (N (ru) — g(r))? < (%)2 Let Ny :R = R
be such that N, (¢) = N(tu). It can be implemented by a network of depth k that is obtained by
preceding N with a layer that computes ¢ — tu (and does not have activation). Thus, E,, (Ny(r)—

g(r)? < (%)2 Let h : R — R be such that h(x) = Ny(||x||). Note that

B (h(x) — 1) = B (Nalllxl) = o)) = | E (Na(r) =g < (5) - A

X~ fL

Since p has an almost-bounded conditional density, then by Lemma there is R; =
that for every ¢ € [d] we have

1
ol (d) such

Pryep (T € [-R1, Ra)) < o555
Hence,

Pryp (X[ < Ba) <
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Also, since i has an almost-bounded support, there exists R; < Ry = poly(d) such that

2

- 72B%°

Prep (|Ix] = Re) <

Thus,
2

€
PT'TN“T(Rl S T S Rz) Z 1-— W . (12)
Since the network NNV is bounded by B then N, is also bounded by B, namely, for every t € R we
have | Ny (t)| < B. Moreover, since N is poly(d)-Lipschitz, then Ny, is also poly(d)-Lipschitz. Let
N/, : R — R be such that

0 t< o
Mall) 4~ No(Ry)  H<t<R
N (t) = { Nu(t) Ry <t< Ry
—Mulfa) 4 4 9Ny(Ry) Ro <t < 2Ry

0 t > 2Ry

Note that N/, agrees with N, on [R;, Ry, supported on [£L 2R, ], bounded by B, and poly(d)-
Lipschitz. Let b’ : R? — R be such that 4/ (x) = N/,(||x]|). We have
E (h(x) = h(x)? = E (Ny(Ix]) = Nu(lx])* = E (Ny(r) = Na(r)*.

X~ X Ty

By Eq. the functions NV, and N/, agree w.p. at least 1 — %. Also, since both N,, and N/, are
bounded by B, we have | Ny(r) — N/,()| < 2B for every r. Hence, the above is at most

€2

o (2B +0= (5)2 : (13)

3
Now, we need the following Lemma.

Lemma Adl. [7] Let f : R — R be a poly(d)-Lipschitz function supported on [L,R], where
= poly(d) and R = poly(d). Then, for every 6 = Doy (@)’ there exists a neural network N of depth

3, width poly(d), and poly(d)-bounded weights, such that

sup |V(x) = f([Ix[)] < 0.

xER4
Since NJ, is poly(d)-Lipschitz and supported on [%, 2R2], then by Lemma there exists a
network A/ of depth 3, width poly(d), and poly(d)-bounded weights , such that

sup [N (x) = N ([Ix[)] <

x€ER?

w\m

Therefore, we have

€
W = Hlls ) < IV = Wlloe = sup [N(x) = Ny(IIxI)| < 5 -
x€Rd
Combining the above with Eq.[TT]and[I3] we have
€ € ¢
IV = flla <IN = WllLago + I8 = Plleagy + b = flragn < 5 + 5+ 5 =€

A.6  Proof of Theorem

Lemma A.12. Let f : R — R be a function that can be implemented by a neural network of width n
and constant depth. Then, f can be implemented by a network of width poly(n) and depth 2.
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Proof. A neural network with input dimension 1, constant depth, and width n, is piecewise linear
with at most poly(n) pieces ([29]). Therefore, f consists of m = poly(n) linear pieces.

Let —oo =ag < a1 <...< Gm-1 < ay, = oo be such that f is linear in every interval (a;, a;11).
For every i € [m] Let «; be the derivative of f in the linear interval (a;_1, a;). Now, we have

f(t) = flar) — aafar —t]4 + Z (Qilt = ai—1]y — aift — ai]4) + [t — am-1]4

Note that f can be implemented by a network of depth 2 and width poly(n). In order to avoid bias in
the output neuron, we implement the additive constant term f(a;) by adding a hidden neuron with
fan-in 0 and bias 1, and connecting it to the output neuron with weight f(a1). O

Let e = Let N : R? — R be a neural network of a constant depth and poly(d)

B
width, such that Ex,(N(x) — f(x))2 < (5)°. Forz € R and t € R we denote
Zig = (21,3 Zi—1, 6, Ziy .-, 2d—1) € R<. Since 1 1s such that the components are drawn in-
dependently, then for every i € [d] we have

E (Nx)— f(x))2= E E (N(zi)— f(zi4))* < (5)2 ’

X~ Zrofua)\i tr

and therefore for every i there exists y € R?~ such that
2 €2
E (N(yie) = fria))? < (5) -
~Hi

Let f/ : R — R such that

fit) = N(yi) Z fi((yiz);
Jeld\{s}

Note that

E (IO~ fi)* = E | N(yir) Z Fi((yin);) = Fi(t)
" " el
= E (N(yi,a—f(yi,t)fg (5)2. (14)

tr~pg d

Now, the function f/ can be implemented by a neural network of depth 2 and width poly(d) as follows.
First, note the by Lemma|A7T% it is sufficient to show that f; can be implemented by a network N/ of
a constant depth and poly(d) width. Since NV is a network of constant depth, y is a constant, and
fi((yi);) for j € [d] \ {i} are also constants, implementing such N/ is straightforward.

Let N’ be the depth-2, width-poly(d) network such that N'(x) = 3, (4 f{(2;). This network is

obtained from the networks for f/. For every i € [d] let g; : RY — R be such that g;(x) = f;(z:).
Also, let g/ : R? — R be such that g/(x) = f/(z;). Note that f(x) = > icqa) 9i(x) and N'(x) =
>_ielq) 9i(%). Now, by Eq . for every i € [d] we have

E (5100~ 0i0)’ = B (716)~ fi0)” < (5)

X~ tr~p
Therefore, [|g; — gill Lo(u) < §-

Hence, we have

IN' = fllagy = || D 9i = D 9 <D lgi = gillLan < d

i€ld] 1€[d] La(u) i€[d]

Q..\m
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B Almost-bounded conditional density

In this section we show for some common distributions that they indeed have almost-bounded
conditional densities.

B.1 Gaussians, mixtures of Gaussians and Gaussian smoothing

We use the following property of conditional normal distributions.

Lemma B.1. (e.g., [4]) Let N'(u, X) be a multivariate normal distribution on R%. For x € R? we
partition x such that x = (4, ), where x, € RY and x;, € R4, Accordingly, we also partition
t= (Ka; 1) and ) )
Eaa Z]ab
Yo Dy |’

where the dimensions of the mean vectors and the covariance matrix sub-blocks are chosen to match
the sizes of T4, Ty Let A = Y71 We denote its partition that correspond to the partition of x by
Aaa Aab
| Ava Asp |

Then, the distribution of x, conditional on x, = c is the normal distribution N' (@, 2), where

i = pia — Agg Map(c — 11p) = pa + SanSpy' (€ — 1)

Zi

A:

and ~
S =00 =% — ZapZyy S -
Proposition B.1. Let § = m. Let Y be a positive definite matrix of size d X d whose minimal

eigenvalue is at least 5. Let n € RY. Then, the multivariate normal distribution N'(u, X)) has an
almost-bounded conditional density.

Proof. Let A = =71, Let A1, ..., A\g be the eigenvalues of X.. The eigenvalues of A are )\1_1, cee )\;1
and are at most M = 3. Thus, trace(A) = 30,1y Ay 1 < dM. Since A is positive definite then

all entries on its diagonal are positive, and since their sum is bounded by dM, then we have
0 < Ay; < dM forevery i € [d].

Let x ~ N(p,%), let ¢ € R41 and let i € [d]. We now consider the conditional distribution
;| €1, .. Ti—1,Tit1,...,2q = c. This conditional distribution corresponds to Lemmam B.1| with
q = 1. Namely, this is a unlvanate normal distribution with variance A L where A, € R. Since all
entries on the diagonal of A are bounded by d M, then the variance o2 of the cond1t10na1 distribution

satisfies 02 > (dM)~!. Since the density of a univariate normal distribution with variance o is

1 . .o . . . . . M _
bounded by oot then the density of the conditional distribution is at most 7 < 5
poly(d). O
We now consider Gaussian mixtures.
Proposition B.2. Let X1, ..., Xy be positive definite matrices with eigenvalues at least 6 = m.
Let iy, . .., iy be vectors in R, For j € [k| let f7 be the density function of the normal distribution

N(uj, Ej). Let f be a density function such that f(x) = 3. wj fI(x) with e wi = L
Then, f has an almost-bounded conditional density.

Proof. Leti € [d] and letc € R?"L. Fort € R we denote ¢; ; = (c1,...,Ci—1,t,Ciy...,C4—1) €
R?. As we showed in the proof of Proposition there is M = poly(d) (that depends on d) such
that for every j € [k] we have

. ](ci,)
Fiapattle) = NG t oa =M

Hence, we have
f|[d\ t|C 276[]@ w_]f ( ) < Z]E[k] U)]MfR CZ t)dt _
o Ja2jemwiti(cin)dt = 3w Jp (et
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Likewise, we show that the density obtained by applying Gaussian smoothing to a density function,
has an almost-bounded conditional density.

oy _ 1
Proposition B.3. Let § = SOy (@)

eigenvalue is at least 0. Let g be the density function of the multivariate normal distribution N'(0,X).
Let f be a density function and let f' = f % g be the convolution of f and g. That is, f is the density
function obtained from [ by Gaussian smoothing. Then, f' has an almost-bounded conditional
density.

and let 3 be a positive definite matrix of size d X d whose minimal

Proof. Leti € [d] and let ¢ € R~1. For t € R we denote cit=(c1,...,¢-1,t,¢,...,Ca-1) €
R?. Fory € R?, let ¥ : R? — R be such that ¥ (x) = g(x — y). Note that g¥ is the density of the
normal distribution A (y, X). By the proof of Proposition [B.1] there is M = poly(d) (that depends
on J) such that for every y, and every c, ¢t and 7, we have

9(Cit —y) ¥ (cit)

= = M . 1
fR g(ciy —y)dt fR g¥ (ci1)dt gL‘[d \,(t|C) (15)

Recall that
Flewn) = (fxa)ews) = [ faless—y)dy
Now, we have
f(Hd]\«(t\ c)= f (Cl ) _ Joa F(¥)g(cin — y)dy
AN P ety Le F3g(ene — y)dy] de
(Eq<. f]Rd (¥) UR g(eir — y)dt] dy
a Jz [Jza F(¥)g(ci — y)dy] dt
_ MfRd fR f(Y)g(Ci,t —y)dtdy _
fRd f]R f(Y)g(Ci,t —y)dtdy

B.2 Uniform distribution on the ball

In the cases of Gaussians, Gaussian mixtures, and Gaussian smoothing, we showed that the conditional
density of z;|z1,...,%i—1,Zit1,...,Tq = cis bounded for every ¢ € R4~ Note that the definition
of almost-bounded conditional density allows the conditional density to be greater than M for some
set of ¢ € R%~! with a small marginal probability. In the case of the uniform distribution over a
ball in R?, we show that we cannot bound the conditional density for all ¢ € R4-1, but we can
bound it for a set in R%~! with large marginal probability, which is sufficient by the definition of
almost-bounded conditional density.

Let 4 be the uniform distribution over the ball of a constant radius R in R?. Let ¢ € R?~! be such
that 3 crg 1) 2 =R?— 5. Letie[d]. Fort € R,letciy = (c1,...,Ci1,t, ¢4, C4-1) € RL
Note that fu;)(4)\i(t|c) = 0 for every ¢ such that 3, ;_1; 3 + 1> > R?, namely, for every

/1 1
E 2 —
j€Eld—1]

w(ci,e)

Hence, the conditional density fi(q\;(t[c) = s (©)

is uniform on the interval [fﬁ, Qd%}
Therefore, we have

da
= 2571 .

pijapi (tle) = 5. 1
5d72

Thus, for such ¢ we cannot bound j;)4)\;(t|c) with a polynomial. However, as we show in the

following proposition, the marginal probability to obtain such c is small, and p has an almost-

bounded conditional density.
Proposition B.4. Let 11 be the uniform distribution over the ball of radius R > in R%. Then,

1 has an almost-bounded conditional density.

poly(d)
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Proof. Let ¢ = m and let M = 21%{?2' Let i € [d] and let ¢ € RI"L. We de-

note r = /> icra_1 c. Note that j)4\;(t|c) is the uniform distribution over the interval
[~V R? —r2,v/R? — r2]. Hence, for every t in this interval we have
(t0) = ——
illan\i(t|e) = —m—.
Pl N

Note that if 72 < R? — L then f1;(4)\; (t|c) < M. Therefore, we have

1
PTC"‘N[d]\i (Ht s.t. Nil[d]\i(t|c) > M) < PTCNN[d]\i Z C? > R% — e
jeld—1]

1
4M?

< Pryu Z xf > R%—
JE€ld]

Let V;(R) be the volume of the ball of radius R in R<. Recall that V;(R) = V(1) - R%. Note that
the above equals to

d

1 .1 (Vr2 - 12m)
vd<R>'(Vd(R)Vd< & 4M2>>1Rd

1 d/2
=1-(1-——— .
(- meme)

By Bernoulli’s inequality, for every z > —1 and y > 1 we have (1 + 2z)¥ > 1 + yz. Therefore, the
above is at most

(1 d o d
8M?2R2) 8M2R?’

Vd
2R+\/2e

Plugging in M = , wWe obtain

PTCN#[d]\i (Elt s.L. ﬂi|[d]\i(t|c) > M) <e.

B.3 Distributions from existing depth-separation results

As we described in Section[I] the depth-separation result of [30], and the results that rely on it (e.g.,
(24132} [17])), are with respect to the uniform distribution on [0, l]d. Thus, each component is chosen
iid. from the uniform distribution on the interval [0, 1], and therefore its conditional density is
bounded by the constant 1.

The depth-separation result of [6] is for the function f(x1,%2) = sin(md®(x1,x2)) with respect
to the uniform distribution on S¢~! x S9~!, namely, both x; and x, are on the unit sphere. In
[25]], it is shown that this result can be easily reduced to a depth-separation result for the function
f(x) = sin(7d? ||x||) and an L-type approximation. Moreover, from their proof it follows that
this reduction applies also to an L, approximation with respect to an input x = % where x; and
x4 are drawn i.i.d. from the uniform distribution on S¢~!. We now show that this distribution has an
almost-bounded conditional density. We first find the density function of ||x]|.

Lemma B.2. Let x = % where x1 and X5 are drawn i.i.d. from the uniform distribution on
S9=1. Then, the distribution of ||x|| has the density

1
fr(r) = M

27 2

2d—1rd—2(1 _ 7,2)‘12;3 7

where B(a, §) = % is the beta function, and r € (0, 1).
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Proof. Letx = X222 where x; and x, are drawn i.i.d. from the uniform distribution on S~!. Note
that

1 1 1
Il = 5 (el + el + 2 x2) = § (24 2x]x0) = 5 (14 x2) . (16)

Since x; and x5 are independent and uniformly distributed on the sphere, then the distribution of
x| x5 equals to the distribution of (1,0, ...,0)xz, which equals to the marginal distribution of the
first component of x5. Let z be the first component of x5. By standard results (cf. [8]]), the distribution

of 22 is Beta(%, %) namely, a Beta distribution with parameters %, %. Thus, the density of 22is

1 _1 d—s
fz?(y):wy (1-y)z ,

where B(a, §) = % is the beta function, and y € (0, 1).

Performing a variable change, we obtain the density of |z|, which equals to the density of |x] x5|.

1 d—3 2

f|xTx ‘(y) = f\z|(y) = fz?(yz)'2y = ﬁy_l(l_yz)T 2y = ST d=iy

12 B (3 %) B (3 %)

where y € (0,1). Let fy7,, be the density of x{ X3. Note that for every y € (—1,1) we have
fxTx:(U) = fxTx, (—Yy). Hence, forevery y € (—1,1),

(1_y2)% ;

N[

1 1 d—3
fx;rxz(y) - 5f\x;xﬂ(|y|) = ﬁ_l)(l - yz)T :

1
B (57 2
Performing a variable change again, we obtain the density of % 1+ x| xo.

1 i3
_ 2 . - - _ 4 2 A
f%_ i W) = xyxe (29" —1) -4y = B ,1)(1 4y —4dy"+1)) 7 -4y

1
= 2 )d73(1— 2) 2 -4 =
a1 (2y Y y
B(ia 2 )

_ _ a-=3
@)Qd lyd 2(1_y2) 7

Note that by Eq.[16] we have

and therefore the density of ||x|| is

2dflrd72(1 _ 7‘2)%

fr(r) = f%-\/kkxfxz(r) - B (%, %)
O]

Proposition B.5. Ler x = % where x1 and X5 are drawn i.i.d. from the uniform distribution on
S9=1. Then the distribution of x has an almost-bounded conditional density.

Proof. Lete = Let f, be the distribution of ||x||. By Lemma we have

1
poly(d)
1

55

d—3

fr(r) = 2d=1pd=2(1 _ )% (17)

Let 1o : R? — R be the density function on R¢ that is induced by f,.. That is, x ~ j has the same
distribution as ru where 7 ~ f,. and u is distributed uniformly on S?~!. Let i € [d]. For simplicity,
we always assume in this proof that d > 5 (note that the definition of almost-bounded conditional
density is not sensitive to the behavior of the density for small values of d).

We will first find 6, , 55 < m

Precpp, (01 < lef <1-02) >1—€. (18)

such that
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Then, we will show that there is M = poly(d) such that for every ¢ € R4~! with §; < ||c|| < 1 -6,
and every t € (—1,1) we have

papani(tle) < M. (19)
We start with d5. Note that

1d—1) _TrEE) TG - _ TE) 2E) _2vF
B<2’ 2 )‘ I C N i-1T 4 d

> (20)

&\*—‘

Let 6 = 1 — /1 — 55;. By the above and Eq. for every r € (1 — 02, 1) we have

() < dod—1,d-2(1 _ .2\ ~ g9d—1 (1 _ (1 _ T od-1 LI
Folr) < d299972(1 = p2) 5" < @201 (1= (1 - 65)?) d2 (32d)

Hence,

d—3
Provuay, (lell 21=0) € Proey, (r21-6) <d- 27 (522) 7 -0

d—3 € % € ? € €
gd-42~4<ﬁ> :4d(@) <dd-=5. @D

We now turn to 4. By [8]], the marginal distribution ¢ ~ ji[q}\; is such that ||c[| = ra, where 7 and
« are mdependent r ~ fr, and a® ~ Beta (%5, ), namely, a Beta distribution with parameters
4=1 1. Hence, we have

Proma, (el <01 < Proes, (v < Vo) + Pry_peyen sy (VA< VE) . @)

2

We now bound the two part of the above right hand side. For 6 = 1&-, we have by Eq.|17 n and@ that
for every r € (0,9),

P d—2 d—2
< god—1,d-2(1_,2y95% _ 1od—1sd—2 d-1( € _ € < .
Fr(r) < d2971p9"2(1—12) "3 < @247 1592 = g2 (16d) 2d(8d) 2. 8d :

Thus, for 6; = §2 we have

Prys, (r < \/61) =Prpy, (r<6)<o- i < i : (23)
Moreover, we have
PTBNBeta et 1) (\/B< V ) gNBeta(ﬂ’%) (B <d1)
o 1 a=1_3 1.1
= ) @5 Z T (1-p8)27dB
2 02
1 d-=3 1
< d - 7
~UB(GhY T ViCa
Since 0 < §; < 2, and by plugging in Eq. . the above is at most
a1 1 €
d- 6,2 <d- 62 2. < £ 24
! 11 V2=Vad g g 24)

2
Combining Eq.[22] 23]and 24] we have
Presuay (el <0 < 5.
Then, Eq. [I8]follows by combining the above with Eq. @ T us, it remains to show that there is

M = poly(d) such that for every ¢ € R4~ with §; < ||c[| < 1 — 6, and every t € (—1,1), Eq.
holds.

30



Let A, be the surface area of the unit sphere in R?. Note that for every x # 0 in the unit ball, we
have

Sr((xl) 1 A1 o d—2 9, d=3 1
p(x) = d—1 = 2 XA
x| Aq B (3, %) 1x[""" Aq
1 a3 1
= —— 2= XD
A4B (3,%%) (bS]
Fort € R, wedenotec; s = (¢1,...,Ci—1,¢,Ciy...,C4—1) € R<. Now, we have
1 Vi-lel? 1 1
d—1 2 2y 452
fani(c) = / p(cie)dt = / 2 A (e + )T et
-1 —Vi—lel? 4B (5. 54)

Vllell” + 2

Performing the variable change z = 1/||c||* 4 ¢2, the above equals

1
1 51
el AdB (3, 5 Z 2
! 1 d—1 2
22/ — 297 (1—2%)"2 - —dz
lell AaB (3, %5+)
2d /1 d—3 d—
(I+2)2(1—-2)2 -—dz
AaB (3, %5%) Jyel z
2d d 1 d—3
> el [ -2
A4B (3, %54) e
By plugging in
_ 1 _
T O i I ¢ Gl )
(1—2)2dz= T3 = ,
[Ic]| 2 +1 llel| d—1
we get
d—3 d—1
271 (14 le|)) = (1 —[le|) =
AaB (5, 9%51) (d-1)
Hence,
p(ci)
wirani(tle) = ——*~
14\ ,u[d]\i(c)
d_
e L L e L
~ AaB (3,95 ’ leall 20411 + [lel)=° (1 — [|e])) 5
i 1 d—1
= (1= i) - :
lleiell 22(1 +Jlel)) = (1 — [lel)) =
1 d—1

d-=3 d-3
<@+ el) = (@ —lcl) >

llell - 4(1 + le))Z* (1 = ) =
_ 1. _d-1

llell 41— lell) -
Now, since §; < ||c|| < 1 — da, the above is at most

1 d—-1

01 409

< poly(d) .
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[7] showed separation between depth 2 and 3 for a poly(d)-Lipschitz radial function f : R? — R
with respect to a distribution with density

(R i
) = (76 ) It el

where Ry is the radius of the unit-volume Euclidean ball in R, and .J,; /2 is a Bessel function of
the first kind. An analysis of its conditional density requires some investigation of Bessel functions
and is not included here. However, it is not hard to show that for every polynomial p(d), there is a
distribution 1" (obtained by applying Gaussian smoothing to j and has an almost-bounded conditional
density by Proposition [B.3)), such that the function f can be expressed by a depth-3 network but
cannot be approximated by a depth-2 network with a Lipschitz constant bounded by p(d). This
follows from the fact that if there was a Lipschitz approximating network under p, it would also be
approximating under the slightly different distribution .
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