Supplementary Material:

Extrapolation Towards Imaginary O-Nearest Neighbour
and Its Improved Convergence Rate

A Related works

Gyorfi (1981) is the first work that proves the convergence rate O(n*V/ (2'7“1)) for unweighted £-NN classifier by assuming
the ~y-neighbour average smoothness, and the rate is improved by Chaudhuri & Dasgupta (2014), by additionally imposing
the a-margin condition.

For choosing adaptive k = k(X,) with non-negative weights w; = 1/k, i.e., k depending on the query X, Balsubramani
et al. (2019) considers the confidence interval of the k-NN estimator from the decision boundary, and Cannings et al.
(2017) considers the asymptotic expansion used in Samworth (2012) and obtains the rate of O(n’4/ (4+d)), same rate as
unweighted £-NN up to constant factor. Anava & Levy (2016) considers adaptive non-negative weights and k = k(X)) but
the approach is rather heuristic.

B Other classifiers and their convergence rates

In this section, we describe Nadaraya-Watson (NW) classifier, Local Polynomial (LP) classifier and their convergence
rates (Audibert & Tsybakov, 2007). In what follows, K : X — R represents a kernel function, e.g., Gaussian kernel
K(X) := exp(—||X|3), and h > 0O represents a bandwidth.

Definition 6. Nadaraya-Watson (NW) estimator is defined as

YK (e
IR L
i K (F57)

n,h
if the denominator is nonzero, and it is zero otherwise. Q(I?I;V (X)) = glPluein) (X ﬁfLNZV )) is called NW-classifier.

n
Here, we define a loss function

LonlF,X0) = Yo% - £ - X K (F)

i=1

(18)

for f : X — R; Using a constant function f(z) = 6, NW estimator can be regarded as a minimizer § € R of (L, »(f, X))
NW estimator is then generalized to the local polynomial (LP) estimator when Y; is predicted by a polynomial function.

Definition 7. Let F, denotes the set of polynomial functions f : X — R of degree ¢ € Ny. Considering the function

£, = argmin L, (f, X.), (19)
Y feF,
local polynomial (LP) estimator of degree ¢ is defined as f]g“z) (X)) = Aif;b’ ,(0)if ffh , 1s the unique minimizer of
Ly, 1 (f, X«) and it is zero otherwise. The corresponding Qiu? (X)) = g(Plug-in) (X ﬁﬁ?q) is called LP classifier.

Note that LP classifier is computed via polynomial function of degree ¢; they contain 1 + d + d2 + - - - 4+ d? terms therein,
and it results in high computational cost if d, g are large.

Proposition 3 (Audibert & Tsybakov (2007) Th. 3.3). Let X' be a compact set, and assuming that (i) 7 satisfies a-margin
condition and is S-Holder, and (ii) x4 satisfies strong densitiy assumption. Then, the convergence rate of the LP classifier
with the bandwidth ., = h,, < n~1/(F+d) i

(LP Cea
5(g£,h)*,mj) = O(n~(10)B/(26+d)y

The above Propositionindicates that, the convergence rate for the LP classifier is faster than O(n~'/?) for a3 > d /2, and
the rate is even faster than O(n~1) for (o — 1)8 > d, though such inequalities are rarely satisfied since the dimension d is
large in many practical situations.

Rigorously speaking, Audibert & Tsybakov (2007) considers the uniform bound of the excess risk over all the possible (7, p),
and Audibert & Tsybakov (2007) Theorem 3.5 proves the optimality of the rate, i.e., sup, E(g) > 3C -~ (1+)B/(28+d)
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for any classifier ¢ when a5 < d. LP classifier is thus proved to be an optimal classifier in this sense. However, the
optimality is for uniform evaluation sup,, ) € (+), but not the non-uniform evaluation £(-), that is considered in this paper;

it remains unclear whether the (non-uniform) evaluation is still lower-bounded by n~(1+e)B/(26+d) if sup is removed. In
particular, the uniform bound of NW classifier (i.e., LP classifier with | 3] = 0) is O(n=2/+4)) for a = 3 = 1, but it is
slower than the convergence rate O(n~%/(4*4)) of NW classifier.

We last note that the LP classifier leverages the polynomial of degree ¢, that is defined in Definition [7} it contains

1+d+d?+ -+ d? terms, resulting in high computational cost as the dimension d of feature vectors is usually not that
small.

C A Note on Proposition 1

Regarding the symbols, («, 8) in Chaudhuri & Dasgupta (2014) correspond to (¥, &) in this paper, where ¥ := ~/d is
formally defined in the following. Chaudhuri & Dasgupta (2014) in fact employs “(c, L)-smooth” condition

:Y
n(X) =0 (B(Xem)| < L (/ M(X)dX> : (20)
B(X.;r)
which is different from our definition of the y-neighbour average smoothness, i.e.,
1(X.) =0 B(Xo;7))| < Ly @0

However, their definition can be obtained from our definition (21, by imposing an additional assumption z¢(X) > fimin
for all X € X. The proof is straightforward: the integrant in (20) is lower-bounded by

7.‘.cl/2 4 .
w(X)dX > pmin=————1% =: Dr,
foy ) T +d/2)

then

&1) 1 v/d v
X)) =N (BXur)| < Loy <L, | = X)dX =L X)dX
In(X.) —n 5 o 2 p
D B(X.ir) B(X.;r)

by specifying L := L./ DV/4 5 = ~/d. Therefore, Chaudhuri & Dasgupta (2014) Theorem 4(b) proves Proposition 1, by
considering the above correspondence of the symbols and the assumption.

D Samworth (2012) Theorem 6

For each s € (0,1/2), W, s denotes the set of all sequences of real-valued weight vectors w,, := (wy, ws, ..., w,) € R”
satisfying
n?d 6w, <!

A, = T

(\V/E € [u - 1])7

n
E w; = 1,
i=1

Sut <
i=1
w8 w)? <
i=1
2u/d " . k2
Jko < |n'7%] sit. r Zl:’(”)ﬂ ol < and Z(Sgu)wi > ﬁkﬁ"/d,
2lie1 0 wi logn i=1

D i1 WF < 1
Z’?:l w12 N 10gn7
Dy lwil? < 1
(Xoimy wi)?/2 = logn’
where 6\ 1= §1+2¢/d _ (j — 1)1+2/d for all ¢ € [u — 1].

For the rigorous proof, Samworth (2012) considers the following assumptions.
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(i) X c R?is a compact d-dimensional manifold with boundary 0.X,

(i) S := {x € X | n(x) = 1/2} is nonempty. There exists an open subset Uy C R that contains S and such that the
following properties hold: (1) 7 is continuous on U \ Uy, where U is an open set containing X, (2) restrictions of
Py(X)=P(X|Y =0),P(X):=P(X |Y =1) to Uy are absolutely continuous w.r.t. Lebesgue measure, with
2u-times continuously differentiable (C?*) Radon-Nikodym derivatives fo, f1, respectively. Since fo, fi € C?%, we
also have n(z) = P(Y = 1)f1(z)/(P(Y = 0)fo(z) + P(Y = 1) f1(x)) is C?“.

(iii) There exists p > 0 such that [, ||z[|?dP(z) < oo. Moreover, for sufficiently small > 0, the ratio P(B(x; 7)) /(aar®)
is bounded away from zero, uniformly for z € X.
(iv) On(x)/0x # 0 for all z € X and its restriction to S is also nonzero for all z € S N OX.

Proposition 4 (Samworth (2012) Theorem 6). Assuming that (i)—(iv), it holds for each s € (0, 1/2) that

n n 2
. 5w,
ElGnin) = | BLY_wi + Bo (Z gzu/d) {1+ 0(1)}

i=1 i=1

=:Yn(Wn)
for some constants By, By > 0, as n — oo, uniformly for w € W, ,, and 5§é) = 2 d ()2 e [y — ).

Whereas the weights are constrained as

n

Zwi =1, Z&wwz‘ =0 (Vleu—1]), (22)
1=1

i=1

and w; = 0fori = k* +1,...,nwith k* < n?//(28+d)_Samworth (2012) eq. (4.3) shows that the optimal weight should
be in the form

(23)

i e

ot e S0+ adl? + a8 ke (e (k)
0 (otherwise.)

Coefficients a = (ag, a1, - . ., a,, ) are determined by solving the equations and simultaneously; then the optimal
weights are obtained by substituting it to (23).
They also show the asymptotic solution of the above equations, in the case of u = 2; the solution is

1 (d+4)2  2(d+4) _ 1—ag— (k")¥4a,
(k*)z/d 4 T d+2 ao ¢, 0G2= (k*)4/d

a1 =

E Real-valued Weights Obtained via MS-i-NN

Let X, € & any given query, and let denote k-NN estimator by ¢,  := ﬁ;k,zm) (X,). Considering
Pnk = Qon,k(X*) = (‘pn,lﬁ yPrkos e e s @n,k’v) € va 24)
o e
r2 g L. 20
R=R(X,)=| 2 2 2 |ervx, 25)
A=A(X.):=(1R) e RVt (26)
b=b(X,):= (by,b1,bo,...,bo) € REFL (27)

the minimization problem (12) becomes

1% C
b=argminy (ﬁﬁfgm (X)-> bcric> = argmin ||y, , — Abll5 = (ATA) AT ¢, .
c—0 € ——
*)

Therefore, denoting the first row of the matrix () by the vector 2" = (21, 22, ..., 2y) " € RY, MS-k-NN estimator is

nxikNN(X o) = bo = 2T k,n- 10 obtain the explicit form of 2z, we hereinafter expand the matrix (x).
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Considering the inverse of block matrix

A B\ ' (A— BD1C)~! —(A— BD"'C)"'BD"!
C D ~\ -D'C(A-BD'C)"! D'4+D'C(A-BD'C)"'BD!

(see, e.g., Petersen & Pedersen|(2012) Section 9.1.3.), we have

(v 1R\ -
D-( g ny) QB
_ L ~-11TR(R"R)™!
~-{R'"TR")'R'1 (R'R)'+iR"R'R'11"R(R"R)™!
e:=A-BD'C=V-1"R(R"R)"'R"1 R

> (1R)", where

Therefore, its first column is,

1
V-1"R(R"R)"'R'"1

{I - R(RTR)‘lRT} 1 I=Pr)l

1 T yv-1pT
_“JI-RR'R'R"\1-= _ 7Rl
8 { (R R) } V1 Pgl

e

)

where Pgr = R(RT R)_lRT represents a projection matrix; the equation (15) is proved.

In addition, using the vector z,

1% v ko kv
MS-k (kNN 1 « (kNN
™) = 2T = D2l =D 20g 3 Vi = 2wl = g, (X2,
v=1 =1 voi=1 i=1

where

wii= Z—UER, (Vi € [ky]),

i<k, U

is the real-valued weight obtained via MS-k-NN. Thus (16) is proved.

F Proof of Theorem 1

We first prove Proposition[6]and its Corollary in the following Section [F.I} subsequently, applying the Corollary proves
Theorem 1.

F.1 Preliminaries

In this section, we first formally define Taylor expansion of the multivariate function in the following Definition |8} Taylor
expansion can approximate the function as shown in the following Proposition[5} Subsequently, we consider integrals of
functions over a ball, in Proposition [6]and Corollary [2] for proving Theorem 1 in Section

Definition 8 (Taylor expansion). Letd € N and ¢ € N U {0}. For ¢-times differentiable function f : X — R, the Taylor
polynomial of degree ¢ € N U {0} at point X, = (@41, Ts2, ..., Zsq) € X is defined as

Tox 1) =33 =X pepix,),

s=0 |i|=s

where 4 = (i1,92,...,%4) € ‘(‘N U {0})¢ represents multi-index, |§| = iy + iz + -+ + ig, X* = ai'ak -2k, Q! =
Sl

S IRERE) !andDi:%.
102 d 0zt ow? -0z 2

Proposition 5. Letd € N, 3 > 0. If f : X — R is 5-Holder, there exists a function € x, : X — R such that
F(X) =Tigyx. [FI(X) +e5.x.(X),

and |eg x, (X)| < Lg|X — X.||5 (€ Lgr®, VX € B(X.;7)), where Lg is a constant for S-Hélder condition
described in Definition 2.

Proof of Proposition 3] This Proposition [5|immediately follows from the definition of 5-Holder condition (Definition 2). [J
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Proposition 6. Letd € N, 3 > O and let f : X — R be a 5-Holder function. Then, for any query X, € X, there
exists €g € R such that

[ osmax= Y PO S0 i< [
B(X.:r) (2u)! 2ul+d ’ - B(0;1)
* ue(NU{0})4 5
lu|<[8/2]
where g(u) := 2P(“1J;fogjﬁLlliLﬁ;%’)”l/z) and I'(u) is Gamma function.

Proof of Propotision[f] Let ¢ := |]. In this proof, we first calculate the Taylor expansion 74 x, [17](X). Then we integrate
it over the ball B(X,;r), by referring to [Folland| (2001},

Proposition [5|indicates that, there exists a function e x, (X)) such that

£ = T ) + 2. () =30 5 X pepx) 4o v (x)

5=0|i|=s

and |eg x, (X)| < Lgr?, forall X € B(X,;r). Therefore, we have

: Dif(X.) :
/ fXAX =" 7,/ (X — X,)%dX +/ ep.x. (X)dX .
B(X.;r) 5=0 [i|=s 2 B(X.;r) B(X.;r)
() =:ép
We first evaluate the term (*) in the following.
(a) If at least one entry of ¢ = (41,42, .. .,4q) is odd number, i.e., there exists j € [d],u € NU {0} such that i; = 2u + 1,
it holds that
3 : y . \/m ;.
(x1) = / (X — X,)%dX = X'dX = X" / rdz; pdz_; =0,
B(X.;r) B(0;r) TJ'BG(EJ;: 2‘] / —\V/rZ—r’2 ’
=0

where X,j = (xl, e T(—1)y T (1) e - ,ZL’d) S Rdil,i,j = (il, . 7i(j_1),i(j+1), . ,id) S (N U {0})d71.

(b) Therefore, in the remaining, we consider the case that all of entries in ¢ = (41,42, ..., %4) are even numbers, i.e., there
exist u; € NU {0} such that i; = 2u,; for all j € [d]. It holds that

(x1) = / (X — X,)'dX = / Xtdx
B(X.;r) B(0;7)

:/ ,:Ii\+d—1/ j(idg(f() d7, (.. polar coordinate)
0 9B(0;7)

=g(u) (.’[Folland| (2001))

_ " Flil+d—1 97 —
ot [N ()

where 0B(X;7) denotes a surface of the ball B(X;7), o represents (d — 1)-dimensional surface measure, g(u) :=
20 (w1 +1/2) T (up#1/2)- - T(ug+1/2) ;g
I(uituz+-+uq+d/2)

(u) is Gamma function.

Considering above (a) and (b), we have

f(X)dX = Z — rli+d g4
B(X.;r) i<q 3! lt| +d
i=2u,uc(NU{0})?
D2u X*
=2 (2J;()v ) 2|i(|132 g g,

lu|<[8/2] )

where €3 is evaluated by leveraging PropositionE], ie.,
Gl< [ lexolax< s a0l szt [
(Xusr) XeB(X.;r) B(X.;r) B(0;r)

Therefore, the assertion is proved. O

16



Corollary 2. Symbols and assumptions are the same as those of Proposition@ Then, there exists £g € R such that

g(O)Td L/B/2J
/ f(X)dX = f(X,)+ Z ber?td 4 g5, |Es] < L5r6+d/ dz,
B(X.ir) d = B(051)

2u
where b, = b.(f, X.) := ﬁ 2 ul=c D(#()),()g(u)

Proof of Corollary[2] Proposition[6|immediately proves the assertion. O

F.2 Main body of the proof

For the function

fB(X*;T) n(z)p(z)da

N (B(X.;1)) = : (28)
fB(X*;r) ,[L(I)dl’
Corollary 2]indicates that there exist
ay = bi(p, Xi), a2 = ba(np, Xu), -y ayg/2) = bigya) (mp, Xi) € R,
by = b1(p, Xi), b2 = ba(p, Xs), ..., bygj2) = blgj2) (1, Xs) €R (29)
and 58), 5(5 ) € R such that
9(0)r? 5 LB/2J 2e+d . ~(1)
== * + acr +ép
8) = — (07)7(d ) Lﬁzm o ELE < L / da, (30)
= (X)) + 200207 ber2etd 4 &5 B(0;1)

since y and nu are 3-Holder. Both the numerator and denominator are divided by r?, then for sufficiently small » > 0, the
asymptotic expansion is of the form

18/2]
1. =n(X.)+ D WX + 05, (X.), (31)
c=1

where d5,.(X,) = O(r2l/21¥2) 1 O(r#). The two error terms are in fact combined as &5 ,.(X,) = O(r?), because
2[B/2] +2 > B. Thus, by specifying a sufficiently small 7* > 0, the error term is bounded as g - (X,) < L5 (X «)r? for
7 € (0, 7] with a continuous function L (X.). For L = supx¢g(,) Li5(Xs) < 0o, we have

B8/2]
BI) = n(X.) + > bi(X)r® +65..(Xa),  0p-(X0) < Lpr®, (v € (0,7, X, € S(u)).
c=1

Thus proving the assertion. Note that, by rearranging the terms of order r>*<, we obtain the equation

0
9O (X003 01 = a,

2u
where a; := 2-5%1 > jul=1 WQ(U), 1= 2+d > jul=1 (215)),(*)9(1&); subsequently, solving the equation
yields
o4 1 T {DQ“(W(X*)M(X*)) B n(X*)DQ“u(X*)} g(u)
V24 d (X)) oy (2u)! (2u)! g(0)
d 11 2I°(1/2)4-11(3/2) /T (1 + d/2)
= — - X)) (X, XO)Ap(X,
_I(/2)/TA+d/2) _1/2_1
=TT(1/2)/T(d/2) —d/z—d
1 1
= Aln( X)) (X, XO)Au(X,)}
2d+4p(X*){ [M(X)u(X)] + (X ) Ap(X.)}
In general, b} # 0, thus v = 2 for 8 > 2. For the case of 5 = 2, we have |3/2]| = 0, thus = n(X.)+O(r?), meaning
v =2. g
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G Proof of Theorem 2

We basically follow the proof of Chaudhuri & Dasgupta (2014) Theorem 4(b). In Section[G.1] we first define symbols
used in this proof. In Section we describe the sketch of the proof and main differences between our proof and that of
Chaudhuri & Dasgupta (2014) 4(b). Section[G.3]|shows the main body of the Proof, by utilizing several Lemmas listed in
Section

G.1

Definitions of symbols

e k and radius r: We first specify a real-valued vector £ = (£1,0,...,0y)" € RY satisfying /; = 1 < £y <

oo < Ly Ky < 028/ (2B4d) s agsumed in (C-1), and in (C-2), {k, ,, } are specified so that
kv =min{k € [n] | [ Xy — Xill2 > lor1n}, Yo €{2,3,...,V}

from ry ,, == || X(x, ) — X«l|2. Then, for r, , == || X, ) — Xille,v=2,...,V,wehave r, ,/r1n — Ly
Estimators: Similarly to Supplement [E] we denote the k-NN estimators and MS-k-NN estimator by where

(Finite &-NN) ¢k = pnp(Xe) = 1% Vix.) €R
(Flnlte k_NN VeCtor) <Pn7k = cpn7k(X*) = (@n,]ﬁ (X*)7 L)OTL,/{)Q (X*)) ttt <pn,kv (X*))T € RV,
(Finite MS-k-NN)  pp ke = pnk(Xs) i= znk(Xs) T, p(Xs) €R,

zn,k(X «) € RY denotes vectror z considered in Supplement@ i.e.,

V—1"Pg, . (x.1

Zn’k(X*) =

where Pr := R(R" R)"'R" and the (i, j)-th entry of the matrix R, »(X.) is rij = | X,y — X, ||%. Whereas
the vector z,, ;(X.) is simply denoted by z in the above discussion, here we emphasize the dependence to the
sample D,,, parameters k = (k1, ko, ..., kv) and the query X,.

We here define the asymptotic variants of the estimators by where r» = (r1,72,...,7y),

(Asymptotic k-NN) <p£°°> = goﬁoo)(X*) = n(®)(B(X,;r)) €R,
(Asymptotic k-NN vector) 1™ = @i™ (X.) := (o177 (X.), 013 (X.), . 00 (X)) € RV,
(Asymptotic MS-k-NN) p(roo) = p&“)(X*) = z,—fgosnoo) (X,) eR,

(I —Pgr)1
V—-1TPgrl’

r =

and the (i, j)-th entry of the matrix R is 27,
Point-wise errors for (X,,Y,) € X x {0, 1} are defined as

Rn,k(XsmY*) = ﬂ( pn,k(X*) 7& Kk)? R*(X*7Y:k) = ]l(g*(X*) 7é Y*)’
N——
Finite MS-k-NN
where g.(X) := 1(n(X) > 1/2) is the Bayes-optimal classifier equipped with n(X) := E(Y | X).
A minimum radius whose measure of the ball is larger than ¢ > 0, i.e.,

7 (X) ::inf{r>0‘ / M(X)dXZt}.
B(X.;r)

Sets for the decision boundary with margins are defined as

1 00 N
XJA::{Xeswn(Xb AP s Laa, w<rt<x>},

2
L ()
53 prz (X) S

Xy = {X € 8() | n(X) <

Opn =&\ (XtTA U X{A)’

*A, Vrgft(X)},

where S(p) is defined in (5), and 7 is meant for r;.
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G.2 Sketch of the proof

Sketch of the proof: We mainly follow the proof of Chaudhuri & Dasgupta (2014) Theorem 4(b), that proves the
convergence rate for the unweighted k-NN estimator. Similarly to Chaudhuri & Dasgupta (2014) Lemma 7, we first consider
decomposing the difference between point-wise errors R, (X, Yy) — R« (X, Y.) as shown in the following Lemma
this Lemma plays an essential role for proving Theorem 1.

Subsequently, we consider the following two steps using Lemma [TH7}

(i) taking expectation of the decomposition w.r.t. sample D,, for showing point-wise excess risk,
(cf. Chaudhuri & Dasgupta (2014) Lemma 20)

(ii) further taking expectation w.r.t. the query (X, Y. ), and evaluate the convergence rate.
(cf. Chaudhuri & Dasgupta (2014) Lemma 21)
Then, the assertion is proved.

Main difference between the Proof of Chaudhuri & Dasgupta (2014) and ours is bias evaluation. Chaudhuri & Dasgupta
(2014) leverages the y-neighbour average smoothness condition

(asymptotic bias of k-NN) | o(X,) —n(X.)| < L7,
—_————
(asymptotic) k-NN

that represents the asymptotic bias of the k-NN, where ~y is upper-bounded by 2 even if highly-smooth function is
employed (8 > 2; Theorem 1). However, MS-k-NN asymptotically satisfies an inequality

(asymptotic bias of MS-k-NN) | pl%(X,)  —p(X.)| < Lyr?
—_————
(asymptotic) MS-k-NN

for any 3 > 0, as formally described in Lemma[2] By virtue of the smaller asymptotic bias, Lemma @] proves that smaller
margin is required for the decision boundary, in order to evaluate the convergence rate; it results in the faster convergence
rate.

Although the the bias evaluation is different, variance evaluation for MS-k-NN is consequently almost similar to the k-NN,
as MS-k-NN can be regarded as a linear combination of several k-NN estimators, i.e.,

pn,k‘(X*) = ka(X*)T (pmk(X*) ;
—— N——
MS-£-NN estimator k-NN estimators

we adapt several Lemmas in Chaudhuri & Dasgupta (2014) to our setting, for proving our Theorem 2.

G.3 Main body of the proof

See the following Section [G.4]for Lemma used in this proof. Throughout this proof, we assume that X, € S(u), as
Cover & Hart (1967) proves that P(X,. € S(u)) = 1; the remaining X, ¢ S(u) can be ignored.

Letn € N, ky, < n?#/@B+d) ¢ .= 2k . /n, A, = Lz**tﬁ/d where L € (0,00) is a constant defined in Lemma
and let A(X) := |n(X) — 1/2]| denotes the difference between the underlying conditional expectation 7(X) from the
decision boundary 1/2.

By specifying arbitrary i, € N and A;, := 2% A,, we consider the following two steps (i) and (ii) for proving Theorem 2.
In step (i), queries are first classified into two different cases, i.e., A(X,) < A;, and A(X.) > A, . Thus i, regulates

the margin near the decision boundary, and it will be specified as i, = max{1, [log, igafz) 1}. For each case, we

take expectation of the difference between point-wise errors R, (X, Y:) — R. (X, Y, ) with respect to the sample D,,.
Subsequently, (ii) we further take its expectation with respect to the query (X, Y% ); the assertion is then proved. Note that
these steps (1) and (ii) correspond to Chaudhuri & Dasgupta (2014) Lemma 20 and 21, respectively.

(i) We first consider the case A(X,) < A;,. Then, we have
Ep, (Rn,k(X*7 Yi) — Ri(X,,Y5)) < ‘1 - 277(X*)|EDn{]]-(pn,k(X*) # g*(X*))}
(" Devroye et al. (1996) Theorem 2.2)
< ‘1 - QW(X*)|
< 2A(X.)
< 24;,. (32)
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We second consider the case A(X,) > A, . Assuming that 7(X,) > 1/2 without loss of generality, it holds for
T="T1n = ||X(k1,n) — X*||2 that

EDW {Rn,k(X*a Y*) - R*(X*a Y*)}

<1 =2n(X.)[Ep, {1(pnk(Xs) # g-(X4))}
(" Devroye et al. (1996) Theorem 2.2)

< 2A(X)Ep, {1(pnr(Xs) # g+(X))}
(1 =2n(X,)| < 2A(X4))
<2A(X,)Ep, {1(X, € 0y, A(x.)-a,)

‘1 (|pn,k<X*> X))

+1 (Jon(X0) = (X 2

+ 11X (k) — Xell2 > 7, (X)) }
(- Lemma[T]with A := A(X,) — A;, € [0,1/2])

. A(X,) = A,
< 280080, {1 (Iona(X0) - ()] 2 S =5
A(X.) — A,
1 (Jona () — () 2 S =20 )
=+ ]l(HX(kLn) — X*”Q > 'Ftn (X*))} ( LemmaEl, i.e., X* ¢ 8tnsA(X*)7Aio)
_ A,

< 2A(X*){PD,L <Pn,k(X*) — (X)) = A<X>2>

A(X,) — Az‘o)

+ 2, (IonrlX0) — 1) = S5

+ P, (I X (ky ) — Xsll2 > Ftn(X*))} (. Ep, (1(A)) = Pp, (A) for any event .A)

5 A(X*){ exp (—Clk‘Ln(A(X*) — AiO)Q) —|— exp (—Cgkl,n(A(X*) — Aio)Z)

+ exp(—Len®/ PTD(A(X,) — A;,)) + exp(—3k1,n/2) (1 + (1))

Fin (| kun)? .
+ exp(—n) + exp (— 12 - (1 - 1’) ) } (.- Lemmal3} [o|and [7] with § = k1, /nt)

nty,

< A(X.) exp (—Cokn(A(Xy) = Ai,)?) + + exp(—=3k1n/2) (1 + o(1)) + exp(—k1,n/8) (33)

. _ T kl,n kl,n ? _ kl,n 1 ? _ kl,n
(. tn, = 2(k1,,/n) indicates that 5 (1 — ntn> = 1- 5) =% |

< A(XL) exp (—Cakyn (A(XL) — Ay,)?) + exp(—3k1,,/2) (1 + 0(1)),
where Cy = (/2 = 1/16V2L2 is defined in Lemmal6]
(i1) Excess risk of the misclassification error rate is then evaluated by

E(pmk) = EX*7Y* {ED” (Rn,k(X*,Y*) - R*(X*7 Y*))}
=Px, v.(AXy) < A4) Ex. v, (Ep, {Ra (X, Ya) — Ro(Xy, Yi)} [ A(XL) € A,)

<LaA7 (" o-margin cond.) <2A;, (. ineq. )
+ PX*7Y* (A(X*) > Alo) EX*,Y* (EDn {Rmk(X*a Y*) - R*(X*7 Y*)} ‘ A(X*) > Az,,)
<1

S AT+ Ex.y. (Ep, {Rn (X, Ya) = R(X,, Vo)) | A(XS) > Ay)

(evaluated by ineq.
S AT+ Ex, v, (A(XL) exp(—Cakin (A(XL) = A0)*)LA(X) > Ay,)) +exp(—3k1,,,/2)(1 + o(1))

<A} :a (.’similarly to Proof of Lemma 20 in Chaudhuri & Dasgupta (2014))
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SAT 4 exp(—=3k15/2)(1+ o(1)).

If we set i = max{1, [log, 2(‘”2)1}

e = e(png)

< ALY 4 exp(—3k1,/2)(1 + o(1))
< (2%) AL 4 exp(—3k1,n/2) (1 + o(1))

1+«
2 2
S [ maxq 1, Hat2) ALY 4 exp(—3ky,/2)(1 4 o(1))
k1, A2 ’

14+«
1
smaX{Ao, k} + exp(—3k1.,/2)(1 + o(1))
1n
1 1+«
Smax{ti/% k} + exp(—3k1,n/2)(1+ o(1)) (A, =< 7))
1,n

n 1,

1 8/d 1 1+a
< max {( 1’”) , k} + exp(—3k1.,/2)(1 + o(1)) (ot < kin/n).

Recalling that k; ,, =< n?#/(26+4) the assertion is proved as

MS-ENN —(1+4a
6(777(“6 )) < p=(He)B/(28+d)

G.4 Lemmas
We here list Lemma [I[H7] used in the proof for Theorem 2. Roughly speaking,

e Lemmall]indicates the decomposition of the point-wise error.
(cf. Chaudhuri & Dasgupta (2014) Lemma 7)

Lemmalindicates the bias evaluation of MS-%-NN.

Lemma 3|indicates the convergence rate of ||z i (X.) — 27t/ oo-

Lemma [ adapts the first part of Chaudhuri & Dasgupta (2014) Lemma 20 from unweighted k-NN to MS-%-NN.

Lemma [5)and [6indicate the convergence rates related to the bias and variance evaluation of the MS-%k-NN.
(cf. Chaudhuri & Dasgupta (2014) Lemma 9)

o Lemmal[7lindicates how fast the radius r > 0 decreases to 0 as k increases.
(cf. Chaudhuri & Dasgupta (2014) Lemma 8)

Similarly to Chaudhuri & Dasgupta (2014) Lemma 7, we prove the following Lemmal [I] that decomposes the point-wise
error into four different parts.

Lemma 1. Let g, ;, be the MS-k-NN classifier based on sample D,,, and let X, € S(u),¢ € [0,1],A € [0,1/2].
Then, it holds for r = ry , := || X1, ,) — X«||2 that

]]-(gn,k:(X*) # g*(X*)) < ]]-(X* € at,A) (34

+ L(|pnk(X.) = p3 (X > A/2) (35)
1(|pp1e(Xs) = n(Xi)| > A/2) (36)
+ 1(r > 7(X,)). (37)

Proof of Lemmall] Let A be an event that g, 1 (X.) # g«(Xx), and let By, Bz, B3, B4 be events defined by the indicator
functions —, respectively. Then, it suffices to prove A = [By V B2 V B3 V By] or its contrapositive [(—=81) A (—B2) A
(=B3) A (=B4)] = A, where — represents the negation. Here, we prove the contrapositive.

—[3; indicates that X, € X A Or X, € UX, A
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o We here consider the former case X, € X;FA; then, =By, i.e., r < 7(X), indicates that

- 1
P (X) 2 5+ A 1/2), (38)
=B, and —B3 represent

ok — P53 (X0)| < /2, |puge — (X)) < A/2, (39)

respectively; above inequalities (38) and (39) indicate
1
(X)) = pry) (X) = Ipuk = o5 (X = longe = (X > 5+ A= AJ2=A/2=1/2. (40)

(38) and (@0) prove that both of corresponding classifiers output the same label 1, whereupon —A.

e Similarly, for the latter case X, € X;A, both classifiers output 0 and thus —.A.

Therefore, the assertion is proved. O

Lemma 2. Assuming the assumption (C-3), i.e., there exists L, € (0, c0) such that ||z¢||cc < L. Then, there exist
7, Lz* € (0,00) such that

10970(X,) — (X)) < Lir?, (VX € X7 € (0,7]).

Proof of Lemmal[2] Theorem 1 proves

1B/2]
PN (X)) =n(Xa)+ D b+ 6,(X.),  [6:(X)| < LprP,
c=1

asymptotic k-NN

forall X, € S(u),r € (0,7], for some 7 € (0, 00); we have a simultaneous equation
@) (X)) = Ap(X)bu(X.) +8,(X),  [16,(X) e < Lir® (VX € X,1 € (0,7),

where A0 = A0(X,) = (1 R(X,)) € RV*(©+D i5 defined as same as A in with the radius vector r =
(r1,72,...,7v) = r¥, and the entries in b, (X,) = (n(X), 7,05, ... ’st/QJ) are specified in Theorem 1. Denoting the
first entry of the vector b by [b],
() ()] < [[(ATA) AT - (X))
—_——

asymptotic MS-k-NN
< |[(ATA) AT {A(X)b(X,) + 8,(X)} 1 — n(X.)

= [ [Bu(X)]L+ [(ATA) AT, (X)) —n( X))
N—_———
=n(Xx) =z],6.(X.)
—|5T6(X.)]
< lzrelloo |0-(X:) oo (" Zre = zg, Vr > 0)
—_—— —— —
<L, <L%rf

< L Ly’

Specifying 5" := L L} leads to the assertion. 0

Lemma 3. Assuming that X, € S(u), (C-1) ky,, < n?#/(8+d) and (C-2) k,,, = min{k € [n] | | Xx) — X2 >
Lyry .} Where r =71, := || X(, ,) — X«|l2. Then, for sufficiently large n € N, there exists Ly > 0 such that

P (|zn0e(Xe) = 2relloo > A) S exp(—Len DAY + exp(=3k1,0/2)(1 + o(1)).
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Proof of Lemmal3] In this proof, (i) we first evaluate the probability

Po, < Tom _ g ls A) (41
T1,n
Subsequently, (ii) evalute
Pp, (Hzn,k(X*) — Zrelloo > A) (42)

by leveraging (#1)).

(i) For any positive sequence {b, },>1 C R0, we define &, ,, := min{k € [n] | [|X() — Xi|l2 > £yb,}. Although
the corresponding radius 77, ,, := [[ X ) — Xi||2 is computed through the sequence {b,}, it coincides with
Ton = | X(ky ) — Xsll2 as by = 71, will be specified later.

v,n )

For any v € {2,3,...,V}, it holds that
/

v,n_g
v

)
Fo. |

> A) =Pp, (1}, — bnly > bpA)
=Pp, (rln = bn(ly + A))
=Pp, (Vi € [n], X; ¢ B(Xu;7, ) \ B(Xs;bnlo))
< Pp, (Vi € [n], X; ¢ B(Xu;bn(ly + A))\ B(X.;b04y)). (43)

Considering a random variable Z; := 1(X; ¢ B(X.;bn(ly, + €)) \ B(X4;bnty)), that i.i.d. follows a Bernoulli
distribution whose expectation is

gn=1- / p(X)dX
B(X*;bn(ev"l‘e))\B(X*;bneU)

<1l- :U'min/ dX
B(X*?bn(z'u"l‘A))\B(X*;bne’u)

/2 d d_ pd

<1 = phmin=—=b00{(ly + A)* — ¢

<1~ i g gy P e+ 8) = )
/2

<1 = fimin =——————d03 B2 A

= /u’ F(d/2 + 1) v n=
=:L,

(@3) can be evaluated as
@3) =P(Z;=1,Yiec [n) =P(Z; =1)" = ¢" < (1 — L,beA)". (44)

Tun y
v

By leveraging and specifying b,, = 71,5, we hereinafter evaluate (#1). For any sequence {an, }n>1 C Rxo,
> A) Pp,, (r1,n = by)dby,

() T'/
]P)Dn < > A) :/ ]P)Dn < o — 4,
0
an 00 r
S{/ +/ }PDn( L —
0 an

T1,n

b Z A) ]P)’Dn (7”1771 = bn) dbn
Ty

<Pp, ( b

5

- &)

Z A | bn > an) PDW (Tl,n > an)

n

<(1—LiafA)»

r
+ PD% ( ;)}T;n - gv

<(1- LvaiA)" +Pp, (r1,n < ay) .

Z A | bn S arL) PDn (rl,n < an)

(*1) (x2)

By specifying a,, := n~"/(#+9) the terms (x1), (x2) are evaluated as follows.

(a) Regarding (x1), it holds that
(%1) = (1 — Lin~¥B+DA) < exp (,nﬁ/md)LlA) ’

as (1—1/a)® < ((1—1/a)®)"* < exp(—1)"* = exp(—b/a) for all a,b > 0.
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(b) Here we evaluate the second term (%2): considering a random variable Z; := 1(X; € B(X,;a,)) that i.i.d.
follows a Bernoulli distribution whose expectation is

/2
. | L Py )
n ~—/ w(X)dX < umm/ dX < fimin p S 1 ’
B(X.:am) ) B(X.ia0) P(d/2+1)

we have an inequality

P(ri, < ap) =P <Z Z; > kl,n> =P (Z Z; > ng, + A) (where \ := ki, — nq.,)
=1 =1
)\2
< -
= ( 2(ngn + A/3>>
(k1,0 — ngy)°
< 3 , /
= < 2(ndp, + (krn — 1) /3)
S exp(—=3k1,,/2)(1 + o(1)) (. ngy, = o(k1,n))

by referring to a Chernoff bound (Chung & Lu, [2006, Theorem 2.4) with Ep (31 | Z;) = ng),.

Therefore, above (a) and (b) yield

Pp,, (

(ii)) We second evaluate . As it holds that

(1"(I = Pr, )T = Pr)1)| 20k — Zr, .l
I-Pr,.,  I-Pg H

1"(I-Pr,,)1 17(I-Pr)ll
=017 (I = PR, )1)I = Pr) — (1" (I = Pr)1)(I — Pr, )l
<" = Pr, )OI - Pr) — (1T (I = Pr)1)(I - Pr)|

+ (1T (I =Pr)1)I - Pr) — (1T(I = Pr)1)(I — Pr, )
< [17(Pr,, — PR)UII = Pr)lw + 1" (I = Pr)1[||PR, . — Prllc-
<ZN = PrllsPr — Pr,, 4 lloos

Tv,n
77_61}
T1,n

s

> A) < exp (—nﬂ/(ﬂ+d)L1A) + exp (—3k1,n/2) (1 + o(1)). (45)

=(1"(I-Pr,,)1) AT (I - Pr)1)

there exist constants L1, L(2) > 0 such that
120,k (Xs) = 2rell < L(l)HPRn —Prlle < L(2)||rn/r1,n — £,

where r, = (7"1,”7 T2my- -y TV,n) S RV.

Consequently, above (i) and (ii) yield
P([[zne(Xs) — 2zrellc > A) < ]P)(L(Q)”rn/rl,n”oo > A)
< exp(—Len®/ B A) + exp(—3k,/2)(1 + o(1)).

for some constant Ly > 0. O

Lemma 4 (Evaluation for (34)). Let

o X.e8(u),B>0,tel0,1],i, €N,

o Ly = Lg*f,—ﬁ/d, where L := (supy ey u(X))% and L3* is defined in Lemma

o A, := Lz**tﬁ/d,Aio =20 A,

If A(X.) > A;,, itholds that X, ¢ 9, a(x.)-a,. -
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Proof of Lemma] For any r € (0,7(X.)],

/2 i
tg/ XdX<<supuX)/ dX:(sup X)rd:er. (46)
B(X.:r) #X) Xex & B(X.:r) Xex #X) I(d/2+1)
Assuming that (X)) > 1/2 without loss of generality, we have
e (X.) > n(X.) - Lgv” (. Lemmal2)
> (X)) — L (L7H9414)P (. ineq. (#6))
=n(X,) — (L L™A/)h/e
=n(X.) — A, (v Ao = (L5 L™P/ )bl
=n(X.) — 27N, (oA, =27A,)
1 —i
=5 T (AKX —27"4,,) (AKX = In(Xe) = 1/2],n(Xs) > 1/2)
1 —i
> o+ (AXL) = Aiy) (A, 227"A,)
for any r € (0,7,(X,)]; it means that X, € X, 'A(X.)—A,,» Whereupon X, ¢ Oy.A(X.)-n,,- Similar holds for the case
1n(X4) < 1/2. Thus we have proved X, & 0y a(x,)-A,, - O

Lemma 5 (Evaluation for (33)). Let X. € X,A € [0,1/2] and r1,, := [ X%, ) — Xi[[2. Then, it holds for
C1 = 1/8V2L2 that

PDW, <|pn,k( ) P:OJ ( *)| > A/2)
< exp(=Cik1nA%) + exp(—Len®/ PHDA) + exp(=3k1,,/2) (1 + o(1)).-

Proof of Lemma[3] By simply decomposing the terms, we have

lon 1 (X)) = p52 (X)) = | 20k (X) T (X) =2 0P ()] (47)
:pn‘k(Xx)
12, et k(X)) — 2] ety (X)) (48)

where the terms @7), (@8) are evaluated as follows.

(i) Regarding the first term @#7),
U7) = Hznk(Xe) = 2r 003 (Xl < 20,6 (X5) = 20 elloo 101 (X [loo -
—_————
<1

Therefore, Lemma[3]leads to
P > A/4) < P20 k(X.) — 20, el 2 A/4)
S exp(—Len™ PHIA) + exp(=3kn /2) (1 + o(1)),

for some constant L, > 0.

(ii) Regarding the second term (48),

v
@) = |2 {en x(X:) — 057 (X2) Z ek, (X2) = 050y (X,
Lz v=l
and Chaudhuri & Dasgupta (2014) Lemma 9 proves that

P ([enk, (X.) = 9 (X.)| = AAVL, ) S exp(~2k,(A/4V L2)?).

Therefore, we have

P({E8) > A/4) <]P’< lenk — (X *)IzA/4>
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”
Z (\wn ko (X) — @0 (X,)| > A/4VLz)
< exp(—Zk;lAQ/(4VLz)2) = exp(—k‘lClAQ),

~

with Cy := 1/8V2L2,

Considering above evaluations, we have

P(|pn(X.) = n(X.)| > A/2) < P(ET) > A/4) + P([ES) > A/4)
< exp(—Cik A?) + exp(—Lgn®/ PFDA) 4 exp(—3k, /2) (1 + o(1)).

The assertion is proved. d

Lemma 6 (Evaluation for (36)). Let X, € X and A € [0,1/2]. Then, it holds for C> = 1/(2V L;)?(= C4/2) that
Pp, (|onk(Xs) = 1(X)| = A/2) < exp (=Cok1,nA?) + exp(—n).

Proof of Lemmal6] By simply decomposing the terms, we have

lon 1 (X)) = 0(X)] < [onse(X0) = o1 (X[ + 1017, (X,) = (X)) (49)

71,08

(*1) (*2)

e Regarding the first term (x1), applying Lemma [5|immediately leads to
P((x1) > A/4) < exp(—Coky,, A?),
where Cy := C1/2 = 1/16V2L2.

e Here, we consider the second term (%2). As Lemmashows that \pso) (Xs) = n(Xa)| < LF 7’1 n» We have

(o7 (X.) = n(Xa)| = A/2) S B(LF7Y, > AJ2) =Py, > (A/2L5)'/7) (50)

(50) represents the probability that less than k; , out of n feature vectors lie in a region B(X,;A,) with
A, = (A/QLE*)UB; considering a random variable Z; := 1(X; € B(X,; A.)), that i.i.d. follows a Bernoulli
distribution whose expectation is g, := fB(X*,A*) p(X)dX >0,

= kl n = k] n kl n ?
o) =P { 2, = | <P(|Z, — g > g« =) <2exp [ —2n (g — —
n n n
by Hoeffding’s inequality. As kl =4/ (26+d) < ¢ /2 for sufficiently large n, we have |j < exp(—n).

Considering above (x1) and (x2)
B(lpne(X.) = n(X.)] = A) < P((x1) = A/2) + B((2) > A/2) S exp(~CaknA%) + exp(—n)

for some C5 > 0; the assertion is then proved. O

Lemma 7 (Evaluation for (37)). Let X, € X,t,6 € [0,1] and k € [(1 — §)nt]. Then,
Pp, (| Xy — Xill2 > 7(X.)) S exp(—kd?/2).

Proof of Lemmal7} The assertion is obtained by Chaudhuri & Dasgupta (2014) Lemma 8. g

26



References

Anava, O. and Levy, K. k*-Nearest Neighbors: From Global to Local. In Advances in Neural Information Processing
Systems 29, pp. 4916-4924. Curran Associates, Inc., 2016.

Balsubramani, A., Dasgupta, S., Freund, y., and Moran, S. An adaptive nearest neighbor rule for classification. In Advances
in Neural Information Processing Systems 32, pp. 7577-7586. Curran Associates, Inc., 2019.

Cannings, T. L., Berrett, T. B., and Samworth, R. J. Local nearest neighbour classification with applications to semi-
supervised learning. arXiv preprint arXiv:1704.00642, 2017.

Chaudhuri, K. and Dasgupta, S. Rates of Convergence for Nearest Neighbor Classification. In Advances in Neural
Information Processing Systems 27, pp. 3437-3445. Curran Associates, Inc., 2014.

Chung, F. and Lu, L. Complex Graphs and Networks. Number 107 in BMS Regional Conference Series in Mathematics.
American Mathematical Society, 2006.

Cover, T. and Hart, P. Nearest Neighbor Pattern Classification. /[EEE Transactions on Information Theory, 13(1):21-27,
1967.

Devroye, L., Gyorfi, L., and Lugosi, G. A Probabilistic Theory of Pattern Recognition, volume 31. Springer, New York,
1996.

Folland, G. B. How to Integrate a Polynomial Over a Sphere. The American Mathematical Monthly, 108(5):446-448, 2001.
Petersen, K. B. and Pedersen, M. S. The Matrix Cookbook, 2012. Version 20121115.
Samworth, R. J. Optimal weighted nearest neighbour classifiers. Ann. Statist., 40(5):2733-2763, 2012.

27



	Related works
	Other classifiers and their convergence rates
	A Note on Proposition 1
	samworth2012optimal Theorem 6
	Real-valued Weights Obtained via MS-k-NN
	Proof of Theorem 1
	Preliminaries
	Main body of the proof

	Proof of Theorem 2
	Definitions of symbols
	Sketch of the proof
	Main body of the proof
	Lemmas


