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the main document are not.

S1 Failure Case for Empirical Proportion Risk Minimization

We offer a simple example where minimizing the empirical proportion risk leads to suboptimal
performance. Let P_ be uniform on [0, 1], with density p_ () = 1{.¢[0,1]}> and let P, have the
triangular density function py (z) = 221 ,¢[0,1)3- Suppose there is a single bag, and that the label
proportion is y = 3. Also suppose F consists of threshold classifiers f(z) = sign(z — t), t € [0,1].

This class contains the optimal BER classifier (define wrt 0-1 loss) corresponding to t* = % Now

suppose we are in the infinite bag-size limit (which only makes the problem easier), so that the
observed label proportion 7 is simply v = % Then we seek the threshold ¢’ that minimizes
1 p
EPR(t) := [P(fi(X) =1) — 3| -

For any p > 0, t' is the median of the marginal distribution of X, %P_ + %PJF, which equals

(v/5—1)/2 = 0.62 # t*. Thus, minimizing EPR does not yield an optimal classifier for BER or for
misclassification rate, which agrees with BER in this setting where the two classes are equally likely.

Now suppose there are N bags, with label proportions 1, ...,yy drawn iid from a distribution
whose (population) mean and median are %, such as the uniform distribution on [0, 1]. The optimal
BER classifier remains the same, with threshold ¢* = % The optimal classifier wrt misclassification
rate is also the same, assuming we view E[y;] = % as the class prior. In the infinite bag-size limit,
EPR would seek the threshold ¢’ that minimizes

N
EPR (1) i= 1 DO IPU(X) = 1) =il

For p = 1, EPR minimization selects ¢’ such that P(f;(X) = 1) is the empirical median of

Y1, - - -, YN, Which will be near %, which means ¢’ will be near 0.62. For p = 2, EPR minimization

selects ¢’ such that P(f;/(X) = 1) is the empirical mean of 71, . . ., yx, which will again be near 1,

which again means ¢’ will be near 0.62.

More generally, based on the above example, EPR seems likely to fail whenever P, and P_ are not
sufficiently “symmetric."

S2  Proofs of Results From Main Document

This section contains the proofs.

34th Conference on Neural Information Processing Systems (NeurIPS 2020), Vancouver, Canada.



S2.1 Proof of Proposition|l]

Consider the loss function £ given by

Equating £ ‘. (f) to EL(f) yields four equations in the four unknowns A, B, C, and D, corresponding
to the coefficients of Ex . p, £+ (f(X)). The unique solution to this system is £ = £.

S2.2  Proof of Proposition ]

We begin with .FEK. Forany R > 0, f € ]-'gK, and z € X,

[f (@) = [(f, k(G 2)| < f Ik 2) [ = RE.

by the reproducing property and Cauchy-Schwarz. Thus A = RK.

For the second part, the expectation may be bounded by a modification of the standard bound of
Rademacher complexity for kernel classes. Thus,

E,)| sup Zaifif(mi)] =E¢,) | sup Zaiexf,k(-,xm] (S1H
fef}%,x i _fe}-zka,K [
=E €; sup fa aieik('yxi)
[ Zazelk(,xl)
=E €; R t 5 aieik 5 Lg (SZ)
“ < 1> aseik ()] Z )

2

= RE(, > aieik (-, x:)

<R E(Ei) Zaieik(~,xi) (S3)
=R > a?|k( )| (84)

(S5)

where (ST) uses the reproducing property, (S2) is the condition for equality in Cauchy-Schwarz, (S3)
is Jensen’s inequality, (S4) follows from independence of the Rademacher random variables, and (S3)
follows from the reproducing property and the bound on the kernel.



Next, consider F ;. For the first part we have for any f € F)"; and z € X,

|f (@) = (v, [U] 1)

< oll[lT=] 4|
< [lafll[Tz] |
< [lafit]|

= [lal /ZI(%@IQ

< llall /> lugll el

J
< Nxlledl, [l
i
< 1l 113;1]-

For the second part, observe

M I M h
E(ey) [;HE-Z ekakf(xk)l =E(,) ?up Z €Lag Z v; [(ug, z)]
e =

=1 €F k=1 j=1
I M h i
= E(e,) |sup Z €k Z v; [(ug, axzr)]
fern =

M
=E) sungj Z ex [(ug, arwr)]

M

> e [{ug, apzi)],

k=1

h
= Z a;E,) sup

j=1 ujflug || <B;

: (S6)

We bound the expectations in (S6) using Ledoux-Talagrand contraction [6, Theorem 4.12].

Theorem 1 (Ledoux-Talagrand contraction). Let F' : R, — R be convex and increasing. Further
let ;, i € [M] be I-Lipschitz functions such that ©(0) = 0. Then, for any bounded subset T C R,

M M
1

E()F | zsup €0 (t; S E)F | sup et |-

To apply this result, for each j notice that
M M
Ee,) sup ex [(uj, arxr)], | = E(,) sup €L [tk]+

gl 1< ; * e, ;

where t = (t1,ta,. .. ,tM)T and
T = {t = ((uj, ar1), (uj, a0m2), ..., (uj, anranr)’ € RM ]| < 5;‘}



which is clearly bounded. Now taking I to be the identity and o; =[], , we have

M
E(,) sup Zek uj, apri)], | < 2E(,) sup Z (Ui, aRpTr)
ujtflui | <B; k=1 wjillug | <B; k=
=2E(,) sup uj7 €LAKTE
ujtllu; [|<B;

€LAKT
=2E(,) <BJ Zk Lk RE Zﬁkak$k>

HZk 1€kak$k” k=1

2

M
= 2B;E(c,) Z €L QKT (S7)
k=1
< 264 | Eer) (S8)
M
<285, | D afllaxl? (S9)
\ =
M
<2/ X|2B54| Y a3, (S10)
k=1

where (S7) uses the condition for equality in Cauchy-Schartz, (S8) uses Jensen’s inequality, and (S9)
uses independence of the €. The result now follows from (S6) and (ST0).

S2.3  Proof of Theorem[3]
We first review the following properties of the supremum which are easily verified.

P1 For any real-valued functions f;, fo : X — R,

Supfl(l’) — sup fa(z) < Slip(fl(m) — fa(®)).

P2 For any real-valued functions f1, fo : X — R,
sup(f1(x) + fa(z)) < sup fi(z) + sup f2(z).
P3 sup(-) is a convex function, i.e., if (xx)xea and (2} )rea are two sequences (where A is
possibly uncountable), then Vo € [0, 1],

sup(azy + (1 — a)ry) < asupzy + (1 — a) sup .
AEA AEA AEA

Introduce the variable S to denote all realizations X7, 1 € [N],0 € {—,+},j € [nf]. We would
like to bound

S (LS LS evegn| -

ferio cetz1} | i=1
Introduce
al 1 1 &
S i=swpd wi | 5 > |5 D LX) —EU) |,
fer i—1 2 n; =
i oce{+1} j=1
al 1 1
§7(8)=sup =D wi | o D |2 D L(FXE)| - &)
fer i ce{x1} | ¥ j=1



Assume (IIM) holds. Since the realizations X7 are independent, we can apply the Azuma-McDiarmid

bounded difference inequality [[7] to £ and to £~. We will show that the same bound on £+ and ¢~
holds with probability at least 1 — §/2. Combining these bounds gives the desired bound on £. We
consider £+ below, with the analysis for £~ being identical.

Definition 2. Let A be some set and ¢ : A™ — R. We say ¢ satisfies the bounded difference
assumption if 3c1,...,cp 2 0s.t. Vi, 1 <1< n

That is, if we substitute x; to x}, while keeping other x; fixed, ¢ changes by at most c;.

Lemma 3 (Bounded Difference Inequality). Let X1, ..., X, be arbitrary independent random
variables on set A and ¢ : A™ — R satisfy the bounded difference assumption. Then ¥Vt > 0

2¢2

Pr{¢(X1,..., Xn) ~ E[$(X1,..., X,)] 2t} <e Timi7.

To apply this result to £, first note that for any f € F,x € X,and y € {—1,1},

|5 (f (), y)| < 170, 9)| + [€% (f(2),y) — £5(0, )]
< 0% |o + |05 | £ ()|
< 0% o + €7 A.

fj with another X', while leaving all other values in S fixed,

wi (€% o+ A)
2n?

i

If we modify S by replacing some X
then (by P1) £T changes by at most 2
1 —6/2 over the draw of S1,..., SN,

, and we obtain that with probability at least

N
1 w2 (|0mi]g + 051 A)2 log(2/5
5*—]E[§+]§2 5 7l 07‘| ) g(2/)
i=1 s
N
1 w? log(2/6)
< - 3
<21+ A1), |5 ; Al T 2

where we have used |[(%i|g < 1/(1 — k; — ;) and |05 < |€]/(1 — K; — &]).

To bound E [¢ 7] we will use ideas from Rademacher complexity theory. Thus let S” denote a separate
(ghost) sample of corrupted data (X7;) i Prii=1,...,N,0 € {£},j=1,...,n7, independent
of the realizations in S. Let Eg[f] be shorthand for Do Wi ge(s} e > b (f(Xy;))- Denote by

(€7;) 1 € [N],0 € {£},j € [n7], iid Rademacher variables (independent from everything else), and



let ]E(egj) denote the expectation with respect to all of these variables. We have

E[¢*] =Es Supr > 3 C,Z XoN| —Ep(f)

fer iz oe{i} Ry

= ES lsup <Es[f] ES/ Es/ )]
fer

(by writing £5( Z wiE b br; (f) and applying Prop. for each )
< Es,sr | sup (Esm ~Es mﬂ
_f€]-'

(by P3 and Jensen’s inequality)

=Eg,s |sup (sz Z Zf”’ ) — L (f(X U)))

g ae{:l:} it

Egsn) sup<zwz O P (o xg) - x5

fer UE{:I:} 1 j=1

(for all 4, 0, 7, X andX are iid, and e . are symmetric)

1 £
< Ess 2 SUPZW Z S ) ey (f(X7))

To bound the innermost expectation we use the following result from Meir and Zhang [8]].

Lemma 4. Suppose {¢:}, {wt} =1,...,T, are two sets of functions on a set © such that for
eachtand 0,0' € ©, ¢, (0) — ¢ (6')] § | ( ) — e (0")]. Then for all functions ¢ : © — R,

sgp {0(9) + Z etz/Jt(H)}] .

Switching from the single index ¢ to our three indices ¢, o, and j, we apply the lemma with © = F,
0 = f.c(0) = 0, ¢%(0) = 325 (f(X5)), and ¥7;(60) = Wf%ﬂxg), where we use
[eri) < 1)/ (1 — k; — K;). Th1s yields

E, lsgp{ )+ Z€t¢t H < Eey

E [¢Y] < 2EsE (o supz wilf TR Z 5 GZGU

ferim L= mg — R S, 20 o
= 2R1(F),



To see the second inequality in (3), by (SR) we have

2
om! (F) < 2B|¢ Wi
)= 2Bl Z(zn;’(l—m—ni))

1,0,]

—QB|€|\/Z4 1—;?—/{,") %
—23|€|\/Z
_\fB|z|\/Z

This concludes the proof in the (IIM) case.

Now assume (IBM) holds. The idea is to apply the bounded difference inequality at the MCM level.
If we modify S by replacing X7; (with i fixed, j, o variable) with other values (X/;)’, while leaving
all other values in S fixed, then (by P1) £1 changes by at most 2w; (|¢%i|o + [¢%i| A), and we obtain
that with probability at least 1 — /2 over the draw of S,

N

¢r-E[¢f] < ;w?(wﬂ o+ |gm|A)2w
< (1+ AJ) log(2/9) ZNJ“’—Q
- 2 i= (L—ry —r)?

To bound E [£T], we use the same reasoning as in the (IIM) case to arrive at
E [§+:| < 2ES]E(6¢) Sup Z W;€g Z Z Hl i )
ae{i} Z j=1
where now there is a Rademacher variable for every bag. The inner two summations may be expressed
]E(mx)wﬁw (65 (f(X))]

and so by Jensen’s inequality and Lemma 4 we have

N
E[¢*] < 2EsE,) [;gngﬂ%,X)Nﬁw [f?(f(X))}]
=1

S 2B (o, x)mPri) g Bl [Sggz Eiwiggz(f(Xi))]

w; ||

1—k; — kK

= QESE((UMX'L')Nﬁ”)z'e[N]E(E lsup Z &7 -  F f(X’)]

= 2R7(F)

This proves the first inequality. To prove the second, by (SR) we have

2
W
M) < 2BM\/Z (1—k; —r)2

This concludes the proof.



S2.4 Proof of Theorem [6]

We begin by stating a generalization of Chernoft’s bound to correlated binary random variables
(11} 5].

Lemmas. Let 71, ..., Z,, be binary random variables. Suppose there exists 0 < 7 < 1 such that
forall I C [m), P(T1;e; Zi = 1) < 71\ Then for any e > 0, (1) Z; > m(r + ¢)) < e=2m<",

We will first prove the theorem for BP. The result for dominating schemes will then follow easily.
Thus, assume the K -merging scheme is BP. For now assume (CIBM) , which is implied by (CIIM) .

Let ﬁj,; be the larger of the two empirical label proportions within the kth pair of small bags within
the ¢th pair of big bags, and similarly let 7;, be the smaller. Also let 'yjk be the larger of the two true
label proportions within the kth pair of small bags within the ith pair of big bags, and similarly let
7v;1, be the smaller.

Leteg € (0,A(1 — 7)) and let e € (0, %]. For i € [M], let K; be the number of original
pairs in the ith block (the ith pair of big bags) for which |yt — ;.| > A, k € [K] and define 2 ; to

be the event that K; > K (1 — 7 — ¢€). By Lemmaand (LP) , we have Pr (5 ;) < o—2Ke?

Also define Qy ; to be the event that fj’ — fl_ > ]Ey‘,y[f;— - f:] —€e= F;" —TI'; — €. Note that
conditioned on v, T} — T'; = L S | (5 —7) is the sum of K independent random variables
with range [0, 1] (here we use the definition of BP and conditional independence of the small bags

under (CIBM) ). By Hoeffding’s inequality, Py (95, ;) < e 2K <,

Now define ., := X, Q. and Qy := X, Qy ;. Also define O to be the event that the first
inequality in (@) does not hold. Then
P(0) < P(0[Q2y N Qy) + P((2y N Qy)°)
< P02y N Qy) +P(Q27) + P(Q5)

N _oxe
<SP(O]2y NOy) + e 7 + EqByyy [1{%}}

2N >
< PO, NQy) + ?6_2}{5

2N
=Eyy [Exjyy [Ley[7, Y] 10, N Qy | + ?6*2’(62.

We next bound the inner expectation of the last line above, which is the conditional probability of ©
given fixed values of (v,Y") € ., N Qy. We will bound this probability the same argument as in
the proof of Thm. [5] To apply that argument, we first need to confirm two things: Conditioned on

v,Y, (1) foreach i, T;” — T'; > 0, and (2) the empirical error £(f) is an unbiased estimate of 5.
The first property is given by the following.

Lemma 6. Conditioned on (v,Y ) € QN Qy, forall i € [M]
I -7 >If -1y

i — €= €.
Proof. Fix (v,Y) € Q, NQy. Leti € [M]. By definition of Qy-,
T =T 2 By [0 - T7] - ¢

| K
= (K ZEYl'yW;]:; - @ﬂ) —€

k=1
1 K
+ -

To see the last step, let U and V' be random variables with means p and ¢. Then E[max(U, V) —
min(U, V)] = E[|U = V|] > |E[U — V]| = |p — ¢| = max(p, q) — min(p, ¢), by Jensen’s inequality.
Here we have again used the definitions of BP and (CIBM) .



By definition of 2, v, —v;, > A for K; > K(1—7 —¢) values of k € [K]. From this we conclude
that Fj —I';7 > A(l — 7 —€) — € > ¢, where the last step follows from ¢ < A(%P. O

For the second property, recall £(f) = 3, w;&(f) with w € AM and w; (fj' - ft_)z We
note that Ex |y yeq,nay [gl(f)} is well defined because |¢* (f(x))] is bounded for 2 € X. This
follows from the assumption sup s z ,.c x | /()| < A < oo, the fact that (% is Lipschitz continuous

on 2, N Qy by Lemma@ and the observation |¢(%i (f(x))| < |[0Fi|o 4 [£%| A.
Lemma 7. Forall f € F, Ex|y yea,noy [gz(f)] = Ep(f).

Proof. Recall that X,,,; denotes the jth instance in the mth original (pre-merging) small bag, m €
[2N], j € [n], and that Y,,,; denotes the corresponding label. We have

Ex|y,yea,noy {gi(f)}

= SExpyennny |- 30 S K+ 30 S E (X))

merf j=1 mel; j=1

1 =~ 1 7
= §EX\77Y€Q.YQQY lrjm Z Z €+ (f(ij))

v omel) 7 Ymi=1

+<1—f¢>MZ S (X))

melf J:¥mj=-—

-1 -
+T; ~— E E CE(f(Xmy))
nKT; “ &~
v mel; J: mj=1

+(1—f;)nK(11_f) >y 1@'(J“(ij))]

i) mer; Ymj=—

_ %{fjﬂ«:ma [ ()] + (1 =T Exep. [ (7))

+ I Exer, [@' (f(X))] +(1-T;)Exop. [ﬁi(f(x))] }
_ ;{Exiji [ (FOO)] + By [ ()] }
— £h(f)

where the third step uses the definition of (CIBM) , and the last step uses Prop. [[jand Lemmal6] [

By Lemmas [6|and Lemma [7, we can apply the argument in the proof of Theorem [5] conditioned

on (v,Y) € Q, N Qy, with the estimator £ instead of &,,. The only other changes are that in the
application of Lemma[4] we use the bound

4 1
fj—f: TIf-T; —€
and in the final bounds, we upper bound (I'f — ;)L by (I} — T} — €)= 2.

07| <

S3 Symmetric Losses

A loss is said to by symmetric if there exists a constant K such that for all ¢, £(¢,1) + ¢(t,—1) = K.
Examples include the 0-1, sigmoid, and ramp losses. For a symmetric loss, ¢ simplifies to

(ty) = t,y) - S ( THRTE s TS

1—kt -k~ 11—kt —k



Combined with Proposition [I] this yields

kt + K™
Ebelf) = (1= 5" —r)ER(N + K (7).

Therefore, the two sides have the same minimizer which implies that the BER is immune to label noise
under a mutual contamination model. That is, training on the contaminated data without modifying
the loss still minimizes the clean BER. This result has been previously observed for the 0/1 loss [9]
and general symmetric losses [14} [2]. The above argument gives a simple derivation from Prop. [T}

S4 Convexity

We say that the loss ¢ is convex if, for each o, £,(t) is a convex function of ¢. Let ¢/ denote the
second derivative of £ with respect to its first variable. The condition in below was used by
Natarajan et al. [10] to prove a convexity result an unbiased loss in the class-conditional noise setting.
Here we prove a version for MCMs.

Proposition 8. Suppose k= + k™ < 1 and let £ be a convex, twice differentiable loss satisfying
Cy(t) =07 (t). (S11)
If % < % for o € {£}, then {* is convex.

Examples of losses satisfying the second order condition include the logistic, Huber, and squared
error losses. The result is proved by simply observing

1—-2k7°
1—k=—k™*

(€5)"(t) = L5 (1)
> 0.

The statement about &; (f) being convex when f is linear was a holdover from an earlier draft and
should be disregarded. In the infinite bag size limit, &;(f) converges to £5(f), which is convex in

the output of f provided / is convex. Sufficient conditions for the convexity of & (f) or £, (f) for
small bag sizes is an interesting open question.

S5 (CIBM’) implies (IBM)

Assume that (CIBM”) holds. To show (IBM) , we need to show that for a fixed bag ¢, and for all
J € [n;], the marginal distribution of X;;, conditioned on the bag, is v; P + (1 — ;) P—. Thus let A
be an arbitrary event. Also let p; be the joint pmf of Y;1, . .., Y;,,, conditioned on the bag. Without
loss of generality let j = 1. We have
P(X’il € A) =Ex [1{Xi1€A}]
= EYM ,,,,, “niEXiﬂYil,-m,Ymi [l{XnEA}]
:EYU,...,YI-MIPYH (le S A) (512)

= Z Py, (Xi1 € A)pi(y1,-- - Yn,)
(Y15 yn; ) E{—1,1}™i

= P.(A) > pi(L. Y2, Yn,)

(Y25 yn; ) E{—1,13mi 71

+ P_(A) > Pi(=1,2, -, Yns)
(Y250 syn; ) E{—1,1}Mi 1
=7iPr(A) + (1 = %) P-(4), (S13)

where (S12)) and (S13)) use (CIMB’).

10



S6 Optimal Bag Matching
The bound is minimized by selecting weights
w; o (7 = 77)?,

which gives preference to pairs of bags where one bag is mostly +1°s (large y+) and the other is
mostly -1’s (small «;"). With these weights, the (SR) bound is proportional to under (CIIM)

(Zm(ﬁ—%P) :

Here and below, under (CIBM’)’ substitute 72; — 1.

We can optimize the pairing of bags by further optimizing the bound. Consider the unpaired bags
(Bi,7i),i=1,...,2N. Recall that n; = HM(n;", n; ). We would like to pair each bag to a different
bag, forming pairs (v;",7; ), such that

N
> nilyt =)
=1

is maximized. For each ¢ < j, let u;; be a binary variable, with u;; = 1 indicating that the ¢th and
jth bags are paired. The optimal pairing of bags is given by the solution to the following integer
program:

max Y > HM(ni,n)( —7)uis (S14)

1<i<2N i<j<2N
s.t. uy; € {0,1}, Vi, j
Zuij + Zuﬁ = ].,V’L
i<j j<i
The equality constraint ensures that every bag is paired with precisely one other distinct bag. This
problem is known as the “maximum weighted (perfect) matching" problem. An exact algorithm to

solve it was given by Edmonds [4], and several approximate algorithms also exist for large scale
problems [3]].

When n¢ = n for all ¢ and o, the solution to this integer program is very simple.

Proposition 9. [fn? = n for all i and o, then the solution to (S14) is to match the largest ~y; with
the smallest, the second largest ~y; with the second smallest, and so on.

Proof. Suppose the statement is false. Then there exists an optimal solution, and ¢ and j, such that

'yj > ’y;-r and ;" > ;. Now consider the matching obtained by swapping the bags associated to
7; and ~y; . Then the objective function increases by

=)+ 0 =) = =)= =) =200 =) (i =) > 0.

This contradicts the assumed optimality. O

S7 Merging Schemes that Dominate Blockwise-Pairwise

Let I and I';” denote the quantities I';” and I'; when the merging scheme is BP, and let I';” and

. . . .. ~+ =~—
I'; refer to any other merging scheme under consideration. Similarly, let I'; and I'; denote the

quantities fj and f; when the merging scheme is BP, and let fj and f; refer to any other merging
scheme under consideration.

For a K-merging scheme that dominates BP, we still have F+ F > F+ I —e>e€ >0o0n
2, N Qy by definition of dominating. Hence the same proof goes through in this case, and we may
state the following.

11



Theorem 10. Let (LP) hold. Let ¢g € (0, A(1 — 7)). Let ¢ be a Lipschitz loss and let F satisfy

1—7)—¢€o

A
sup,cx rer | f(2)] < A < oo Lete € (0, ( A

that dominates B P, under (CIIM) , with probability at least 1 — § — 2%6721{62 with respect to the
draw of v,Y , X,

| and 6 € (0, 1]. For any K-merging scheme

~

+ _p- + -
I =-Iry >0 -L; —e>e

and

HM((Lf — 7 —9=?) 5B %HM@T—P;—@*)

(N/K)n - (N/K)n ’

(S15)

where ¢; = w;|l|/(L7 —T; —¢), C = (14 A|f])\/log(2/6), and D = 2B|¢| + C. Under (CIBM),
the same bounds hold with the same probability if we substitute RL(F) — RE(F) and n — 1.

sup [(f) - £(f)] < 2m£<f>+c\/

fer

We conjecture that it is possible to improve the bound for dominating schemes. Using the current
proof technique, this would require proving that

IH—T; >0 —T; —e

with high probability. For example, with BM, this would require a one-sided tail inequality for
how the difference between the average of the larger half and the average of the smaller half of 2K
independent random variables deviates from its mean. The BP scheme was selected as a reference
because it is straightforward to prove such a bound for BP using Hoeffding’s inequality.

S8 Consistency

A discrimination rule [ is (weakly) consistent if £5(f) — inf; £5(f) in probability as N — oo,
where the infimum is over all decision functions.

We first note that if we desire consistency wrt the BER defined with 0-1 loss, it suffices to prove
consistency wrt the BER defined with a loss ¢ that is “classification calibrated" [1]], such as the logistic

loss. This is because the BER corresponds to a special case of the usual misclassification risk when
the class probabilities are equal.

We state our consistency result for the discrimination rule
f € argminJ(f) = E(f) + A S5
€

where F;, is the reproducing kernel Hilbert space associated to a symmetric, positive definite kernel,
and A > 0.

Theorem 11. Let X' be compact and let k be a bounded, universal kernel on X. Let K — 0o such
that N/K — oo and N = O(KP) for some 3 > 0, as N — oo. Let \ be such that A\ — 0 and
AN/K)/log(N/K) — 0o as N — co. Let (LP) and (CIBM) hold. Then for any merging scheme
that dominates BP,

8@%@%@ (S16)

in probability as N — oo.

Proof. Let B denote the bound on the kernel. By Proposition 4] and by Theorem 10| applied to
Fp g forall g € (0,A(1 = 7)), € € (0, %], and 6 € (0, 1], with probability at least
1—6— Ne—2Ke

K 9

sw |80 —eh(N] <\ 5
feBk(R)

where D = (1 + RBJ{|)\/log(2/d) + 2RB|{|.

Observe that .J(f) < J(0) < %. Therefore A|| f]|2 < % —&(f) < 2':;'” and so || f]|2 < ZJfLO
Set R = 2!5'; . Note that R grows asymptotically because A shrinks. We just saw that f € Bi(R).
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Lete > 0. Fix fe € Fj s.t. E6(f.) < infy E5 + €/2, possible since k is universal [13]. Note that
fe € Bi(R) for N sufficiently large. In this case the generalization error bound implies that with

probability > 1 — 6 — %6—2&2’

~ _aan . D |K
Ep(f) <EN+ 5
)
= ~ D |K
< € A € 2 A 2 - AT
S EU) F A =AM+ 2y %
~ D |K
< 24 2=
<EL) AL+ 25
2D |K
€0
Taking § = K/N, the result now follows. O

S9 Experimental Details

The parameters of InvCal [12]] and alter-ocSVM [[15] are tuned by five-fold cross validation. We only
consider the RBF kernel. Following [[15], the parameters for both methods were set as follows. The
kernel bandwidth ~y of the RBF kernel is chosen from {0.01, 0.1, 1}. For InvCal, the parameters are
tuned from C, € {0.1,1,10}, and ¢ € {0,0.01,0.1}. For alter-xSVM, the parameters are tuned
from C € {0.1,1,10}, and C}, € {1,10,100}.

A Matlab implementation of both InvCal and alter-«SVM was obtained onlinem These implementa-
tions rely on LIBSVME] and CVXﬂ We modified the code to preform parameter tuning with cross
validation as described above. The modified code is contained in our supplemental material. LIBSVM
contains its own random number generator that was unfortunately not seeded and hence the results
for alter-o«SVM are not reproducible.

All three algorithms require random initialization. Yu et al. [15] randomly initialize their algorithm
ten times and take the result with smallest objective value. This would take over 10 hours on 100
cores to run in out setup. Hence, we only consider one random initialization for each method. This
could account for the relatively poor performance of alter-ocSVM.

We also found that in some cases, the code for alter-o<-SVM wouldn’t create a variable ’support_v’,
which is used to predict the test label. The resulted from LIBSVM not returning any support vectors.
If *support_v’ did not exist for a given fold, we excluded that fold from the cross-validation error
estimate.

For bag size 8, in the experiments reported below, on a handful of occasions there are only two bags
in the validation data within a given fold of cross-validation, and both bags have the same label
proportion. When this occurs, we cannot compute our criterion, and exclude such folds.

For the MAGIC dataset, InvCal takes roughly 30 minutes on 36 cores to complete the experiments for
all bag sizes. For the Adult dataset, InvCal takes roughly 60 minutes on 36 cores. For alter-<-SVM,
the approximated runtime on MAGIC dataset is 70 minutes on 144 cores. On Adult dataset, it is 100
minutes on 144 cores.

S10 Additional Experimental Results

We performed an additional set of experiments where the number of bags /N remains fixed. For Adult
dataset, the total number of bags is 16, and for MAGIC, it is 12. For each method, we generate an
ROC curve and evaluate the area under the curve (AUC) using the test data. The average AUCs and
the standard deviations over 5 random trials are reported in Table[S1] Bold numbers indicate that a
method’s mean AUC was the largest for that experimental setting. We observe that LMMCM exhibits
excellent performance in this setting as well.

"https://github.com/felixyu/pSVM
Zhttps://www.csie.ntu.edu.tw/ cjlin/libsvm/
*http://cvxr.com/cvx/
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Table S1: AUC. Column header indicates bag size.

Data set, LP dist Method 8 32 128 512
InvCal 0.6427£0.0922  0.6545 £0.0643  0.6518 £0.0139  0.7230 & 0.0253
Adult, [0,1]  alter-ocSVM  0.6525 +0.0817  0.5959 +0.1145  0.6199 £ 0.1267  0.6419 £ 0.0997
LMMCM  0.7299 + 0.0796  0.7765 + 0.0590  0.8329 + 0.0166  0.8456 == 0.0213
TnvCal 0.5973 £0.0740  0.6634 £ 0.0864  0.6408 = 0.0216  0.7218 = 0.0170
Adult, [3,1]  alter-ocSVM  0.6035 +£0.1626  0.7774 + 0.0443  0.5863 +0.2775  0.7106 + 0.2193
LMMCM  0.7228 + 0.1048  0.7674 4 0.0586  0.8428 + 0.0101  0.8588 -+ 0.0091
TnvCal 0.7381+£0.0439  0.7828 £0.0212  0.7936 £ 0.0371  0.8196 + 0.0231
MAGIC, [0,4]  alter-ocSVM  0.5997 +0.1163  0.5376 +0.1671 ~ 0.6859 +0.0371 ~ 0.7193 + 0.1278
LMMCM  0.7180 £ 0.0450  0.7852 & 0.7828  0.8140 = 0.0463  0.8630 = 0.0275
TnvCal 0.6741 £0.0673 07405 £0.0433" 0.7876 £0.0249  0.8135 £ 0.0132
MAGIC, [$,1]  alter-occSVM  0.6589 £ 0.1029  0.6330 £ 0.1254  0.6790 + 0.1072  0.7965 + 0.0708
LMMCM  0.6807 £ 0.0779  0.7639 & 0.0335  0.7905 + 0.0258  0.8491 = 0.0245

References

[1] P. Bartlett, M. Jordan, and J. McAuliffe. Convexity, classification, and risk bounds. J. American
Statistical Association, 101(473):138-156, 2006.

[2] Nontawat Charoenphakdee, Jongyeong Lee, and Masashi Sugiyama. On symmetric losses for
learning from corrupted labels. In Kamalika Chaudhuri and Ruslan Salakhutdinov, editors, Pro-
ceedings of the 36th International Conference on Machine Learning, volume 97 of Proceedings
of Machine Learning Research, pages 961-970, 2019.

[3] Ran Duan and Seth Pettie. Linear-time approximation for maximum weight matching. Journal
of the ACM, 61(1), 2014.

[4] Jack Edmonds. Maximum matching and a polyhedron with 0, 1-vertices. Journal of Research
of the National Bureau of Standards B, 69:125-130, 1965.

[5] Russell Impagliazzo and Valentine Kabanets. Constructive proofs of concentration bounds. In
Maria Serna, Ronen Shaltiel, Klaus Jansen, and José Rolim, editors, Approximation, Random-
ization, and Combinatorial Optimization. Algorithms and Techniques, pages 617-631, Berlin,
Heidelberg, 2010. Springer Berlin Heidelberg.

[6] M. Ledoux and M. Talagrand. Probability in Banach Spaces: Isoperimetry and Processes.
Springer, 1991.

[7] C.McDiarmid. On the method of bounded differences. Surveys in Combinatorics, 141:148-188,
1989.

[8] R. Meir and T. Zhang. Generalization error bounds for bayesian mixture algorithms. Journal of
Machine Learning Research, 4:839-860, 2003.

[9] A. Menon, B. Van Rooyen, C. S. Ong, and R. Williamson. Learning from corrupted binary
labels via class-probability estimation. In F. Bach and D. Blei, editors, Proc. 32th Int. Conf.
Machine Learning (ICML), Lille, France, 2015.

[10] Nagarajan Natarajan, Inderjit S. Dhillon, Pradeep Ravikumar, and Ambuj Tewari. Cost-sensitive
learning with noisy labels. Journal of Machine Learning Research, 18(155):1-33,2018. URL
http://jmlr.org/papers/v18/15-226.html.

[11] Alessandro Panconesi and Aravind Srinivasan. Randomized distributed edge coloring via an
extension of the Chernoff—-Hoeffding bounds. SIAM J. Comput., 26(2):350-368, 1997.

[12] Stefan Rueping. SVM classifier estimation from group probabilities. In Proceedings of the 27th

International Conference on International Conference on Machine Learning, pages 911-918,
2010.

[13] I. Steinwart and A. Christmann. Support Vector Machines. Springer, 2008.

[14] Brendan van Rooyen, Aditya Krishna Menon, and Robert C. Williamson. An average classifica-
tion algorithm. Technical Report arXiv:1506.01520, 2015.

[15] Felix X. Yu, Dong Liu, Sanjiv Kumar, Tony Jebara, and Shih-Fu Chang. «SVM for learning
with label proportions. In Proceedings of the 30th International Conference on International
Conference on Machine Learning, page I1I-504-111-512, 2013.

14


http://jmlr.org/papers/v18/15-226.html

	Failure Case for Empirical Proportion Risk Minimization
	Proofs of Results From Main Document
	Proof of Proposition 1
	Proof of Proposition 4
	Proof of Theorem 5
	Proof of Theorem 6

	Symmetric Losses
	Convexity
	(CIBM') implies (IBM) 
	Optimal Bag Matching
	Merging Schemes that Dominate Blockwise-Pairwise
	Consistency
	Experimental Details
	Additional Experimental Results

