A Regret analysis of F-UCBVI

A.1 Failure event

Before we define the failure event that causes our regret guarantee to fail, we introduce some
additional notation. As a shorthand, for any natural number n, any factored set ¥ = )."_, A; and

any given index set I C [n], let X[-1] := ®?:1,i¢l X; and z[—I] € X[—I] be a tuple of z[j] for
j € [n]and j ¢ I. For a singleton {i}, let S_; = S[—{i}] := (®Z1S;) x (Q",,S;). Let
s[—i] € S_i be a tuple of s[j] for j € [m] and j # i. For vector V € RS,

V(S[*Z]) = V((5[1]7 e ,S[i - 1]7 ) S[’L + 1}7 e ,s[m])) € RSi?

V(S[Z]) = V((7 T S[ﬂ? R )) € Rs_i'

Recall that wy, j, () is the visit probability to x at step h of episode k. Overloading the notation, we
make the following definitions.
Definition 3 (Visit probabilities). Define

wi kn(2) = wi g n(2]L]) = Z$[71_]€X[71_] w
Vi k() = v pn (2] Ji]) = Zx[d‘]ex[f

k,h(@“),

il wk.ﬁ(x).

Then let wi(z) := ZhH:1 wip (), wi g (x) = ZhH:1 w; g.p(2) and v, (z) = Zthl Vi 1,1 ().
Recall that L = log(16mISXT/§). Then we define the failure event below.

Definition 4 (Failure event). Define the events

F1:= {H(i € [ml],k € [K],h € [H],x € X),

Kﬁi,k(w) - PZ-(:E),EP_i(.t)[VfT+1]>’ > H gNLk(x)}

Fy o= {El(i € fm ke Kloc ), |Pue)- P > %}
Fy = {H(i el ke [KlzeX), |Rin) - Ri(m)‘ > 2Mi<x) }
Fy = {H(i € [m)ke[K],zeX), Niglz)< ;Z;wi,ﬁ(x) — HL} ,
Fyim {El(i el kelRlaer), M) <Y v) —HL},
ot
Fo = {El(i elmlke[Kl,zeX, s €S),
Poatslille) = P 1) > s+ }

Then the failure event for F-UCBVI is defined by F := U?:1 Fi.

The following lemma shows that the failure event F happens with low probability.

Lemma 8 (Failure probability). For any FMDP specified by (2.1), during the running of F-UCBVI
for K episodes, the failure event F happens with probability at most 0.
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Proof. By Hoeffding’s inequality (Lemma 37) and the union bound, /7 happens with probability at
most §/8. The same argument applies to F3. By L;-norm concentration (Lemma 36) and the union
bound, F5 happens with probability at most 6/8. By the same argument regarding failure event Fy
in [9, Lemma 6, Section B.1], 74 and F5 happen with probability at most ¢ /16 respectively. By the
same Bernstein’s inequality argument in [1, Lemma 1, Section B.4], F¢ happens with probability at
most 0/8. Finally, applying the union bound on F; for i € [6] yields that the failure event F happens
with probability at most 56/8 < 4. O

The deduction in the rest of this section and hence the regret bound hold outside the failure event F,
with probability at least 1 — §. From the above derivation, note that we can actually use a smaller

Lo = log(10ml max{max(S; X [I;]), max X [J;]}T/9)
to replace L for F-UCBVI. We use L for simplicity.
A.2 Upper confidence bound on the optimal state-value function

The transition estimation error refers to a term incurred by the difference between the estimated
transition and the true one. To apply scalar concentration, we use the standard technique that bounds
the inner product of their difference and the optimal value function. Specifically, we have the
following lemma.

Lemma 9 (Transition estimation error, Hoeffding-style). Outside the failure event F, for any episode
k € [K], step h € [H] and state-action pair x € X, the transition estimation error satisfies that

(Pulw) = Pl), Vir )| < ZHM +;j;12HL ]m A1)

Proof. Omitting the dependence of Py (), P(x), P; (), Pi(z) on z,
<13k - P, V;f+1> = <H Pix -] P V;f+1>
i=1 i=1

< (Pok — P)Pri1 P i V;+1>

=1
= <Pi7k - B ]Epl:,-,lﬁmzm,k [V};k+1]>
=1
= i <Pi,k - PMEPI:%-,IEPM:MC[V,;‘+1]>
=1
= i <P2,,€ P, Ep,Epy, m[Vh+1}> (A2)
i=1
+ i (Pok = PuBr By~ Ern) Vil (A3)

i=1
where the second equality adopts an inverse telescoping technique (add and subtract a sequence

of terms), essential to our analysis. Outside the failure event F (specifically, 1), (A.2) is upper
bounded by

3 L
‘< k() (@), Epyi 1 (@) EPsim (@] h+1]> ON, (@) (A4)
By Lemma 10, outside the failure event F, (A.3) is upper bounded by
‘<15i,k($) —Pi(2),Ep,, @) Ep, . () EP+1m(r))[Vﬁk+1]>‘
- S, (A5)
< 2HL | il
B j:ziil Nik(z)Nj ()
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Combining (A.4) and (A.5) yields the transition estimation error bound (A.1). O]

The following Lemma 10 brings in the cross-component term, also as part of the transition bonus
later, which results from applying inverse telescoping once and L;-norm concentration (lemma 36)
twice.

Lemma 10 (Holder’s argument). Outside the failure event F, for any index i € [m)], episode k € [K],
step h € [H] and state-action pair x € X,

[(Pir(@) = Pu@) Epy a0y )~ o) Vi)
SiS;

< 2HL,| —7—? .

j;l \ Nik () Njro ()

Proof. By Holder’s inequality,

‘<p7,,k?(x) - P( ) Epll 1(I)( 1+1 m, k( ) ]EP+1 7,L(I))[Vh+1]>‘

< ‘ pi,k(x)—Pi(ﬁf)H ‘EPM @) Ep ) EP+1m(m))[Vh+1]HOO
2S5;L
m ’ H]Epl:i—l(w) (]EPH»lnn,k(x) EP +1:m h(w))[Vh-i-l]H ’ (A.6)

where the second inequality holds outside the failure event F (specifically, F2). We proceed to
bound the L,-norm term by applying the inverse telescoping technique. Omitting the dependence
of Py(z), P(x), P, (), P;(x) on = and defining the empty product (e.g., P;11.;) to be 1, for any
i€ ml,

Ep.i_y (EﬁiJrl:,n . EPH»] nl)[‘/i;—l]

< ﬁ Py — H i Epy, Vh+ﬂ>

J=i+1 J=i+1

< Z (pj,k - Pj)Pi+1:j—lpj+1:m,kaEP1:7',_1 [Vi;k+1]>
j=it1

= Z <Pj7k‘ - ]EP11 1]EP+1] 1]Epj+1:nl7k[vi+l]> c R8L.
J=i+1

Therefore, for any ¢ € [m] and §'[i] € S;,

B ®s, — Brnn ) Vil (1)

[~ B M)

<y \<Pj,k—Pj,Epm Erens Bp L Vi (S]]

j*i+1

P H "EPi+1:j71Epj+1:771,k[V}T“Fl(sl[i])}H

00
Jj=i1+1

m

QSL
<2

Jj=i+1
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where the last inequality holds outside the failure event F (specifically, F2). Substituting the above
into (A.6) yields

(k@) = P& Epy ) Bpy o) — B Vi)

Z 25; L 25;L
- Njr ()

Jj=i+1
- SiS;
= 2HL,| —r? . O
jgrl Ni g (2) Nk (2)

Recall that our Hoeffding-style transition bonus (3.1) is exactly the transition estimation error bound
in (A.1). Add a subscript k to R, R; to denote the corresponding quantities in the kth episode. Recall

that our choice of the reward bonus upper bounds the reward estimation error outside the failure event
F (specifically, F3), i.e.,

l
Ri(z) — R(x)‘ <Y | Rl

The following lemma shows that these choices ensure the optimism. Specifically, V. 1, is an entrywise
UCB of V* forall k € [K],h € [H].

Lemma 11 (Upper confidence bound). Outside the failure event F, for the choices of bonuses in (3.1)
and (3.2), V¥ (s) < Vi i (s) for any episode k € [K], step h € [H| and state s € S.

- R@)| < 0\ 5577 = el

7’7

Proof. Forh = H + 1, Vi, 1(s) = Vi gyi1(s) = Oforall k € [K] and s € S. We proceed by
backward induction. For all k € [K], for a given h € [H], for all s € S, with xy, ,, = (s, 7k (s, h))
and zj = (s,7%(s, h)),
Vin(s) = Vi (s)
=R(wp,n) + Br(wxn) + <Pk(xk-,h),7k,h+1> +bi(zk,n) — R(xy) — (P(x), Vi)
R<xh> + Bu(ai) + (Bulwd). Vi) + baleh) - R(h) — (P(}). Vi)
(Pelai). Vienss = Vit ) + R(ai) = R(a) + Bi(a7)

+ <Pk<x:z> — P@3) Viiir ) + beai),

Y

v

where the first equality corresponds to the nontrivial case where V. ;(s) < H — h + 1. Since
<}5k(x;2), Vit — V}f+1> > 0 by the inductive assumption, we have V', 5 (s) — V;*(s) > 0 outside
the failure event F. Therefore, V;*(s) < V. ,(s) forall k € [K],h € [H],s € S. O

Refer to the difference between the optimistic value function than the optimal value function as
the confidence radius. We now bound the confidence radius in the following lemma. After the
introduction of “good” sets, we then bound the sum over time of the squared confidence radius, which
is useful to prove that the cumulative correction term is lower-order (polylog in 7', Lemma 22).

Lemma 12 (Confidence radius, Hoeffding-style). Let Fyy := bmH max; S; L be a lower-order term.
Let s+ € S denote the state at step t of episode k and xy, 1 = (Skt, Tk (K¢, t)). Outside the failure
event F, for any episode k € [K|, step h € [H| and state s € S, the confidence radius of F-UCBVI

satisfies that
Sk.h = 8‘| ,H} .

i m
Vin(s) =V, (s) < min {;E” [Z \/W Z M, i (xg t)
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Proof. By definition, for any k € [K],h € [H],s € S,
Vin(s) = Vi (s)
<R(wxn) + Br(wrn) + < k (Th,n), Vk,h+1> +bi(@rn) — R(xy) — (P(ah), Vi)
(Tk,n) + < b (Zh,n) Vk,h+1> + b (2n,n) — R(zkn) — (P(wrn), Vi)

<28y (xkn) + <Pk($k,h) - P(l'k,h)7vk,}z+1> + (P(@k,n), Vighe1 — Viga) + bi(@e.n)

<R(zppn) + By

2S;L

< (Plewn) Vigers = Vi) + 3_Hy | =005

=1

"rbk(ka’h) +2ﬁk(xk,h). (A7)

For by (,5), we have

u S;S;
(x :§ / +§ : § 2HL 2
ok N; k(zx.n) =50 Ni (@) Njk(Tr,n)

L 1
Hy|——  + 2mmax S;HL ————
2Ni (k1) ; ‘ Nik(Tk,h)

'Ms i

Il
-

K2

<3m max S;HL Z m
Substituting the above into (A.7) yields
Vin(s) = Vi (s)
2L

% k(l'k h)

!
<(P(xkn), Vighs1 — Vh+1>+5mHmaxSLZ\/7 Z
2k

=(P(n), Viehs1 — Vig1) +Zm Z

zk xkh)

By backward induction over the subscript h, we have

Vin(s) = Vir(s) < mm{ZEm [Z o) Z Mi (1)

Sk,h:5‘| ,H}.

A.3 Good sets of state-action pairs

The following “good sets” [44] are a notion of sufficient visits so that the estimations are meaningful,
the introduction of which is seminal to the sum-over-time analysis.

Definition 5 (Good sets). Define the good sets of state-action components for transition and reward
estimations as

L,,,C:_{ 1] Zwm >HL+H}
AM::{ [ ;] va >HL+H}

n<k

Then the corresponding good sets of state-action pairs are defined by

Ly:={x e X:z[l;] € L) foralli € [m]},
A ={x e X :z[J;] € Aj foralli € [l]}.
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We shall restrict our attention to the state-action pairs in the good sets (with sufficient visits). To
this end, we show the sums of visit probabilities to the state-action pairs outside the good sets are
lower-order terms in the following lemma.

Lemma 13 (Sum out of good sets). The sums of the visit probabilities of the state-action pairs out of
the good sets and over time satisfy that

K H m
S5 winle) <8 XI[LHL.
i=1

k=1h=12z¢L,

K H l
> wen(z) <8 X[J|HL.
i=1

k=1h=12z¢A,

Proof. 1If x[I;] ¢ L; 1, then by definition,

1
1 E w; w(z[l;]) < HL+ H+ H = H(L + 2).
<k

Therefore,

k=1h=1z¢Ly 1h=1lzeX
K H m
= Z Z W, () ZH(QC[L‘] ¢ Li )
k=1h=1zcX i=1

where in the third inequality we write >, .y as -1, 1c x(1,] 2oz[—1)ex[—1,) @nd use the definition
of w; , », (Definition 3). Since L = log(16miSXT/§) > 2, we have

D00 D wiale) <8 X[IJHL.

k=1h=12¢L,

The same argument applies to vy, (). O

The following lemma bridges the visit probabilities w; , and v; j, to the actual numbers of visits V; j,
and M; j, for the state-action pairs in the good sets.

Lemma 14 (Visit number and visit probability). Outside the failure event F, the numbers of visits
N ;. and M j, to the state-action pairs in the good sets satisfy that

1 .
Nig(z) > 1 Z w; (x)  foralli € [m]and x € Ly,
k<k
1 .
M; i (x) > 1 Z wy (z)  forallie [l and x € Ay.

<k
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Proof. Outside the failure event F (specifically, Fy), for all ¢ € [m],

z) > %Zwm(x) —HL

r<k

1 1
1 Z w; k(x) + 1 Z w; (x) — HL

rk<k rk<k

1
1 Z w; k(x) + H

k<k

1
1 Z W; ()

rk<k

v

v

where the second inequality results from the definition of good sets (Definition 5). Outside the failure
event F (specifically, F5), the same argument applies to M; () for all i € [I]. O

By Lemma 14 and the definition of the good sets (Definition 5), for all k € [K], N; (z) > HL+H >
2forall x € Ly, and M; ,(x) > HL + H > 2 for all z € Aj. Therefore, the regret analysis out of
the good sets automatically precludes the cases of zero denominators in Algorithms 1 and 2, where
we replace the zeros by ones for algorithmic completeness.

Refer to the ratio of visit probability wy, j, to visit number IN; j, or M; ;. as the visit ratio. Then the
accumulation of the visit ratios turns out to be a lower-order term, as shown in the following lemma.

Lemma 15 (Sum of visit ratio in good sets). Outside the failure event F, the sums of the visit ratios
of the state-action pairs within the good sets and over time satisfy that

ZZZ wkhz ZZ T S XL foraiti €

k=1h=1xz€Ly ik k= 1z€Lk
K w $

kh .
ZZ @ Z Z <AX[J)L  foralli € [l].
k=1 h=1 k=1zecAy

Proof. Outside the failure event F, for any ¢ € [m], by Lemma 14,

Z Z Z Z T (z[l;] € Li k)

k= 1x€Lk bk k= 1m€X

wik(@[L]) oo
ZX mﬂ(x[l}] € L)

i:
05

w; k(2[1]) I
(z[I;] € Lik)
k=1 o[, ]%;([l] 2 n<k Wi (z[1i]) y

< 4X[L]Lv

where the last inequality is shown by the proof of Lemma 13 in [44]. The same argument applies to
the visit ratio wy, ,(z) /M; 1, (z) for any i € [I].

As to be shown below, the cross-component transition bonus term brings in the mixed visit ratio

wi,h(x)/+/Nik(2)Nj () in the analysis. By the Cauchy-Schwarz inequality, we immediately
have the following control on the accumulation of the mixed visit ratios.

Lemma 16 (Sum of mixed visit ratio in good sets). Outside the failure event F, the sum of the mixed
visit ratios of the state-action pairs within the good set Ly, and over time satisfies that

ZZZ w“ < U/X[LIX[LL  foralli,j € [m)].

k=1h=1z€Ly Nik(2)Nj (2
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Proof. Outside the failure event F, by the Cauchy-Schwarz inequality and Lemma 15, for any
6,5 € [m],

K A w () K w ()

T lacn, VNik(@)Nk(x) =2 k(@[ L)) Nk (@[1;])
K w () at wi ()
S\ 2 2 Nl \ 2= 2 NoaGlh)
< 4y/X[L)X[1,)L O

The following lemma bounds the sum over time of the expected squared confidence radius, through
the proof of which we can see an initial application of the above lemmas obtained with the notion
of good sets. For clarification, by “sum over time”, we mean the wy, ;(x)-weighted sum over
k € [K],h € [H]and z € Ly, or z € Ay, henceforth.

Lemma 17 (Cumulative confidence radius, Hoeffding-style). Define the lower-order term

Go = 208m* H*(max S;)? max X [I;]L3 + 241> H® max X [J;]L?.

Then outside the failure event F, for all i € [m), the sum over time of the following expected squared
confidence radius of F-UCBVI satisfies that

EK: EH: Z wen () (Epi (Epfi[vkyhﬂ - Vf:k+1])2>

k=1h=1zcX

K H
DD win(a) (EP[(Vk,hH - V;+1)2]) < Go.

k=1h=1z€X

IN

Proof. Let si , € S denote the state at step h of episode k. Since (E[X])? < E[X?] for any random
variable X, we have that for all i € [m],

i i Z Wen () (Epi (Er_i[Vinr1 — Vi;k+1])2>
(

< Z Z Z win(2) (EpEp_, [(Vihir — Vﬁkﬂ)z])
e

K H 2
< Z Z Er, {(Vk,h('sk,h) — Vi (sk.n))

skyl} . (A8)

=~
[
—
>
Il
—
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By the confidence radius lemma (Lemma 12), for any k € [K]|, h € [H],
— . 5
Ex, {(Vk,h(sk,h) — Vi (sk,n)) ‘Sm}
l 2L ’
Ex A () Sk,1
(2 ’ [Z m Z i k(mk,t) 1)
I H
<2mHF} E,
’ ZZ * {N k xkt)

Sk,h
} +4lHL Z]EM [ STAET

Sk,l]

i=1 t=h =1 t=h
1 ! 1
<2mH?F?> E, [ s ] +4lH?’LD E, [ s } ,
- 0 1:21 " I Nig(2kn) w1 1:21 LMk (zk ) 1

where in the second inequality we use the inequality (3", ai)2 < n> ", a? for multiple times
(n =2,m,l, H). The confidence radius lemma (Lemma 12) also guarantees that

Ex, [(Vk,h(sk,h) - V;(Sk,h))Q‘Sk,l} < H?.

Therefore, substituting the above two bounds into (A.8) and by Lemmas 13 and 15, we have
K H

Z E,, [(Vk,h(Sk,h) - V;(Sk,h))2‘3k71:|

K H K H
+Y°> W, p (T H2+Zzzwk,h($)H2

k=1h=12¢L, k=1h=12¢A,

l
<2mH*F§ Z4X L +41HLY AX[J]L + 8H® ZX 1L+ 8H? ZX
i=1 i=1 i=1 i=1

<8mH2FOZX L+16lH22X L2+8H3ZX L+8H3ZX

=1 =1 =1 =1
=208m* H* (max S;)? max X [I;] L + 241> H3 max X [J;] L?,
7 K2 K3

where in the last equality we use the definition of Fy (Lemma 12). O]

A.4 Regret decomposition

We decompose the regret in the following standard way [44], and then bound the sum over time of
the individual terms in the next few subsections. Here we assume the general transition bonus b to be
a function of step h, as in F-EULER.

Lemma 18 (Regret decomposition). Let Ly, Ay be the good sets defined in Definition 5. Then for

any given FMDP specified in (2.1), outside the failure event F, the regret of F-UCBVI in K episodes
satisfies that

Regret(K)
K
<Y @) min{ ((Pul@) = P(). Vi1 ) + bin (@) + Rele) = R@) + Biu(a)) H }
k}-{l a:;?( A A
< S wia (@) ({Pule) = P@), Virgr ) +oin(@) + (Pe(@) = P(2), Vinar = Vir ))
FEth=taele transition estimation error correction term
K H m l
33D wen(2)2Bi(2) + 8H* Y X[L]L + 8H* Y X[Ji)L
k=1h=1xz€lAy =1 =1
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where the by, j,(x) term is referred to as “transition optimism” and 20y, (x) term is referred to as
“reward estimation error and optimism”.

Proof. Add a subscript k to @}, in the VI_Optimism procedure (Algorithm 2) to denote the corre-
sponding optimistic Q-value function in episode k. Since Vi, 1, is an entrywise UCB of V;*, we upper
bound the regret by

K
Regret(K) < kag(sm) — V™ (sk,1) (A.9)
k;l
= Z () (Qr(x) 1(z))
k=1xzeX
K
:ZZ (mln{ k(z) + Br(x <Pk($) V}c2>+bk1()H}
k=1zeX
R — (P(), V) ) (A.10)

_ i <Z (@) min{ (Rx(w) = R(x) + Be(@) + (Pu(e) = P(@), Via)

k=1 ‘zeX

+ by (z ) } + ) wpa(a )ZP(s’m (vk,g(s’)—wk(s’))). (A.11)

reX

/

Let 2’ = (¢',d). By definition, the visit probability wy, ; () has the property that wy, j41(z') =
Y wex Wen(x)P(s'|2)P(my(s', h) = a’), where P(-) denotes an appropriate probability measure.

> weale ZP ) (Via(s) = V3™ (s)

zeX

= wpa(e Z P(s'[x)P(mi(s", 1) = a') (Qr2(2") — Q3*(2))

zeX r'eX

= wia(e) (Qra(r') — Q5*(2')).

r’eX
Substituting the above into (A.11) yields

Regret(K) < Z Z w1 (2)(Qr1(x) — QT* ()

< i (Z wy (@) min{ (RBx(e) = R(x) + Bie(e) + (Pe(x) = (@), Viz)
@) )+ Y wna(e) @uale) - QF (@) ).

Inductively, we have
Regret(K)

< i > win(@) minf (Ri(@) = R@) + B(@) + (Pe(@) = P@), Viws1 ) + b)), H }.

k=1lzeX
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Outside the failure event F (specifically, F3 for F-UCBVI),

Regret(K )

< Z Z >~ wen(@) min { ((Py(@) = P@), Vi) + beale) +284(x) ), H |

k=1h=1zeX

< i EHI > wn(@) (<Pk(x) — P(x), v,;;1> + byp(z) + <f:’k(:r) — P(2), Vgt — v,;+1>)

+2 0 2 wen@2(@) 4 ) > D wen@H+ ) D ) wen()H
: . k=1

h= I¢Lk k=1h=1 :EQAk

< i i 3" win(x) (<Pk(x) ~ P(a), v,;;l> + by () + <]5k(x) — P(&), Viepsr — vhf+1>)

K H m l
33D wen(2)2Be(x) + 8H* Y X[LIL +8H* Y X[J|L

k=1h=1z€Ay i=1 i=1

A.5 Bounds on the individual terms in regret

To prove the following bounds on the individual terms in regret (Lemma 18), we heavily use the
lemmas derived from the notion of the good sets (Section A.3).

Lemma 19 (Cumulative transition estimation error, Hoeffding-style). For F-UCBVI, outside the
failure event F, the sum over time of the transition estimation error satisfies that

K H
ZZ Z wkh(ac)<]5k(x) — P(x), Vi) ZH\/2X +4m2HmaxS maxX L2

k=1h=1xz€L,

Proof. Outside the failure event F, by lemma 9,

K H
S Y wen(@) (Pula) - Pla), vs+1>

k=1h=1z€Ly

K H S8
H HL —j 12

For the first term in (A.12), by the Cauchy-Schwarz inequality and Lemma 15,
>3 % e (S )
k=1h=1z€Ly
7 K H K H win(z)
k,h
SE> SND ) DD SRS 35 DB o
i=1 ¢

k=1h=1z€Ly k=1h=1z€Ly ’
m
<M H
=1
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For the second term in (A.12), by Lemma 16,

IRIPILAC > Y 2m Nr@ N @)

=1h=12€Ly i=1 j=i+1 75

<m?HLmaxS; - 41/ X [I;) X [I;]L
K]

<4m’H max S; max X, L2
Substituting the above two bounds into (A.12)completes the proof. O

Lemma 20 (Cumulative transition optimism, Hoeffding-style). For F-UCBVI, outside the failure
event F, the sum over time of the transition optimism satisfies that

K H m
S wen@be(x) < HV2X[LITL + 4m® H max S; max X;L°,
=1

k=1h=1xz€Ly

Proof. The proof is exactly the same as that of Lemma 19 by noting

m m SZS
b () = ZHM +Z Z 2HL (x)]\;_k(x
i=1 i=1 j=i+1 Js

Lemma 21 (Cumulative reward estimation error and optimism, Hoeffding-style). For F-UCBVI,
outside the failure event F, the sum over time of the reward estimation error and optimism satisfies
that

Proof. Outside the failure event F, by the Cauchy-Schwarz inequality,

9) S ITHELIEED 9) DD oETIE) SRy

k=1h=1x€A, k=1h=1z€A
K H
Wk, h :L')
Z Sy D A\ 2o 2 2 wka()
i=1 k=1h=1z€Ay k=1h=1z€Ay

1
<3 VeX[IITL,

where the last inequality is due to Lemma 15. O

Lemma 22 (Cumulative correction term, Hoeffding-style). For F-UCBVI, outside the failure event
F, the sum over time of the correction term satisfies that

Z Z Z wk’h(u’(}) <Pk($) — P(:L‘),Vk’thl — V,;k+1>

k=1h=1xz€Ly
<45m3H2(maXS )* maXX[Ii]LQ'E’ + 14mIH"? (max S;)%° (max X [I;])® (max X [J;])*-° L?.
7 7

7

Proof. Since V}g,h_i'_l is a random vector, we cannot apply scalar concentration as in bounding the
transition estimation error (Lemma 9). However, some techniques there are useful here, including the
inverse telescoping technique and the Holder’s argument (Lemma 10).
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Omitting the dependence of Py (z), P(x), P; (), P;(z) on z, for any fixed i and s'[i] € S;, by the
inverse telescoping technique,

<15k — P Viht1 — V;{k+1>

= <H Py — Hpi,vk,hﬂ - V,;"+1>

i=1 =1

= Z(Pi,k — P)Pri1Piitomgs Viehi1 — V;f+1>

=S " (Pux— PiEp, Ep,y, [Vinss — v;+1}> (A.13)
i=1
m ~ J—
+ Z <Pi,k - P,Ep,,_, (ERJA:,,L,,C - EPi+1:7n)[Vk7h+1 - Vh:—l]> : (A.14)
i=1

For (A.13), outside the failure event F (specifically, Fg),
<pi,k — Pi,Ep  Epyr [Vihtr — fo+1]>

2L 2P;(s'|i||x)L — *
< Z ( + ( Hl ) >EpltiIEP’i+1:77L[Vk7h+1_Vh+1]

s'[i]€S; 3Nl,k(x) Ni,k(l')
_ 2HS; L oL )
<ttt 2 Nt B e ~ Vil

q ES
the sum over time of Wthh are both bounded, respectively, by

Z Z > wpn(x JZHSL 8 e NIIL2 < 3HS,X[1,]12
3N k( ) — 3
k=1h=1z€Ly

K A "il|z —
DX wkalw) Z WEPJVICJLH = Vil

K H *
<V28LY Y Zwk,h(x)\/EP Er %:(H) Sl

K H
<V25.L, 13 % ?\;k,h(wg_ ZZ > win(@)Ep, Ep_, [Viner — Vii))?

k=1h=1z€L;, © k=1h=1z€Ly

<V2S;L-2\/X[L]L - /Gy

<41m?H?(max S;)"5 max X[I;]L*5 + 14l H® (max ;)% (max X [I;]): (maxX[J )05 L2,

where the first and second inequalities are due to the Cauchy-Schwarz inequality, and the third inequal-
ity is due to Lemma 15 and Lemma 17. With the same Holder’s argument as in Lemma 10, (A.14) is
upper bounded by

U S;S,
2HL #’
2 Nik(z)Nj ()

the sum over time of which is upper bounded by 4m? H max; S; max; X;L? due to Lemma 16. [

Z<zk PiEpy, (Ep,, . —Erir) [Vihtt — V;T+1]>
>
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A.6 Regret bounds (proof of Theorem 1)

Proof. Outside the failure event F, combining Lemmas 18, 19, 20, 21 and 22, we obtain

Regret(K) < 2 (Z H\/2X[I;)TL + 4m? H max S; max XZ-L2>

+ 45m® H? (max St max X [I;) L*°

7

+ 14miH" 5(max5 )Y (maxX[I ])0'5(maXX )OPL? 42 VX

m l

—|—8ZX JHL+8)  X[J;]HL
=1

<3ZH\/7+4Z\/ L+ 53m>H?( maXS) maXX[ S L%

+ 22mlH2(maxS )o- "(maxX[I )% max X [J;]L?

@<z¢m+z¢m},

where in the last equality we assume that T’ > poly(m, [, max; S;, max; X[I;], H).

To accommodate the case of known rewards, it suffices to remove the parts related to reward
estimation and reward bonuses in both the algorithm and the analysis, which yields the regret bound

O(xr, VERXIIT). =

26



B Regret analysis of F-EULER

The basic structure of the regret analysis in this section is the same as that of F-UCBVI (Section A),
e.g., the notion of the good sets, including the definitions and lemmas (specifically, Definition 5 and
Lemmas 13, 14, 15 and 16), carries through here. The key difference is a more refined analysis using
Bernstein-style concentrations (Lemmas 38 and 39).

B.1 Failure event

Recall that L = log(16mISXT/J). We define the failure event for F-EULER as follows.

Definition 6 (Failure events). Define the events

By = {H(i € [m],k € [K],h € [H],z € X),

R i 2Varp, ()Ep_, () [V 1L 2HL
‘<Pi7k(x) - Pi(:c),]Ep,i(x)[Vh+1]>‘ > \/ N, n(2) Sy 3N; (2) |’

BQ = fg,

M;(z)  3M;(2)

B :

{H(i € [m],k € [K]|,h € [H|,z € X, s[—i] € S_;),

‘<Pznk(l‘) - Pi(x)vvf7+1(5[_i])>‘ > H Wi(ﬂf)}

Bs := {3(71 € [m],k € [K],h € [H],z € X),

* * L
‘\/Varﬁ)7k(z)EP_7(I)[Vh] — \/Varpq(r)EP_q(z)[Vh ]‘ > 3H W}v

B = {H(ie[m],k’E[K],hG[H]aIGX)a !x/S[m(sc)]—\/Vaf<”($>>‘> J\ﬁ(z)}

Br:=Fy, Bs:=JF;5, By:=TF,

where in Bs and Bs we assume N; ;. > 2 (true for x in the good set Ly), and in Bg we assume
M; > 2 (true for x in the good set Ay). Then the failure event for F-EULER is defined by

B = U?:l Bl

The following lemma shows that the failure event B happens with low probability.

Lemma 23 (Failure probability). For any FMDP specified by (2.1), during the running of F-EULER
for K episodes, the failure event B happens with probability at most 9.

Proof. By Bernstein’s inequality (Lemma 38) and the union bound, B; happens with probability at
most §/8. By empirical Bernstein’s inequality (Lemma 39) [27] and the union bound, B3 happens
with probability at most 0/8, where 1/(N, ;,(z) — 1) is replaced by 2/N; j(x) for N, p(x) > 2.
By Hoeffding’s inequality (Lemma 37) and the union bound, B, happens with probability at most
/8. By Theorem 10 in [27] and the union bound, Bs happens with probability at most §/8, where
1/(M; k(x) — 1) is replaced by 2/M; i (z) for M; . (x) > 2. By the proof of Lemma 8, By and By
happen with probability at most 6/8, respectively; B7 and Bg happen with probability at most 6/16,
respectively. The argument on Bs is more involved, which is stated as follows.
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For k € [K],h € [H],z € X, let Sp, k(w)Ep_i(I) [V] denote the sample variance of Ep_, (,)[V}’].
whose relationship with the empirical variance is given by

* N’L ]f( )
Sﬁl,k(w)Epfz(m) [Vh] = V

W z}k(ﬂEPﬂ‘(z) Vi .
Hence, for N; ;(z) > 2,

1 2H?
. Vars , .Ep [
Nig(z) — 1varP¢.k(a:) Pﬂ(w)[vh] = Nix(a)
By Theorem 10 in [27] and the union bound, with probability at least 1 — 6/8, for all i € [m],k €
[K],h € [H],z € X and N ,(z) > 2,

‘\/S L@ EP_ @ [V — \/VarP @ Ep_, m)Vh Hy\ |57 N _1_ \/ Ninl

which yields that

St Er i@ Vil = Varp, o Er @ [Vi] =

‘\/Varp (I)IEP @V \/Varp @Ep_ @) Vi ]‘
S'\/Varp @ Bpr i@ Vil — \/S (o) B [V)]
+ \/S c@Er@ Vil - \/VarP @Er_i(2) Vh]‘
\/W \/T \/7
Nk ( Ni x( Nk (

where in the second inequality we use |\/a — v/b| < \/]a — b| for all a,b > 0 and in the third
inequality we use L = log(16mlSXT/§) > 2. Therefore, Bs happens with probability at most J/8.

Finally, applying the union bound on B; for i € [9] yields that the failure event F happens with
probability at most d. O

The deduction in the rest of this section and hence the regret bound hold outside the failure event B,
with probability at least 1 — §. From the above derivation, note that we can actually use a smaller

L, = log(16ml max{S maxX[I] maxX[ Ji|}T/0)
to replace L for F-EULER. We use L for simplicity.

B.2 Upper confidence bound on the optimal state-value function

The goal of this section is to show that V', j, is an entrywise UCB of V}* for all k € [K], h € [H].
Analogously to the analysis of F-UCBVI, this optimism is achieved by setting the transition (reward,
respectively) bonus as the UCB of the transition (reward, respectively) estimation error. While the
reward estimation error is direct to bound (failure event 33), to bound the transition estimation error,
we need some properties of the relevant functions.

Recall that in (4.1), fori € [m], P, € A(S;),P = [[j=, Pi € A(S) and V' € RS, we define
gi(P,V) := 2/ L\/Varp,Ep_,[V]. Now fori € [m],k € [K],P € A(S),V € RS and = € X, we
define

Nir(z) 3Nik(z)
The following lemma establishes some “Lipschitzness” properties of g;, which are then used to prove
a similar property of ¢; .
Lemma 24 (Properties of g;). Outside the failure event B, for any index i € [m), episode k € [K],
step h € [H)|, state-action pair x € X and vectors Vi, Va € R,

(bi,k(P? ‘/7 LC) =

19:(P(x), V1) — gi(P(), V2)| < V2L|[Vi = Vall2,p(a), (B.1)
0:(Pu(@), Vi¥) — gu(P(@), V1) < 3VEHLY ———. (B.2)
j=1 Nj’k(l‘)
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Proof. For any finite set S, P € A(S) and vectors V1, Va € RS, we have that \/Varp[V;] <
\/ Varp[Va] + \/ Varp[Vi — Va] (see [44, Section D.3] for a proof). Then for the first property (B.1),

|92(P(x)a Vl) - gl(P(x)7 V2)| < v 2L\/Varpi(-'li)Eplzifl(x)EPi+1:7n(-'IJ)[‘/1 - Vé]

2
<V 2L\/EP1'(1) (Epi @) EPr (@) [Vi — V2])
< V2Ly/Ep[(Vi — V2)?] := V2L||[Vi — Val|2, p(a)-

For the second property (B.2),
9:(Pu(@), Vi) = 9u(P(2), V)|
:\/2L‘\/Varf,, (oEp, Vil - \/Varp. m)IEIp_.@)[V;]‘

=2 ‘\/Varp @B Vi - \/Varp L@ BP_i@ V7]

+\/Var15i’k( Ep (I \/VarP IEP (m)[v}
<VRL|\NVarg, (Bp oVl =/ Vare, o Er_ @[] (B.3)
+V2L ‘\/Varpivk(m)lap_i(m) Vel — \/Varpi(m)]Ep_i(x) [V;]( . (B.4)

To bound (B.3), omitting the dependence of P; (), P;(x) on x, outside the failure event B (specifi-
cally, B,), by an inverse telescoping argument,

’\/Varﬁi:klﬁpﬂ[v;] - \/VarpiYkEp_i[V;]

m
*
S Z ’\/VarP k]EPI j—1\1, k]EP :m\i, k L \/VarP k]EPI G\, kIEP i+ 1:m\é, k[V}L]
J=1,j#i

m

S Z \/Va'rP )C]EPI g 1\7]E g+1 m\i,k (Epj,k - ]EP])[V;]
=L

< Z \/EA (EPlJ l\LI['Z Pjt1 7n\Lk(EPj,k 7E ) Z k( )
Jj=1,j#i Jj=1,j#i

where “-\i” denotes excluding . For (B.4), outside the failure event B (specifically, Bs),

L
’\/Varpl m)EP 1(:1; \/Varp )EP 1(1/,)[‘/ }‘ < 3H m,

Combining the above bounds on (B.3) and (B.4) yields

<3\fHLZ\/7

9i(Pe(@), Vi) = gi(P(x), Vi)

Then ¢; ;. satisfies the following “Lipschitzness” property.
Lemma 25 (Property of ¢, ). Outside the failure event B, for any index i € [m/], episode k € [K],
step h € [H], state-action pair © € X and vector V € RS,

Ok (@), V@) = 64 (P(2), Vi, )|

VQLHV_foHHzf'k(w) 3V2HL - 1
B Ni(x) Nik(z) =/ Njw(z)
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Proof. By Lemma 24, outside the failure event B,
$ii(Py(2), V, 2) — ¢ 1 (P(2), V;f+1»17)‘

9:(Pul@). V) = g.(Pu(@). Viry) | +

< 9:(Pu(@). Viiy) = 9:(P(@), Viiy))

VLIV = Vil oy 3V2HL &~ 1

SN i B e P Vo o)

Now we are ready to present the bounds on transition estimation error in the following lemma.

Lemma 26 (Transition estimation error, Bernstein-style). Qutside the failure event B, for any episode
k € [K], step h € [H] and state-action pair x € X,

A~ m m SZS
‘<Pk( ) — Pz Vh+1>‘ qum o), Vi) + Y > 2HL Wj(
i=1 j=i+1 J.k CC)

And for a given k € (K] and a given h € [H), if V.1 < Vi, < Viny entrywise, then the
above inequality yields

(Pe(@) = Pul@), Viii )|

V2L Vit = Vienially b
Ni ()

L 3V2HL & S;S;
Z\/ Nii( Z\/ +;];12HL\/ Nik(2)Nji(x)

Proof. Recall that in Lemma 9, for all & € [K],h € [H|,xz € X, omitting the dependence of
Py(z), P(x), P, (), P;(z) on z, we decompose the transition estimation error as

§Z¢i,k(P( ), Viht1,T) +Z

<15k ~ P, Vf:‘+1> = Em: <Pz x—P.Ep.. Ep_. m[vh+1]> (B.5)

i=1
+Z<pi,k *]DiaEP1:7:_1(EPH1:mk EP+1m)[Vh+1]> (B.6)
i=1
Outside the failure event B (specifically, B;), (B.5) is bounded by

(Pir(@) = Pu@) Epys @By Vi)

< 2VaI‘P1. (I)Eplzi—l (I)Epi+1:m () [V;+1]L + 2HL
- lek(x) 3lek((£)

=ik (P(), Vijy1, ).
If Kk, a1 SV 1 < Vkﬁ n+1 entrywise, then by Lemma 25, (B.5) is further bounded by

bik(P(2), Vi1, @)

V2L [Vinor = Viilla ooy 3V2HL O 1
<¢i1(Pu(z), Vg1, 1) + 25@) 4

Nhk(x) Nl,k(x) j=1 N%k(m)
A= V2L [Vihor = Viniallo gy - 3VZHL O 1
<¢ik(Pr(x), Vi1, o) +
Ni () V(@) = /Njn()
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For (B.6), the Holder’s argument (Lemma 10) yields

[(Pir(@) = Pi@),Brv ) B ) = BPan@)Via])|

m SS i
< 2HL,| —7—2
gzz—:i-l \ Vi (2) Ny ()
Combining the above bounds on (B.5) and (B.6) completes the proof. O

The first Bernstein-style bound on the transition estimation error (Lemma Zé) depends on the unknown
V11, which is why we derive the second bound in terms of the UCB V', and LCB V ;. Now
simplify the second bound to the form of the transition bonus. Expanding ¢; ;, by definition,

m ) o m \/ﬁHV;%h_H —Kk h+1H2f3
ik (Pre(x), Vi ht1,x) + ’ P ()
Z k k k,h+1 ; le(x)

T 3V2HL S;S;
*Zwv,k Z\/N, +;];fﬁ“\/ Nox(@) Ny (@)

2HL | & V2L Vit = Vinally p, o)

" 9i(Pe(2), Vient1) |~ ; Yk,
; zk( ) Jr;?’N@k(I) 3 VNi(z)

T 3V2HL S;S;
+Z\/N Z\/N’ +;];12HL NN

. V2L Hvk’h'H — Vit HQ,Pk(ac)

L gi( Py( ), Viht1)
; \/ e *Z Nor(@)

=1

+ZZHHL1/— Zm: HL,
i=1 j=i+1 7k() i=1

which is precisely the transition bonus by, () in (4.2). Therefore, for any k € [K], h € [H],

[(Pela) = Pule), Virer )| <bie),

if K,ﬁ 1 SV 1 < V;ﬁ n+1 holds entrywise, which we soon prove in Lemma 27. Note that our
choice of the reward bonus upper bounds the reward estimation error outside the failure event B
(specifically, Bs), i.e.,

1

l l A
Rule) — R(a)| < 3[Rt - Ri(x)| < > 2?5:}5 (;])L +Y s A;‘f(x) = Bula).

With x5, = (s, 7 (s, h)), recall the optimistic and pessimistic value iterations are defined as

Vi.n(s) = min {H —h+1,R(xpp) + <Pk(xk,h)avk,h+l> + bip(TE,n) + ﬂk(l’k,h)} )
Vi n(s) = max {0, R(xp.pn) + <Pk($k7h),Kk,h+1> — bi,n(Th,n) — 5k($k,h)} :

The following lemma indicates that the Bernstein-style bonuses and the above value iterations ensure
optimism and pessimism. Specifically, Vi, and V ;, are entrywise upper and lower confidence
bounds of V¥ forall k € [K], h € [H].

Lemma 27 (Upper-lower confidence bounds). Outside the failure event B, for the choices of bonuses
in (4.2) and (4.3), for any episode k € [K], step h € [H] and state s € S,

Vin(s) SVii(s) < Vial(s). (B.7)
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Proof. Forh = H+ 1,V .1(s) = Vi, 1(s) = Vi msi(s) = 0forall s € S,k € [K]. We
proceed by backward induction. For h € [H], assume (B.7) holds for h+ 1. The transition bonus then
satisfies |<Pk(x) — Pe(x), Vi, )l < bgp(a) forallz € X. Forall s € S, with @y, = (s, m(s, b))
and z} = (s, 7 (s, h)), Vi p, satisfies that

Vin(s) = Vi (s)
=R(@in) + Bulwen) + (Pelorn) Vinsr) +bilann) = B(wh) = (P@i), Vi)
>R(a7) + Be(ar) + (Pe@i). Vinst ) + be(ai) = R(wh) = (P(a3), Vit )

(Pel@h). Viner = Virer )+ (Pelai) = P(@i), Vityr ) + bi(a) 2 0,

5

Y

and V, , satisfies that
Vi (s) = Vi u(s)
>R(zy) + (P(x}), Vigq) — Ri(zpn) — Br(zpn) — <pk($k,h),zk7h+1> + br,n (Tk,n)
>R(wpn) + (P(xen), Viier) — Ri(zpn) — Br(zhn) — <Pk(xk,h)7zk,h+1> + b, n (Th,n)

> <15k(a:k,h), Vig1 — Kk,h+1> + <P($k,h) — Pu(wn), fo+1> + bk, n(wk,n) = 0.

Inductively, V,, ,, < V¥ < V., holds entrywise for all k € [K] and h € [H]. O

For F-EULER, we refer to the difference between the optimistic value function and the pessimistic
value function as the confidence radius, which we bound in the following lemma. For here and
below, we use “<, ~” to denote “<, =" neglecting constants. Different from the main text, we make
lower-order terms explicit in the appendices.

Lemma 28 (Confidence radius, Bernstein-style). Let Fy := mH max; S; L be a lower-order term.
Let s, € S denote the state at step t of episode k and xy, . = (Skt, Tk (Sk,1,t)). Outside the failure
event B, for any episode k € [K)|, step h € [H| and state s € S, the confidence radius of F-EULER

satisfies that
F d L
1
E 74-2 Seh=s|,H ).
N, M ol ] }

H
Vin(s) = Vi n(s) < min E, L
7 ; ) i=1 ik(Trt) ik (Tkt)

Proof. By definition, for any k € [K],h € [H],s € S,

Vk,h(s) - Kk,h(s)
<Rp(xpn) + <pk($k,h)avk,h+l> + b (@h,n) + Br (k1)
— Ri(wpp) — <Pk($k,h)vzk,h+1> +bun(@rn) + Br(@rn)
= <Pk($k,h)vvk,h+1 - Kk,h+1> + 201 (2rn) + 265 (2h,1)
=(P(@k,n)s Vihs1 = Vi pyr) + <P(xhh) = Pi(wrn), Viens1 — Z’“vh+1>
+ 2bgn (Tk,n) + 2B (Tk,n)

25,L

< <P($k,h)u Vieht1 — Zk,h+1> + Z H m

i=1

+ 20, 1 (2kn) + 26k (28n), (B.8)

where the last inequality results from Holder’s inequality and holds outside the failure event B
(specifically, B2). We apply the following loose bounds on the transition bonus and the reward bonus
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that for any k € [K],h € [H],z € X,

m 2L ||Vins1 — Kk,h-i-le,Pk(a:)

bre,n ( Z 9i(Pr(), Viese1)
Nz k( ) i1 N@k(]})
Sif; ™ AHL
+ 8HL N
;jzz-‘::-l ( )Njk(x) pt Nz,k(fﬂ)
- QJZ\/VarP;,kEpﬂ,k[VWLH] . m \/EH
< N (z) 22" /Non(@)
" 4HL
+ SHL maxS
; 7;—1 (z) ; Nz,k(l‘)
- 1
< mH max S;L Z 7
' i=1 N, i ()

and

2S[7; (z)] :

!
(z)]L
Br(x) = — 7 T § L
IS I e B Bvi ot
Substituting the above bounds on by, 5, (x) and S (x) at = xy, p, into (B.8) yields

l

Vi V““”Z et e

Sk,hS] ,H}

O

Vien(s) — Vin(s) S <P(xk h);

Inductively, we have

m l

F L
2 v T2 VA

i=1 Lk(mk},t) i=1 i,k(‘rk}t)

H
Vk h( ) VkJL(S) S’mln{ZE‘ﬂ'k

As noted above, the notion of the good sets in the analysis of F-UCBVI carries over here, which again
plays an important role in showing sum-over-time bounds. Analogous to Lemma 17, the following
lemma bounds the sum over time of the squared confidence radius, which is later used to bound the
cumulative correction term (Lemma 34).

Lemma 29 (Cumulative confidence radius, Bernstein-style). Define the lower-order term

Gy := m*H*(max S;)? max X [I;]L? + 1 H® max X [ J;| L*.

Then outside the failure event B, for all i € [m), the sum over time of the following expected squared
confidence radius of F-EULER satisfies that

K H
Z Z Z w,h (1) (ER (Ep_, [Vint1 — Vk,h+1])2)
< )

<SS wen(@) (Ep[(Vini = Vini)?) < Gi

Proof. Replacing the failure event F and confidence radius bound (Lemma 12) of F-UCBVI by the
failure event B and confidence radius bound (Lemma 28) of F-EULER, the proof of Lemma 17 carries
over here. Note that there is a minor difference in the order of L between the second terms of Gy
(F-EULER) and G (F-UCBVI), resulting from the VL difference in the corresponding confidence
radius bounds. O
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Like the analysis of EULER [44], we show two problem-dependent regret bounds of F-EULER. The
following lemma bridges one bound to the other.

Lemma 30 (Bound bridge). Outside the failure event B, for F-EULER, we have

K H 9:(P(x), Vityq) — 9i(P(x), Vi) |
k; hz::l x; ) VNi(2) < 2V2LH /X[L]Lv/Regret(K).

Proof. Outside the failure event 3, by the properties of g; (Lemma 24),

L& 9i(P(x), Vi) — 9i(P(x), Vi)
ZZ Z k,h,( ) \/W

k=1h=1x€Ly

S 1Vites = Vit lla e
SEODISIT 0

k=1h=1z€L, Ni i ()
Wi,k (T) L
<VaL ZZZ )-ZZwaWmmHmm>
k=1 h=1gzeL;, k@ k=1h=1z€Ly

<2V2L\/X[L]L - \/H?Regret(K) = 2v/2LH \/ X [I;] L\/Regret(K),
where in the second 1nequahty we use the Cauchy-Schwarz inequality, and the third inequality is due
to Lemma 15 in this work and Lemma 16 in [44]. L]

B.3 Bounds on the individual terms in regret

Replacing the failure event F by B, the regret decomposition in Lemma 18 carries over here. Hence,
outside the failure event B,

Regret(K)

< i i > win(@) (<Pk(x) — P(), v,:<+1> Fbpp () + <Pk(x) — P(2), Vint1 — V;+1>)

k=1h=1xz€Ly

transition estimation error correction term
+§ § > wen(r)285(x +8H2§:X L+8H2§jX
k=1h=1z€Ay =1 i=1

where the by, 5, () term is referred to as “transition optimism” and 2/ () term is referred to as
“reward estimation error and optimism”. In this subsection, we present the bounds on the above
individual terms for F-EULER.

Lemma 31 (Cumulative transition estimation error, Bernstein-style) Define

ZZ Z W (z ), Vi) = Z ZEm 97 (P, Vi) sk al,

k 1lh=1lzeX k:lh:l
1 K H
™ 2 ™
ZZ Z W, h Vh-ﬁl = Z ZEﬂk [gz' (Pa Vh-ﬁl)|sk,1]v
k: 1 h=1zeX k 1h=1

where sy, 1 denotes the initial state in the kth episode. Then for F-EULER, outside the failure event I3,
the sum over time of the transition estimation error satisfies that

ii Z W, p(2) <pk(55) Vh+1> Z\/ﬁ+m2HmaxS maxX[ }

k=1 h=1z€Ly
and that

Z\/(C’TX TL+ZH\/X JLv/Regret(K) + m*H max S; max X [I;] L>.



Proof. Outside the failure event /3, by lemma 26,

K H
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By the Cauchy-Schwarz inequality and Lemma 15, the term (B.9) is bounded by

L " P, Vi)
S5 S wn) (Z —

k=1h=1z€Ly i=1

m K H
S NP3 3 SEMERTTERERN b upap ol
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gfp C:X[I;]TL.
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By Lemma 15 and Lemma 16, the terms in (B.10) are bounded by
K " 9HL m S8,
22 2 )| L >+;J;12HL N @Ny (@)
<z HLZ4X L + 2H L max 5; Z Z 44/ X[I;
i=1 j=i+1

<m?H max S; max X [I;] L.

Combining the above bounds on (B.9) and (B.10) yields the first bound in this lemma. To show the
second bound, we bound (B.9) otherwise, by

oo [ 9(P@). Vi)
zzzkh(z Mw))

k=1h=1xz€L, i=1
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Z 2,/CTX[LTL + Z 2V2LH\/X[I;] L\/Regret(K),
where the inequality is due to the bound bridge (Lemma 30). O

Lemma 32 (Cumulative transition optimism, Bernstein-style). For F-EULER, outside the failure
event B, the sum over time of the transition optimism satisfies that

ZZ Z Wi, b (%) bg, 1 (z f; C:X[LIT+m HQmZaXSim?XX[Ii}LQ

k=1 h=1z€Ly
+m!SH "(maxS )o- 25(maxX[I 1) 75(maxX[J])0 °L?
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and that

m

K H
ZZZwkh o n(x SJZU(C“X TL—I—ZH\/X L\/Regret

+m>H? max S; maXX[IZv]L2

=
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Proof. Outside the failure event B, for all k € [K],h € [H| and € X, by definition,
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where the first inequality is due to Lemma 25. Substituting the definition of ¢; ; into the above bound
on by (), we have

m /L ||Vk,h+1 = Vst ||2,f’k(r)

SOY S wale) (z

P Nix(x)

(B.11)
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By the Cauchy-Schwarz inequality and the inequality that v/a + b < \/a + v/b for all a,b > 0, we
bound the term in (B.11) by

K H Hvk,thl - Kk,h+1 |‘2,If’k(z)
Z Z Z wi,n () N (2)

k=1h=1xz€E€Ly

K H

K H
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k=1h=1xzELy
K H ) .
(2D Y wknl@) (Pe(@) = P@), (Vansn = Vinin)?) | (B.14)

where the term in (B.13 ) is bounded due to Lemma 29, by

Z Z Z Wi () [Vt — Vk,thlH;P(w) S G,

k=1h=1x€Ly
and the term in (B.14) is bounded, due to Lemma 34, by
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By the proof of Lemma 31, the same bounds as those on the cumulative transition estimation error
applies to (B 12). Combining the above bounds on (B.11) and (B.12), we obtain the first bound that
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and the second bound that

ZZ > wn(@)bg ()

k=1h=1z€Ly

Si\/m—FZH\/X I;]L\/Regret(K)
i=1

+m®H? max S; maXX[Ii]LQ +mSIH (max ;)% (max X [1;])* 7 (max X [J;))*° L% O

Lemma 33 (Cumulative reward estimation error and optimism, Bernstein-style). For F-EULER,
outside the failure event B, the sum over time of the reward estimation error and optimism satisfies
that

k=1h=1z€A =1 =1
and that
K H l l
SN wen(@)2Bk(zen) £ VEXILKL+ Y X[ )L
k=1h=1xzcAy i=1 i=1

Proof. The treatment of the cumulative §j, () is essentially the same as the proof of Lemma 8
in [44]. Recall that R; := max,cx {Var[r;(x)]}. Outside the failure event B (specifically, Bs),

ZZ Zwkh )Br (k)

k=1h=1z€A

K H ! 2S[#i(x)]L 14L
=>> > “’kvh(l’)z ( M) 3M()
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K H
<VL ¥ ’;i ZZ 3" win (@) Var(ri()) + X[F]L®  (B.15)

k=1h=1z€Ay

i=1
where the second inequality is due to the Cauchy-Schwarz inequality, and the last inequality is due to
Lemma 15.

Let sg 5, € S denote the state at step h of episode k and x5, = (Sk.n, Tk (Sk,n, h)). Recall that
Zthl 7i(zx,n) < G for any sequence {x , } /L . To obtain the second bound, consider

= 2
Z (k,n) <E (ZW(M,h)) {spn¥ | < G2

= h=1

Var {Sk h}h 1

Take the expectation over the trajectory {s 5 }7_, yields
H

z i (Tk,n)

h=1

]E{Sk,h,}thl Var

{Sk,h}f_1] < G2

Since 7;(+) has independent randomness in different steps, in an alternative notation and taking sum
over k € [K], we have

K H
SN wnl) Var(ri(z)) < KG2.
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Substituting the above into (B.15) yields

K H I .
ZZZ“’M( )28k (k) ZmL+ZX[J 1.2
i=1 i=1

Lemma 34 (Cumulative correction term, Bernstein-style). For F-EULER, outside the failure event
B, the sum over time of the correction term satisfies that

K
Z Z wi,n () <Pk(33) — P(x), Viht1 — Vh*+1>

= 1=

k=1 €Ly
K J—
<33 wenl@) |[(Pele) = P@). Vs = Vi )|
k=1h=1z€Ly
<m?®H?(max S;)*® max X[[;]L*® + mlH"®(max S;)"® (max X[I;])°-% (max X [J;])*° L*®.

Proof. Replacing the failure event F by B and the lower-order term Gy by G, the proof of the
bound on the cumulative correction term for FF-UCBVI (Lemma 22) carries over. Note that the second
term in the bound here has an extra v/L factor due to the difference between Go and G1. ]

B.4 Regret bounds

The following lemma is useful in deriving the problem-dependent regret bounds of F-EULER.

Lemma 35 (Component variance bound). For any finite set S = Q)| S;, any probability mass
function P =T[", P; € A(S) where P; € A(S;) fori € [m), and any vector V € RS,

Varp,Ep_,[V] < Varp[V].

Proof. By the definition of variance,

Varp[V] = VarpEp_,[V] = Ep[V?] - (Ep[V])’ ~ Ep, [(Er_,[V])"] + (Ep[V])’

:EP [Varp [VH
> 0. O

B.4.1 Proof of Theorem 2

Proof. To prove Theorem 2, we actually need to show four combinations of the bounds therein.
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Outside the failure event 13, combining Lemmas 18, 31, 32, 33 and 34, for F-EULER, we obtain

Regret(

and similarly,

Regret( K

By definition,
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Substituting the above bound on C; into the above two regret bounds, we obtain two combinations of
the bounds in Theorem 2. Specifically, assuming 7" > poly(m I, max; S;, max; X[I;], H), we have

Regret(K Z \/in + Z \/RT

=1

Regret( K Z \/in + Z \/gXi

=1

For other two combinations of the regret bounds of F-EULER, outside the failure event 3, combining
Lemmas 18, 31, 32, 33 and 34 yet with the alternative bounds in Lemmas 31 and 32, we obtain

Regret(

m m I
K) $ 3\ JCrXIIT + 3 HXIEIL Regret(K) + 3 VR XIITL
=1 i=1 i=1

+m?®H?(max S;)*® max X[I;]L*® (B.16)
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For inequality y < A,/y + B, the solution is

2
\@SAjL\/z;l +4B§A+\/§,

which yields y < A2 + B + 24%V/B < A? + B, where the last inequality is due to the AM-GM
inequality. Applying the above solution to (B.16) and (B.17) yields

Regret( K <Z./<CWX T+Z\/RX ITL + m® H?(max S;)"* max X [I;]L**

(B.18)
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With 1, = (Sk,h, Tk (Sk.p, B)) where sy, ;, € S denotes the state in step h of episode k, by definition,
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where the first inequality is due to the component variance bound (Lemma 35), the second inequality
is due to a law of total variance argument (see Lemma 15 in [44] for a proof). Substituting the
above bound on CT into (B.18) and (B.20), we obtain the other two combinations of the bounds in
Theorem 2. Specifically, assuming T > poly (m, I, max; S;, max; X [I;], H), we have

Regret(K Z \/gxi K+ Z \/RXi

i=1

Regret( K Z \/gxi K+ Z \/,C'/Xi

i=1

To accommodate the case of known rewards, it suffices to remove the parts related to reward estimation
and reward bonuses in both the algorithm and the analysis, which yields the regret bound

o ) o o).
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B.4.2 Proof of Corollary 3

Proof. Since r(z) € [0,1] and R(z) € [0,1] for all z € X, we have § < H and R; =
maxgex[Var(r;(z))] < 1forall i € [{]. Then by Theorem 2, for F-EULER,

m

Regret(K 52\/Q2X KL +Z\/RX ITL +m>H%( maxS) maXX[ L0

+ m1 I H?(max S;)"" 5(maXX[Ii])O ™ max X [J;] L*

m l

5 VHX]I TL+Z«/X JTL + m® H? (max 5;)"** max X 1, L*
+ m1 P H?(max Sl-)o 5(maXX[I )97 max X[J;) L*5.

Assuming T > poly(m, |, max; S;, max; X[I;], H), we further have

Regrot(K (Z VAT + Z \/7>

=1

In the case of known rewards, again, by removing the parts related to reward estimation and reward
bonuses in both the algorithm and the analysis, we obtain the regret bound O(>"1" | \/H X [L;]T).
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C Lower bounds for FMDPs

C.1 Proof for degenerate case 1 (Proposition 4)

Proof. Without loss of generality, assume argmax; X [J;'] = 1. Let the reward function depends
only on X'[J;']. Then for arbitrary transition, learning in this FMDP can be converted to an MAB

problem with X [.J;"] arms, whose regret in T steps has the lower bound Q(y/X[J1']T) [26]. O

C.2 Proof for degenerate case 2 (Proposition 5)

Proof. The construction is essentially the same as that in the proof of Proposition 4. Without loss of
generality, assume argmax; X [J;] = 1. Let the reward function depends only on X'[J;]. Then for
arbitrary transition, learning in this FMDP can be converted to an MAB problem with X [J;] arms,

whose regret in T steps has the lower bound (/X [J1]T") [26]. O

C.3 Proof for the nondegenerate case (Theorem 6)

Proof. The proof of this lower bound relies on the (v H SAT) regret for nonfactored MDPs. The
basic idea to prove the (v HSAT') regret bound in [21] is to construct an MDP with 3 states (an
initial state, two states with reward 0 and 1, respectively) and A actions, where the state remains
unchanged in the following H — 1 steps after one step of transition. This MDP is equivalent to
an MAB with A arms, which has the lower bound Q((H — 1)V AK). Making S/3 copies of this
MAB-like MDP and restarting at each copy uniformly at random yield the expected regret lower

bound Q(VHSAT).

Here, without loss of generality, assume argmax; X [I;] = 1. Then we only consider the transition of
&1 and neglect the rest. Let the reward function depends only on S;. Let the transition of S; depend
only on Sy and X'[1 1'], where I;' = I1 N {m+1,---,n} contains only the action component indices.
Learning in this component can then be converted to learning in a nonfactored MDP with S; states

and X [I;'] actions, which has Q(y/H S; X [I1]T) regret lower bound.

Now consider the other state components in X'[I;], which we denote by S = X[I; N ([m]\{4})],
where “\” denotes set subtraction. Then X [I;] = X'[I1] - S] - S1. Make S} copies of the above
FMDP, and restart at each copy uniformly at random, so that each copy is expected to run 7'/.S]

steps (K/S] episodes). The regret lower bound is then given by Q(S{\/HS1 X'[[1]T/S]) =

QO(VHXLIT). O

C.4 Proof for the general lower bound for the normal factored structure (Theorem 7)

Proof. Refer to the number of intermediate state components in an influence loop as its length.
For a state component with the loop property, define its minimum influence loop as the one with
the minimum length. Without loss of generality, assume argmax;c7 X[/;] = 1 and the minimum
influence loop of the first state component to be

S8 —--—>8,.1—~>8, — 8. (C.1)
Since the above influence loop is minimum, we have ¢ ¢ I; for all i € {2,--- ,u — 1}. Let
L s:=LNn(m\{u})and I , := I; N {m +1,--- ,n} be the state parts (excluding «) and action

parts of the scope index sets of Sy, respectively. Then X[I1] = S, X[I1 5] X[I1 4]. Note that in the
proof below, we can actually relax the assumption that .S; > 3 for all ¢ to the assumption that S,, > 3
and S; > 2 forall i € [u — 1]. In the case where S; has the self-loop property, the proof below carries
over by letting u = 1.

i

For the space S; in the loop (C.1), we define two special values si, s*. € §; as positive and negative
state component values, respectively. Let the reward function be the indicator function of whether at
least one of the state components in the loop takes its positive value, i.e., for x = (s, a),

R(zx) := 2?5]({11(5[1] =s)}

Construct the transition of s[1] with dependence only on S,, and X[I; ,]. If s[u] = s% (or s*,
respectively), then s[1] follows s[u] in the next step and transitions to s’ (or s', respectively)
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deterministically. Otherwise, s[1] also transitions to s}r or s, but with probabilities specified by
the action components in X'[I; ,]. Construct the transition of the intermediate state components
s[i],i € {2, ,u} with dependence only on s[i — 1]. If s[i — 1] = s’"', then in the next step s[i]
transitions to s’ ; otherwise s[i] transitions to s*. The transitions of other state components are
arbitrary and irrelevant to the regret. Therefore, after the first step, the positive and negative state
component values shift their places in a cyclic way within the influence loop.

For initialization, we choose s[u] to be arbitrary in S, \{s%, s“ }, s[i] to be arbitrary in S;\{s’, } for
i € [u— 1], and s[I; ;] to be arbitrary in X[I; ], where we apply the scope operation (Definition 1)
to s. The initializations of other state components are arbitrary and irrelevant to the regret. In this
way, after the first step of transition, there can be zero or one positive state component values in the
influence loop, depending on the action components in X[I; ,]. Moreover, the number of positive
state components in the loop remains the same for H — 1 steps until the end of the episode.

Therefore, for any s[u] € S,\{s%,s“} and any s[I;] € X[I, ], learning in the above FMDP
can be converted to an MAB problem with X [I; ,] actions where the reward is (H — 1) if s} is
reached at the second time step and 0 otherwise. The regret of such an MAB has the lower bound
Q((H — 1)/ X[11,.T) = Q/HX[I,,]T) [26]. Splitting S, \{s',s"} and X[I; ;] to make
(Su — 2)X[I1,s] copies of this MAB-like FMDP and restarting at each copy uniformly at random, we
obtain the lower bound on regret

Q <<su - 2>Xul,s}\/HX[h,a1 hs—gmuD — Q(/HXLIT),

Note that making S, /3 copies is unnecessary since different copies can share s% and s*. O
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D Lower bound for MDPs via the JAO MDP construction

As pointed out in [1], “they (the (5(\/ HSAT) upper bounds) help to establish the information-
theoretic lower bound of reinforcement learning at Q(v/ HSAT). ... Moving from this big picture

insight to an analytically rigorous bound is non-trivial.” A rigorous Q(v/ HSAT) lower bound
proof is possible [21] by constructing MAB-like MDPs [8]. In the meantime, the MDP literature
suggests that the JAO MDP [20], which establishes the minimax lower bound for nonepisodic MDPs,
also establishes the minimax lower bound for episodic MDPs. We look into this problem in detail,
and find that a direct episodic extension of the JAO MDP actually establishes the lower bound at

O(/HSAT/logT), missing a log factor. It is not clear whether this result can be further improved
with the same construction. The rest of this section introduces our derivation, which we recommend
reading in comparison with [20, Section 6].

Recall that the JAO MDP is an MDP with two states sg, s; and A’ = [ (A — 1)/2] actions. The
transition probability from s; to sq is ¢ for all actions, and the transition probability from sg to sy is
0 for all actions except that it is  + € for one special action a*. The reward is 1 for each step at s;
and 0 otherwise. By making S’ = |.S/2] copies of the JAO MDP one extends the construction to S
or (S — 1) states, which then reduces to a two-state JAO MDP with S’ A’ actions. In the episodic
setting, we simply start the MDP at s for each episode. The symbols §, €, A’ have the same meanings
as they do in [20], and we use S’ to replace k in [20]. Let E,, Eyur denote the expectation under
a € [S’A’] being the better action a* and there being no better action respectively, and Py, Py
denote the corresponding probability measures. Let [E, denote the expectation under a uniformly

random choice of the better action. Hence, E. [f]= S.,114, Z.f:’? E.[f]- Let Ny, No, N denote the
number of visits to state s, to state s and to state-action pair (sg, a*) respectively. We use another

subscript k to denote the corresponding quantity in the kth episode.

Step1 Let H =1/4.

1 1—26)"
Ea[Nl,k,] S Ea[NO’k] + EH/E(L[N&]C] - % + %

Proof. Here we adopt a more refined analysis compared to that in [20], where we consider the
probability of the last state, because a constant deviation in each episode results in a relaxation on the
order of O(K) in total.

M=

Eq[Nig] = Po(Sk,n = 51/Sk,h—1 = 50) - Pa(Sk,n—1 = S0)
h=2
H
+ Zpa(sk,h = s1|8k.n—1 = 51) - Po(Sk,h—1 = 51)
h=2
H H
= 5ZPa(5k,h—1 = 50, ar,h—1 7 a) + (0 +¢€) ZPa(Sk,h—l = 50,Qkh-1 = Q)
h=2 h=2
H
+(1-9) Zpa(sk,hq = s1)
h=2
= (SH":,I[]VQ,]€ - Ng,k} + ((5 + 6)]E(1[N0*7k] + (1 — 6)EG[N1,]€] — 6]P>a(5k,H = 80) — (1 — 5)Pa(5k,H = 31).
Note that
1 1
Po(sk,m = s1) > Punie(Sp,or = 1) = 5~ 5(1 —25)H-1,
Then for § < %,
6Pa(8k7H = 80) + (1 — 6>Pa(5k7H = 81) = 5(1 — Pa(sk,H = 81)) + (1 — 5)Pa(5k,H = 81)
1 1 1 1
_5(2+2( 25)7 7)) 4+ ( 6)2 2( 26)
1 (a-29)"
2 2 '
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Hence,

. . 1 (1-25H
Ea[Nl,k] < 5]Ea[N07k - N07k] + (5 + G)Ea[NO’;@] + (1 - 5)Ea[Nl7k] ) + 5
By rearranging the terms,
. 1 (1-25)H
Ea[Nl,k] < Ea[NO’k] + 6I'I/]Ea[]\](),k] - % + o
where we use H' = 5 O

Step 2 Let R denote the cumulative reward by a given algorithm through K episodes. Then
assuming E,[Noy] < Eynie[No], by Step 1 we have

X X X K (1-25)H
Eo[R] =Eo[N1] =Y Ea[Nig] € KH = Bunie[ N1 i) + €H' Y Ea[Ng,] - o5 PE
k=1 k=1 k=1
(D.1)

Step 3 Independent of the above two steps,

1 51 H 1-(1-20" H-H
umlek Z]Pumf St—sl ;5“" (0_5)25— 15 Z D) .
(D.2)
Therefore,
H+H
Eunit[No,k] < — (D.3)

Step 4 Substituting (D.2) in Step 3 into (D.1) in Step 2 yields

K
KH K (1—28)4
< 27 ! L Sl
Eo[R] < 5 el Z:EG[NO,,J 5T
Therefore,
S’A’ S'A" K
1 KH eH’ K (1—28)4
E.R = — S E,[R] < — K~——=7
R = o g Rl< =+ g5 2 g TR
Step 5
KH eKH (H+H cHVH K (1—20)H
E,[R] < "A(H +HK | - ~+ Kk~
[/ < =5 +S’A’< g T STA/(H' + H) > T IY;

Proof. To be more explicit, let Ny 1 o, denote the number where action a is chosen in state s at the
kth episode. Then by Lemma 13 in [20], we have

K S'A 5'A 5A 5
>3 BN - 3B [zzvm <3 B [zzvom - SRV 25 lzzvm].
k=1 a=1
Since Zfﬁl Euit[No k,a] < H%H/ by (D.2) in Step 3,

K S'A

H+ H KHVH'

SN ENG) £ K+ S SAK(H + ),

k=1 a=1
Substituting the above into the bound on E, [R] in Step 4 concludes the proof. O
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Step 6 Now we determine the optimal value V;*(sg) we aim to compare. Let Vi, = [0, 0.
Then the optimal value function is given by the iteration V;* = B + AV}’ |, where

| 1-6—€ 0+¢€ 10
s B

Iteratively, by matrix diagonalization,

H-1 H-1
Vi =B+ AVy =B+ AB+AVy)=---=()_ A"B=U()_ A"UB,
h=0 h=0

where U = [1, —%t€:1,1] and A = diag(1,1 — 26 — €). Hence,

. _ 0+e€ 0+e€ I
Vl(so)—26+6H (25+6)2(1 (1-25—¢)).

Note that here we compute the exact optimal value because the episodic resetting causes a constant
difference than the stationary optimal value in the infinite-horizon setting in each episode, which
accumulates to the order of O(K) in total, similar to Step 1.

Step 7 Since

o+e 0+e¢ i
(20 4+€)2  45(6 +e€) + €2 ~ 45
we have
Regret(K) = KVi*(so) — E«[R)
0+e€ KH eKH (H+H eHVH
> KH — — 'A'K(H' + H
~ % te 2 SA ( 2 STAK(H' + )>

standard as in [20]

G+e)(1—(1-20—e)) 1  (1-20"
_K< (20 + €)2 BRTRET; )

new challenge in the episodic setting

€ eTH' H' e2TH' H’
> — N N ET QT AL -
ST P T <1+H) 257 A7 HSAKH<V1+H>

O(VH'STA'T)

SR 29,

O(KH'(1—2,)H)

where ©(VH'S"A'T) in the last line is obtained by taking € = O(y/24) = ©(,/254%). The

logic of taking such an € is to let the first term be on the order of the third term, i.e.,

;T*@ @’/H/S'A’KH
46 +2¢- 257 A/ '

The new challenge in the episodic setting results from the episodic resetting of each episode and a
different definition of regret. By taking H = H'log KH = H'logT, we have

2 1 H 1
11 2 \H ’b- Tt _ 7 A/
KH'(0 = )" S KH' e = 0 = 107 = o( VH'S'A'T).

Hence, we obtain the Q(\/HSAT/logT) = Q(v/HSAT) lower bound. Note that taking H' =
H/log T is reasonable, because none of the parameters is exponential in others in our consideration.
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E Concentration inequalities

In this section, we provide a summary of some important concentration inequalities that are frequently
invoked in this work. In what follows, P(-) denotes an appropriate probability measure.

Lemma 36 (Concentration on L;-norm of probability distributions). Let P be a probability mass
Sfunction on a finite set ) with cardinality Y. Let Y = [y1, -+ , Yn] be n i.i.d. samples from P. Let

Py be the empirical distribution based on the observed samples. Then for all € > 0

2
B(IP — Byl > o) <2V exp{—”;}-

Alternatively, with probability at least 1 — 6,

A 2Y log2 + 2log 1 2Y 2
||P—Py|1<\/ o8 %85 —log =

n n )

Proof. This lemma is a relaxation of Theorem 2.1 in [41]. O

Lemma 37 (Hoeffding’s inequality). Given n independent random variables such that X; € [a, b]

a.s., then for all e > 0,
2¢?
P > <2 —_ 5.
( —6)— e"p{ n(ba)Q}

Alternatively, with probability at least 1 — 9,
(b—a)?, 2

log =.
2n 0g5

n

> (% —Elx])

i=1

n

= > (x: — Elxi])

n
=1

<

Proof. See e.g., Proposition 2.5 in [40] for the one-sided Hoeffding’s inequality, applying which to
—X; yields the other side. O

Lemma 38 (One-sided Bernstein’s inequality). Given n independent random variables such that
X; < ba.s., then for all ¢ > 0,

P (Z(xi ~Elx)) > n) < p{_2(Vn+)}
3

=1

where V.= L 5" E[x?]. Alternatively, with probability at least 1 — 6,

n 1=

1 — blog L blog L 2V log + 2blog L 2V log 1
=3 (6 - Efx)) < o2 +\/( Boyey 88 L D08 L [ZT %8 gy
n 3n 3n n 3n n

Proof. See e.g., Proposition 2.14 in [40]. O

For random variables x; € [0, b], applying the one-sided Bernstein’s inequality to x; — E[X;], we can
replace V' in (E.1) by the average variance 02 = % >, Var(x;). Moreover, applying the one-sided
Bernstein’s inequality to —X; + E[x;] yields the other side of the bound in terms of o2. By the union
bound, we have that with probability at least 1 — 9,

1 / 1
< 2blog 3 N 202 log 5
- 3n n
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which is what we actually use in this work.



Lemma 39 (Empirical Bernstein’s inequality). Given n independent random variables such that
2
X; <1la.s. Let S = ﬁ P Dy w be the sample variance. Then with probability at

least 1 — 9,
1 « 2Slog2  Tlog2
=S (B - ) < 4 T B
n - n 3(n—1)
=1
Proof. See Theorem 11 in [27]. O
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