A Additional Proof Details

Proof. of Lemma 5. Fix some w. Denote h(x) = z; - o/(w'x + b > 0). Let A’ C [n] be some
subset with |A’| = kand j ¢ A’.

Exjfa(x) o' (w' x+b>0)=h(A)

Now, we have

NI N CISN 1 A
IIE‘)’h(A/) = n—1 Z h(A/) S n712 S n—1
Finally,
E || < /E E(A)‘z !
7 7 — n—1
A A (")
Since the above holds for all w, we get that:
7 / 7 / 1
f— <
EE[H)| =EE [p)] <\ [y

Fix some A’ C [n] (with |[A’| = k and j ¢ A’), and observe that, from symmetry to permutations of
the uniform distribution, we have:

E h(A")

- E‘Exij/(x)~a’(wa+b > 0)’
W [ X

=E

Exjfa(x)-o'(w'x+b>0)|=E

B(A)\

And therefore, we get that: E, ’fz(A)‘ = Eu Ey ‘E(A’)

< ﬁ Now, using Markov’s
k

inequality achieves the required. A similar calculation is valid for h(x) = ¢/(w 'x +b > 0). [

Proof. of Lemma 7. W.lo.g., assume A = [k] and j = k+ 1. We will show that the conclusion of the
lemma is true even if we condition of the value of x4, ..., x,. Indeed, in that case the conditional
expectation of z; f(x) - o/(W x +b > 0) is

k n
1
§xk+1f(l,...,l,;vk+1 ...,xk) 'U/ <lel + Z W;T; +b> 0)

i=k+1

k n
1
+*Ik+1f(71, ey 71,‘%]44_1 . ,Ik) . (7/ (Z —w; + Zw,xl + b> 0)

2 . .
=1 =1
1 n
= §l‘k+1-0'/ < Z wixi—l—b>0>
i=k+1
1 n
— 5Tk .o’ ( Z w;T; +b > O)
i=k+1
= 0
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Similarly, the conditional expectation of f(x) - o’(w'x + b > 0) is

k n
1
5f(l,...,l,a;,m...,gck)-a’ (;er > wixi+b>0>

i=k+1
k

1 n
+§f(71,...,—1,xk+1...,xk)'0' (Zwl+2wle+b>0>

=1 i=1

= 1-0’(2 wixi+b>0>
2 i=k+1
1 n
—~a’<z wix¢+b>0>
2 i=ht1

=0

Proof. of Lemma 8. Fix some y € {#1}. Denote S to be the random variable S := 3 jgAWiT; =

> jes wjx;. Notice that for every y € {1}, the following holds:

P [h(x) =y Ao (w'x+b) =1] S]P’{h(x):y/\é‘+be(jﬁ,6—\fﬁ)}
+P:h(x):y/\5’+b€(—jﬁ,\fﬁ]u[6—\fﬁ,G)
:P[h(x):y]P{S—&—be(jﬁ,G—jﬁ)}
+P :h(x)—yA§+be(—jﬁ,jﬁ]u[6—\%,6)

Where we use the fact that h(x) is independent from every z; with j ¢ A. Since {\/nz;};c are
Rademacher random variables, from Littlewood-Offord there exists a universal constant B such

that [P [5” el } < —£_ for every open interval I of length . Using the union bound we get that

VI vn
P {S‘ +be (—%, %] U6 — %, 6)} < Lﬁ Therefore, we get the following:
= o' (w'x =1 - x) = S LA
’P[h(x)—y/\ ( +0) 1] Plh(x) =y|P S+b€(\/ﬁ,6 \/ﬁ>”
k k k
<]P’[h(x)—y/\5+b€(—n,n]U[G—\/ﬁ,G)}
P[h(x)y]P{5‘+b€(ﬁl,ﬁl]U[6kn,G)}
(3k+1)B
Plh(x) =y] ———
<P[r(x) =yl NGl



Since the above is true for every y € {£1}, we get that:

1o T _ k
‘]E[h(x)-a(w X—|—b)] E [h(x)]P {S—&-be(\/» \f)H
k k
= Z yIP’[h(x):y/\U’(wa—i—b):l]— Z yP[h(x)=y|P|S+be (—,6 — —=
ye{£1} ye{£1} |: \/ﬁ \/ﬁ
/ TX — _ ﬁ — i
Syegl}ﬂj’[h(x)—y/\a(w +b)=1] —P[h(x) =y P {S+b€(\/ﬁ6 \/E)H

3k +1)B B o (R DB
Si\m y%;l} [h(x) = y] VR

And this gives the required.

O

Proof. of Lemma 9. Denote w := wgo), b:= bgo). We show that with probability at least Tl\/é over

(0)

the choice of w; ’ we have:

I [Ey i f(x) - o' (wTx +b)| < 14VFe(n — 1) m

|Ex f(x) -0/ (w'x+b)| < 14VE(n — 1) ﬁ

2. ZjGA wj; = 0
3.l ={j €M\ A : w; #0} > 25~
We start by calculating the probability to get each of the above separately:

1. From Lemma 6, this holds with probability at least 1 — T f

2. Denote Ag = {j € A|w; = 0}. Now, to calculate the probability that 2 holds, we start by
noting that it can hold only when | Ay | is odd (since k is odd). Now, note that P [w; = 0] = 5
independently for every coordinate. Therefore, we have the following:

1 1

((1— g) + g)k =PJ|Ao| is even] + P[|A] is odd]

((1— %) - é)k =P[|Ao| is even] — P[|A]| is odd)
1 1,1 1

= P[|Ag| is odd] 5 2(3) 3

Now, conditioning on the event that | Ap| is odd, we have:

Zw-zo 1 ( —|A0| )> 1 S 1
2" =TT\ Lk — |Ag))) = 2/k = [Ag] — 2V

JjEA

All in all, we get that 2 holds with probability at least ﬁ

3. Denote X; = 1{w; # 0}, and note that we have E [nggA } = 2("3_k). Then, from

Hoeffding’s inequality we get that P | J| < %k] <exp(—2(n—k)) <
n—k> % log 7.

%, since we assume

To calculate the probability that both 1,2 and 3 hold, note that 2 and 3 are independent, and therefore
the probability that both of them hold is at least - f Using the union bound we get that the

probability that all 1-3 hold is at least

14f
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Now, we assume that the above hold. In this case we have:

o =82 = |or - Eols )
=[] ra0. 5000 -5 00|
= [u®)] 5 B g4 oW Tx D) = 5 B faGx) o' (wTx+D)

D(l) 2 D

E f(x)-o'(w x+b)

2k |p()

n(n—1) 1 012 1 1y 5 5 V27525
ey e e ey () <55

Where we use the result of Lemma 7 and the above conditions. Now, for all j € [n] we have:

0
wz(lj) = w(g) m ( LD(Q(O)) + )\1R(g(o))>

3wij
1 0
(0) _ = (0)
(X)] 5 aw(0>R(g )

(0 / 0 9
=0l — & [ (fa(0.9 () 50—
= —u"E [z fa(x)o’ (W x +b)]
So, denote h(x) = y/nx; fa(x) and note that for every j € A we get h(x) = 1. So, from Lemma 8
we get that for every j € A we have:
@ (0)
w;j —p(w, b) N

n

W

G
C'nf V3C1v/n < V6o
ST Ve =Y

Now, let ozz- = ap(w b) and recall that p(w,b) = [W <DjeswiTi+b<6— %}, and since

% < g5 and b= 55 We have:

E h(x)o’'(w'x +b) — ¢(w,b) E h(x)

DA DA

1
a; > P OSij:Ej<5 25—]}” ijl‘j>5
jeJ jeJ

From Markov’s inequality we have: P HZ wjxj‘ > 5} < 5% And from symmetry we get that

JjE€J

P {ZjeJ w;x; > 5} < 5% < 1,and so a; > 1. Finally, for every j ¢ A, using Lemma 7 we get:

1 1
‘w(l) = ufo)’ S E zjfax)o’(w'x+b)+ = E zjfa(x)o’ (W x+b)
© 12 p 2p®
n nin—1) 1
= o5 | B @i fal)o’(wix)| <7 =
2k D‘” J N %)
7 1 7 66 63
<—mn—-183 s < —— 1)3 <7
*n—l(n ) (”gl)*n—l(n ) (n—=1)9%~"" n-1
O
Proof. of Lemma 10. Denote u* = —22 and let ¢’ = a‘ 717 € Notice that |u | < gpso[u* —€,u* +
€'l C [-%, 2] Therefore, we get that P [ju — u*| < €] = Tk = abfr‘ > gize. Notice that:
or(2) = %0(%1[‘2’ +b)
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And therefore:

k
‘ZG(Zuz—&—b)—QZ)r(z) —% (—uz+b) — o uz+b)’ %\ *|§%e':e
O
Proof. of Lemma 11. From Lemma 9, with probability at least 1\/E over the choice of W(O) we have
that: max;ec ’wl(oj) _ \afz : ‘ < Cl,maxng‘ 0) _ a, 0)‘ < 02 and |b(1) b(0)| < Cs for

(0)

some universal constants Cl, C5, C3, and some «; € [ ] depending only on w, ’. From Lemma

(0)

10, with probability at least gz over the choice of u; * (and independently of the choice of W ) we

have b‘ml)a(z 50 z+ b ) ¢r(2)| < eforevery z € [—k, k].
Assume the results of both lemmas hold, which happens with probability at least 155z Now, fix
some x € X andlet z = \/n .. 4 z; € [k, k]. Then we have:
~ r
3u(x) — v 30)| = %a (W) +80) = (= sign(r)= +Ir)
|7“| 1 1 Qi (0 0
= oo (i) +87) — o (Tui®z 4 07))
rl (i 0 0 -
+ WO’ (Zul z+b; ) — o (—sign(r)z + |r|)
From the result of Lemma 9:
1 1 i (0 0
o ((wh.x) +8) ~ <ﬁ< Y >>‘
< (w0 ) + 60— Q0 4 40
n
< <wz(»1), x> (0) Z x| + — bgo)’
< Z w(l) zj— 50) + (1)%‘ + ’b(l) b(O)’
JEA f
ECy  Cy Cg
< — + — + —
Using the result of Lemma 10 we get that:
|’I"‘ Clk+02+03 C4k4
i(x) — P (x )‘ b(o) — +€SW+E
For some universal constant C4. Using the assumption on & concludes the proof. [
Proof. of Lemma 12. Fix some r € {—k,—k+2,...,k — 2,k}. Let e = 13-, and from Lemma 11,
with probability at least 5 over the choice of w'”, ug ) we have:
- _ <
B9 — ()] < 7o

Assume ¢ > 2 - 1120%k7 log(%t2). Denote I, = {i € [q] $i(x) — 1r(x)| < i} Denote

pi= W’ and using Hoeffding’s inequality, with probability at least 1 — exp{—Z q} >1-

1
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we have |I,.| > £q. Therefore, using the union bound we get that with probability at least 1 — 4,
forevery r € {—k,—k+2,.. —2,k} we have || > §q. Let J,. C I, be some subset of size
|Jr| = £q. Define:
1 =k
v =425 |r|=1
2 1<l <k

Observe that > _(—1) b, (x) = fa(x). Therefore, we have that:

ZZ 2 vr"/’v ) ZZ 2 vﬂ/h ) Z(fl)kgrvrwr(x)

r i€d, r i€J, T
<30 3 ol i) = o)
r i€J,
1 1
< 2. — < -
,25(k+1)10k72
Define:

e (71)%12);’;45)' Irsticld,
0 / o0.w

5.5 . .
Now, we have |u;| < ;—qu(k + 1)k < % where B is a universal constant. Therefore, we get that

5.5
[[u*]| < 3(2231;2) B ’2 B/ k . From what we showed, such u* achieves the required. O

Proof. of Theorem 13. We follow an analysis similar to [23]. Let R;(6) = S"i_, (6, Vf;) + ﬁ 16]1°,

and notice that arg ming Ry = —n Z§=1 V fi = 6,11 — 01. We show by induction that for every 6*
we have:

T
1
;wm 01,V f,(0,)) 22: 0,V f1(6,)) + pm 16%]1> = Ry (6%) (5)

First, we have:
(02 — 01,V f(0;)) < Ri(02 —01) < Ri(6%)

since # — 61 minimizes 1. Now, assume the above is true for T" — 1, then we have:

T-1 T-1
D (0ot = 01V (6:) < D (011 — 01,V f2(0)))
t=1 t=1

And by adding (0741 — 601, V f1(07)) to both sides we get:

T T
> {br1 — 01,V Fi(60)) <D (0741 — 01, VFi(6)) < Rr(0r11 — 61) < Rp(67)
t=1 t=1

Now, from (5) we get that:

[M]=

T T
> (6= 01,V £1(6)) — Rr(67) <Y (6 — 61,V £i(00) = > (Be1 — 61,V fu(6))
t=1 t=1

o~
I

1

I
[M]=

T
(01 — 0111,V f1(01)) = 772 IV £2(6,)]
t=1

~
Il

1

Using Cauchy-Schwartz inequality and rearranging the above yields:

T T
Z (0 — 07,V fu(01)) < P ||9 I”+ H91||Z||Vft (0l +UZ||Vft (6)]?
t=1 t=1 t=1
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Finally, from convexity of f; we get:

T T T T
A <> 0 - 07 V) < ||0*||2+||01||Z||Vft(0t>|\+nZ||Vft<0t)||
t=1 t=1 2n t=1 t=1

O
Proof. of Lemma 14. W.l.o.g., assume A = [k]. Denote Ioyep, := {2z € {:I:f}k : [I,z >0} and

Toqq = {z € {:l:ﬁ}k : [I; zi < 0}. Notice that since k is odd, we have /4 = —Icyen. From

the symmetric initialization we have ¢(°) = 0. By definition of the gradient-updates, we have:

m_, 0 _ (9, 0 9 ©)
Ut =u —m <6ui Lp(g™) + M @ R(g"™)

7

0 1 0
£ 6 00055 00] = 5 )

=-FE {fA(X)O'(<WEO),X> + b)}
Z E |:0'(<W1(0)7X> +b)|x1.k = z} Px1. = 7

z2C1lcyen
+ Z E {0(<w§0),x> +b)|x1. .k — z} Plx1. . x = —2]
z€1chen
Since by definition of the distribution D4 we have P [x1. ; = z] = P [x1. x = —2z], we get that:

ugl)z Z Plxi.x =2]E szjzj+ Z w xa""b

zC cyen j=k+1
— E Plx;. =12z E E w z]—i— g w xj—l—b
zC1lcyen j=k+1

And since o is 1-Lipschitz we get:

k
= 3 Phas=d2fdul sl<oz2 ¥ Phaa-d- o

zEIlcyen ZElcyen

Where we use the fact that o is 1-Lipschitz. O
Proof. of Lemma 15. From Lemma 14 we have that ‘ 1)‘ < f For every t > 1:
(t)‘ 0 9 0y 9 patD)

U, N5y Lol ) =g = Rlg™)

= [ul™ = B [£(£4(0), gD G La ) (i) 5] = 2ma Y

_ . k
< [ =2l = 6| < |ul V] 4 6n <o < Jul| ot - 1) <6nt+
n
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Now, using the above we get that:

0 0
L Ln(a® DY — ph— R(q(t—D)
" S p(g"" ) —n awiR(g )

= w7V~ wi e [”(fA(x) g D)o (w x4 b)x| = 2wl

-

-

<H (¢=1) ng) 21})\W )’
_ k
< (1200w - “H “H o't 07
S e R e R
(t-1) (1)” ook noe22 o, K
< : 2nA 6m°t < .- < 2ntA 6m°t t
Hw =W 2 Bt 4 < S ItA 4 67 bt
Where we use the fact that:
= e et o < ) < 2
Finally, for the bias we get:
‘b(_t)_b(l)‘ _ o LD(g(t—l))‘
= b — b [4'(fA(x)7g(t71)( Nul™ Ve (wT x+b)”
< bgtq) _b§1)‘ _~_n‘ul(_t71)’
_ k
< [l oV ot < < 6P
=10 +06n —H?f S on +ﬂ\/ﬁ
O

Proof. of Lemma 16. Denote the support of u* by I := {i € [2g] : u} # 0}. Then we have:

(9w (), ) — (982 (x),9)] < |0 () = o ()
= ut (o ((wi? x ®) 5 ((w® x (1)
3 o (o) ) o (i) 1)

< el Vo () +07) o (. ) 1)
<ty 7 () — ()] i)
<l VI ([[wi? = w2 + [ — 0]

Using Lemma 15 we get:

N k n
Ug (), y) = L9 (0. )| < [l VT (12n2t2 ot 277Mk)
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