A Proofs for the structural results

In this appendix we provide proofs for the structural results in the paper. We first provide the proof
of Lemma 1. In Appendix A.2 we focus on results relating to realizability. Then in Appendix A.3
we turn to the separation results of Proposition 1 and Proposition 2. Finally in Appendix A.4 we
provide details about the connection to the Bellman and Witness rank.

A.1 Proof of Lemma 1

Proof of Lemma 1. Fix hand V : X — [0, 1]. We drop the dependence on h from the notation, with
x, a always corresponding to states and actions at time & and x’ corresponding to an action at time

h + 1. Observe that as M is a low rank MDP, we have
Ve,a: E [V(z/) | z,a, /\7] = <$(x, a),/ﬁ(x')V(x’)> = <$(x, a), o>
Combining with (1), we have that for any policy 7:
E[|(é(x.0).6) ~E[V() | 2,0, M) | 7, M]|
E[V(') | 2,0, M] ~EV(') | 2,0, M]| | 7, M]

H
[[(3.0.0)) - 1 2.)| 17 0] <. -

A.2  On realizability

Proposition 4. Fix M € N, n < M/2, and any algorithm. There exists a low rank MDP over M
states with rank 2 and horizon 2 such that, if the algorithm collects n trajectories and outputs a
policy T, then with probability at least 1/s, T is at least 1/8-suboptimal for the MDP.

The result shows that if the low rank MDP has M states, then we require n = (M) samples to find
a near-optimal policy with moderate probability. Thus low rank structure alone is not sufficient to
obtain sample complexity guarantees that are independent of the number of states.

In fact the proof yields a slightly stronger conclusion, as the embedding p* is actually known to the
algorithm in the construction. Thus, even when p* is known, we require some inductive bias on ¢* to
obtain sample complexity scaling independently with the number of states.

Proof of Proposition 4. The result is obtained by embedding a binary classification problem into a
low rank MDP and appealing to a standard binary classification lower bound argument. We construct
a family of one-step transition operators, all of which have rank 2. The state space at the current
time is of size M and there are two actions A := {0,1}. From each (x,a) pair we transition
deterministically either to x4 or x3, and we receive reward 1 from x4 and reward 0 from .

Formally, we denote the states as {x1,..., 2} and index each instance by a binary vector v €
{0,1}M, which specifies the good action for each state. The transition operator is

xgifa=v;

(| 250) = {

xp if a # v;

There are therefore 2" instances. Note that as there are only two states at the next time, we trivially
see that that transition operator of each instance is rank 2 and the low rank MDP representation is:

oi(zy,a) = (Ha=v} Ha#0}) and (@) = (1! = 2.}, 1{e' = m}).

Note that ©* = p does not actually depend on the instance index v, so p* is known to the algorithm
for the purposes of the lower bound.

The starting distribution is uniform over [M], so that in n episodes, the agent collects a dataset
{(2D,a® y@}n_ where () ~ unif(zy,...,25), a'? is chosen by the agent and y(*) denotes
whether the agent transitions to x4 or 2. Information theoretically, this is equivalent to obtaining n
samples from the following data generating process: sample j € unif([M]) and reveal v,.
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In this latter process, we can apply a standard binary classification lower bound argument. Let P,

denote the data distribution where indices j are sampled uniformly at random and labeled by v;. Let
qun) denote the product measure where n samples are generated iid from P,. By randomizing the

instance, for any example that does not appear in the sample, the probability of error is 1/2. Therefore
the probability of error for any classifier f is

~ ~

m,?XES (")]P]Nunlt( M] [ ( ) 7& ’U]] > IEv~umf({0 I}M)ES p(")PjNunlf( M] [ ( ) 7& vj]

M
:]\142_:112 spe 1LFU) # 07} 2 MZ 35U # 5]

;<1A14>n2;(1n/M).

The second inequality uses the fact that if j does not appear in the sample then v; ~ Ber(1/2).
Equivalently, we can first sample n unlabeled indices, then commit to the label just on these indices,
so that the label for any index not in the sample remains random. Thus for any classifier, there exists
some instance for which on average over the sample, the probability of error is at least 1/4 as long as
n < M/2. This also implies that with constant probability over the sample the error rate is at least 1/s,
since for any random variable Z taking values in [0, 1], we have

E[Z] <Ys(1-P[Z > 1/8]) + P[Z > /8] < /s +P[Z > 1/s].

~

Taking Z = P;[f(j) # v;], we have

PSNRE") [f] # UJ] > 1/s| > % (1 —7/m)—1/8 > 1/s,

where the last inequality holds with n < M/,

Now, notice that we can identify any predictor with a policy in the obvious way and also that the sub-
optimality for a policy is precisely the classification error for the predictor. With this correspondence,
we obtain the result. O

A.3 Separation results

Proof of Proposition 1. Fix N and consider an MDP with horizon 2, where at stage 1 there is only one
state = and two actions a1, as. At stage 2 there are IV possible states, so that T'(- | x, a;) € A([N])
for each ¢ € {1,2}. We define the transition operator for stage 1, called T for brevity, explicitly
in terms of its factorization. Let ¢(z,a1) = e; and ¢(x, az) = ey where ey, eo € R? denotes the
two standard basis elements in two dimensions. We define p; (i) = /N, pa(i) = i/ (Zjvzl j) and

w(i) = (u1(i), p2(i)) € R% Thus T(z' =i | ,a) = (¢(x, a), u(i)), which can be easily verified
to be a valid transition operator. By construction 7" has rank 2.

For clarity we express 1" as the 2 X [N matrix.

T /N N /N
TA\YEL ) Y e NN )

We now show that the block MDP representation must have IV latent states. Suppose the block MDP
representation is T'(z' =i | z,a) = (¢ (z,a), up(i)). The block MDP representation requires that
for each index ¢ the vector p B( ) is one-sparse. From this, we deduce a constraint that arises when
two states belong to the same block. If i, j belong to the same block, say block b, then for each
(z,a) € X x A, we have

r . _ . M (Z>[b]
T’ =i|a) = ¢nlva)lua@)b] = =g - ¢n(@a)Bra ()
_ O e
RO
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In words, if states i, j at stage 2 belong to the same block, then the vectors T'(z' =i | -), T(2' =5 | )
must be pairwise linearly dependent.” Based on our construction, T'(z" =i | -) = (i), which is just
the i column of the matrix 7'. By inspection, all IV vectors are pairwise linearly independent, and so
we can conclude that the block MDP representation must have [V latent states. O

Proof of Proposition 2. We consider a one step transition operator 7' that we instantiate to be the
slack matrix describing a certain polyhedral set. Let n be even and let K, be the complete graph on

n vertices. To set up the notation we will work with vectors x € R(%) that associate a weight to each
edge. We index the vectors as x,, , where u # v € [n] correspond to vertices.

A result of Edmonds (1965) states that the perfect matching polytope, which is the convex hull of
all edge-indicator vectors corresponding to perfect matchings, can be explicitly written in terms of
“odd-cut” constraints:

P,, := conv {1M € R() | M is a perfect matching in Kn}

= {xER(g) :JIEO,VU:ZI‘%U =1,VU C [n],|U| odd Z qu)v > 1}.

vgU uel

This polytope has exponentially many vertices and exponentially many constraints. Formally,

| . . . .
there are V := W vertices, corresponding to perfect matchings in K, and the number

of constraints is C' := 2(") corresponding to the number of odd-sized subsets of [n]. By adding
one dimension to account for the offsets in the inequality constraints, we can enumerate the vertices
V1y...,0y € R+ and the constraints Cly...,CC € R(E)H, such that (c;, v;) > 0 for all é, j.
Then, we define the slack matrix for this polytope to be Z € RY*Y with entries Z; ; = (c;, v;).

This slack matrix clearly has rank (%) + 1 = O(n?). On the other hand, we claim that the non-
negative rank is at least 2°2(")_ This follows from (a) the fact that PP, has extension complexity
22(n) (RothvoB, 2017), (b) the extension complexity of a polytope is exactly the non-negative rank of
its slack matrix (Yannakakis, 1991; Fiorini et al., 2013).

Next, we define the transition operator T'. We associate each (x, a) pair with a constraint ¢; and each
x’ with a vertex v;. Then we define

<Ci’ Uj>
v
Zk:l <Ci’ Uk>
This is easily seen to be a distribution for each (x, a) pair. We can represent 7" as a C' x V' matrix

T = DZ where D is a diagonal matrix (with strictly positive diagonal) and Z is the slack matrix
defined above.

T(x' | z,a) =

We conclude the proof with two facts from Cohen and Rothblum (1993). First, the non-negative
rank is preserved under positive diagonal rescaling, and so the non-negative rank of 7T is also 22(").
Second, for a row-stochastic matrix P, the non-negative rank is equal to the smallest number of
factors we can use to write P = R.S where both R and S are row-stochastic (here factors refers to
the internal dimension). It is immediate that the simplex features representation corresponds to such
a row-stochastic factorization, and so we see that any simplex features representation of 7" must have
embedding dimension at least 29("), O

A.4 On Bellman and Witness rank

We now state the formal version of Proposition 3. We consider the value-function/policy decom-
position studied by Jiang et al. (2017) where we approximate the value functions with a class
G : X — [0, H| and the policies with a class IT : X — A. Given an explicit (non-stationary) reward
function Rj, with range [0, 1] and the function class ® of candidate embeddings, we define these two

“Note that this is equivalent to the notion of backward kinematic inseparability (Misra et al., 2020).
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classes as:

I(®) := {ﬂ' LT argrri‘ax (on(zh,a),0n) + Rp(xh,an) : 0o.p—1 € Bd(H\/g),gbo;H_l IS ‘b} ,
ac

G(®) := {9 Loy > max (on(xh,a),0n) + Ru(zn,an) : 0o.a—1 € Ba(HVA), po.r—1 € ‘P} .

Here By(-) is the Euclidean ball in d dimensions with the specified radius. We have the following
proposition:

Proposition 5. The low rank MDP model with any function classes G C X — [0, Bland 1 C X —
A(A) has bellman rank at most d with normalization parameter O(B+/d). Additionally, for any
known reward function R with range [0, 1] and assuming ¢§. ;;_, € ®, the optimal policy and value

function lie in (G(®), II(®)), and so OLIVE has sample complexity O (poly(d, H, K,log |®],e71)).

Proof of Proposition 5. The result is essentially Proposition 9 in Jiang et al. (2017), who address the
simplex representation case. We address the general case and also verify the realizability assumption.

Consider any explicitly specified non-stationary reward function R, : X x A — [0, 1] and any low
rank MDP with embedding functions ¢§.;; 1, 1.y and embedding dimension d. For any policies
m, 7" and any value function g : X — R we define the average Bellman error (Jiang et al., 2017) as

E(m, (g,7"), h) :=Elg(zn) — Ru(zn, an) — g(xni1) | aon—1 ~ m,an = 7' (21), M],
We also introduce the shorthand

A((g,7"),zn) :==E[g(xn) — Ru(zh, an) — g(xps1) | Thyan = 7' (zp)] -
Then, in the low rank MDP, the average Bellman error admits a factorization as follows
5(7T7 (9771—/)’ h) =E [A((g7 7T/)7$h) | Tp ~ 7T]

— (B i) 7], [ o)A n)den) )

=: <Vh(77)7§h((gv7r/))>
We also have the normalization ||vy, ()|, < 1 and ||&,((g,7))|l, < (2B + 1)V/d. This final

calculation is based on the triangle inequality, the bounds on g and R and the normalization of uj _,.
Thus for any low rank MDP and any (bounded) function class G, II, the Bellman rank is at most d

with norm parameter O(B+/d).

To prove that OLIVE has low sample complexity, we need to verify that the optimal policy and
optimal value function lie in II(®) and G(II) respectively. Then we must calculate the statistical
complexity of these two classes. Observe that we can express the Bellman backup of any function
V : X — R as a linear function in the optimal embedding ¢*:

(TaV)(z,a) := E[Rn(2,a) + V(2') | z,a,h] = Ru(z,a) + <¢>Z(x,a),/ui(ﬂf’)v(x')d(x’)>

= Rh(xv a) + <¢Z(xa a)vw> .
for some vector w. Moreover, if V : X — [0, H], we know that ||w|| < H+/d. In particular, this
implies that the optimal () function is a linear function in the true embedding functions ¢§.;;_1,

and so realizability holds for G(®), TI(®). These function classes have range B = O(H+/d) so the
normalization parameter in the Bellman rank definition is O(Hd).

Finally, we must calculate the statistical complexity of these two classes. For II(®) the Natarajan
dimension is at most O (H (d + log |®|)), since for each &, we choose ¢, and a d-dimensional linear
classifier. Analogously the pseudo-dimension of G(®) is O (H (d + log |®|)). Formally, we give a
crude upper bound on the growth function, focusing on II(®). Fix A, let S be a sample of n pairs
(z,a),and let hy, he : S — {0,1} such that hy(x, a) # ha(x, a) for all points in the sample. Since
once we fix ¢ € ®, we have a linear class, we can vary 6 to match hq, ho on at most (n + l)d subsets
T C S. Then by varying ¢ € ® we can match Ay, hy in total on |®|(n 4 1)¢ < nOd+1o812) gubsets.
If S is shattered, this means that 2" < nO(d+log|®]) \which means that the Natarajan dimension is
O((d +log |®|) log(d + log |®|)). This calculation is for a fixed h, but the same argument yields the
bound of O(H (d + log |®|)). Instantiating, we obtain the sample complexity bound for OLIVE. []
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For the model-based version using the witness rank, the arguments are more straightforward.
Proposition 6. The low rank MDP model with any candidate model class P has witness rank at

most d, with norm parameter O(\/&) Additionally, for any explicitly specified reward function R
with range [0, 1] and under Assumption 1, the algorithm of Sun et al. (2019) (with witness class of all

bounded functions) has sample complexity O (poly(d, K, H,log |®||Y], 5‘1)).

Proof. Given a model M and an explicit reward function R, we use 7, to denote the optimal policy

for R with transitions governed by M. Then, for two models M7, M, and a time step h the witness

model misfit, when instantiated with the test function class as all bounded functions, is defined as
W(My, My, h) :=E[||Ma(- | zh,an) = T(- | @h, an)llpy | @0:h—1 ~ Tary an = 7ar,, M] .

Here we use the notation M (- | 2, ay,) to denote the transition operator implied by M at stage h.
Recall that 7' is the transition operator of the true MDP. In words, the witness model misfit is the
one-step TV error between candidate model M, and the true environment 7" on the data distribution
induced by executing policy s, for h steps.

Using the backing up argument from the proof of Proposition 5, it is easy to see that the witness
model misfit admits a factorization as

WM, Mo, h) = <E [Shs (oo onm) | M uz_1<xh>A<xh,M2>>

where A(xy, Ma) is the expected total variation distance between My and T on (xp, Taz, (2h)).
Based on this calculation, the witness rank is at most d and the normalization parameter is at most

O(\/E) It is more straightforward to see that realizability holds here, and so the algorithm of Sun
et al. (2019) has the stated sample complexity. O

B Analysis of FLAMBE

As a reminder, FLAMBE interacts with a low rank MDP M, with time horizon H and with non-
stationary dynamics Tp,(zp+1 | n,an) = (&5 (h, an), 1 (Tht1)). We assume that for each h the
operators ¢, i+ embed into R?. We use the shorthand E,. [] = E[- | 7, M] to denote expectations

when policy 7 interacts with the real MDP M and E,, []=E [ | 7, M\] for expectations when the

policy interacts with the estimated MDP /\//T , which has dynamics fo: H—1. Note that this MDP model
changes from iteration to iteration. When necessary we will use I£; - [-] to denote the MDP model
learned in the 7 iteration of FLAMBE.

The analysis of FLAMBE is based on a potential function argument. The key quantities are the second

moment matrices of the real features induced by the policies pg, p1, . . . at each time h. Formally, for
he{0,...,H—1} and j € [Jimax] we define
j—1
Shj o= Maxa+ Y By, [¢h(@n, an)dj(xn, an) 7],
i=0

where A > 0 is a small constant we will set towards the end of the proof. Note that 3, ; > 0 for all
h, 7 and that this is a cumulative (over j) second-moment matrix.

The importance of X, ; is demonstrated in the next result, which establishes an accuracy guarantee
for the model 7. ;1 learned in iteration j. The result is a corollary of Theorem 18.

Corollary 4. Fixj > 1, h € {1,...H — 1}, § € (0,1), and let py,...,pj—1 be any (possibly
data-dependent) policies, with 3y, ; defined accordingly. Let Dy, be a dataset of nj examples where
Jor each 0 < i < j we collect n triples (xp,, ap,xp11) by rolling in with p; to xp, and taking ay,
uniformly at random. Then with probability 1 — § the output (¢, 1in,) of MLE(Dy,) satisfies

| vestonition) [ (B ) =i ] [ <o 2D

Additionally, for any j > 1, with probability at least 1 — & we have
~ N 2 2log(|®||Y]/d
[ (Botzo.a0). 7o ()) = T 1 20,00)| . < 21BUZITIZO)

n
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Proof. For shorthand, we use v, to denote the d-dimensional vector on the left hand side of the
desired bound. Then, the left hand side is

j—1

2 2 * 2
lvnlls, ;= Alonlly + ZEW [(¢h_1($h—1aah—1)th) }
i=0

Ao+ YE, [(E [I(0nn,an). in()) = Tu - | wn,an)
=0

2
| arh_uah_lb
TV

<M+ S]Em ["<$;L(xh,ah),ﬁh(-)> —Th(- | xh,ah)HQTV | ap ~ unif(A)] .
1=0

The first term appears in the desired bound, so now we focus on the second term. We have nj total
examples that form a martingale process, since p; depends on all of the data collected in previous
iterations. Applying Theorem 18, we see that with probability 1 — 4:

gn "Ep, {H<$h($haah)v/7h(')> = T (- | wh,ah)HiV | ap ~ unif(A)} < 2log(|®||Y/4),

where the factor of n arises since we collect n examples from p;. Re-arranging we obtain the first
bound. The bound for » = 0 is a direct application of Theorem 18, since we assume there is a fixed
starting state x with a single available action. O

Now that we have established an accuracy guarantee in terms of the previous exploratory policies, we
state and prove the main technical “simulation” lemma. The following notation is helpful. Given an

MDP model g/b\o:H_l, oz —1 and positive definite matrices X, ..., Xy _1, define

)

3h-1

Vh>1:errp(Shet) i= H/Mh_l(xh)unif(ah) H<q§h(xh,ah),ﬁh(.)> (| xh,ah)HTv

ey = | (Bt o) 7))~ Tol 2000

Further, for each h > 1, define KCp,(X5) = {(Jc,a) eEX xA: H(bfl(a:h,ah)||22;1 < 1}. Let My be

the MDP with non-stationary transition operator 7}, x defined as

(D4 (@, an), iy (Thyr)) if (zh, an) € Kn(3Sn)
H{zht1 = Tabsord } if (Th,an) & Kn(Xh)

where Z,hsorb 1S @ special self-looping absorbing state with a single action aapsor, Such that
T(Zabsorb | Tabsorbs Gabsorb) = 1 always. The initial transition Ty x is identical to Tp. The in-
tuition is that /C denotes the set of “known” state-action pairs, and the MDP My terminates any
episode that escapes the known set. In all of these definitions, we suppress the dependence on ¥,
when it is clear from context. We always consider (Zabsorb, @absorb) to be known.

Thxc(ht1 | Thyan) = {

Lemma 5. Let $O:H—17 Ho.g—1 be an MDP model and let Xo.;y _1 be positive definite matrices.
Assume that

Vh € {0, o H— ].} : errh(Eh,l) <ery.
Let f : X x A — [0,1] be any function such that f(Zapsorb, Gabsorb) = 0, and let w be any policy.
Then for any h € {0,...,H — 1}

Er [f(zh,an) | Mx] — HK \/erv < Ex [f(zh, an)] < Ex [f(zh, an) | Mx] + HK /ety
h—1

+ Z ]P’[(xh/,ah/) ¢ K |7T,Mjc].

h’=0

This lemma establishes a sharp relationship between the learned MDP M and an absorbing MDP
M, defined in terms of the matrices 3J;,, which also governs the estimation error for M. Intuitively
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the error guarantee implies that M closely approximates M provided we stay within the known set
Ko.z—1. Conversely the difference in value between the two MDPs can be bounded in terms of the
escaping probability, which is the third term on the right hand side of the bound.

Note also that the above lemma, with ey = 0, can be used to compare M with M, which yields
that for any non-negative function f and any policy 7:

h—1
Er [f(zn, an) | Mx] < Ex [f(n,an)] < Ex [f(zn,an) | Mic] + D Pz, an) ¢ K | 7, Myl
h=0
3)

This bound actually holds for any sets K;,. We now turn to the proof of Lemma 5.

Proof. Let Vi (x) == E. [f(xn,an) | znr = z] denote the value function (relative to f) in the
model and let V},, k() denote the analogous quantity in the absorbing MDP. We have the following
telescoping identity:

~

Ex[f(zh,an)] — Ex [f(2h, an) | Mk] = / (To(ﬁ | 20, a0) — Tox(z1 | xoﬂo)) Vi(z1)

+E, [‘71(:51) — Vig(z) | M,c}

h—1
= Z E, |:/(Th’ (@nrgr | @nryan) = Thr g (@prgr | neyan ) Vigr (0 41) | MIC] .
h'=0

Note that Vj,(z) = Vj, k() at the time h where we apply function f. This means that we only
accumulate errors up to time h — 1. We now work with one of these terms. In the remainder of the
proof, unless otherwise specified, all expectations are taken by executing 7 in M. By adding and
subtracting T}/, we get two terms

Termly, = E {/(fh’ (hrg1 | zpe,anr) — Th(2pr 41 | l'h/,a}L/))‘A/h’+1(l'}z/+1)]
Term2y,, :=E |:/(Th’ (py1 | zneyan) = The g (@hr 41 | xh’aah’))‘/}h’+l($h’+l):| .

For Term1y,, note that the expression evaluates to zero if z, = Tapsorh since both fh/ and T}, agree
that Z.psorp has a single self-looping action. We now bound Term1 at time h’ = 1, although exactly

the same argument applies to A’ > 0. Defining err(zy,a1) := Hﬁ( | z1,a1) — Th(- | azl,al)H
TV
and by applying Holder’s inequality, we have

Termly < E [Hay # zupsors} |[Ti(- | 21,010) = Ta(- | w,a1)| |
< K -E[1{z1 # Tapsorb junif(ay Jerr(xy, a)]

=K-E [(bg(xo,ao)l {||¢6(330,a0)\@51 < 1” -/ua(ml)unif(al)err(ml,al)

<K-E “Wé(xO?aO)Hzgl 1 {||¢6($0aa0)|\§51 < 1}} -Verr1(3o)
< K./eTv

The first inequality is Holder’s inequality, while the second is an importance weighting argument
to replace a; ~ 7(x1) with the uniform distribution. Next we re-write the expectation using the
low rank dynamics, and also use the fact that 21 # x,ps0r1, implies that the previous transition was
non-absorbing, which yields the indicator. Finally, we use the Cauchy-Schwarz inequality in the
¥ norm, along with the implication of the indicator and the assumed bound on err;(3g). This
argument applies as is to all indices A’ > 0 and for A’ = 0 we simply apply Holder’s inequality
and the definition of errg to obtain the upper bound |/eTv. In total, these terms account for the
HK/ery terms on both sides of the lemma statement.
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Next we turn to Term?2y/. For the first inequality in the lemma statement, we need to upper bound

—Term?2y,/, but this term is easily seen to be non-positive, since YA/(xabsorb) = 0 always. So this
proves the first inequality. For the second inequality, we have (again focusing on time 1)

Term2; = E [/ Ty (2o | 21,a0)1{(z1,a1) ¢ K1 }Va(ma)| < P[(21,a1) ¢ Ky | 7, My] .

The same argument applies for all h > 1. O

In the next lemma, we consider the case where p; has large escaping probability, measured with
respect to the known sets /Cp, (X5, ;). Recall that X, ; is the second moment matrix of the true features
7 at time A induced by the previous roll-in policies po, . .., pj—1.

Lemma 6. Consider iteration j of FLAMBE and assume that erry,(Xy,_1 ;) < ey for each h with
our current model M. Define Ry (z,a) := 1{(z,a) ¢ Ky(Zp, ;) } for each h. Then,

* — 1 =
m}?xtr (Epj [0 (xh, an)dF (2h, ar)) Eh;el) > 77 nax {Epj [Rn(zn,an)] — HK«/ET\/}

Proof. For shorthand let [Cp, := K (X}, ;) denote the known set at round j, and let M denote the
corresponding absorbing MDP. Then, applying the second inequality in Lemma 5 we have

h—1

By, [Rn(en, an)] < E[Rn(zn,an) | pj M| + HEVER + D7 Plaw,aw) ¢ Kir | oy, M
h’=0
h
<HEKerv + Y Pllaw,an) ¢ K | pj, M
h'=0
h
<HKerv + Y Pllaw,an) ¢ K | pj, M]
h'=0
h
= HE Ve + Y P [I03 a2 1] o3, M]
h'=0 K

h
< HEVETV + Y By, [t (6 oy an )i (onsan) "53|
h’=0

The last step follows from Markov’s inequality. Since both matrices are positive semidefinite, the trace

terms are all non-negative. Therefore, by the pigeonhole principle, there exists some k' € {0,...,h}
for which
* - 1 o
E,, [tr (qsh, (s, an )y (n, an) TSt J)] > — (E,,j [Ri(zn, an)] — HE FTV) .
This argument applies for all R, and so we obtain the lemma. [

Next we argue that there cannot be too many iterations for which max;, I@,,j [Rn(xh,an)] is large.
For notation, here we use M) to denote the MDP model in iteration J and we use R,(f ) to denote
the reward functions in Lemma 6 derived from the known sets in iteration j.

Corollary 7. Assume that for each round j € [Jmax] and for all h we have erry,(Ep_1 ;) < eTv.

Set
4Hd 4H
max = ——— -1 1+ —— . 4
/ MK\ JeTv og< +AK\/E) “)

Then there exists some j € [Jmax| for which maxy, E [jo)(xh, ar) | pj, /\//Y(j)] <2HK./eTv.
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Proof. Suppose that in round j, it holds that maxy, E {R;j)(xh, ap) | pj,M\(j)] > 2HK \/e1vy.
Then, by Lemma 6, there exists some time step h for which

tr (Em (o7 (xn, an)dp (xn, an) ] Egj.) > K\ Je1v.

Note that we also have ¥, j11 = Xy j + B, [¢(zn, ar) @} (x4, an) "], so we are in a position to
apply the elliptical potential argument. Specifically if J is the number of iterations for which the
above inequality holds for some h, then applying Lemma 23 for each i and summing across 5 yields

JK /ety < (14 1/x)dH log(1 + Jmax/a)
Plugging in our choice of Jy,,x, and using the fact that A < 1 we have

Je e (1 A (1 A
)\KQ/ETV & )\K«/STV & )\K,/ETV

<ﬂlo 1+ L i < J
_AK,\/E g )\Km — max-

This means that in Jy,.x iterations, we can have max;, E [Rg) (xh,an) | pjs /\//T(j)} >2HK /e1v

in at most J < Jax of them. Thus we must have one where this quantity is small, which proves the
lemma. O

Next, we state a guarantee provided by Algorithm 2, which is a more convenient form of Lemma 16.

Lemma 8. Fix any iteration j, time h, function f : X x A — [0, 1], policy w, any « > 0. Then
—~ T8 oad oKH
E[ (y)] <
flzp,ap) | 7, M 70 +2T+ 5

where T < 4dlog(1 +4/8)/ and B > 0 is the parameter to Algorithm 2.

E | f(znan) | pj, M)

Proof. We suppress the dependence on j. Let us first focus on ph , which is output of Algorithm 2
for some time step k. p},'* induces a distribution over states at time step h, and we argue that this

distribution adequately covers all possible roll-in distributions in the model M = MWW, Consider
any function f : X x A — [0, 1], any policy 7, any . > 0, and o > 0. Calling fﬂ(sch) = [n(a |
ap) f(znh, an), we have

&

Erf(zn,an) =

7r<$h1(xh1aah1)7///~L\h1(mh)f7r<33h)>

<E,

q@h,l(xh,l,ah,l)H?l : H/ﬁhl(xh)fﬂ(ﬂfh)

2
1~
< %0 Ex [|on_1(zh_1,an_ e+ = H/Nh 1(xn) fr(xn)

b

Here we expand fh,l in terms of its low rank representation and then apply the Cauchy-Schwarz
inequality in the norm induced by X. Finally we use the AM-GM inequality which holds for any
non-negative a.

We instantiate X to be the covariance matrix induced by p}"°. First, for any policy = we define
the h — 1 step model covariance as ¥, := E ¢n_1(zh_1,an_1)¢n_1(xh_1,an_1) ", where the
dependence on h — 1 is suppressed in the notation. Note that both the expectation and the embedding

are taken with respect to the model M. Then, the output of Algorithm 2 is a h-step policy p) that is
defined as a mixture over 7 policies 71, ..., . Using these policies, we define X as follows:

T
Idxd 1 Idxd
% =S + = E Y, + )

t:l
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As we run Algorithm 2 using ZA“Ozh,l we can apply Lemma 16 on the h step MDP f();h,l. In other

words, in Lemma 16, we set H < h and M <+ M. The conclusion is that T' < 4dlog(1 + 4/8) /8,
where (3 is the parameter to the subroutine, and we can also bound the first term above:

~

. 2
E. ¢h—1(xh—1aah—1)HE

-1

. I -1
=Extp-1(zh-1,an-1)" <Zp§re + d;d> dn-1(xh_1,an—1) <TP.

Next, we turn to the second term. Expanding the definition of X, we have

] [ st fetan) E

2 ~ 2 (x 2
:Empfe <¢A5h1(%1,%1),/ﬁh1(xh)fﬂ(wh)>> + 1S i€ ;)f (zn) |5
Hfﬁhfl(ffh)fvr(l"h)Hz

T

~

2
= Eype (Elfn(an) | onos,ana]) +

=R 2
I Mh—l(xji:)fﬂ(xh)ﬂz < Bypre fu(wn) + 9/,

The first inequality is Jensen’s inequality along with the fact that f(z,)? < f(x,) since f : X —
[0,1]. The second inequality is based on our normalization assumptions on pp,—1, which we also
impose on fij,_1. Finally, collecting all the terms and importance weighting the last action, we obtain
the bound

< Epee frlzn) +

T8 oK ad

E f(xh) < 7 + Epz oun1f(A)f($h7 ah) + ﬁ
This bound applies to p}™°. As p; is a uniform mixture of these policies and as f is non-negative, we
see that pr;remmif(A)f(:rh, ap) < H -E,, f(xn,an), which proves the lemma. O

Finally, we use the guarantee for Algorithm 2, to prove that our model M universally approximate
the true MDP as soon as max;, E [R( )(xh, an) | pjs M(J)} < 2HK \/e1v. For the lemma, we use

the concept of a sparse reward function. R : X x A — [0, 1] is called sparse if all value functions are
in [0, 1]. For example, this holds if R is only associated with state-action pairs at a single time point.

Lemma 9. Assume that for each round j € [Jimax| and for all h, we have erry, ()1, i) < erv, and

set Jmax as in (4). Then the final MDP model M satisfies the following guarantee: For any sparse
reward function R : X x A — [0, 1], any policy 7, and any o > 0 we have

V(73 R, /T/t\) -V RM)| < HK\/€T7V+ Heescape,

where Eescape = aH*K?\/ETv + g—f + % + HK /erv, T < 4dlog(1+4/8)/8 and B > 0 is the
parameter to Algorithm 2.

Proof. Via Corollary 7, there must be some round 5 for which
maXIF’ [(xh,ah) ¢ Kn(Zh;) | p],/\/l(])} = maxE [R( )(Jch,ah) | pj, MWD } <2HK./e1vy.

We will prove the guarantee for this round 7, and at the end of the proof argue that this also applies to
the final learned model.

Combining the lower bound of the simulation lemma (Lemma 5) with the planning guarantee
(Lemma 8) we see that, for any policy 7

P [(zn, an) ¢ Kn(Sng) | w1 M| <P [(anan) ¢ ich@hj |7, MO + HE \Jerv

aKH —~ T
< P [(;vh,ah) ¢ Kn(Eh;) | Pj,M(J):| s + ﬁ + HK\/eTv
T d
< aK?*H?\[e1y + ﬂ-i-af—i—HK\/a =: Eescape

2T
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Now that we have upper bounded the escaping probability, we can turn to the approximation guarantee.
While we are not in the exact setting of Lemma 5, since we have a sparse reward function, all values
are in [0, 1] so the same argument applies. For one side of the error guarantee, since we assume that
erry,(Xp-1,;) < ey for all iterations, we have

H-1
V(m RMY) <V(m RME) + HE Jery + Y P [(xh, an) & Kn(Sh) | mMg)}
h=0
H-1 ]
<V(m RM) + HEErv + 3 P (@nan) ¢ Kn(Sng) | 7 MY
h=0

V(m; R,M) + HK\/erv + Heescape-

Here the first inequality is Lemma 5, while the second is due to (3). For the other direction, we first
use (3) and then Lemma 5:

V(s R M) < V(s R, M) Z (@) ¢ Kn(En) | 7 M|

V(ﬂ-; R, M(])) + HK\/ erv + HEesCape-

This proves the result for the MDP model M ") at the time j* where the exploratory policy pj*
fails to achieve large reward on RELJ ). We now claim this applies for all iterations after j*, and in
particular it holds at the end of the algorithm. To see why, observe that X, ;1 = Xj, ; for all j,
and so KCp, (2, ;) C K (2, j+1) for all rounds. Since the known set increases with j, the escaping
probability is decreasing, so it is upper bounded by €cscape for all rounds after 7 > j*. Additionally,
we assume that erry,(Xy,_1 ;) < epy for all j € [Jmax]. s0 the total variation term in Lemma 5
remains bounded. Working through the proof of Lemma 5, we can see that the bound continues to
hold for all j* < 5 < Jyax, Which proves the result. O

Final steps. Let us collect all of the conditions and bounds here. At the end of the algorithm, we
have

max ‘V(W; R,M) - V(m; R, M)‘ < HK\/e1v + Héescapes 5
where we may set

5 od 4dlog(1 + 4
Eescape = 10N {O‘H2K2\/5TV + —B + 57+ HK\/m} . T< M’

and 8 > 0 is the parameter to Algorithm 2. Applying Corollary 4 and taking a union bound over all
iterations j € [Jmax] and all times h, we can set
2log(Jmax H|®[|Y[/6)

ETV ‘= )\d+ )
n

where A > 0 is a parameter in the analysis. Finally, the total number of samples collected is

4Hd 4H
H max» h 9 max ‘& Y - —— 1 1 N —
nHJ, where J, K ey 0g< +/\K 6Tv)

We start by optimizing for « in the definition of €cgcape, Which yields o = \/ SHZR? % AT

Plugging into €cscape and using the bound on 7', we get
Eescape < \/2T0 - <HK51/ L \/d/(2T) ) L HK ey

< 2v/8dlog(1 + Y/ HEK e} + \/dpB

Here we are using the fact that ey < 1, which is without loss of generality, since (5) is trivial when
erv > 1. Now we set 8 = H2K?, /e1v so that

Eescape S 16 leg +4/5TV HK€1/4
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Thus, we may restate the final accuracy guarantee as
max V(rm; R, M) — V(m; R,M)’ < HK./eTy + 164/dlog(1 + 4/5TV)H2KE¥\;1
< 17\/dlog(1 + Yerv) H* K}

We want this to be upper bounded by ¢, the final accuracy parameter, which means we can take
A8 K —4q-2
Tlog? (14 1/)
where ¢ > 0 is a universal constant. Looking at the definition of ey and T},,,x, We set
etH8K~4d3 ~ (HB3dP K ~ ( H8K*d*log(|®||Y|/6)
T T4 T ( ) n:O< )
where we are ignoring logarithmic factors. This gives the final sample complexity of

5 <H22K9d7 log(|<I>IITI/5)) ,

10

ETv =

b gt

Finally, note that (1) is implied by the final accuracy guarantee, since we may choose R to be the
total variation distance between our model and the true transition dynamics at time h, which is clearly
a sparse reward function.

Analysis with the sampling oracle. With the sampling oracle, the argument is very similar. The
main difference is in Lemma 8, which is the only place where we use the exact planner. Instead,

we modify the proof of Lemma 8 to instead use Lemma 17 to obtain & and ph¢, and we do the

Cauchy-Schwarz step using 5. By Lemma 17 the first term is still O(7'5) and for the second term we

pay an additive O() to translate from 5 to ¥ (since the spectral norm error is O(A/d) and squared
Euclidean norm of the term involving fi;,_; is at most d). This we have an additional O(a/3) term
in the sample-based analog of Lemma 8. However, as we use the bound T' < O(dlog(1 + /8)/8)
in the remaining calculations, the new O(«af) term is only larger than the O(ad/T) term by a
logarithmic factor. In particular, above we have a v/d3 term in the bound for Eescape, but with the
sampling oracle, we will additionally have a O(v/T8) = O(y/df log(1 + /5)) term in this bound.
Ultimately, this only affects the final sample complexity bound in logarithmic factors. We adjust the
failure probability accordingly, using §,/2 probability for invocations of Lemma 17, and ¢/2 for the
invocations of Corollary 4. As we invoke the planner polynomially many times, the total number of
calls to the sampling oracle is polynomial in all parameters.

B.1 Refined analysis for simplex representations.

Here we prove Theorem 3 by considering a different potential function argument and a different
instantiation of the planning algorithm that directly attempts to visit each latent state. In particular,
we instantiate Algorithm 1 with the planning routine presented in Algorithm 3. Note that this planner

does not require the parameter (3, but it does assume that gg(z, a) € A([dry]) for each (z,a).

The analog of >, ; is the cumulative probability of hitting latent variables z;, € Zj,. Formally, we
define

7—1
Ph;(2) = ZP[zh =z|pi, M].
i=0

We make two remarks. First py, ; is not a distribution, rather it is the sum of j probability distributions.
Second, we use py, ; to measure the coverage at time h, since zj, is the latent variable that generates
xp. This indexing is different from how we use ¥ ; to measure coverage at time / + 1 in the general
case.

We now state the analog of Corollary 4.

Corollary 10. For j > 1,h € {0,...,H — 1},6 € (0,1) and let py, ..., p;—1 be any (possibly
data-dependent) policies, with py, ; defined accordingly. Let Dy, be a dataset of nj examples, where
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Jor each 0 < i < j, we collect n triples (xp, ap,xpy1) by rolling in with p; to xy, and taking ay,
uniformly at random. Then, with probability at least 1 — ¢ the output (¢, [iy,) of MLE(Dy,) satisfies

o 2log(|®[[T]/9)
i n .

Z Phj(2)E {H<$($haah),ﬁh(‘)> — T (- | xh,ah)Hiv | zn, = 2z, a), ~ unif(A)

ZEZp
Proof. This is an immediate consequence of Theorem 18, using the definition of py, ;. O

We denote the LHS of the above lemma as erry,(py, ;). Now we define the known set £, and the
absorbing MDP. In the simplex features setting, the known set Kj, is instead defined in terms of
latent variables. Recall that we can augment every trajectory 7 with the latent variables generated
along the trajectory that is 7 = (20, o, ao, 21, 1,01, ..., ZH—1,TH -1, ag—1). We therefore define
Khj =1z € Z} : pj(z) > A} where A is some parameter we will set towards the end of the
proof. The absorbing MDP M in iteration j is defined to have transition operator that, for each
h, transitions from zj, t0 Tapsorp if 2, ¢ Kr,; and otherwise transitions as in M. As in the more
general analysis, Zapsorb 1S an absorbing state with a single self-looping action a,psor, and we always
consider (Zabsorb, Gabsorb) to be known.

We now state the analog of Lemma 5.

Lemma 11. Let ng;H—l, Ho:-z—1 be an MDP model with simplex features and let py.p_1 be non-
negative vectors. Assume that exry,(pp—1) < erv for each h. Let f : X x A — [0, 1] be any function
such that f(Zabsorbs Gabsorb) = 0 and let 7 be any policy. Then, for any h

Ex [f(xn,an) | Mi] — HK/=rv/a < Ep [f(zn,an)] < Ex [f(@n,an) | M) + HK/erv/a

h
+ ZP[ZW ¢’Ch/ |7T,M}C]

h'=1

Proof. As in the proof of Lemma 5, we must control two terms for each b/ < h:
Termly, :=E {/(fh’ (@hgr | @hrsan) = T (@nrgr | They ane)) Vi (@n41) | 7T7MIC]

Term2;, := E [/(Th/(mh’+1 | zn,an) — Th c(@ng1 | The,y an ) Vigr (@pr41) | W,MK} .

For Term1y,, as we are in M we can ignore the trajectories where z,, ¢ Kp/. Thus considering
=1

Terml; = Y Pl =z | Mx] - E, U(ﬁ(@ | z1,a1) = Ti(@a | 21,01))Va(a) | 21 = z}
z€Ky

<K Z Prlz1 =2 | Mk|-E {Hﬁ( | z1,a1) — Th (- | xl,a1)HTV | 21 = z,a1 ~ unif(.A)]
z€K1

- 2
<K Z Prlz1 =2 | Mk|-E {HTl( | 21,a1) — Th (- | xl,al)HTV | 21 =2,a1 ~ unif(.A)}
z€K1

< K errl(pl)/A < Kﬁ/ETV/A_

Here we are using that the total variation term is non-negative, and that P [z1 = z | M] < 1, while

p1(z) > A by the fact that z € K. This argument applies for all 4" and yields the H K y/¢tv/A term
on both sides of the statement. For Term2;,, we clearly have

Term2y < Plzpy1 & Kpga | 1, Mi] .

As in the proof of Lemma 5, Term2;,, > 0 which yields the lower bound. O

Next we argue that if the exploratory policy p; that we find has large escaping probability then we
will add some latent variable to the known set in the next iteration.
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Lemma 12. Consider iteration j of FLAMBE and assume that erry,(py ;) < ev for each h. Define
Ry (z,a) := ZZWCM o3 (z,a)[z]. Then

1 N
m}?x}P’[zh ¢ Kl pjl> T m}z:x {Epj [Rp(zh,an)] — HK ETV/A} .

In particular, if there exists some h such that IAEPJ. [Ry(zp,an)] > HKy/émv/a+ Hdry A, then there
exists some W', z ¢ Ky, such that P [z, = z | pj] > A.

Proof. Observe that by the definition of Rj,, we have

h
E,, [Rn(n, an)] <Ep [Ru(zn, an) | M) + HE\/erv/a + " Plaw & Kij | pj, M)

h'=1
h+1
= HE\/erv/a+ Y Plap & Ky | pjs Mic].-
h'=1
Both statements now follow from the pigeonhole principle. O

Next we prove the analog of Lemma 9. For this, we compute p}™® using the planning routine
in Algorithm 3, with the planning guarantee in Lemma 15.
Lemma 13. Assume that for each round j € [Jmax| and for all h, we have erry,(py ;) < ety and

set Jymax = Hdry + 1. Then the final MDP model M satisfies the following guarantee: For any
sparse reward function R : X x A — [0, 1] and any policy 7, we have

’V(’f(’; R7 /\//\l) - V(W,R,M)‘ S HK\/M"_ Hf‘:escapev

where €cscape 1= H2Kd%VA + (HQszLV + HKdLV) VeTv/a.

Proof. First observe that by Lemma 12, in every iteration where p; satisfies

maxy, @pj [Ry(xh,ap)] > HK \/evv/a+Hdpy A, we add some latent variable at some time point to
the known set. This means that this can only happen for at most H dr iterations, and so, by the setting

of Jinax, there must be some iteration j in which max;, IEpj [Ry(zp,an)] < HKy/emv/a+ Hdpy A.
In this iteration j, we have

P {Zthl ¢ Kny1j | W’M%)} <P {Zh+1 ¢ Kni1j | W,/T/l\(j)} + HEK\/¢v/aA
= Z IEW [ah_l(a:h_l,ah_l)[z]} -P [’Ch-i-l,j | w,ﬂ(j),%\h = Z:| +HK\/5TV/A

zefh
<K Y B [fna(onnan )] P [Kigrg | MY, 2 = 2,0 ~ unif(A)] + HE /v

Zegh

< Kdiv Z Epﬁw [@—1(%—17%—1)[2]} P [Eh-i-l,j | MY 2, = 2z ap, ~ unif(A)} + HK\/stv/A

zE§}L
< HKdP,, [Kni1;] + HE\/rv/a < HKdiyE,, [Ry(zh, an)] + HK\/2rv/a

< HKdyy (HK\/ETV/A + HdLVA> + HE\/=1V]A = Eoscape

Here the first inequality is Lemma 11, while the first equality re-writes the expectation in terms of
the latent variable z;. In the second inequality we translate to taking a;, uniformly via importance
weighting, while in the third, we apply Lemma 15, which lets us translate to p}" . Finally, we use that
pj uses py"° with probability 1/ and the definition of Rj,. The result now follows from Lemma 11,
along with the analog of (3). As in the general case, this bound applies for all iterations after the first

one where the escaping probability for p; is small. O
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Final steps. The final steps with simplex features are much more straightforward than in the general

case. First we choose A to balance the two terms in €escape- We set A = (K Jdix )2/ Ba}r/\‘;’ which
yields

Ceseape < BH2Kdiy (K2 (divery)/?) |

where we are also using the fact that ey < 1. Via Lemma 13, after Jy,ax = Hdpy + 1 iterations,
we are guaranteed that

max |V (m; R, M) — V(m; R, M)‘ < HEK\/*1v]a + Heoscape < O (H3K5/3di<,351T/3) .

T, R

For this to be at most & we should set ery < O (e3H~2K ~°dy;). Applying Corollary 10 and taking
a union over all J,,,, rounds, we want to set

_ 2log(ma@ITID) _ (H9K5div log<|¢|r|/6>>

ETV 53

~ 11 5 45
The total sample complexity is nH Jyax = O (X dLVi?sg(@HTV )

). As in the general setting,
the value function guarantee implies (1), which yields the result.

Analysis with a sampling oracle. With a sampling oracle, the only difference is in the proof
of Lemma 13. Here, we can only apply the second statement of Lemma 15, which yields an additive
O(Kdpveopt) term. By taking e, = (H/div)+/7v/A, this additional term can be absorbed into the
other additive term at the expense of a constant. Thus we obtain the same guarantee, up to constants,
with polynomially many calls to the sampling oracle.

C Planning Algorithms

In this section, we present exploratory planning algorithms for low rank models, assuming that the
dynamics are known. Formally, we consider an H step low rank MDP M with deterministic start
state zq, fixed action aq, and transition matrices Ty, . . ., Ty —1. Each transition operator 7}, factorizes
as Th(l'thl ‘ Th, ah) = <¢h(xh7 ah)7 /lh(xh+1)> and we assume ¢O:H717 Mo:H—1 are known. To
compartmentalize the results, we focus on exploratory planning at time H, but we will invoke these
subroutines with MDP models that have horizon h < H. This simply requires rebinding variables.

We present two types of results. One style assumes that all expectations are computed exactly. As we
are focusing purely on planning with known dynamics and rewards, this imposes a computational bur-
den, but not a statistical one, while leading to a more transparent proof. To address the computational
burden, we also consider algorithms that approximate all expectations with samples. For this, we
assume that we can obtain sample transitions from the MDP model M in a computationally efficient
manner. Formally, the sampling oracle allows us to sample ' ~ Ty, (- | z, a) for any z, a.

C.1 Planning with a sampling oracle

For the computational style of result, it will be helpful to first show how to optimize a given reward
function whenever the model admits a sampling oracle. As notation, we always consider an explicitly
specified non-stationary reward function R : X x A x {0,..., H — 1} — [0, 1]. Then, we define

H-1
V(r,R)=E | R(xn,anh) |7, M|.

h=0

The next lemma is a simple application of the result of Jin et al. (2020b).

Lemma 14. Suppose that the reward function R : X x A x {0,..., H — 1} — [0,1] is explicitly
given and that Ty. ;71 is a known low rank MDP that enables efficient sampling. Then for any € > 0
there is an algorithm for finding a policy T such that with probability at least 1 — 0, V (7, R) >
max, V(m, R) — € in polynomial time with poly(d, H, '/e,1og(1/s)) calls to the sampling routine.
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Algorithm 3 Exploratory planner for simplex representations

1: Input: MDP M = (¢, 571, fio:51—1) With ¢ (24, an) € A([dry]), 2] € A(X).
2: forz=1,...,dyy do

3: Compute 7, = argmax, E[pg_1(zg_1,am-1)[2] | M, 7]
4: end for
5: Output policy mixture p := unif ({r, } %))

Proof. As we have sampling access to the MDP, we can execute the LSVI-UCB algorithm of Jin et al.

(2020b). For any n, if we execute the algorithm for n episodes, it produces n policies 71, . . ., 7, and
guarantees
1 & d3H3log(ndH /)
V(r, R) — — V(mi, R) < \/
max (m, R) - ;:1 (m,R) <c¢ -

with probability at least 1 — § where ¢ > 0 is a universal constant. We are assured that one of the
policies 7y, ..., 7, is at most ¢/2-suboptimal by taking n = O (d*H? log(dH/(e6))/€?).

We find this policy via a simple policy evaluation step. For each policy m;, we collect
O(H?1og(n/d)/€?) roll-outs using the generative model, where we take actions according to ;. Via

a union bound, this guarantees that for each ¢+ we have 172 such that with probability at least 1 — §

max |V; — V(ﬂ'i,R)’ < ¢4,
Therefore, if we take i = argmax; ¢, V; we are assured that V(m;, R) > max, V (7, R) — e with
probability at least 1 — 2§. The total number of samples required from the model are

. <1 s 1052(71/5)) 5 (d3H6 1;g(1/5)) | -

C.2 Planning with simplex features

We first consider a simpler planning algorithm that is adapted to the simplex features representation.
The pseudocode is displayed in Algorithm 3. The planner computes a mixture policy p, where com-
ponent 7; of the mixture focuses on activating coordinate ¢ of the feature map ¢p_1(TH—1,am-1).
Each mixture component can be computed in a straightforward manner using a dynamic programming
approach, such as LSVI. The basic guarantee for this algorithm is the following lemma.

Lemma 15 (Guarantee for Algorithm 3). If Misan H -step low rank MDP with simplex features of
dimension dyy, then the output of Algorithm 3, p, satisfies

V7, z € [diy] - E [¢H—1(93H—17‘1H—1)[Z] | M, W} < divE [¢H—1($H—1aaH—1)[Z] | M, P} .

Given a sampling oracle for Mv the algorithm runs in polynomial time with
poly(dry, H,Y/eop:, 10g(1/8)) calls to SAMP, and with probability at least 1 — 0, p satisfies

v,z € [div],E {¢H71($H717GH—1)[Z] M, W} < divE {¢H71($H717QH71)[Z] M, P} + Eopt-

Proof. The first result follows immediately from the non-negativity of ¢ —1 (21, amg—1)[¢], the
optimality property of 7; and the definition of p.

For the second result, by Lemma 14 we can optimize any explicitly specified reward function
using a polynomial number of samples. If we call this sampling-based planner for each of the d
reward functions, with high probability (via a union bound) the policies 7; are near-optimal for their
corresponding reward functions. By appropriately re-scaling the accuracy parameter in Lemma 14
we obtain the desired guarantee. O
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C.3 Elliptical planner

The next planning algorithm applies to general low rank MDP, and it is more sophisticated. It proceeds
in iterations, where in iteration ¢ we maintain a covariance matrix >;_; and, in (2), we search for a
policy that maximizes quadratic forms with the inverse covariance 2;11. With a sampling oracle this
optimization can be done via a call to Lemma 14. If this maximizing policy m; cannot achieve large
quadratic forms against E;ll, then we halt and output the mixture of all previous policies. Otherwise,
we mix 7 into our candidate solution, update the covariance matrix accordingly, and advance to the
next iteration. The performance guarantee for this algorithm is as follows.

Lemma 16 (Guarantee for Algorithm 2). If M isan H -step low rank MDP with embedding di-
mension d then for any [ > 0, Algorithm 2 terminates after at most T + 1 iterations where
T < 4dlog(1 + 4/8)/ 5. Upon termination, p guarantees

V1 E | dr—1(zr—1,am-1)" (S, + 1)) " ¢u 1 (xe—1,am1) | M,x| < TB.

— 1 T
where ¥, = 7 >, Xn,.

Proof. The performance guarantee is immediate from the termination condition, using the fact that
Sr=T-(X,+1/T).

For the iteration complexity bound, we condense the notation and omit the dependence on H — 1,
TH_1,ay_1 in all terms. We have

T T
BT <Y E (6750 | Mom| = 3 (e, B < 2dlog(1+ 7/a),
t=1 t=1

where the first inequality is based on the fact that we did not terminate at each iteration ¢ € [T'] and
the last inequality follows from a standard elliptical potential argument (e.g., Lemma 11 in Dani
et al. (2008); see Lemma 23 for a precise statement and proof). This gives an upper bound on 7 that
implies the one in the lemma statement, via Corollary 24. O

With the sampling oracle, we modify the algorithm slightly and obtain a qualitatively similar guarantee.
The modifications are discussed in the proof.

Lemma 17. The sample-based version of Algorithm 2 has the following guarantee. Assume M isan
H-step low rank MDP with embedding dimension d and fix 8 > 0, § € (0, 1). Then the algorithm
terminates after at most T' + 1 iterations, where T < O(dlog(1 + 1/g)/B). Upon termination, it

ouputs a matrix S and a policy p such that with probability at least 1 — 0:
R -1 —
Vi E |:¢H1(-TH17aH1)T (2 + I/T) ¢u-1(xg—1,am-1) | MJT} < O(Tp),

Hf} — (E [¢H—1(xH—17aH—1)¢H—1(xH—17aH—1)T | p, M} +I/T>H0p < O(F/a).

The algorithm runs in polynomial time with poly(d, H, 1/s,1og(1/9)) calls to the sampling oracle.

Proof. The algorithm is modified as follows. We replace all covariances with empirical approx-

imations, obtained by calls to the sampling subroutine. We call the empirical versions X, ¥,
etc. Then, the policy optimization step (2) is performed via an application of Lemma 14 and so
we find an €,p¢-suboptimal policy 7, for the reward function induced by it_l. Then we use the
sampling subroutine to estimate the value of this policy, which we denote ‘A/t(m). As before, we
terminate if V,(m;) < B. If we terminate in round ¢, we output p = unif({r; t=1) and we also

output ¥ = ﬁ Zf;% Y, As notation, we use V;(7) to denote the value for policy 7 on the reward

function used in iteration ¢, which is induced by f]t_l.
With poly(d, H, T, 1/eop, log(1/s)) calls to the sampling subroutine and assuming the total number
of iterations of the algorithm 7" is polynomial, we can verify that with probability 1 — ¢

max max {d~ Him — 3,
te[T] ’ ’

Vi) = Vi) | max Vi) = V) | < cop.

)
op
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The first two bounds follow from standard concentration of measure arguments. The final one is
based on an application of Lemma 14.

Now, if we terminate in iteration ¢, we know that IA/t(m) < f. This implies

max‘/t(ﬂ-) S ‘/t(ﬂt) + gopt S ‘/}t(ﬂt) + 2f':opt S ﬂ + 2f':opt-

As we are interested in the reward function induced by it_l, this verifies the quality guarantee,
provided e, = O(f).
Finally, we turn to the iteration complexity. Similarly to above, we have

T T
T (ﬁ - 250pt) S Z ‘/Yt(ﬂt) - 2501;)1; S Z ‘/t(ﬂ-t) - Eopt
t=1

t=1

T
E [¢T2;f1¢ ‘ M77Tti| — Eopt = Ztr(zﬂ'tz;—ll) — Eopt

t=1

Il
[M]=

~
Il
-

tr(E,,5,71) < 2dlog(1 + T/a).

[M]=

~
Il
-

In other words, if we set eopy = O() then both the iteration complexity and the performance
guarantee are unchanged. The accuracy guarantee for the covariance matrix >;_; is straightforward,
since each ¥, is €,p¢ accurate and X is the average of such matrices. O

D Maximum Likelihood Estimation

In this section we adapt classical results for maximum likelihood estimation in general parametric
models. We consider a sequential conditional probability estimation setting with an instance space X
and target space ) and with a conditional density p(y | ) = f*(z,y). We are given a function class
F : (X x ¥) — R with which to model the condition distribution f*, and we assume that f* € F,
so that the problem is well-specified or realizable. We are given a dataset D := {(x;,y;)}?_,, where
x; ~ D; = Di(21:i-1,y1:i—1) and y; ~ p(- | ;). Note that D; depends on the previous examples,
so this is a martingale process. We optimize the maximum likelihood objective

~

f = argmax Y " log f (i, yi). 6)

fer 3

The iid version of the following result is classical (c.f., Van de Geer, 2000, Chapter 7), but under-
utilized in machine learning and reinforcement learning in particular. Our adaptation is inspired
by Zhang (2006).

Theorem 18. Fix ¢ € (0,1), assume | F| < oo and f* € F. Then with probability at least 1 — §

n
§ ]E;zND,i
i=1

Remark 19. Given a class of discriminators G : (X,Y) — [—1, 1], an alternative is to consider the
following (conditional) “generative adversarial” objective:

) = £, < 2108(1/0).

~ ) 1

f = argminmax - ; (9(xi,vi) — Elg(wiy) |y ~ f(z,-)]) -
This is the natural objective associated with the distance function induced by G (Arora et al., 2017),
and is also related to other GAN-style approaches. Owing to the realizability assumption, f* will
always have low objective value, scaling with the complexity of G. Additionally, if G is expressive
enough, one can establish a guarantee similar to Theorem 18, which can then be used in the analysis
of FLAMBE. Formally, a sufficient condition is that G contains the indicators of the Scheffe sets for
all pairs f, f' € F, in which case the total variation guarantee can be obtained by standard uniform
convergence arguments. See Devroye and Lugosi (2012); Sun et al. (2019) for more details.
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Remark 20. We also remark that the proof of Theorem 18 actually establishes convergence in the
squared Hellinger distance. We obtain the total variation guarantee simply by observing that the
squared Hellinger distance dominates the squared total variation distance.

We prove Theorem 18 in this section. We begin with a decoupling inequality. Let D denote the dataset
and let D’ denote a tangent sequence {(x}, y;)}?_, where x} ~ D;(x1.5-1,Y1.5—1) and y, ~ p(- | x}).
Note here that z} depends on the original sequence, and so the tangent sequence is independent
conditional on D.

Lemma 21. Let D be a dataset of n examples, and let D' be a tangent sequence. Let L(f, D) =
S (S, (z4i,y:)) be any function that decomposes additively across examples where ( is any

~

Sfunction, and let f(D) be any estimator taking as input random variable D and with range F. Then
Ep [exp (L(f(D), D) — log Eps exp(L(f(D), D)) — log | FI)] < 1

Observe that in the second term, the “loss function” takes as input D’, but the estimator takes as input
D. As such, the above inequality decouples the estimator from the loss.

Proof. Let 7 be the uniform distribution over F and let g : F — R be any function. Define

u(f) = %, which is clearly a probability distribution. Now consider any other probability
s

distribution 7 over F:

0 < KL(7||u) = Y 7(f)log(@(£) + D 7(f)log | D exp(9(f) | =D _7()g(f)
7

f f f
= KL(7||lr) = Y 7(f)g(f) +10g Efr exp(g(f))
f
<log|F| = > #(£)g(f) +10gEsrexp(g(f))-
f

Re-arranging, it holds that

> 7 ()g(f) = log |F| < log Esr exp(g(f))-
f

~

We instantiate this bound with 7 = 1{f(D)} and g(f) = L(f, D) — logEps exp(L(f,D’)) to
obtain, for any D

L(f(D), D) — log Ep exp(L(f(D), D)) — log |F| < logE r E;/XSX(I)L((LJC(’ fD l))),)) .

Exponentiating both sides and then taking expectation over D, we obtain

Ep [exp(L(f(D), D) — log Eps exp(L(f(D), D')) — log | F])|

o &p(L(f, D)) _1
Ep/lexp(L(f, D) | D]

< Ef/\/ﬂ'E

The last equality follows since, conditional on D, the tangent sequence D’ is independent. Therefore,

n

Ep [exp(L(f, D")) | D] = HE(w;,y;)NDi lexp(€(f, (], yi))]

i=1

which allows us to peel off terms starting from n down to 1 and cancel them with those in the
numerator. O

The next lemma translates from TV-distance to a loss function that is closely related to the KL
divergence.
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Lemma 22. For any two conditional probability densities f1, fo and any distribution D € A(X) we
have

Eznp Hfl(xa ) - f2(x7 )||2TV < _210gE1~D7y~fz(v|z) €xXp (_; log(fQ(‘ra y)/fl('ra y)))

Proof. Let us begin by relating the total variation distance, which appears on the left hand side, to
the (squared) Hellinger distance, which for densities p, g over a domain Z is defined as

H(q||p) : /(F \/7)

Lemma 2.3 in Tsybakov (2008) asserts that

I96) = 4Ol < BGall) - (1= 920} < Bl

where the final inequality uses non-negativity of the Hellinger distance. Next, note that we can also
write

H(allp) = [ 9(2)+a(2) ~ 2oz =2 Bavy [1 = Vo) /a02)
< 2108 B I = ~2108Eeny exp 5 06la(2)/(2) ).

Here the inequality follows from the fact that 1 — x < — log(x). The result follows by applying this
2
argument to B, .p || fi(x,-) — fo(x, ) || 7y O

Proof of Theorem 18. First note that Lemma 21 can be combined with the Chernoff method to obtain
an exponential tail bound: with probability 1 — § we have

—logEp exp(L(f(D), D)) < —=L(f(D), D) + log | F| + log(1/5).

Now we set L(f, D) = Z;;l —1/2 - log(f*(xs,v:)/ f(zi,y:)) where D is a dataset {(x;,y;) 7,
(and D' = {(z},y})}, is a tangent sequence). With this choice, the right hand side is

log(f* (i, i)/ f (i, y:)) + log | F| + log(1/3) < log|F| + log(1/5),

'M:
M| —

Il
_

7

since fis the empirical maximum likelihood estimator and we are in the well-specified setting. On
the other hand, the left hand side is

- INCYD) - f(z,y)
ex -1/2]log | =——+2= D logE; y~p, exp | —1/21
p<z / g(f(x;,yo)) 1 "2l p</ g(f«z,y)))
> 03 Baen, |[Fla) - 1)
i=1

Here the first identity uses the independence of the terms, which holds because fis independent of
the dataset D’. The second inequality is Lemma 22. This yields the theorem. O

— logED/

TV

E Auxilliary Lemmas

Lemma 23 (Elliptical Potential Lemma). Consider a sequence of d x d positive semidefinite matrices
X1, .., X withmax; tr(X;) < 1 and define My = Maxa, ..., My = My;_1 + Xy. Then

Ztr X M;7Y) < (1+1/2)dlog(1 + T/a).
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Proof. Observe that by concavity of the log det(-) function, we have
log(det(M;_1)) < log(det(M;)) + tr(M; *(M;_y — M)).

Re-arranging and summing across all rounds ¢ yields

> (X M) <) log(det(My)) — log(det(M; 1)) = log(det(Mr)) — dA.
t=1

t=1

We will drop the negative term. By the spectral version of the AM-GM inequality and linearity of
trace, we upper bound the last term:

det(Mp)Y4 < tr(My)/d < 1+ T/a.

Now, we must convert from M, * to M, ", on the left hand side. Fix a round ¢ and let us write
X; = VV'T, which is always possible as X; is positive semidefinite. Then by the Woodbury identity
tr(X,M; ) =t (VI (My_ +VVT)TIY)
=tr(V ML V) —te(VI M VI +VIMZ V)WV TMZL V).
All matrices are simultaneously diagonalizable, so we may pass to a common eigendecomposition.
In particular, with the eigendecomposition VTM;llV = Z?:l Aiu;u; , we obtain
d d

d
A2 i 1 1
tr( X, M=) N - i = L> A= ——— (X, ML),
(X M) ; 1+ N ;14_)\!,714_1/)\; 1+ 1/x (X M;7h)

The inequality follows from the fact that \; < HVTMj_llVH 9 < 1/ due to our initial conditions on
M and the normalization for X;. O

Corollary 24. Consider the setup of Lemma 23 and further assume that for each t, we have
tr(X; M, 5) > B> 0. Then T < 2(1 4 1/x)dlog(1 + 2(1 +1/x)/B)/B.

Proof. The stated assumption and Lemma 23 implies that 7' < (1 + 1/x)dlog(1 + 7/a) /5. We claim
that if T < 2(1 + /x)dlog(1 + 2(1 4 1/x)/B) /3 then a weakening of this bound is

W log(1+ T/a)/8 < W log (1 —— 10g(16+ e VAW))

L Oxyd (1 . (2(1 + 1/A))2> CAL (1 L2 1/A)) |

T<

B B B B

Therefore, we have established an upper bound on 7. O
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