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A Supplementary Material for Section

The theoretical guarantees obtained in Section [3 rely on the following two main lemmas. The first
lemma is from [2]] and shows that given the previously observed rewards, contexts, and players’
actions, the reward function of player ¢ belongs (with high probability) to the interval [p(-,-)
Btow(-, )], for a carefully chosen confidence parameter 5, > 0.

Lemma 7. Let r € Hy, such that ||r||x < B and consider the kernel-ridge regression mean and
standard deviation estimates ;(-) and o4(-), with regularization constant A\ > 0. Then for any
d € (0, 1), with probability at least 1 — 4, the following holds simultaneously over all € D and

t>1:
|e(x) = r(2)| < Brov(x),

where B, = BA=/2 4 axl\/z log (1) + log(det (T, + K;/))).

Therefore, according to Lemmal7} the function ucb, defined in (3) represents a valid upper confidence
bound for the rewards obtained by player .

The second main lemma concerns the properties of the Multiplicative Weights (MW) update
method [26]], which is used as a subroutine in our algorithms to compute the action distribution p; (z;)
(Line 3 of Algorithm[I) at each round. Its proof follows from standard online learning arguments
equivalently to, e.g., [27, Proposition 1].

Lemma 8. Consider a sequence of functions g1(-), ..., gr(-) € [0,1]% and let p;’s be the distribu-
tions computed using the MW rule:

pelal ocexp( ng ) a=1,.. K, ©)

where py is initialized as the uniform distribution. Then, provided that {n;}}_, is a decreasing
sequence, for any action a* € {1,... K}:

T T K .
D_gula) =3 > milal - gi(a) < s X, Zt? iy

t=1 a=1 nr

A.1 The case of a finite (and small) number of contexts

In this section we consider the simple case of a finite (and small cardinality) set of contexts Z. In

such a case, a high-probability regret bound of O(+/T|Z|log K + y7+/T) can be achieved when
C.GP-MW is run with the following strategy:

t—1

pe(z )[]mexp(m Zucb a,a;’ zr) - ]l{zT—zt}> a=1,...,K. (10)

T=1
That is, p(z;) is computed using the sequence of previously computed upper confidence bound
functions for the game rounds in which the specific context z; was revealed.

Theorem 9. Fix 6 € (0,1) and assume ||r'||;; < B. If player i plays according to C.GP-
MW using strategy with A > 1, By = B + oA"Y2/2(v,_1 +10g(2/6)), and n, =

2\/log K/ ' _ 1{z, = 2}, then with probability at least 1 — §,

RL(T) < \/T|Z|1log K 4 \/0.5T log(2/8) + 487 \/yr AT .
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Proof. Let 7% = argmaxzem o5, 7(7(2),a; ", 2). Our goal is to bound Ri(T) =
S (7 (z), a7 2) — (ak, ap, 2) with high probability.

By conditioning on the event of the confidence lemma (Lemma [7) holding true, we can state that,
with probability at least 1 — §/2,

B

RZ:(T) = r(ﬂ-*(zt)aa’t_iazt) _T(aiaat_i7zt)
t=1
< Z (ucbt(ﬂ'*(zt),a;l,zt) - ucbt(ai,a;l,zt)) + ZQﬁtat(a;,a;l,zt)
t=1 t=1
< Z (ucbt(w*(zt),a;’,zt) — ucbt(ai,a;l,zt» +487 /7 AT . (11)
t=1
Ri(T)

The first inequality follows by the definition of ucb(-) (see (3)), the specific choice of the confidence
level 3;, and Lemma [7. The last inequality follows by [37, Lemma 5.4]. The rest of the proof
proceeds to show that, with probability at least 1 — §/2,

Ri(T) < \/T|Z[log K + \/0.5T log(2/5) . (12)
The theorem statement then follows by a standard union bound argument.

First, by straightforward application of the Hoeffding—Azuma inequality (e.g., [L1, Lemma A.7]), it
follows that with probability at least 1 — 6/2,

Z | uchy ( ai,a;’ z Z pe(z)[a] - uchy (a,a;", 2) | <1/0.5Tlog(2/9), (13)
ac Al

Xt

since the variables X;’s form a martingale difference sequence, being > . i pi(2t)[a] -
uchy (a,a; ", z) the expected value of uch;(aj,a;’,2) conditioned on the history

{a’,a;7% 2z e, }'Z} and on context z;. Then, using (3), Fl’@(T) can be bounded, with
probablllty 1—4/2,as

) < Zucbt ),a; "t z) — Z pe(z)[a] - uchy(a, a7, 2z) + +/0.5T log(2/6)
ac Al
= Z Z uchy (7*(z¢), a; ,zC Z pe(ze)] ucbt(a,a[i,zc) ++/0.5T log(2/4) .
z€EZ tizy=z ac At

(14)

At this point, we can use the properties of the MW rule used to compute the distribution p;(z) € AK.
Note that, for each context z € Z, the distribution p;(z) computed by c.GP-MW precisely follows
the MW rule (@) with the sequence of functions {ucb, (-, a; ", 2)},...—. and the sequence of learning

rates {n,}72, = {2\/log K/7}1= |, where T, = _'_, 1{2, = 2} is the number of times context
z was revealed. Hence, we can apply Lemma [8]for each context z and obtain:

Z uchy (W*(zc a; ,zc Z pi(2c)]a] - uchy (a,at_i,zc) <

tize=2 ac Al

T
2y/log K = 1
< 05T log K + Y052 N~ ~
< og K+ —— E v
Vg K
< 05T Tog K + 2 Og VOB T, = /T log K . (15)
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Equation (13)), together with the bound leads to

Ri(T) < Y /T.log K ++/0.5T log(2/5)
z€Z

< /T|Z|log K ++/0.5T log(2/5),

where in the last inequality we have used Cauchy—Schwarz inequality and T, = T. Hence,

2€EZ T %
we finally proved (12)). Therefore, with probability at least 1 — §/2 — §/2 = 1 — § we obtain the final
regret bound combining and (12). O

A.2  Proof of Theorem [l

Proof. Similarly to Appendix we let 7 = argmax ZtT:1 r(m(z),a; ", 2) and seek
to bound RL(T) = Zle r(7*(2¢),a; ', z) — r(a}, a;’, z) with high probability. Recall that
Strategy 2| builds an e-net of the contexts space by creating new L1-balls in a greedy fashion. After T
game rounds, the set C contains the centers z € Z of the balls created so far. Moreover, at each round
t, the variable z; indicates the ball that context z; has been associated to. According to this notation,
player ¢’s regret can be rewritten as

RY(T) = Z Z r(m*(ze),ar " 2e) —r(af, a7, z)

2€C t:izj=z
=3 3 r(m st am) — (7 (2)a ) Y D r(7(2)ar z) —r(ah et z)
2€C t:zj=z 2€C t:zj=z

R (T) Re(T)
where in the last equality we have added and subtracted the term  __. Zt:Z;:Z r(m*(2), a; ", 2).

The regret term Ry (T") can be bounded using L,-Lipschizness of 7(-) in its first argument and
L,-Lipschizness of the optimal policy:

RyT)<Y Y Lilln*(z) =7 ()lh <Y >0 LeLyllze — 2
2€C tizj=z 2€C tizj=z
< L,L,Te,
where in the last step we have used that, when z; = z, z; belongs to the ball centered at z.

We can now proceed in bounding Ro(T'). Note that we can apply the same proof steps of Ap-
pendix |A.1| (namely, Equations and (13)) to show that, with probability at least 1 — &, we
have:

Ro(T) < Z Z ucbt(ﬂ*(zt),a;i,zt) — Z pe(2¢)]al .ucbt(a,a;i,zt)

2€C tizj=2 ac A’

+ 487 /y7 AT + 1/0.5T log(2/90) .

where we have conditioned on the event of Lemma[7 and applied the Hoeffding-Azuma inequality.
At this point, we can use the properties of the MW rule used in Strategy [2|to compute p;(z;) at each
round. Note that Strategy [2 corresponds to maintaining a distribution for each z € C and update it

when context z; belongs to such ball. After T" rounds, for each z € Z'let T, = Zthl 1{z; =z} be
the number of times the revealed context belonged to the ball centered at z. Hence, for each z € C, a
straightforward application of Lemma [8]leads to:

Z uchy (7% (2¢), a; ", 2¢) — Z pe(zi)]a] - uchy(a, a; ", 2) <

tizj=z2 acA?

T
2Vlog K <=~ 1
<0.5y/log KT, + ———— —
<OaVle KT T L
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2/Iog K
< 0.5\log KT, + %2\@ - /T g K.

where we have used the same steps to obtain Equation (15) in Appendix [A.T] Hence, summing over
all the contexts in C we obtain

Ro(T) < \/T.log K +4B7\/4r AT + \/0.5T log(1/5,)

zeC
< VTICllog K + 4B87p\/71 AT + +/0.5T log(1/65)
=2\ /Tlog K+ 4Bp\/4rAT 4 1/0.5T log(1/4) .

In the last inequality we have used |C| < (1/€)¢, because the contexts space Z C [0, 1]° can be
covered by at most (1/¢)¢ balls of radius € such that the distance between their centers is at least €.

Therefore, combining the bounds for Ry, (T") and R (T'), the contextual regret of player ¢ is bounded,
with probability at least 1 — 6, by:

R(T) < L,L,Te + e ¢?\/Tlog K + 4B87\/yr AT + \/0.5T log(2/6)
= (L, L,)72 T2 + (L,L,) =2 Te2 \/log K + 487/ AT + /0.5 1og(2/5) .

where we have substituted the choice of € = (LTLp)fﬁrz?T*ﬁ. O

A.3 Proof of Theorem

Proof. We let RL(m,T) = S°/_ r(m(z),a; " z) — r(a,a; ", 2) be the regret of player i with
respect to a generic policy 7 : Z — A®. Our goal is to bound R’ (7, T') in expectation, with respect to
the random sequence of contexts and played actions. For ease of exposition, we use the notation v...p
to indicate the sequence of variables v1, . .., vr. Moreover, we will explicitly consider an adaptive
adversary that selects a; * as a function a; * = f(H;_1) of the history H;_; := {a’,_;,2....—1} but
not of z;.

First, note that the expected value of R.(mw,T) is still a random variable which depends on the
realization of the observation noise ¢;’s. As it was done in proof of Theorems|[T and Appendix
we can condition on the event of the confidence Lemmal(7, and state that, with probability at least
1 — /2, it can be bounded by

rT
Ez.i..T [Ri(ﬂ',T)] = Ez%..T Zr(ﬂ'(zt),at_i,zt) — r(ai,at_i,zt)]
al alr | =1
rT T
< EZ%..T Zucbt (w(zt), at_i, zt) — ucby (a,i, at_i, zt) + Z 2004 (ai, at_i, zt)
alr |15 t=1
-
< Ez.l..T Zucbt (F(Zt), at_i, zt) — ucby (ai, at_i, zt) +4B87\/yr AT, (16)
a1 | =1

Iéz (m,T)
where we have used the definition of ucby(-), 5 set according to Lemma and [37, Lemma 5.4].

Now, we consider a generic sequence {;};_; of noise realizations and proceed bounding the

expected value of Rz(ﬂ, T) for any of such sequences. Moreover, as in [28]] we will make use of a
ghost sample zy ~ ¢ which is sampled from the contexts’ distribution independently from the whole
history Hr of the game. Also, we now explicitly consider the adaptiveness of the adversary. Using

the law of total expectation, the expected value of ]%f:(w, T') can be rewritten as

T
Ez,_.,T [éz(ﬂ', T)] = ]EZ%HT Z qut (W(Zt), f(Ht—1)7 Zt) - U.Cbt (ai, f(Ht—l)a Zt)
T Lt=1

i
a. . .
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T
= Ez%..T Z]Ezt al [UCbt( ( ) f(Ht_l),Zt) — ucbt(af,f(’Ht 1) Zt) |Ht 1]‘|
@7 =1
T
:Ez:i..T Z]Ezt [qut( ( ) f Ht 1 Z pf Zf ucbt(a f(rHt 1) Zt) |Ht_1]]
a..r Lt=1 ac€ Al
- T E
:Ez.i..T IEZO[qut( (20), f(Hi-1) Z pi(20)[a] - uch; (a,f('Htfl),Zo) |Ht1]]
o | =1 ac Al
rT
:Ez.i..T Zucbt( (20), f(He—1) Zpt (20)] ucbt(a7f(7-[t1),zo)] 17
@7 Li=1 agAi

The second equality follows by the law of total expectation. The third equality holds since,
conditioned on the history H;_1, a’ is distributed according to p;(z;). The fourth equality follows
since z; and z( have the same distribution and the functions ucb;(-) and p;(-) do not depend on the
realization of z,. The last inequality is obtained by applying again the law of total expectation.

At this point, we can apply Lemma [§ considering the sequence of functions gi,...,gr with
g-(-) = uchb.(+, f(Hr-1),20) for 7 = 1,...,T and noting that, for each zy, p;(zo) computed using
the MW rule (3)) corresponds to the distribution computed according to rule (9) foreacht =1,...,T.
Therefore, implies that

~. 1 K T
e o [Rifn,7)] < 22K | Sl
alr nr 8

Finally, the theorem statement is obtained substituting the bound above in and considering the
constant learning rate 1, = /8log(K)/T. O

B Supplementary Material for Section 4|

B.1 Proof of Proposition [ (Finite-time approximation of c-CCEs)

Proof. After T rounds of the contextual game, consider a generic player ¢. By definition of contextual
regret, see (1), we have

T T :
1 . ) 1 ) , R(T .
LY Flanaitiz) 2 A ez - T e a)

Let now pp be the empirical policy up to time 7, defined as in Section 4.1} Then, it is not hard to
verify that the above cumulative rewards for player ¢ can be written as

1 & , 1 &

— r'(ag,a; 'y 2) = = E r(a,z),

T ; ' T Z a~pr (22)

1 I 1z

7@t ) =5 B r(r(z)az).
t=1 t=1 a~rr (=)

Therefore, becomes:
1 o 1
T Z E T(av Zt) > =

> Vr e IIt. (19)
T i—1 a~pr(z) T =1 a~pr(zt)

(]~
=
=
=
oy
B
!
&
N

Note that this is precisely the condition of e-c-CCE (see Definition [3) for player <. The final result is
then simply obtained by considering the player with the highest regret. O
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B.2 An alternative notion of c-CCE for stochastic contexts

In Section ] we defined the notion of ¢-CCE (Definition [3) for a contextual game described by an
arbitrary sequence of contexts z1, ..., zr. In this section, we consider the case in which contexts are
stochastic samples from the same distribution , i.e., z; ~ ( for all £. In such a case, the following
alternative notion of c-CCE can be defined by considering the expected context realization (rather
than considering the time-averaged game as in Definition [3).

Definition 10. Consider a contextual game and assume contexts are sampled i.i.d. from distribution
(. A contextual coarse-correlated equilibrium for stochastic contexts (c-(-CCE) is a policy
p:Z— A mapping contexts to distributions over A such that:

E E ri(a,z)z E E ri(w(z)7a_i7z) Vrelll, Vi=1,...,N. (20)

z~( a~p(z) z~( a~p(z)
Moreover, p is an e-c-(-CCE if the above inequality is satisfied up to an € € R, accuracy.

Similarly to Proposition 4, the following proposition shows that, in this specific setting, c-(-CCEs
can also be approached whenever players minimize their contextual regrets.

Proposition 11 (Asymptotic and finite-time convergence to c-(-CCEs). Consider a contextual game
and assume contexts are sampled i.i.d. from distribution (. Let pr be the empirical policy at round T.
Then, as T — oo, if players have vanishing contextual regrets, pr converges to a c-(-CCE almost
surely. Moreover, after T' game rounds, let R%.(T)’s denote the players’ contextual regrets, § € (0, 1),
and assume Z is finite. Then, with probability at least 1 — 6, pr is a e-c-(-CCE with

log(|Z] - |A]) | log(2/6) RL(T)
<2 Sl
€= \/ 2 tooor Ty T

Compared to CCEs (and c-CCEs), c-(-CCEs can be approximated in finite time only with high-
probability and with an extra approximation factor of O(log(|Z| |A|) + log(1/0)/T). Intuitively,
this is because the empirical distribution of observed contexts needs to concentrate around the true
contexts distribution (. We recover asymptotic convergence to c-(-CCEs since such distribution
converges to ¢ with probability 1.

Proof. By definition of contextual regret, see (1)), for each player

1 —i RLT i
Z at,at L 2t) > T Z ( (z¢),a; ', 2) — 7(1 ) Ve Il'. 21
=1 t=1

Let (7 be the empirical distribution of observed contexts. Moreover, let pr be the empirical policy
up to time 7', defined in Section Then, following the same steps of Proof of Proposition@

T
1 ; i
— r'(as,a; ', z) = E E r(az),
T; (@' z)= B E (@2
T
1 )
T Tz 0 ,2t) = E E r(n(z),a” " z).
T; Sa=E - Er(n(e) )

Therefore, (21)) rewrites as

E E r(a,z)> IE E r(n(z),a™ " z2) — vr eI, (22)

z~Cr a~pr(z) ~Cr a~pr(z) T

As T — oo, ¢ — ( as contexts are i.i.d. samples from {. Moreover, if players use no-regret
strategies, R.(T)/T — 0fori = 1,... N and hence the above inequality implies that pr converges
to a c-(-CCE (see Definition[10)).

For finite T, the above inequality resembles the desired c-(-CCE condition, with the difference that
the outer expectations are taken with respect to the empirical contexts’ distribution (7 instead of the
true one. To cope with this, we show that such expectations indeed concentrate, up to some accuracy,
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around the expectations with respect to the true distribution (. More precisely, we show that with
probability at least 1 — ¢

< \/10g(|3 1A | 1og(2/9)

- 2
E Jem) = B fpm)| < [0 ), 3
where f(z,pr) = FEa~pr(z)7(a,2). Moreover, the same condition holds for f(z,pr) =

Ea~pr(z) 7(7(2),a™", z) for each 7 € II'. Combined with (22), this implies that for each player i
and each 7 € II*, with probability 1 — J,

|21 |A] | log(2/6) _ Re(T)
2 27 T

E raz)>E E rw@»aaaszﬁ

z~( ar~pr(z) z~( ar~pr(z)
which would prove Proposition

It remains to show (23). For a given policy p : Z — Al a straightforward application of
Hoeffding’s inequality [21] shows that for any € > 0

7

where we have used the fact that f(z, p) = Eaw,(:)r'(a, 2) € [0,1] and that zy, ..., zp are i.id.
sampled from (. Unfortunately, we cannot apply the condition above directly to the empirical policy
pr, since it is not fixed a-priori, but is computed as a function of the realized samples z1, ..., z7.
However, we can consider the set P of all the possible empirical policies p : Z — Al resulting
from 7" rounds of the repeated game. Note that each of such policies is uniquely defined by the
sequence {a’,a; "z}, of revealed contexts and actions played up to round 7'. Therefore, Pr is a
finite set of cardinality |Pr| = (| 2| - |.A|)T. Hence, it holds

E f(z.p) — ng(z,p)’ >e} < 2exp (- 2T¢€), (24)

z~Cr

P[Eﬂmﬂ—Eﬂmm>{<ﬂwpEf@m—mﬂwﬂx}
z~(r z~G pEPT |2~~Cr z~(
Pl U {| & 1o - B 1) >
pePr z~~(Cr z~Q
<1PrlP|| B 1Gup) - B 1G] > ]

< 2[Pr| exp ( — 2T€%).

The first equality holds since, given a set of random variables z, ..., z,, asking that sup, z; > €is
equivalent to asking that at least one of the x;’s is greater than e. The second inequality is a standard
probability union bound, while the last inequality follows by . This proves after setting the
right hand side equal to ¢ and substituting ]PT’ =(|1Z]-|A|)*.

O
B.3 Proof of Proposition [ (Convergence to approximate efficiency)
Proof. For ease of notation, let 7r1, e Wiv be the optimal policies that solve , so that OPT =
+ Zthl L (7l (2¢), ..., 7Y (21), z¢). Using the definitions of contextual regret and (X, 11)-smoothness,
the sum of cumulative rewards can be lower bounded as:
1 v e
= r'(at, a;"s z)
T ;
t=1 i=1
T N ;
1 i( i —i R(T)
ot P
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\%
H\

T N R
3 [0 Dl ) ) = )Tl ] =3 D

i=1
T N
ZF v a ) ZRC;T

t=1 i=1

v
>l

%\H

In the first inequality we have used the definition of contextual regret (see (1)) with respect to policy
« for each player (note that 7’ is not necessarily the optimal policy in hindsight for player ¢). In the
second inequality we have used the fact that the game is (A(z;), 1(2¢))-smooth at each time ¢ and
applied condition (7) with outcomes a; = (af,...,a}’) and ag = (7}(2¢),..., 7 (2)). The last
inequality follows from the definition of A, fi, and OPT.

At this point, note that & 37 D(af,...,al,z) > L 51 52N ri(al, a; ", 2) since by defini-

tion of social welfare I'(a, z) > Zil ri(a, z) for all (a,z). Then, the above inequalities imply
that

T T N
1 - 1 RL(T)
TZI‘at,.. calN,z) > X0 Zf‘at,.. cal | z) Z ;
t:l i=1
which after rearranging yields the desired result. O

C Contextual Traffic Routing - Experimental Setup

In this section we describe the experimental setup of the contextual traffic routing game of Section 5
We consider the traffic network of Sioux-Falls, a directed graph with 24 nodes and 76 edges and use the
game model of [32]. Data from [25} 1] include node coordinates and capacities C. € R of each net-
work’s edge e = 1, ..., 76. Moreover, data also include the units (e.g., cars) that need to be sent from
any node to any other node in the network, for a total of 528 distinct origin-destination pairs. Hence,
we let N = 528 be the number of agents in the network and assume, at every round, each agent ¢
needs to send d’ units from origin node O’ to destination node D?. In order to send these units, each
agent can choose one of the K = 5 shortest routes between O% and D?. We let z¢ € R"® represent
the route chosen by agent 7 at round ¢, where ¢ [e] = d; if edge e belongs to such route, and z%[e] = 0

otherwise. Moreover, we let z; * = Y ot x] represent the routes chosen by the rest of the agents.

At each round, the network displays different capacities (network’s capacities represent the contextual
information of the game) which are observed by the agents and should be used to choose better routes,
depending on the circumstances. This is different from the game model of [32] where network capac-
ities are assumed constant. We let the context vector z; € Rff represent the network’s capacities at
round ¢, and assume each z; is i.i.d. sampled from a static distribution (. The contexts distribution ( is
generated as follows. We let Z be a set of 10 randomly generated capacity profiles z where z[e] is uni-
formly distributed in [0,1.2- C,] fore = 1,...,76. Then, we let ¢ be the uniform distribution over Z.

Given context z; and routes xi, x; ', the reward of each agent i is:

TZ(:C?HIf_ y Z th xt+$f ,Zt[d),

where t.(-) is the traveltime function of edge e (i.e., the relation between number of units traversing
edge e and the time needed to traverse it). Such functions are unknown to the agents, and according
to [25,1]] are defined by the Bureau of Public Roads (BPR) congestion model:

te(w,2) = f. - <1+0.15(j)4> :

where f. € R, is the free-flow traveltime of edge e (also provided by the network’s data). At the
end of each round, hence, we quantify the congestion of each edge e with the quantity 0.15((z%[e] +

wy ' [e])/z[e])*.
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To run our experiments, we estimate upper and lower bounds on the agents’ rewards by sampling
10’000 random contexts and game outcomes, and feed such bounds to the agents so that rewards
can be scaled in the [0, 1] interval. Moreover, at each round agents receive a noisy measurement
of their rewards, with noise standard deviation o set to 0.1%. To run ROBUSTLINEXP3 [28]
Theorem 1] we set learning rate 7 = 0.3 and exploration parameter v = 0.2 (we observe worse
performance when setting them to their theoretical values). For GP-MW we use the composite
kernel k(z}, z;", z,) = ky(2}) * kao(2? + ;") used also in [32]], while for C.GP-MW the kernel
E(xl x7t 2) = ki(2b) * kao((2} 4+ 277)/2), where ky is a linear kernel and ks is a polynomial
kernel of degree 4. However, we observe similar performance when polynomials of different degrees
are used or when k is the widely used SE kernel. Kernel hyperparameters are optimized offline over
100 random datapoints and kept fixed. We set 7, according to Theorems|[I|and 2] and confidence level
B¢ = 2.0 (theoretical values for 3; are found to be overly conservative, as also observed in [37} [32]).
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