A Omitted Proofs

A.1 Proof of Lemma[3.2]

For part 1, we have

[ExEqf(9X) —Ex f(X)ll2 = | S”uglEg]EX@, f(gX) = Ex f(X))

< sup EgllvllaWi(f(9X), (X))

loll<1
=E Wi (f(9X), f(X)),

where the inequality is due to Kantorovich-Rubinstein theorem, i.e., the dual representation of the
W1 metric (see. e.g., [68]).

For part 2, by law of total variance, we have
Covx f(X) — Covx f(X) = —ExCov, f(9X) + A1 + Ao,
where
A1 =E (x4 f(9X)f(gX)" —Ex f(X)f(X)"
Do =Ex f(X)Ex f(X)" —E(x,9) [ (9X)E(x,0)f(9X)"

For any non-zero vector v, we have

lvT Ajv| =

BB | (0 S = (0, S0P

<E,

Bx (0. £(6X))* = (0. SO |

The Lipschitz constant for the function w — (v, w)?, where w € Range(f), is bounded above by
2||v|2|| f|loo. Invoking Kantorovich-Rubinstein theorem again, we have

07 Aol < 2[5 fllooEgWi (f(9X), F(X)).

Similarly, we have

2

0T Ago] = ‘(Ex<v7f(X)>)2 - (Bontes0xD)
- {163
Ex (0, £00) = (0. £(0))|

< 2[l3I flocEg Wi (£ (9X), £(X)).

Part 2 is then proved by recalling the definition of the Loewner order.

< 2 flloo

BB {0, /(X))

< 2[|fllooEg

For part 3, we have

Ex¢(f(X)) — Exo(f(X)) = Exp(f(X)) — Expo f(X) + EgExp o f(9X) — Exo(f(X)).
We finish the proof by noting that

EgExpo f(gX) — Exo(f(X))] < llelluipWi(f(9X), f(X)).

A.2  Proof of Proposition3.3]

For notational simplicity, we let f = O and f= 0. Then using bias-variance decomposition, we
have

MSE(f) — MSE(f) = B+V,
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where
B = ||Bias(f)||3 — |IBias(f)|13
V = tr(Covx f(X)) — tr(Covx f(X)).

We first analyze the bias term. Note that by Lemma 4.2, we have
< Ex f(X) = Ex f(X)]2

]nBias(f)z ~ |IBias(f)]:

Hence

|B| < (IIBiaS(f)Ilz + IIBiaS(f)Hz)‘BiaS(f)IIQ — |[Bias(f)ll2

< <||Exf(X) CEx f(X) 2 + 2|BiaS(f)||z> Ex F(X) — Ex F(X)]l2
< (anxf(gxxf(x» +213ia8(f)||2> E Wi (f(gX), (X)),

The variance term V' can be bounded by the following arguments. We have

[tr(Ar)] =

E,Ex [nf(gX)n% - ||f<X>%}

< 2| fllocEyg

Ey [Ilf(gX)llz - IIf(X)Ilz}
< 2 F By Wi (F(9X), F(X)).

Similarly, we have

[ tr(Ag)| = \HEXf(X)n% Ex o fX)I3

< 2||f|oo\||ﬂaxf<x>||2 Exo f(gX)]2

< 2| flloc[Ex f(X) — Ex f(X)]2

where the last inequality is due to Lemma[3.2]

Combining the bound for B and V' gives the desired result.

A.3 Proof of Theorem 3.4

We first prove a useful lemma.

Lemma A.l1 (Triangle inequality/Tensorization). For two random vectors (Xi,...,X,), (Y1,
ey Yy) € X, we denote the joint laws as u™, v™ respectively, and the marginal laws as {p; }1, {vi }1
respectively. We have

Wd" (‘u’ﬂ, l/n) S ZWd(:u’la Vi)-

Proof. By Kantorovich duality (see, e.g., [68]), for each coordinate, we can choose optimal couplings
(X5, Y) € (i, vi) st. Wa(X,,Y;) = Ed(X [, Y;*). We then conclude that proof by noting that

3

(X AYT ) € T(p™, vm). H

Now we are ready to give the proof. We will do the proof for a general metric d. The desired result is
a special case when d is the Euclidean metric. We start by doing the following decomposition

EL(0q, X) —EL(0, X) =1+ 1+ 11+ 1V + V,
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where

1=EL@q, X) — EEqL(0g, 9X)

. 1 <& .
I =EEgL(0g,9X) — - E EcL(fg,9X:)
=1

1 & . 1
I = - ZEGL(Og, 9X;) — -~ ZEGL(%&XD

i=1 i=1

1 n
= > EgL(6o, 9Xi) — EEGL(60, gX)
i=1
V = EE¢L(6y, gX) — EL (6o, X).

By construction, we have III < 0 and

Il < sup ZIEgL 0,9X;) — EEGL(Q,gX)‘.
0cO
Moreover, we have
I+V <2sup |EL(6,X) —EEcL(9,9X)|,
6cO

which is equal to zero under exact invariance g X =4 X.

The term II 4- IV is taken care of by essentially the same arguments as the proof for 6,,. One uses
concentration to bound IV and uses Rademacher complexity to bound II. These arguments give

M1V < 2R (L o)+ 21082/0
n

Ze EcL(0,9X;)|.

w.p. at least 1 — 0, where

R,(Lo®)=Esup
0€O

Now we have

1
—Esup |— L6, X;)

Za
fco |

Rn(Lo©) =R, (Lo®) <A+E, []Esup
0€©

i=1
where we recall

A= EsupFZsz]E L(9,9X;)| — EE, Sup|751 (0,9X:)| <0

i=1
by Jensen’s inequality.
By our assumption, for any x,Z € X, 6 € ©, we have
L(#,x) — L(0,2) <|L|Lip - d(z, Z)

for some constant || L||1ip. For a fixed vector (e1, ..., £, ), consider the function

h:(x1,...,x,) — sup e L(0, x;)
( 1 heo Z % z
‘We have
1 n
|h(l‘1, 71‘71) - h(yla sy yn)| S g gug ZElL(97xl) - 51L<97y2)
€O li=1

IN

1
~|[Lllip - Y (i, ).

16



That is, the function h : X — R is (|| L||Lip/n)-Lipschitz w.r.t. the l.s.c. metric d,,, defined by
dn({z:}7,{yi}T) = >, d(xs, y:). Applying the tensorization lemma and Kantorovich-Rubinstein
theorem, for arbitrary random vectors (X7, ..., X,;) and (Y7, ..., Y},), we have

IEA(X1, ..., X)) — h(Ya, ..., Yy

IN

1

I Llip - Wan (1™, v")
1 n

I Llleip - > WX, Y5).

i=1

IN

Hence we arrive at
_ 1
Ra(L0©) = Ru(L00) <A+|Llup- > B Wa(Xi,gXi)

= ”L”Lip ’ ngd(Xa QX)-

Summarizing the above computations, we have

2log2/6
IM+1V < 2R, (LoO)+2||L|Lip - EeWa(X, gX) + W

w.p. atleast 1 — .
‘We now bound I + V. We have

I+V <2sup|EL(#,X) — EEgL(H,gX)‘
0co
<2supEq¢|EL(0, X) — EL(G,gX)‘
0€O

< 2| Ll[Lip - Wa(X, gX).
Combining the bounds for the five terms gives the desired result.

A.3.1 The Redemacher Bound for én

The results concerning 6, is classical. We present a proof here for completeness. We recall the
classical approach of decomposing the generalization error into terms that can be bounded via
concentration and Rademacher complexity [7,60]:

R . 1 <& R n .
EL(6,,X)—EL(6y,X) =EL(0,,X) — — g L6,,X;)+ l E L(6,,X;) —EL(6p, X).
n n
i=1 =1

Hence we arrive at

EL(én,X)—]EmeX)g]EL(én,X)—lZ L0, X;) ZL&O, —EL(by, X)
n
i=1
1 n
<sup|—Y L(0,X;) —EL(H, X) L(6o, X;) —EL(6o, X) ),
<sup | 1YL, %) - \(Z : (00,))

i=1

where the first inequality is because 6,, is a minimizer of the empirical risk. By McDiarmid’s
inequality, we have

1 n
fz (00, X;) —EL(6p, X) > t) < exp{—2nt*}.

3

So w.p. at least 1 — §/2, we have

1 3" L(60, Xi) — EL(69, X) < \/M.
n 2n
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It remains to control

sup |—
0co

ZL 0, X;) ]EL(Q,X)‘.

We bound the above quantity using Rademacher complexity. The arguments are standard and can be
found in many textbooks (see, e.g., [60]). Since we’ve assumed L(6, z) € [0, 1], for two data sets
{X;}} and {X,}} which only differ in the i-th coordinate, we have

n n

1
L0, X;) — EL(@,X)‘ —sup |—

L0, X;) — EL(&,X)‘

sup |—

oeo | ] oeo |1 ]
1 ~ 1
n geo n

By McDiarmid’s inequality, we have

I 1o
P sup|=S L0, X;) —EL®, X)| —E|sup |~ S L6, X;) — EL(0, X
(sum 5 22030 ~m200.30| - sup |5~ 100.%) ~B200.%)

It follows that w.p. 1 — 6/2, we have
1 & log2/6§
= E N — < ==
- L6, X;) ]EL(O,X)H < o

i=1

} > t) < exp{—2nt*}.

n

sup |—
fco |

L(6,X;) —EL(6, X)‘ - E[sup
0coe

i=1

A standard symmetrization argument then shows that

E[sup 12L(0,X0EL(9,X)H < 2R, (Lo ©),
oco | T —]

where the Rademacher complexity of the function class Lo © = {z +— L(#,z) : § € ©} is defined
as

Rn(Lo© Esup
IS

where the expectation is taken over both the data and IID Rademacher random variables ¢;, which are
independent of the data. Summarizing the above computations (along with a union bound) finishes

the proof for 0,

A.4 Proof of Theorem

We will do the proof with a general metric d. Recall that

0c = argminEE, L(6, gX).
0O

By our assumptions, we can apply Theorem 5.23 of [66] to obtain the Bahadur representation:

1 n
V'Y VEGL(6o, gXi) + 0p(1),

V(e —0c) = 7n
i=1

so that we get

V(e —0g) = N(o, VG 'E [VEGL(HG, gX)(EgVL(0q, gX))T} VGTl> .

To simplify notations, we let
Co = Covx(VL(0y, X)), Cg=Covx(VE,L(0g,9X)).
By bias-variance decomposition, we have
MSEq = n~ tr(Vy ' Co Vg h)
MSEq = n"t tr(V5 'OV ) + [|6c — 6o
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We have
tr(Vg ' CaVg ) — (Vg 'CoVg 1) = (Ca, V™) = (Co, Vg %)
= (Co = Co+Co, Vg *) = (Co, Vg ?)
= (Cc = Co,V5?) +(Co, Vg2 = Vg 2.
We let Mo(X) = VL(6y, X)VL(6y, X)" and Mg(X) = VL(0g, X)VL(6g, X)". Then we have
Cg — Co = Cg — ExMg(X) + ExMg(X) — Cy

= (CG - ]EXIEQMG(gX)> +E,Ex [MG(gX) - Mg(X )] +Ex [MG(X ) = Mo(X )}

= —EXcOVg(VL(Gg,gX)) + ]Eg]EX |:MGV(QX) — Mg(X):| + ]EX |:M(;(X) - Mo(X):| .
Hence we arrive at
n(MSEg — MSEg) = —<EXcOVG(VL(00, 9X)), VGTQ> + I+ 1+ 1041V,

where

1= nl|6c — bol|?

= By <MG(9X) _ M(X), VG2>

I = Ex<MG(X) - M(](X)v VG2>
IV = (Co, V52 = Vy2),

and this is the desired result.

A.5 Proof of Theorem

We seek to control the misclassification error of the two-layer net at step k. By Markov’s inequality,
for a new sample (X, Y") from the data distribution, we have

POV (o W) < 0) = B (oo 2 3)
< QJE{— (Y f(X; Wk,a))} .
The population quantity in the RHS is decomposed by
E[— (Y f(X; Wk,a))} =I+1I,

where .
I1==— — V(Y. f
DILAR IR
i€[n]
and

= ]E[ - E’(Yf(X;Wk,a))] - iez[;] E, [ - fl(nfi,g(Wk))}

The first term (optimization error) is controlled by calculations based on the Neural Tangent Kernel.
The second term (generalization error) is controlled via Rademacher complexity.

We first control the first term (optimization error). In fact, everything is set up so that we can directly
invoke Theorem 2.2 of [40]. We note that their result holds for any fixed dataset and there is no
independence assumption. This gives the following result:
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Proposition A.2. Givene € (0,1),6 € (0,1/3). Let
\ V/21og(4n|G|/6) + log(4/¢) A= 40962
7/4 ’ v
For any m > M and any constant step size n < 1, w.p. 1 — 30 over the random initialization, we
have

% SR <6, T = [222/(ne)].
t<T

Moreover, for any 0 <t < T and any 1 < s < m, we have
4\
lws i — wspll2 < —=

yy/m’

where w, ; is the s-th row of the weight matrix at step t.
Proof. This is a direct corollary of Theorem 2.2 in [40]. O

Assume the above event happens. Since we’ve chosen k to be the best iteration (with the lowest
empirical loss) in the first 7" steps. Then with the same probability as above, we have R, (W}) < e.
Now, let us note that the logistic loss satisfies the following fundamental self-consistency bound:
—{" < £. This shows that if the loss is small, then the magnitude of the derivative is also small. Thus
on the same event, we have that the term I is also bounded,

I<R, (W) <e.

We then control the second term (generalization error). The calculations below are similar to the
proof of Theorem 4.4. We begin by decomposing

M=1IL1+112,

where
1.1 =E { — (Y f(X; Wy, a))} — EE, [ — (Y f(gX; Wy, a))}
and

II.2 = EE, [ — (Y f(gX; Wy, a))] - % Z Ey [ — (Y f(gXi; Wk,a))} .
i€[n]

We control term II.1 by exploiting the closedness between the distribution of (X,Y") and that of
(9X,Y). Note that the Lipschitz constant of the map = — —¢'(y f (z; Wi, a)) (w.r.t. the Euclidean
metric on R?) can be computed by:

/(5 (: Wi 0)) = € (g 55 W, )
< 1 W @) = 135 Wi a)]

1)1 . _
- 4‘\/@ ez[:]a(ws,kx) \/R Z U(ws,kx)

11
< —— lwy x(z — F)|
4\%5;7@ !

11 i
S ivm ;} s kllollz — 2

11

<-— (llws,oll2 + llws,0 — ws kll2) |7 — 2|2
2
1 1 -

< Z p\/a—‘— \/7% Z ||ws,O||2 ”'1: —1‘”2,

s€[m]
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where p = % and the last inequality is by Proposition A.Z} Note that each ||w; o2 is 1-subgaussian
as a 1-Lipschitz function of a Gaussian random vector (for example, by Theorem 2.1.12 of [64])), so

that <

Hence w.p. at least 1 — §, we have

\FZmonsz[ Z|wso||2] +yf2008

1 e
Z [ws,oll2 — {\/ﬁ > ||ws,0|2} >t) <e 2

s€[m] s€[m]

s€[m] s€[m]
Z VEllwsoll3 + \/210g
‘;e[m]

= Vmd+ +/2log1/6.

So w.p. at least 1 — 4, the Lipschitz constant of the map x — —¢'(y f(z; Wy, a)) is bounded above

by
1/4
4()\+de+ \/2log1/5).
y

Assume the above event happens (along with the previous event, the overall event happens w.p. at
least 1 — 44). This information allows us to exploit the closeness between X |Y and ¢ X |Y. We have

L1 = EyEy g |Ex)y[—¢ (Y f(X; Wy, a))]
By (Y f(gX: Wi am]

[1/ 4\
<EvEso|g (7 + Vmd + \/2log 1/5) WL (XY, gX|Y)

1[4\
=3 (7 +Vmd + \/21log 1/5) -EyE Wi (X|Y, gX|Y),

where we let X |Y to denote the conditional distribution of X given Y, and the inequality is by the
dual representation of the Wasserstein distance. Note that under exact invariance, II1.1 = 0.

The term I1.2 is controlled by standard results on Rademacher complexity. Indeed, by the same
arguments as in the proof of Theorem 6.4 of the main manuscript, w.p. at least 1 — §, we have
log2/6

2n
Taking a union bound (now w.p. at least 1 — 5§), we have proved the generalization error bound.

12 < 2R, +

Finally, we prove the bound on R, —Rn. Under exact invariance, Jensen’s inequality gives R < R
However, under approximate invariance, we have an extra bias term. We have

1
Rpn—Rn=A+ EE, sup |—e&; [ - 6’(Yifi,g(W))] ‘ —Rn.
wew, |1

where

A=E sup
we¥,

LBy~ g (V)] | BBy sup
we,

L] e, | <0

by Jensen’s inequality. Now by the computations when bounding term II.1 and the arguments in the
proof of Theorem 4.4, we have

L] - ey | R < 3 (L Vind + 2iog175)

. EyEgNQWI (X|Y7 gX|Y)

w.p. at least 1 — 0. Combining the above bounds finishes the proof.

EE, sup
we¥,
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A.6  Proof of Theorem

We first present two useful lemmas. The first one can is essentially Lemma 3.2 under exact invariance:
Lemma A.3 (Invariance lemma). In the setting of Lemma[3.2] assume exact invariance holds. Then

1. For any x, f(x) is the conditional expectation of f(X), conditional on the orbit: f(x) =
E[f(X)|X € Gz], where Gz := {gx : g € G};
2. Therefore, by the law of total expectation, the mean of f(X) and f(X) coincide: Ex.pf(X) =

Ex~pf(X);
3. By the law of total covariance, the covariance of f(X) can be decomposed as Covx pf(X) =

COVXN[[»fT(X) + EXNPCOVgNQf(gX); ~
4. Let ¢ be any real-valued convex function. Then Ex p[o(f(X))] > Ex~p[o(f(X))].

Proof. We first prove part 1. Let x be fixed. Let A = {X € Gz}. It suffices to show

/Efgmd]P’ /f )dP(X

For an arbitrary g € G, the RHS above is equal to

/ F(X)dP(X /f gX)1{gX € Ga}dP(X /f 9X)1{X € Gz}dP(X),
A

where the first equality is by the exact invariance, and the second equality is by the definition of the
orbit. Taking expectation w.r.t. Q, we get

/f )AP(X //f gX)1{X € Gz}dP(X)dQ(g).

On the event A, there exists g%, potentially depending on X, s.t. X = g%x. Hence, we have
[ 100 = [ [ rlgegiat(x e Gayarx)iw)
= [ | oo sxe)a@on(x e Gojar(x)
= [ | Hamao)nix  Gajapcx)
- /A E, f(g2)dP(X),

where the second equality is by Fubini’s theorem, and the third inequality is due to the translation
invariant property of the Haar measure.

Part 2 follows by law of total expectation along with the above point.

Part 3 follows directly from part 1 and the law of the total covariance applied to the random variable
f(gX), where g ~ Q, X ~ P.

Part 4 follows from Jensen’s inequality. O

The next lemma says that if Assumptlons H /Aland B .hold for the pair (6, L), then they also hold for
the pair (6, L) under exact invariance:

Lemma A.4 (Regularity of the augmented loss). For each 0, assume the map (X, g) — L(0,gX) is
in LY(P x Q). Assume exact invariance holds. If the pair (0o, L) satisfies Assumptionlgand | then
the two assumptions also hold for the pair (0, L).

Proof. By exact invariance and Fubuni’s theorem, it is clear that EL(0, X) = EL(6, X) for any
6 € O. Hence 0 = 0y and Assumption A is verified for (¢, L). We now verify the five parts of
Assumption B.
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For part 1, we have

1 n B _ 1n
sup |— EL(0, X;) —EL(0, X)| = sup |E,[— L(0,9X;) —EL(0,9X
sup |1 SSEL(0, %) ~EL(0, )| = up 8,113 110.9%) ~ B0
1 n
< supE,| =S L6, gX,) — EL(6, gX
< sup |3 100.9X) ~BL(0.0)
1 n
<E,sup |~ S L0, 9X;) — EL(0, gX
<Eysp| L3 100.9X,) ~EL(0,6)
:Op(l)v

where the two inequalities is by Jensen’s inequality, and the convergence statement is true because of
the exact invariance and the fact that the original loss satisfies part 1 of Assumption B.

Part 2 is true because we have assumed that the action  — gx is continuous.

For part 3, since (0, L) satisfies this assumption, we know that on an event with full probability, we
have

‘L(Qo +6,9X) — L(6o,gX) — 5TVL(9079X)’
=0.

;
5230 1911

Now we have

EyL(00 + 6,9X) — EgL(6o, 9X) — 6 " EgV L(6o, gX)’
9]

Eq

L(8o + 6.9X) — L(6y, gX) — 6TVL<90,9X>\

o]l
< E,[L(gX) + |[VL(6o, gX)||],

<

where the first inequality is by Jensen’s inequality, and the second inequality is by part 4 applied to

(60, L). We have assumed that E[L(X)?] < oo, and hence so does E[L(X)]. By exact invariance,
we have

ExEg[L(9X)] = EgEx[L(9X)] = E[L(X)] < oo,

which implies E,[L(gx)] < oo for P-a.e. z. On the other hand, part 5 applied to (6, L) im-

plies the existence of EV L(0y, X)VL(0y, X) T, and hence E[|VL(6y, X)||> < oo and so does
E||VL(by, X)||. Now a similar argument shows that under exact invariance, we have

Eg[VL(6o, gz)| < oo.

for P-a.e. . Hence we can apply dominated convergence theorem to conclude that

EgL(0y +6,9X) —EgL(0y, gX) — 5T]E9VL(6‘0,9X)’

) o

‘L((‘)o - 6,9X) — L(0s, gX) — 5TV L (0, gX>‘
e
= Fa 0y ol

which implies that § — L(6, x) is indeed differentiable at 6.

For part 4, by assumption, we have

[L(61, g2) — L(6a, g)| < L(gx)||01 — ||
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for almost every x and every 61, 05 in a neighborhood of 8y = 6. Taking expectation w.r.t. g ~ Q,
we get

|L(01,2) — L(Ba, )| < Eg|L(61, gz) — L(62, gz)|
< EyL(gz)||01 — 62]|.

Now it suffices to show = ++ E,L(gx) is in L?(P). This is true by an application of Jensen’s
inequality and exact invariance:

Ex[(E,L(9X))%] < ExEy[(L(9X))’]
= E,Ex[(L(9X))?]
=E,EL?
=EL?
< o0.

Part 5 is true because under exact invariance, we have EL(0, X) = EL(6, X). O
We now present the proof of Theorem {.1]

Proof of Theorem{d.1| The results concerning 6, is classical (see, e.g., Theorem 5.23 of [66]). By

Lemma 3.4, we can apply Theorem 5.23 of [66] to the pair (6 = 6, L) to conclude that
V(e — ) = %Vggl ; VI (00, Xi) + 0,(1).
Hence the asymptotic normality of én’g follows and we have
Se = Vg, 'EIL(00, X)L (60, X) "1V, .
The final representation of ¥ follows from part 3 of Lemma|A.3 O
A.7 Proof of Theorem

For notational simplicity, we will use W and 6 interchangeably when there is no ambiguity. Recall
the regression function is f(W, X) = 17T o (W X). Let 6 be the ground truth weight matrix. The
population risk is

]EL(gvaY) = E(Y - f(a()vX) + f(a()vX) - f(evX))2
=E(f(6o, X) — f(6,X))* +~°.
Under current assumptions, the minimizer W, of W — n~1 Z?:l L(W, X,,Y;) is consistent (see,

e.g., Example 5.27 of [[66]]). Meanwhile, under current assumptions, we have the following second-
order expansion:

EL(0, X,Y) = EL(0y, X,Y) + %IE [(e )T <2Vf(60, X)V (0, X)T) 0— 90)]

+o([0 — 6ol*).

where EL(0y, X,Y) = ~+? and Vf(0,X) is the gradient w.r.t. 6. This suggests that we
can apply Theorem 3.5 with Vp, = 2EV f(0y, X)Vf(0o, X)" and VL(0y, X,Y) = —2(Y —
f(lo, X))V f(0g,X) = —2eVf(0y,X), which gives (with the Fisher information Iy =
EV£(6, X)V£(6,X)T)

V(Oerm — o) = N(o, V. 'E {452%‘(907 X)V £(6o, X)T} Veol)

=q N(O,JQIQ(}).
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On the other hand, the augmented ERM estimator is the minimizer W, ¢ of W +— Z?Il
E,L(W, gX;,Y;). Now applying Theorem 3.5 gives

\/E(Wn,G - 90) = N(07 Z(;),

with the asymptotic covariance being
Yo =71, - V;,'E [CongL(GO, 9X, Y)] V!
=L - I'E [cng(Y — f(60,9X))V £ (0o, gX)] I}
= VI — I 'E [€2C0V9Vf(907 gX)] I}

=42 ([0—01 - Ie_olE{Congf(@o,gX)} 19_01) '

where we used f (6o, gz) = f(6o, ) (which is due to exact invariance) in the second to last line.
Using Lemma 3.1, we can also write

Ya
= 7219_01 (Igo - E[Congf(Go,gX)])Ie_ol

= 7219_01 (COVXVf(Go, X)-E [Congf(Ho,gX)} ) 10_01
= 72]9701]00 -[901 9
where I, 0, 1s the “averaged Fisher information”, defined as

Iy, = Covx[E4V f(6p, g X))

T
This finishes the proof for the asymptotic normality result.
We now prove the expressions for Iy and Iy,. We have

VW, z) =o' (Wz) 2" € R™*4,

We can think of the Fisher information matrix Iy = EVf(0, X)Vf(0, X)" asad x d x d x d tensor,
i.e,

Iy =E(0'(WX)- X" @ (@' (WX)-X")
—E(o'(WX)® ' (WX))- (X ©X)7.
The (4, 7,4, j')-th entries of this tensor is
Iw (i, 4,1, 5") = Eo' (W' X)o/ (W X) - X; X
For a quadratic activation function, o (z) = x2/2, we have
Iy =EWXX")® (WXXT")
=WeoW) EXX'oXX").

The group acts by gr = Tyx, where T} is an operator that shifts a vector circularly by g units.
We can then write the neural network f (W,z) = Y7 | h(W;;z) as a sum, where h(a;z) =

o(ax). Therefore, the invariant function corresponding to fi;- can also be written in terms of the
corresponding invariant functions corresponding to the h-s:

Fw. ZfWszf (Wi ).
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where h(a;z) =
first notice Vh(a

1 h(a; Tyx). We can use this representation to calculate the gradient. We

d
g:
= o'(a"x)x. Thus,

1
d
;T

)

Vh(a;z) = Vh(a; Tgx)

IS
]~

Q
Il
_

o' (a" Ty2)T,x

M=

Q
Il
—

C,-o'(C)a).

Ul lr

Here C, is the circulant matrix

z1, Zq, B A |
Cw = [m,Tlx,...,Td,lx] = > b ’ d
Tdy, Td—15 ---, Z1

Hence the gradient of the invariant neural network f (¥, z) can be written as a matrix-vector product

_ VB(Wl;.T)T
ViW,z)=| ...
Vh(Wy;z)"

o' (W' Cy) - CF

Ul

o/ (W, Cy) - CF
- éa'(wc@.) .7
So the Fisher information can also expressed in terms of matrix products
Iy = E(o'(WCx) - Cx) ® (o'(WCx) - C)
=E(c'(WCx) @' (WCx)) - (Cx @ Cx)".
For quadratic activation functions, we have
Ty = ZEWCxCE) @ (WOxCY)
= WeW)- %E(CXC)T( ® CxCy)
—(Wew). %E(C’x ®Cx) (Cx ®Cx)T.

This finishes the proof for the expression of Fisher information matrices.
Finally, we prove expressions for the expected Fisher information matrices under the assumption of
X ~ N(0,1;). The (4, 4,7, j')-thentry of E[X X T ® X X "] is given by
X X; Xy X0,
whose expectation is easy to compute by the fact that EX; = 0,EX? = 1,EX? = 0 and EX} = 3.

On the other hand, we can express Iy in a simpler form using the discrete Fourier transform. Let F'
be the d x d Discrete Fourier Transform (DFT) matrix, with entries F} , = d~/2 exp(—2mi/d - (j —
1)(k — 1)). Then F is called the DFT of the vector z, and F~'y = F*y is called the inverse DFT.
The DFT matrix is a unitary matrix with FF* = F*F = I;. Thus FF~!' = F*. Itis also a symmetric
matrix with F'T = F. Then the circular matrix can be diagonalized as

S

C, = F*diag(Fx)F.
7 g(Fu)
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The eigenvalues of d—/2C,, are the entries of F'z, with eigenvectors the corresponding columns of
F. So we can write, with D := diag(FX),

d'Cx ® Cx = F*DF ® F*DF
=(FF)"-(D®D) - (FQF)
= Fy Dy Fy,
where Fo = FF® F,and Dy, = D ® D is a diagonal matrix. So

E(CX ®Cx) . (CX ®Cx)T
d2

= EF}DyF, - (FyDoFy) "

= EF;DyFy - Fy DyFyT

= F} -EDyF2D, - Fy.

Here we used that F = F'T hence F) = (F® F)" = FT @ FT = F,. Now, D, can be viewed
as a d? x d? matrix, with diagonal entries Ds(i, ,4,5) = D;D; = FiTX . FjTX, where F; are the

rows (which are also equal to the columns) of the DFT. Thus the inner expectation can be written as
an elementwise product (also known as Hadamard or odot product)

EDyFiDy = FZ @ EDy D, .
So we only need to calculate the 4th order moment tensor M of the Fourier transform F' X,
Mijpy =BF'X -F/ X - F/ X -F X.
Let us write r := F' X. Then by Wick’s formula,
Efifififir =Bfif; - Bfo fir + Efifj - Efi £ + EBfifir - Efifjr.

Now
Efifj=EF/X -F/X=F' -EXX" -F;=FF;.

Hence
Mijirjy = F;'Fj - F) Fjo + F,' Fy - F,) Fj + F,' Fy - F Fjr.

This leads to a completely explicit expression for the average information. Recall F, = F' ® F, and
M is the d? x d? tensor with entries given above. Then

Ly =(W®W)- F; - (F; © M)- F;,

completing the proof of this theorem.

B Data Augmentation with General Estimators: Linear Regression

In this section, we present a tight analysis of the augmented estimator 0 (X) = Egqf(9X)
introduced in Proposition under the linear regression setup.

We consider the classical linear regression model
Y =X"B+e, B € RP.

Let 42 = Ee2. We will assume that the action is linear, so that g can be represented as a p x p matrix.
If we augment by a single fixed g, we get

argmin |ly — Xg' B3 = (Xg") ' Xg")"(Xg")y.

Following the ideas on augmentation distribution, we can then average the above estimator over
g ~ Q to obtain

BaDlST =Eyg ((XQT)TXQT)_l (XQT)TZU .
On the other hand, let us consider the estimator arising from constrained ERM. Under exact invariance,

we have
"B =(gx)'B
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for Px-a.e. x and Q-a.e. g. This is a set of linear constraints on the regression coefficient 3.
Formally, supposing that  can take any value (i.e., Px has mass on the entire RP), we conclude that
[ is constrained to be in the invariant parameter subspace O, which is a linear subspace defined by

Og={v:g'v=uvVgeG.

If x can only take values in a smaller subset of R?, then we get fewer constraints. So the constrained
ERM, defined as

BCERM = arg min|jy — Xﬁ||§ s.t. (gT —1,)8=0Vg € G,
B

can in principle, be solved via convex optimization.

Intuitively, we expect both BaDIST and BcERM to be better than the vanilla ERM
R ] )
BerM = argﬁmln”y — XBll3,

Let rgrm, TapIST; "cERM D€ the mean squared errors of the three estimators. We summarize the
relationship between the three estimators in the following proposition:

Proposition B.1 (Comparison between ERM, aDIST and cERM in linear regression). Let the action
of G be linear. Then:

1. Denote v; € RP as the j-th eigenvector of X TX and d? as the corresponding eigenvalue.
We have

p p
rerm = 77 tr[X T X] T =47 Zdjz, rapisT = 7" Zd;QHQijH%,
= =1

where G = Eguqlg].
2. If G acts orthogonally, then r,pist < TERM-
3. If G is the permutation group over {1, ..., p}, then
rapist =7°p ') (X TX)',,  reerm =7p(1) X TX1,) 7N
Furthermore, if X is an orthogonal design so that X " X = 1I,,, we have

2 2
TERM = P7, TaDIST = TcERM = 7Y~ -

Proof. For part 1, we have

=B+E, [(gXTXgT)ngTs}

=B +E, [9‘1(XTX)‘19‘19XT6}
— B+ E, (X X)X e
=B8+GT(XTX) X e
Let X = UDV T be aSVD of X, where V € RP*P is unitary. Note that BaDIST is unbiased, so its /o
risk is
rapist = 72 tr(Var(Bapist)) = 72 tr(GT (X T X)71G)
=2t(GTVDHVTG) =2 tr(D2VTGGTV)
p p
=92 d; 2] VTGGTVe; =42 > d 2T v 3,

j=1 j=1
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where v; € RP is j-th eigenvector of X TX and d? is j-th eigenvalue of X T X. As a comparison, for
the usual ERM, we have

Berm = (X TX) ' X Ty =B+ (XTX) ' X e,
S0 its /5 risk is
p

rerm = Y2 tr((X T X)71) =2 Zd;Q.

Jj=1
So part 1 is proved.
‘We now prove part 2. For 7,pist < 7grm We need to show
tr(XTX)™'6GT) <tr((XTX)™H).
A sufficient condition is that, in the partial ordering of positive semidefinite matrices,
GG' <1,

This is equivalent to the claim that for all v [|[E,g "v||?> < |jv||2. However, by Jensen’s inequality,
|Eqg " v||? < Eg|lg"v||?. Since G is a subgroup of the orthogonal group, we have ||gTv||? = ||v]|?,
which finishes the proof for part 2.

We finally prove part 3. We assume G is the permutation group. This group is clearly a subgroup of
the orthogonal group. Note that invariance w.r.t. G implies that the true parameter is a multiple of the
all ones vector: 8 = 1,b. So we have

Beerm = 1,b, b= argmin |ly — X1,b||2.
Solving the least-squares equation gives
1TX Ty

(wybd

The risk of estimating b is then 72(1;XTX1P)’1, so that the risk of estimating 3 by 1plA) is
reerm = 7°p(1) X T X1,)7"
Finally, we have

2 2
v = 50,1 () 1,0) = (0T,

which is equal to 7¢grym if X TX = I, O

In general, constrained ERM can be even more efficient than the estimator obtained by the augmenta-
tion distribution. However, by the third point in the above proposition, in the special case where G
is the permutation group, we have rypist = 7cgrm << TerM When the dimension p is large. A direct
extension of the above proposition shows that such a phenomenon occurs when G is the permutation
group on a subset of {1,...,p}. There are several other subgroups of interest of the permutation
group, including the group of cyclic permutations and the group that contains the identity and the
operation that “flips" or reverses each vector.

We note briefly that the above results apply mutatis mutandis to logistic regression. There, the
outcome Y € {—1,1} is binary, and P(Y = 1|X = z) = o(x ' 3), where 0(z) = 1/(1 + exp(—x))
is the sigmoid function. The invariance condition reduces to the same as for linear regression. We
omit the details.

C More Examples on Augmented ERM

In this section, we give several examples of models where exact invariance occurs. We characterize
how much efficiency we can gain by doing data augmentation and compare it with various other
estimators. Some examples are simple enough to give a finite-sample characterization, whereas others
are calculated according to the asymptotic theory developed in the previous section.
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Figure 2: Plots of the increase in efficiency achieved by data augmentation in a flip symmetry model.

C.1 Exponential families

We start with exponential families, which are a fundamental class of models in statistics [e.g., 46, 47].
Suppose X ~ Py is distributed according to an exponential family, so that the log-likelihood can be
written as

05(X) = 0TT(X) — A(9),

where T'(X) is the sufficient statistic, 6 is the natural parameter, A(6) is the log-partition function.
The densities of Py are assumed to exist with respect to some common dominating o-finite measure.
Then the score function and the Fisher information is given by

Vig(X) =T(X) - VA®®), Iy=Cov[T(X)]=V2A(0).

Given invariance with respect to a group G, by Theorem 3.5, the asymptotic covariance matrix of
the augmented maximum likelihood estimator, éaMLE (which is a special case of ERM with the loss
function being the log-likelihood function), equals I, Yol 9 !, where .Jy is the covariance of the
orbit-averaged sufficient statistic Jp = CovxE,T(9X).

Moreover, the augmented MLE can be expressed as the solution of the following optimization
problem, where we replace the sufficient statistic T'(z) by T'(z) = E,T(gx):

Ouvie € arg max 0 E,T(gX) — A(0).

We then have G g = [VAT'E,T(9X).

An alternative strategy, which also exploits the invariance structure, is constrained optimization.
Indeed, let pg be the density of X. If we assume the action of GG on the sample space is linear, then
by a change of variable formula, the invariance relation g X =, X is equivalent to the following
equation:

po(x) = po(g~')/| det(g)].
The above equation translates to the following constraint on 6:

lo(gx) + log |det(g)| = lo(x) Vg € G,z € X.

Let O¢ C O be the invariant subspace of the original parameter space, consisting of all ’s that
satisfy the above equation. For exponential families, © ¢ consists of all §s s.t.

0" [T(gz) —T(x)] +v(g) =0 Vg€ G,z € X. (14)

where v(g) = log | det g| is the log-determinant. This is a set of linear equations in . Moreover,
the log-likelihood is concave, and hence, we can in principle compute the following constrained
maximum likelihood estimator:

Oemie € argmax 0 T(X) — A(6)
6

st. 0T[T(gz) —T(x)] +v(g) =0 Vg€ G,z € X.
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Assume that © = RP, so that the exponential family is well defined for all natural parameters, and
that V A is invertible on the range of E,T'(¢gX'). The KKT conditions of the above convex program is
given by

Oowie € [VA]"H(T(X) + span{T(gz) - T(2) : z € R%, g € G})
st. 07 [T(gz) —T(x)]+v(g) =0 Yge G,z € X.

C.1.1 Gaussian Mean Estimation

Consider now the important special case of Gaussian mean estimation. Suppose that X is a standard
Gaussian random variable, so that A(0) = ||0]|?/2, and T'(z) = .

Assume for simplicity that G acts orthogonally. Then the constraints in Equation is simplified to
g0 =0 forany g € G. Recall that maximizing the Gaussian likelihood is equivalent to minimizing
the distance ||§ — X||3. Hence, the constrained MLE, by definition of the projection, takes the
following form:

HCMLE = P, GX )

where we P is the orthogonal projection operator onto the tangent space of O« at §. However, since
O¢ is a linear space in our case, Pg is simply the orthogonal projection operator onto ©. On the
other hand, we have .

Oamie = Eglg] X
In fact, under the current setup, the augmented MLE equals the constrained MLE:
Proposition C.1. Assume G acts linearly and orthogonally. If X is d-dimensional standard Gaussian,
then Po = Eg4qlg], so that both the aMLE and cMLE are equal to the projection onto the invariant
subspace O¢. In particular, their risk equals dim ©g.

Proof. Let C' = E,glg|. By orthogonality, for each g we have that g = g lisalsoin G. Hence,

the matrix C' is symmetric. Then for any v € ©¢, we have Cv = E,glgv] = Egglv] = v.
Moreover, for any w € ©F, we have Cw = E,g[gw] = Ey4g[0] = 0. Hence, C is exactly the
orthogonal projection into the subspace O, which finishes the proof. O

For instance, suppose G = {1, —1} is the reflection group (acting by multiplication). Then it is clear
that ©¢ = {0}, and so both the cMLE and aMLE are identically equal to zero.

C.1.2 Some Numerical Results

We present some numerical results to support our theory for exponential family models.

In Figure 2] we show the results of two experiments. On the left figure, we show the histograms of the
mean squared errors (normalized by dimension) of the MLE and the augmented MLE on a d = 100
dimensional Gaussian problem. We repeat the experiment nj;c = 100 times. We see that the MLE
has average MSE roughly equal to unity, while the augmented MLE has average MSE roughly equal
to one half. Thus, data augmentation reduces the MSE two-fold.

On the right figure, we change the model to each coordinate X; of X being sampled independently as
X; ~ Poisson(\). We show that the relative efficiency (the relative decrease in MSE) of the MLE
and the augmented MLE is roughly equal to two regardless of \.

C.2 Parametric Classification Models

Consider a random sample {(X1,Y?), ..., (X,, Y)} € R x {0, 1} from the law of a random vector
(X,Y), which follows the model:

where 0y € RP. Here, o : R — [0, 1] is an increasing activation function, and f (6, -) is a real-valued
function. For example, the sigmoid o(x) = 1/(1 + =) gives the logistic regression model, using
features extracted by f (6, -).

We have a group G acting on R? x {0, 1} via
9(X,Y) = (9X,Y),
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and the invariance is
(ng Y) —=d (Xa Y)

The interpretation of the invariance relation is two-fold. On the one hand, we have g X =; X. On the
other hand, for almost every (w.r.t. the law of X)) x, we have

PY=1|gX=2)=PY =1|X=ux).
The LHS is o(f (0o, g 'x)), whereas the RHS is o(f (g, x)). This shows that for any (non-random)

g € G and z, we have
o(f (0o, gx)) = o(f (0o, x)).

For image classification, the invariance relation says that the class probabilities stay the same if we
transform the image by the group action. Moreover, since we assume ¢ is monotonically strictly
increasing, applying its inverse gives

f(00, gz) = f(0o, ).

We consider using the least square loss to train the classifier:

Though this is not the most popular loss, in some cases it can be empirically superior to the de-
fault choices, e.g., logistic loss and hinge loss [[72, 155]. The loss function has a bias-variance
decomposition:

EL(0, X,Y)
Z]E[ o (f(60, X)) + o(f (00, X)) — o (f(6, X))]?
:E[ ( (€01 ))]2 —HE[J(f(gO»X))_o—(f(evX))Pv
EL(6,X,Y)

where the cross-term vanishes because o (f(6y, X)) = E[Y'| X]. Note that

E[Y — o(f(f0, X)))* = E[(Y — E[V]X])?]
~E[B((y - EY1X)? | 1]

= EVar(Y|X)

=E {Var <Bern0ulli(0(f(t907 X))))]

= Ea(f(60, X))(1 = a(f(6o, X)))-
Meanwhile, since Vo (f(6,X)) = o'(f(0, X))V f(6,X), for sufficiently smooth o, we have a
second-order expansion of the population risk:
1
EL(0,X,Y) = EL(80, X,Y) + 5(6 = 60) "E[20"(f (60, X))*V f (B0, X)V f (60, X) '] (6 — o)

+o([10 = boll*).

This suggests that we can apply Theorem 3.5 with
Vay = E[20" (£ (00, X))*V f(80, X)V £ (60, X) ]

and
VL(@,X,Y) = _2(Y - J(f(97 X)))U/(f(g, X))Vf(97X)7

which gives
V(0 — 60) = N (0, %0),
where the asymptotic covariance is
E[Upy (X)] ™ Elvg, (X ) Upy (X)]E[Ug, (X))
o(f (00, X)) - (1 = o(f (6o, X)))
= o'(f(60, X))*V f (0, X)Vf (00, X) .

0
'UOO( )
U90 (X)
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Here vg, (X) can be viewed as the noise level, which corresponds Ec? in the regression case. Also,
Up, (X) is the information, which corresponds to EV f (6, X)V f (6o, X) T in the regression case.
The classification problem is a bit more involved, because the noise and the information do not
decouple (they both depend on X). In a sense, the asymptotics of classification correspond to a
regression problem with heteroskedastic noise, whose variance depends on the mean signal level.

In contrast, applying Theorem 3.5 for the augmented loss gives

Vb, —00) = N(0,2¢),

where
% — Xg =V, 'ECovg VL(6, gX )V, .

We now compute the gain in efficiency:
BCov, V(0. 4X) = ECov, (2(Y — o(f (0. 4X))o’ (100, 4X)) ¥ (60.4) )
— 45| (¥ = o160, X)))*Cov, (o (0. 9X)) ¥ 60.9) )|

=4E |:’Ugo(X)COVg <cr'(f(90,gX))Vf(90,gX))] .

In summary, the covariance of ERM is larger than the covariance of augmented ERM by
o = S = BlU, (O] +E |on, (X)Cov, (160, 509160, ) ) | - 510, (X017

In fact, one can get analogous results for under-parameterized two-layer nets, like those in Theorem
Since the calculations are essentially identical to the proof of Theorem[4.2] we omit the details.

D Experiment Details

Our experiment to generate Figure [I[(a)] (from the main paper) is standard: We train ResNet18
[33]] on CIFARI10 [43] for 200 epochs, based on the code of https://github.com/kuangliu/
pytorch-cifar. The CIFAR10 dataset is standard and can be downloaded from https://www.cs,
toronto.edu/"kriz/cifar.html, We use the default settings from that code, including the SGD
optimizer with a learning rate of 0.1, momentum 0.9, weight decay 5 - 10~%, and batch size of 128.
We train three models: (1) without data augmentation, (2) horizontally flipping the image with 0.5
probability, and (3) a composition of randomly cropping a 32 x 32 portion of the image and random
horizontal flip; besides the data augmentation, all other hyperparameters and settings are kept the
same. We repeat this experiment 15 times and plot the average test accuracy for each training epoch.
This experiment was done on a p3.2xlarge (GPU) instance on Amazon Web Services (AWS).
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