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S1 Postponed proofs for Section 3|

S1.1 Proof of Proposition i
Proof of Propositionl[l] The fact that SA,, is non-negative (or symmetric) if A is, immediately
follows from the definition of SA,, ()

[i)] Assume that A satisfies the identity of indiscernibles, i.e. for i/, € P(R), A(y/,v') = 0 if
and only if ¢/ = v/. For any u € P(R%) and § € S~1, A(OFp, 07 ) = 0, therefore SA, (p1, 1) = 0
by its definition (@). Now, consider p1, v € P(R?) such that SA, (11, ) = 0. Then, by the definition
of SA,, (@), we have A( FH qu) = 0 for o-almost every (o-a.e.) § € S, therefore Orp = 05w

for o-a.e. € S?~1. Next, we use the same technique as in [, Proposition 5.1.2]: for any measure
& € P(R®) (s > 1), F[&] denotes the Fourier transform of £ and is defined as, for any w € R®,

Flgw) = [ et aga) .

Then, by using and the property of pushforward measures, we have for any t € R and § € S 1,
Flor () = / €G] () = / 100 d () = Flul(t6) . 1)
R Rd

Since for o-a.e. 6§ € S, 0 = O;v thus F[0Fu] = F[Ov], we obtain Fu] = F[v]. By the
injectivity of the Fourier transform, we conclude that 4 = v.

[(iiD)] Suppose A is a metric. Based on the previous results, to show that SA, is a metric, all we need
to prove here is that it verifies the triangle inequality. Let p, v, & € P(R?). Using that A satisfies the
triangle inequality and the Minkowski inequality in L?(S9~1, o), we get

SA,(p,v) = {/Sd_l Ap(eﬁ*%@;l/)do-(g)}l/p
= {/Sd—l [A(eg%e;ﬁ) + A( Ef’egV)rda(a)}l/p
) {/S - (ng,e;g)da(g)}”p ! {/S AP (03¢, 6; u)da(e)}l/p

<SAL (1, 6) +8A,(Ev) .
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S1.2  Proof of Theorem[]

We start by proving Lemma[ST|below, which extends [2, Lemma S13] to the more general class of
Sliced Probability Divergences.

Lemma S1. Consider (jux)ren a sequence in P(R?) satisfying limy,_, oo SA1 (s, ) = 0, with
p € P(R?), and assume that the convergence in A implies the weak convergence in P(R). Then,
there exists an increasing function ¢ : N — N such that the subsequence (jig(r))ken converges
weakly to 1.

Proof. We assume that limy_, o SA(ug, 1) =0, i.e.:

lim A(0F g, 05 p)do (0) = 0 (S2)

k—oo Jgd—1
By [3, Theorem 2.2.5], (S2) implies that, there exists an increasing function ¢ : N — N such that for
o-ae. 0 €S limy o A0 g (ry s 9&‘/¢) = 0. Since A is assumed to imply weak convergence in
P(R), then, for o-a.e. § € S¥1, (05 kg (k) )ken converges weakly to 05 pi. By Lévy’s characterization
[4, Theorem 4.3], we have for o-a.e. § € S*! and any s € R,

lim <I>9*H¢(k)(s) = q)gw(s) ,

k—o0

where ®,, is the characteristic function of v € P(R®) (s > 1) and is defined as: for any v € R?,
D, (v) = [ ') dy(w). Therefore, for Lebesgue (Leb)-almost every z € R,

hm ®M¢(k)( z2)=®,(2) . (S3)

We now use (S3) to show that (z14(r))xen converges weakly to p. By [5, Problem 1.11, Chapter 1],
this boils down to proving that, for any f : R? — R continuous with compact support,

im [ o () = [ 7Eant: (s4)

k—o0

Consider o > 0 and a continuous function f : R? — R with compact support. We introduce the
function f, defined as: for any = € R,

folx) = (27102)7‘1/2/ fla—z)exp (=|2]?/(20%)) dz = f * go(2) ,
Rd

where * denotes the convolution product, and g, is the density of the d-dimensional Gaussian with
zero mean and covariance matrix oI ,. First, we prove that (S4) holds with f, in place of f. The
characteristic function associated to a d-dimensional Gaussian random variable C2¥ Witgl zero mean and
covariance matrix (1/02)I, is given by: for any z € R, E [¢!(*:@)] = e~l=17/(277) By plugging
this in the definition of f, and using Fubini’s theorem, we obtain for any k£ € N,

/fo 2)dpgr) (2 //f w)go (2 — w)dwdpgk)(2)

(2mo%) /2 /]Rd /Rd /d itz wx)gl/g(z)dzdwdu¢(k)(z)

(2m0?) d/2/ / —i gl/g( )‘I>/L¢(k)(x)dxdw
Rd JRA
= (2n0?)™2 | FU)@)g1/0 (2) Py, (2)de (S5)
R
where F|[f fRd —i{w.2)quy is the Fourier transform of f. Since the support of f is

assumed to be compact, F [ f] exists and is bounded by [, | f(w)|dw < +o0, therefore, for any
k € Nand z € R4,

FUN1/0(0) B (] < g170(0) [ |10



We can prove with similar techniques that (S3)) holds with s in place of ik, i.e.:

[ 5oan(z) = Cra®)y 2 [ Ffl(w)ar o @)D a)d (56

Rd

Using (S3), (S3), (S6) and Lebesgue’s Dominated Convergence Theorem, we obtain:

lim (270%) =2 | F[f](2)g1/0(2) @y, 0, ()dz = (2710°) d/2/ FL(x)g1/0(2)®pu(z)dz

k—o0 Rd

ie., hm/ Jo(2)dpe ) /fo )du(z (S7)

k—o0

We can now prove (S4): for any o > 0,

/f z)dpgr) (2 /f )du(z

<25 116) ~ £oa)1 + | [ Fu@hnon () = [ Jo(e)anta

z€ER4

By (S7), we deduce that for any o > 0,

R / F(2)du(

and since lim, o sup_cga | f(2) — fo(2)| = 0 [6l Theorem 8.14-b], we conclude that (114 x))ken
converges weakly to p.

<2sup |f(2) — f-(2)] ,

z€ER

lim sup
k—+o00

O
We can now prove Theorem [T}

Proof of Theorem([I} Letp € [1,00) and (11 )ren be a sequence of probability measures in P(R?).

First, suppose (1% )ken converges weakly to i € P(RY). By the continuous mapping theorem, since
for any § € S~1, 6* is a bounded linear form thus continuous, then (03k k) keN converges weakly to

0; 1. Therefore, according to our assumption on A, for any ¢ € Sé-1,

lim A(0F pr, 05 11) =0 . (S8)
k—o0

Besides, A is assumed to be non-negative and bounded. Hence, there exists M > 0 such that, for
any k € N,

AP (05 g, O ) < M. (S9)
Using (S8), (S9) and the bounded convergence theorem, we obtain
lim SA(ju, 1) = lim AP(0F ., 0] p)dor (6) = / 0P dor(6) =0 . (S10)
k—o0 k—oo Jgd—1 §d—1

Since the mapping ¢ +— ¢!/? is continuous on R+ (and can be applied to SAP, which is non-negative
by the non-negativity of A and Proposition , then (ST0) implies limy_,o0 SAp(p2k, 1) = 0.

Now, let us prove the other implication, i.e. limj_,.c SA,, (le u) = 0 implies the weak convergence
of (ux)ken to p, given the assumptions on A. This result is a generalization of [2, Theorem 1], and
is proved analogously, using Lemma consider (py)ren and g in P(R?) such that

lim SA,(ux, 1) =0, (S11)
k—o0
and suppose (1) ken does not converge weakly to u. Therefore, limg oo dp (1k, pt) # 0, where dp

is the Lévy-Prokhorov metric, i.e. there exists € > 0 and a subsequence (fiy(x))ren With ¢ : N — N
increasing, such that for any k£ € N,

dp (ks 1) > €. (512)



On the other hand, an application of Holder’s inequality on S~ gives for any y, v in P(R%),
SA;(p,v) <SA,(,v) .

Then, by (STI), limg 00 SA1 (g k), #) = 0. Since we assume the convergence in A implies
the weak convergence in P(R), Lemma [S1| gives us: there exists a subsequence (fig(y(k)))keN
with ¢ : N — N increasing such that (t14(y(k)))ken converges weakly to . This is equivalent to
limyg 00 dp (Kg(p(k))s 1) = 0, which contradicts (ST2). We conclude that (STT)) implies the weak
convergence of (k) ken to p.

O
S1.3  Proof of Theorem 2]
Proof of Theorem 2} Letp € [1,00) and 1, v € P(R?).
(Sve, Vo) = [ AU 05100 (6)
P
-/ {am | iwa u—@@d@ﬂ} dor(6)
s*=t | feF
_ p
= [ | Fwaez -] aoe)
si-1 [JR
~ P
=/ ./f%W@MW—W@)ddm, (s13)
sd—1 | JRd

with f* = argmax ;¢ ’fRJE fR t)dozv(
(ST3) results from applying the property of pushforward measures.

By definition of F, for any 6 € S?~1, there exists f; € F such that f; = f* o 0*. Therefore, we

obtain
Sve,l )= [ | [ f@ae=n@

<[ Lo
si-1 | reF

= per) [ o) =3¢

p

do(0)

} do(0)

f(@)d(p —v)(z)
Rd

which completes the proof.

O

Informally, the condition on the function classes in Theoremrequires that F and F should be linked
to each other in the way that F should be large enough to contain the composition of all elements of

F with all possible linear forms 0* for § € S?~!. Let us illustrate this condition by considering the

Wasserstein distance of order 1. In this case, F is the set of 1-Lipschitz functions from R? to R, and F
is the set of 1-Lipschitz functions from R to R. Then, the condition on F boils down to showing that

the composition of any f €~’|E with any linear projection 6* results in a 1-Lipschitz function in R9,
which is simply true since f is 1-Lipschitz and ||0|| = 1 for all § € S?~1.

In the next three corollaries, we formally prove that Theorem [2|holds for the Wasserstein distance of
order 1 W, total variation distance TV and maximum mean discrepancy MMD. We denote by
SW, STV, and SMMD,, the respective sliced versions of these IPMs with order p € [1,00).

Corollary S1. Letp € [1,00). For any j1,v € P1(RY), SWi(u,v) < Wi (u,v).

Proof. Choose F = {f ‘R = R : ||f||Lip < 1}, where ||f\|Eip = sup%yeRd,#y{’f(a:)
y)|/ |z =yl }. Let f : R* — R such that f = f o §* with f € F,§ € S®~'. Then, by using the



Cauchy-Schwarz inequality and the definition of F, we have for any z,y € RY,
1f(@) = f)| = |F (0% (@) = F(O" )| < [0,z =) | <116"] [l =yl < [l =yl -
Therefore, f € F = {f : R = R : ||f|lLip < 1}. Corollaryfollows from the application of

Theorem 2] along with the definition of W.
O

Note that Corollary [ST]is not a new result: the fact that SW, is bounded above by W, for p € [1, 00)
was established in [1, Proposition 5.1.3]. While their result is proved using the primal formulation of
the OT problem, we used the dual formulation available for p = 1 to illustrate the applicability of
Theorem[2} Our result is thus consistent with the existing results in the literature.

Corollary S2. Let p € [1,00). For any u,v € P(R9),
STV, (u,v) < TV(u,v).

Proof. Choose F = {f : R = R, ||f]lc < 1}, andlet f : R? — R such that f = f o 6* with
f € F,H € S%1. Then,

1l = IIf 0 07lloc = sup | F(6%(2))] <sup|f(t)] = | flloe <1,
z€R? teR
hence, f € F={f:R? =R : ||f|,, < 1}. We obtain the final result by using Theoremand the

definition of TV.
O

Corollary S3. Let Fc M, (R) be the unit ball of the RKHS with reproducing kernel k, and k be the
positive definite kernel such that for any x;,x; € RY,

k(zi, ;) = /Sdil k(0% (2;),0%(z;))do(0) .
Define F C My(R?) as the unit ball of the RKHS whose reproducing kernel k satisfies k — k is
positive definite. Then, for any p € [1,00) and p,v € P(R?),

SMMD,(, v; F) < MMD (1, v; F) ,

where MMD (-, - ; F') and SMMD,,(-, - ; F’) respectively denote the MMD and the Sliced-MMD
of order p in the RKHS whose unit ball is F'.

In particular, this property holds for
(i) Linear kernels: k(t;,t;) = tit; fort;,t; € R, andl;(xi,xj) =z x;/d forz; x; € Rand
d >d.
(i) Radial basis function (RBF) kernels: let h > 0, l;:(ti, tj) = e*|ti*t.7‘\2/hf0r ti,t; €R, and
k(xi, ;) = e lwi=asl®/b for ;2 € R

Proof. Define F as the unit ball of an RKHS whose reproducing kernel is denoted by k. Then, any
f € F satisfies

IFI2 =" csask(ti ;) <1, (S14)
i=1 j=1
where n € N*, aq,...,a, € Rand tq,...,t, € R.

Consider f : R¢ — R such that f = f o 6* with f € Fand 6 € S¢~1. By (ST4), we have

SN ik (0% (), 0% (z;)) <1 (S15)

i=1 j=1



The integration of (ST3) over S~! give us

/Sd L ZZO@O&] *(x4), 0" (xj))da'(G) < /Sd?l 1do(6)

i1 j=1
Zzal%/ k(0% (2:),0*(z;))dor () < 1. (S16)
Sd 1
=1 j=1
Define & : R? x RY — Roas k(z;,2;) = [ou 1 k(0% (2;),0%(z;))do(6) for x;,2; € RY. Since k

is positive definite, so is k. By the Moore-Aronszajn theorem there exists a unique RKHS with
reproducing kernel k. Therefore, (ST6) means that f is in the unit ball of the RKHS associated with
k.

Additionally, consider a positive definite kernel k:R? x R? — R such that k — k is positive definite
on R?. In other words, the following holds for any n € N, vq,...,v, € Rand z1,...,z, € RY,

ZZU vi{k(zs, ;) (xl,xj)}>0

=1 j=1

Then, by (ST6), we obtain 37 | >, ciok(zs, ) < 1.

Therefore, any f defined as f = f o # with f € Fand @ € S ! is in the unit ball of the RKHS

associated with &, which we denote by F. By using Theoreml 2[and the definition of MMD, we obtain
the desired result: for any p € [1,00) and , v € P(R?),

SMMD,(, v; F) < MMD (, v; F) . (S17)

Next, we show that this result holds for two popular choices of kernels. First, we choose k as the
linear kernel: k(tl,t ) = tt; for t;,t; € R. Define k as a rescaled version of the linear kernel in
RY: k(xi,2;) = ] 2j/d for x;,2; € R% and d’ > d. Then, for any n € N, vy,...,v, € R and
Z1,...,%n € RY,

n n

ZZU vi{k(z;, x;) (x“xj)}: -

=1 j=1

V;V; 0(2:)0(z;)do (0) — z, x;/d
gd—1

vivj{xj(/gdil 99Td0(9)>:cj - x;xj/d’}

vivga] a;(1/d—=1/d') 2 0 (S18)

1

«
Il
-

<~
Il

I
INgERINGE
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-
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Il
-

where (ST8) results from Y27 | - | v;v;z] 2; > 0 (the linear kernel is positive definite) and
d >d. We conclude that (S17) holds with F defined as the unit ball of the RKHS associated with the
linear kernel k(t;,t;) = t;t; for t;,t; € R, and F being the unit ball of the RKHS associated with
the rescaled linear kernel k(z;, z;) = x] z;/d’ for z;,z; € R and d’ > d.

We conclude that holds with F defined as the unit ball of the RKHS associated with the linear
kernel k(t;,t;) = t;t; for t;,t; € R, and F being the unit ball of the RKHS associated with the
rescaled linear kernel k(z;, z;) = x] z;/d for z;, z; € RY.



We focus now on RBF kernels: let A > 0 and choose I;:(tl-, tj) = e lti=til*/h for t;,t; € R, and
E(zi,x;) = e~ llzi=;1?/h for z;,x; € R% We have for any z;, z; € RY,

k(i x)) = / F(0(21), 0(z;)) dor (6) = / 10T m =0T,/ 4 ()
Sd-1 §d—1
:/ 10T @)/ 4 ()
Sd—1

:/ 6(*\\1’1'*1’1‘Hz/h)(f(xi*l’j)/\lwrff”)2d0'(9)
S§d—1
1L d o — ;>
(2’ 2’ h ’ 1

where M (a, ¢, ) stands for the confluent hypergeometric function evaluated at a, ¢, x € R, and
appears in the normalizing constant of the multivariate Watson distribution: see [[7, Section 2.3] for
more details.

M satisfies the following property

1d o — ) e —a 12 d—1 d |z; — z;|?
M= Z e ) pllwmi—mlt/h Z ! J . S20
(2’2’ I ¢ 2 2 & (520

Since |lz; — x;]|>/h > 0 and  — M (-, -, k) is increasing, we have

d—1 d ||1'i—£EjH2 d—1 d 1d
— > _ = = -, = = .
M( 5 g W > M 5 ,2,0 M 2,2,0 1 (S21)

Finally, by using (ST9) and (S20), we obtain: for any n € N, v1,...,v, € Rand z1,...,2, € R,

n . L 1d x; —z4]|? s 112
S viogdk(an ) — bz} =303 v, [M (2,2,—” il )_e o1/

i=1j=1 i=1j=1

n n 2
_ o o=llwi—a|2/h d—1 d |lzi — ;")
_ZZ'U'L'UJG e [M< 9 9’ h 1

i=1j=1

>0,

where the last line follows from (S21) and Y7, " vivje =i I*/h > 0 (RBF kernels are
positive definite). We conclude that k — k is positive definite, hence (ST7) holds for RBF kernels.
O

S1.4 Proof of Theorem 3|

Proof of Theorem[3] We start by upper bounding the distance between two regularized measures.
Denote by supp(¢) the support of the function ¢. Let ¢ : R — R’ be a smooth and even function

verifying supp(p) C [—1,1] and [; (t)dLeb(t) = 1. Define @y (z) = A~%(||z|| /A)/A(S? ),
with A(S%1) denoting the surface area of the d-dimensional unit sphere: A(S%~1) = 27%/2 /T(d/2),
where I is the gamma function. Denote by F[f] the Fourier transform of any function f defined on
R* (s > 1), given by: for any z € R®, F[f](z) = [g. f(w)e {*®'dw. Let g € G. By the isometry
properties of the Fourier transform and the definition of ¢, we have

/Rd g(x)d(pxn — ) (x) = y Flgl(w) {Flpl(w) = Flri(w)} Fle](Aw)dw
where u)y = p* o) and vy = v * @,. By representing w with its polar coordinates (r,6) €
[0,00) x S?71, we obtain

/ g(@)d(r — 1) () = / / " Flg)(rt) {Flu)(r) — FI)(r0)} Flol Ar)rt=drder(6) .
R4 si—1 Jo



Since g is a real function, F|[g] is an even function, hence
/Rd g(z)d(pn —va)(z)
= % /S /R Flgl(r0) {Flu)(ro) — Fw](r6)} Fl] (M) |r|*~" drdo (6)

=5 [ [ Faleo) {Fiz) - FO100} Fledon) 1 drdo(o) s22)

R
=2 /S ) / / Flgl(r®)e™md(05 1 — 05v) (w) Flg](Ar) |r]*" drdor () (S23)
/Sd 1//Rd/ e—ir(u+(8,z)) {d 05 p — 931 )}}—[90]()\7’)|T‘d71dxdrdo'(9),

where (S22)) follows from (ST), @ results from the definition of the Fourier transform and the fact
that u € [— R, R}, and in the last line, we used the definition of the Fourier transform and Fubini’s
theorem. By making the change of variables * — x — uf, we obtain

/ g(@)d(ur — 1) (@)
Rd

_1 R 2 — u) e O 405 1 — 05\ (u A 119! dpdrde
*z/sd_l/R/Rd/ng( 0) d(07 p — O v) (W) Fle](Ar) 7] dzdrdo(9) .

Since we assumed supp(p), supp(v) are included in B4(0, R), then supp(uy ), supp(wy) are in
B4(0, R + )), and the domain of 2 — g(z — uf) must be contained in B4(0,2R + \). By Fubini’s
theorem and the definition of G, we have

/ 9(2)d(px — 1) ()
Rd

ST
2 Jr JBa(0,2R+2) Jsa-1

1 * * —ir{(0.z _
=3 / / / YO 1,030) |~ ) Flig) ) || dor(6)daar
R JB4(0,2R+X) Jsd-1

R
/_Rg(x —uf)d(0f p — 9§V)(u)e_ir<0’m>f[go}(/\r) |7“|d_1 do(0)dxdr

<C(2R+ )\)d/ 76(9gu,0§u)d0(9)/ )\_d‘]—'[go](r) |r|d71‘dr (524)
Sd-1 R
< C2R+A)"A < / V2 (0. 6 0)d ) / [ FLe ()l |ar ($25)
§d—1
< Ci2R+ NN Svg (1, v) (526)

where in (S24), C > 0 and does not depend on  and v, (S23) results from applying Holder’s
inequality on S~ ! if p > 1, and in (S26), C; = C fR’ 1(r)|r|d—1 ’dr

By using the definition of ~ and @ we obtain

Yo (i, va) = sup‘/ p — V,\)(x)‘ <Ci(2R+ )\)d)\_dS’)/a’p(y,, V). (527)
Rd

We now relate ¢ (pn, va) with v¢(u, v). We start with the following estimate

[ a@aln=)(a) = v5ur.m)
< / o(2)d(u — v)(x) - / o(@)d(ur — va)(@)

/!g (o * g)(z)|dp(x) /\g (ox * g)(z)|dv(x) (S28)



Since we assumed any g € G is L-Lipschitz continuous, we can bound the integrand in (S28) as
follows: for z € R<,

960) = (a2 9)@) | = [\ [ (al0) ~ sw)el(z = 0)/N)ay

<A g(x) — g)|e((x —y)/N)dy

<1y / l — gAY ((x — 1)/N) dy
R4

< L)fdJrl/ ul A" o (u/X)du < L)\/ llz]|¢(2)dz .
R4
Hence, by denoting by M;(¢) the moment of order 1 of , (S28) is bounded by
[ a@)dtu = )@) = el ) < M)A
R

Taking the supremum of both sides over G gives us
Yok ) — v (pa, va) < 2LMi(p)A .
By combining the above inequality with (S27), we get
Yo(p,v) < CL2R + N)A""Svg (1, v) + 2LM1 () A
< CQ/\((QR + NSy (1,0) + 1) ,

with Cy satisfying Co > (7 and Cy > 2LM;(p). Finally, by choosing A\ =
RY (d“)S'yap(u, v)1/(@+1) and using the hypothesis that S~¢,, is bounded, we obtain
Yalp,v) < CoRY VS ye (1,0) /D (2R + N)R 4 1)
< CpS'Y§7p(Mv V)l/(d+1)a

for some C), > 0, as desired. This concludes the proof.
O

As with Theorem Theorem assumes that the function classes G and G are linked to each other
and sufficiently regular. The condition on G is verified with W (simply by definition) and MMD
(provided that the reproducing kernel is Lipschitz-continuous, which holds on compact spaces for

classical choices of kernels), but not with TV. On the other hand, the second condition requires G to
be large enough to contain any possible slice g(x — uf) for any g € G.

S1.5 Proof of Corollary|I]
Proof of Corollary[I] The desired result is obtained as a direct application of Theorems 2] and [3]

O
S1.6 Proof of Theorem ]

Proof of Theoremd} Let p € [1,00) and p, v in P(R?) with respective empirical measures fi,,, y,.
By using the definition of SA,, the triangle inequality and the assumption on the sample complexity



of AP, we have

E |SA£([},, v) — SAZ(ﬂna ﬁn)| =E

/Sd_1 {AP(0; , 0v) — AP (05 1, 0F ﬁn)}dg(g)‘

SE{/ |Ap(9g,u79gl/)—A (Guun’ﬁuﬁn”da(e)}
§d—1

< /Sd_l E‘AP( Fu, 05v) — AP(0F i, 0F ﬁn)|d0'(9)

< 6(197 n)da(@) = B(pvn) )

S§d—1
which completes the proof.

S1.7 Proof of Theorem [3
Proof of Theorem[3] Letp € [1,00) and p € P(R?) with corresponding empirical measure ji,,. By

using the definition of SA,,, the triangle inequality and the assumed convergence rate of empirical
measures in AP, we obtain the convergence rate in SA, as follows

[ s omaoo| <e{ [ ar6in.00]d00)]

< [ EIAGn 8] de®) < [ ando(6) = aten). ($29)
Sd, 1 Sd—l

E|SA?(ju,, )| =E

Additionally, if we assume that A satisfies non-negativity, symmetry and the triangle inequality, then
SA, also verifies these three properties by Proposition E], and we can derive its sample complexity:
for any y1, v in P(R?) with respective empirical measures fi,,, I, the triangle inequality give us

ISAL (1, v) = SAp(fin, Un)| < SAp(fin, 1) + SAL(0n,v) (S30)
By taking the expectation of (S30) with respect to /iy, ¥,,, we obtain
E[SAp(p,v) = SAp(fin, 0n)| S E[SAp(fin, p)| + E[SA, (D, v)]
< {E[SAL(jin, )| }V7 + {E|SAL(,, )| }7 (S31)
< a(p,n)"/? + alp,n)'/? = 2a(p.n)"/7 , (S32)
where (S31)) results from applying Holder’s inequality on S~ ! if p > 1, and follows from the
convergence rate result in (S29).
O

S1.8 Proof of Theorem 6]

Proof of Theorem[B] Let p € [1,00) and p,v € P(R?). We recall that S/EP7L([L, v) denotes the
approximation of SA,(y, ) obtained with a Monte Carlo scheme that uniformly picks L projection
directions on S¢~! (cf. Equation (3 in the main document).

By using Holder’s inequality and the results on the moments of the Monte Carlo estimation error, we
obtain

Eono|SA, 1 (11.0) — SAL(1, )| < {Bon|SA, , (1,v) — SAL(u,v) [}
1/2
SLW{/ [AP(0: 1, 030) — SAL (1,0} dor (0 } ,
§d—1

Since  SAP(u,v) = Jsa—r AP(0;p,05v)do(0) by  definition,  the quantity

Jsa- 1{ P(OF . O5v) — SAZ(M,V)} do(0) is the variance of AP(0fu,0;v) with respect
tof ~o.
O
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S1.9 The overall complexity

We now leverage Theorems [ and [6to derive the overall complexity of sliced divergences, i.e. the

convergence rate of S/Kp(ﬂn, Ur) to SA, (1, v). This result is useful as it helps understanding the
behavior of sliced divergences in most practical applications, where SA,(u, V) is approximated
using finite sets of samples drawn from i and v along with Monte Carlo estimates.

Corollary S4. Let p € [1,00) and p,v € P(RY). Denote by fi,, (respectively, 1,,) the empirical
distribution computed over a sequence of i.i.d. random variables X1., = {Xy}}_, from i (resp.,
Yiin = {Yi}}_, fromv). Assume AP admits the following sample complexity: for any yi', v’ € P(R)
and empirical instantiations i, U}, E[|AP (i, v") — AP(al,, 00)|] < B(p,n). Then,

E[|SA, L (ftn, 7) — SAD(,)[] < B(p,n)

1/2
+ L2 [ / E | (A7 (6; /1m0 70) = SAL(fin, 7))’ d0<9>} !
§d—1

where S/E;L(ﬂn, Uy, is defined by (), and E is the expectation with respect to (w.r.t.) X1.m, Y1.n
and {0,}F_, i.i.d. from the uniform distribution on S¢~1.

Proof of Corollary[S4 Let p € [1,00), u,v € P(R?) and the respective empirical distributions
fin, Up. By the triangle inequality,

[SAG L (jtn: 7) =SAL(1,v)| < [SA 1 (fins 7)) = SA] (fin, 7) |+ |SAL i, ) = SAL (1, v)]
Therefore, by linearity of expectation, we have
E[[SA, 1(n, i) — SAL (1,
< E[BISA, L (jins ) = SAL(in, )| Xtm, Vien]| + B [|SAL i, ) = SAL(1,0)]] -
(S33)
We bound the left term in (S33). By Theorem [f] we have
E[ISA, 1 (fin: 7n) = SAY(fin ou)| | Xion, Y]

1/2
R Y AR YT TS EEINTRES U I

Sd—1
By taking the expectation then using Jensen’s inequality, we get

<P N ~ N ~
B [B[ISAL 1 . ) ~ SAL(Gn.7)] | X1 Vi
) 1/2
<L 12E l{ {AP(0; fun, 050) — SAP (fin, ) } da(t‘))} ]
Sd—l
— o * (1 [ 2
< [-V2 12 {/Sd_l { AP (05 fin, 0F 0p) — SAP (i, ) } da(@)} . (S34)

Next, we bound the right term in (S33): by the sample complexity assumption for A? and Theorem 4]
we have
E [|SA}(in, ) — SAL (1, v)[] < B(p,n) - (S35)

Combining (S34) and (S33) in (S33) completes the proof.
O

Remark 1. Note that by Fubini’s theorem, [, , B[(AP (0} fin, 05 00) — SAP(jin, 0))*]do (6)
(which appears in Corollary is equal to E[Var{AP(0} fin, 0;0n)| X1., Y1:n }], where Var is

the variance w.r.t. X1.,, Y1., and 0 (which is distributed according to the uniform distribution on
S9! and independent of X1.n,, Y1.n)-

11



S2 Postponed proofs for Section [

S2.1 Applications of Theorem I]

As discussed in Section[d] we can use the general result in Theorem[I]to establish novel topological
properties for specific sliced probability divergences, for example the Sliced-Cramér distance (whose
definition is recalled in Definition [S2)) and the broader class of Sliced-IPMs. We present our results
and proofs for these examples below.

Definition S1 (Cramér distance [8]]). Let p € [1,00) and p,v € P(R). Denote by F,,, F, the
cumulative distribution functions of u, v respectively. The Cramér distance of order p between . and
v is defined by

Chln) = [ IR = Rt at.

Definition S2 (Sliced-Cramér distance [9])). Let p € [1,00) and p,v € P(RY). The Sliced-Cramér
distance of order p between p and v is defined by

SCh(u, v / CP (05, 05v)do (0) .

Corollary S5. Let p € [1,00). For any sequence (uy)ren in P(RY) and p € P(RY),
limp 00 SC,, (,uk,,u) = 0 implies (. )ren converges weakly to p. Besides, if (uk)ren and p
are supported on a compact space K C RY, then the converse implication holds, meaning that the
convergence under SC,, is equivalent to the weak convergence in P(K).

Proof. Letp € [1,00). By Holder’s inequality, for any /', v/ € P(R), we have
CI(IU/l?V/) < CP(MI7V/) . (S36)

Consider a sequence (/) )ken in P(R) and i/ € P(R) such that limy_,o, Cp(uy, 1) = 0. By
(S36), this implies limy_,o, Cy1 (1}, #') = 0. Since the Cramér distance of order 1 is equivalent to
the Wasserstein distance of order 1, then by [10} Theorem 6.8], the convergence of (1} )ken to
under C,, implies (1}, )xen converges weakly to 1/ in P(R). By Theoreml we conclude that the
convergence under SC,, implies the weak convergence in P(RY).

We now show the second part of the statement. This result partly follows from slight modifications
of the techniques we used in the proof of Theorem [I| Consider a compact space K’ C R and a
sequence (1}, )ken in P(K’). Suppose that (1) )rew converges weakly to p/ € P(K’). Since F, is
non-decreasing, it is almost everywhere continuous w.r.t. to the Lebesgue convergence, and using the

Portmanteau theorem, we get that for Leb-almost every ¢ € R, limy o0 Fs (t) = Fyr(t). Besides,
F. (t)] < 1, and since K’ is compact, (fK, lpdt) VP < o, By the

dominated convergence theorem in LP-spaces, we conclude that

1/p
kl;rrgo {/K/ \F%(t) — Fu/(t)pdt} =0, (S37)

in other words, the weak convergence of measures in P(K’), where K’ is a compact subspace of R,
implies the convergence under C,,.

Now, consider a compact space K C R? and a sequence (y)xen in P(K) which converges weakly to
p € P(K). Forany § € S?~1, define Ky = {(0, ) : = € K}, which is a compact subset of R (since
it is the image of K by a continuous function) with diam(Ky) < diam(K) (by the Cauchy-Schwarz
inequality). The sequence of pushforward measures (6} %) ken is in P(Kp) and, by the continuous

mapping theorem, converges weakly to 01 € P(Ky). Therefore, by (S37), for any 6 € Sa-1,
lim C,,(egpk, g,u) =0. (S38)
k—o0

Besides, for any y, v € P(R?) with support in K, and § € S,

/w’ L ()7 dt = AIR@—EﬁW&

< 2Pdiam(Ky) < 2Pdiam(K) .

12



By (S38) and the dominated convergence theorem, we finally obtain limy_, - SCp(px, 1) = 0.
O

Corollary S6. Letp € [1,00) and Fc M, (R). Suppose that the space spanned by F is dense in the
space of continous functions for || - ||co. Then, the convergence under the Sliced Integral Probability

Metric of order p associated with F, S~vg b implies the weak convergence in P(R?). Besides, if Y IS

bounded, the converge implication holds, i.e. the weak convergence in P(R?) implies the convergence
under Svg >

Proof. By construction of Fand [[L1, Section 5.1], YE metrizes the weak convergence in P(R), i.e. the
weak convergence in P(IR) is equivalent to the convergence of measures under . The properties of
SYe, P € [1, 00) result from the application of Theorem

O

Remark 2. The boundedness assumption for g is achieved if we additionally suppose that Fisa
uniformly bounded family of functions in M(R), which is a mild assumption.

S2.2  Proof of Corollary 2]

Lemma S2. Letp € [1,00) and 1/ € P(R) with empirical distribution [i,,. Suppose there exists
q > p such that the moment of order q of 11/, defined as My(11') =[5 [t|* dp/(t), is bounded above
by K < oo. Then, there exists a constant Cy, ; depending on p, q such that

o n=1/2 ifq > 2p,
]E I:W]:l;(/una /u‘ )] S CP»QK n_1/2 log(n) lfq = 2pa
n=(a-p)/a if g € (p,2p).

Proof. This immediately results from [12, Theorem 1]. O

Proof of Corollary[2] We first recall that, for any £ € P(R®) (s > 1) and § € S?~!, the moment
of order k > 0 of 67¢ is lower than the one associated with {. Indeed, by using the property of

pushforward measures, the Cauchy-Schwarz inequality, and ||0|| < 1, we have
w659 = [ 1560 = [ (0.0 do) < [ el dee) = ). 539)

Now, let p € [1,00) and p € P,(R?) (¢ > p) with empirical distribution /., Then, by (S39), for
any 6 € S, M, ( f1) < My(p) < 0o, and we can apply Lemmaand Theoremto derive the
convergence rate under SW, : there exists a constant C, 4 such that,

n~1/2 if ¢ > 2p,
E [SWE(fin, )] < Cp g MF/(11) n—zf i?/g;(”) @£q= (2p72 | (S40)
n \4 1 q€ P, 4p).

Besides, since W, is a metric, we can apply TheoremE]to derive the sample complexity of SW,.
Consider 1, v € P,(R?) with ¢ > p, with respective empirical measures fi,,, 2. Then, starting from
(S3T) and using the convergence rate derived in (S40), we obtain the desired result as follows

E ‘SWP(M, V) - Swp(ian, ﬁn)‘
< {B|SWE(jin, )| }"/? + {E [SWE(D,,, )|}/

n~—1/(2p) if ¢ > 2p,
< Gplf (M () + My (v)) ¢ 0=/ CP log(n) /P if g = 2p,
n—(a—p)/(pa) if ¢ € (p,2p).

13



S2.3  Proof of Theorem /7]

Proof of Theorem[/] Letp € [1,00) and € > 0. We use the reformulation of W, . as the maximum
of an expectation, as given in [[13] Proposition 2.1],

SWyo(u.0) = [ WEL(03.650)d0(0)

P
= /Sdl{aﬁné%}((ﬂk) IE(,;#@@;,,[QSE(Q(X)ﬁ(Y),X,Y)}} do(9) , (541)
where C(R) denotes the set of continuous real functions, and ¢.(t,s,z,y) = ¢t + s —

coltts—le—ylP)/c.

Consider for any 6 € S, 4%, ¥} as the functions attaining the maximum in (S41), which exist by
[14, Theorem 4 in the supplementary document]. We obtain

SWJ o (u,v) = /S L {EW@@;V [¢6 (a5(X), 75 (Y), X, Y/)} } do(0)

P
- /d {Emy [(;55 (@f 0 0%(X),05 06*(Y), X, Y)] } do(0) . (S42)
gd—1
Since for all @ € C(R) and § € S?~1, @ 0 0* € C(R%), we can bound (542) as follows

p
SWII;,E(/“L7 V) S /Sd—l {u,vrélgiﬁl%d) EH®V |:¢6 (U(X)7 U(Y)v X7 Y)] } da(@) = Wg,a(/h V) .
(S43)

By Proposition since W, . is non-negative, so is SW, ., and we can apply ¢ — t1/7 on both sides
of (S43) to obtain the final result.

O

S2.4 Proof of Theorem 8

Proposition S1. Let X be a compact subset of R, and 1/, € P(X) with respective empirical
instantiations [i,,, . Let p € [1,00) and € > 0. Then,

(Woe (B 27,) = Wie (0, 0)] < 2 diam(X) {W (i, fi7,) + Wi (v, 27,)} (S44)

Proof. Letp € [1,00),e > 0and X C R compact. Consider 1/, " € P(X) with respective empirical
distributions i}, 7/,. We first express the regularized OT cost as the maximum of an expectation [13}
Proposition 2.1]

W, (i) = . gé%)((R) Eau [0 (4(X),5(Y), X,Y)] (S45)
Welfin,v') = max. Ep o [0 ((X), 3(Y), X, Y)] , (S46)

where ¢.(t, s,2,y) =t + s — ee(t+s—lla=vll*/2)/= By [[14] Proposition 1], the Sinkhorn potentials

(@, D) are Lipschitz continuous with Lipschitz constant diam(X) < oco. Therefore, by denoting by

LiPy;mx) (R) the space of diam(X)-Lipschitz continuous functions defined on R, (S45) and (S46)
can be rewritten with the maximization over Lip;, ., %) (R).

We can now use [15, Proposition 2] to bound the absolute difference of W, .(y/,7’) and
W, (fi,,v'). We provide the detailed proof below for completeness. By [[15, Proposition 6,
Appendix Al], there exist smooth potentials (%*, 0*) attaining the maximum in (S43)) such that, for all

14
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/d)e ), 0%(9), %, 5)dv' (§) = 1 p’-almost surely, (S47)

/ ¢ (0 (Z),0*(4), %, 9)dp' (Z) = 1 v/'-almost surely . (548)

Analogously, there exist smooth optlmal potentlals x, oy for (S46) satisfying (S47) and (S48)
where @*, 0* and ' are replaced by @), 0% and i}, respectively.

The optimality of these potentials give us

Epon [ (7, (X), 05(V), X,

S Eu’@v/ [QSE (’[L (X) (Y)

< Ewew [0 (@7 (X), 0 (Y),
Therefore,

|Wp75(l‘/7 V') — Wp,fs(ﬂ;w V)

= B [6:( (X),5"(7), X, )] = By o [0 (0,(£), 55,(7), X, V]|

< |Busw [0 (), 5(7), X, V)] — By [0-(a*(X),5(7), X, V)]

o B [6: (5 (X), 55(0), X, 9)] = By [0: (@ (X), 55(0), X, D)) | . (549)

‘We bound each term of the sum in @) as follows
By [60(@ (%), 5 (V), X, V)] = gy [6- (a7 (%), 5 (7), X, V)]
7‘/ A’ — i) //ew @)+5 @) -3/ /ey (A (1 — i) (@ )‘
-| [ @ - i )\ < s | [a@ae - )@

ﬁeLipdimn()"() (R)

; (850)

where (S30) results from (S47). Since for any f € Lip, (R) with L > 0, f/L € Lip; (R), (S30) can
be bounded as follows

‘Eu/@u’ ¢€(ﬂ*()~()76*(?) X Y/)} - Eﬂ’n®v' [st(a*(X):ﬁ*(Y)vXaY)H

< diam(X sup( ’ / d(0Fp — Ggﬂn)(a?)‘ = diam(X)W (i, fil,) (S51)
R)

u€L1p1

where (S31)) follows from the dual formulation of the Wasserstein distance of order 1 [10, Theorem
5.10].

We show with an analogous proof that

B [6:(5,(X), 55(V), X, V)] = By o [0 (#5(X), 75(V), X, V)] | < diamn(K)W (4, )

which leads to the conclusion that

(W (1 V) = W e (fily, )] < 2 diam (X)W1 (¢, 1) - (S52)

By using the triangle inequality and (S32)), we obtain the final result
(We(fi, 73) = W e (0, V)] < IWope (1) = W e (f1, V)| 4 W, (fir,, V') — Wi e (i, 77,
P, P, P P P P
< 2 diam(X) (W1 (i, ) + W (v, 7))
O
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Corollary S7. Let X be a compact subset of R, and 11/, ' € P(X). Denote by [i.,, D!, their respective
empirical instantiations. Let p € [1,00) and € > 0. Then,

E[W,.o (it 77,) = Wy (1, 1')] < 2 diam(X)Cy [ Mg/ (') + Mg/ 4(v")]n =12

where ¢ > 2, Cyq < o0 is a constant that depends on q, and My (1), My (V') are the moments of
order q of i, V' respectively.

Proof. We apply Proposition and take the expectation of (S44) with respect to X1, ~ /i, and
i/l:n ~ ZA/»;L

E W, (jir,, 01) = Wy (1, v")] < 2 diam(X)E{W1 (1, fi,) + W1 (v, 27)} - (853)

Since p’ and v/ are both supported on a compact space, they have infinitely many finite moments. We
can then bound (S53) using the convergence rate of empirical measures in Wy, recalled in Lemma
This concludes the proof.

O

Proof of Theorem[8] Let p € [1,00) and & > 0. Consider y, v € P(X) with X C R¢ compact, and
denote by fi,,, 7, their respective empirical distributions.

Let € S ! and define Xy = {(0,z) : x € X}. Xy is compact (since X is compact and §* is
continuous) and verifies diam(Xy) < diam(X) (by the Cauchy-Schwarz inequality). Besides, by
(S39), for any k > 0, My (05 1) < My (p) and My (0;v) < My (v). By Corollary there exists
C < oo which depends on ¢ > 2 such that,

E (W (65 fin, 03 7) — W, (05, 05)| < 2 diean(X)C [M/9 (1) + ML/ ()]0 /2.

The sample complexity of SW,, . is finally obtained by applying Theorem

S2.5 Proof of Proposition 2]

Sinkhorn’s algorithm refers to an iterative procedure which operates on empirical distributions as
follows: consider a cost matrix C' between two sets of n samples, and define the matrix K with
K, ; = exp(—C;j ;/e) for 1 < i,j < n, and initialize b0 =1 € R” : then, compute for ¢ > 1,
a®) = 1./n(Kb¢=1), b = 1./n(Ka®), where ./ stands for the entry-wise division. This defines
a sequence ’y(g) = a(e)K i be) which converges to a solution of (3) at a linear rate. The convergence
rate of Sinkhorn’s algorlthm is recalled in Theorem [ST] For an extended discussion on this result, we
refer to [[16l Section 4.2].

Theorem S1 ([17]). The iterates a'¥) and b) of Sinkhorn’s algorithm converge linearly for the

Hilbert metric at a rate 1 — tanh(7(K')/4), with 7(K ) = log max; ;i j/ g 5(

. In particular, for
the squared-norm cost, i.e. K;; = exp(—||z; — z;||*/e), it holds

7(K) < 211112;)( |z — xj||2/5.

Proof of Proposition2] For i,j € {1,...,n}, the function f; ; : € S¥1 % 0, 2; —x;) is
1-Lipschitz and has median 0 for 6 uniformly distributed on the unit sphere. Thus, by concentration
of measure on the sphere [[18, Example 3.12], it holds for e > 0,

B (1fi;(0)] = ) < V2 exp(—de?/2) |

Taking a union bound over the n(n — 1) pairs of indices and setting 7 = (Re)?, it follows
P <ma_x O, x; — x)|? > T) < V2mn? exp(—dr/2R?) .
i

Hence, for any § > 0, it holds with probability 1—4d that max; ; [(0, x; —x;)|? < % log(v/2mn?/6).
This argument was suggested to us by an anonymous reviewer.

O
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S3 Additional experimental results

All of our experimental findings presented in this paper and its supplementary document can be
reproduced with the code that we provided here: https://github.com/kimiandj/sliced_div.

In this section, we provide additional results obtained for the synthetical experiments illustrating
the sample complexity of Sliced-Wasserstein and Sliced-Sinkhorn divergences: we produce figures
analogously to Figures 2(b)] [3(a)|and [3(b)] with different hyperparameter values.

00

distance
distance
distance

w0 o
E — W2,d =50 === SW2,d =50

(@ L =1 (b) L =10 (¢) L = 1000
Figure S1: Illustration of Corollary 2} Wasserstein and Sliced-Wasserstein distances of order 2
between two sets of n samples generated from N(0,1;) vs. n, for different d, on log-log scale.
SW, is approximated with L random projections, L € {1,10,1000}. Results are averaged over 100

runs, and the shaded areas correspond to the 10th-90th percentiles. Figure 2(b)] shows the results for
L = 100.

£ = 100.0

divergence

w07 107 109 w0 107 107 w0l 107 109
number of samples number of samples number of samples

(a) Influence of the data dimension for € € {0.05, 10,100}

d=2 d =10 d =50

divergence

10! 10 0° 10 10° 10*
number of samples. number of samples number of samples

(b) Influence of the regularization coefficient for d € {2, 10,50}

Figure S2: Ilustration of Theorem[8} Sinkhorn and Sliced-Sinkhorn divergences between two sets
of n samples generated from A(0,1,) for different values of n, dimension d, and regularization
coefficient €. Sliced-Sinkhorn is approximated with 10 random projections. Results are averaged over
100 runs, and the shaded areas correspond to the 10th-90th percentiles. All plots have a log-log scale.
Figure[3(a)| shows the influence of the dimension for & = 1, and Figure [3(b)|shows the influence of
the regularization for d = 100.
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