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Relaxed Scheduling for Scalable Belief Propagation

Abstract

The ability to leverage large-scale hardware parallelism has been one of the key
enablers of the accelerated recent progress in machine learning. Consequently,
there has been considerable effort invested into developing efficient parallel variants
of classic machine learning algorithms. However, despite the wealth of knowledge
on parallelization, some classic machine learning algorithms often prove hard to
parallelize efficiently while maintaining convergence.

In this paper, we focus on efficient parallel algorithms for the key machine learning
task of inference on graphical models, in particular on the fundamental belief
propagation algorithm. We address the challenge of efficiently parallelizing this
classic paradigm by showing how to leverage scalable relaxed schedulers in this
context. We present an extensive empirical study, showing that our approach
outperforms previous parallel belief propagation implementations both in terms
of scalability and in terms of wall-clock convergence time, on a range of practical
applications.

1 Introduction

Hardware parallelism has been a key computational enabler for recent advances in machine learning,
as it provides a way to reduce the processing time for the ever-increasing quantities of data required for
training accurate models. Consequently, there has been considerable effort invested into developing
efficient parallel variants of classic machine learning algorithms, e.g. [28, 22, 23, 24, 16].

In this paper, we will focus on efficient parallel algorithms for the fundamental task of inference on
graphical models. The inference task in graphical models takes the form of marginalisation: we are
given observations for a subset of the random variables, and the task is to compute the conditional
distribution of one or a few variables of interest. The marginalization problem is known to be
computationally intractable in general [10, 33, 9], but inexact heuristics are well-studied for practical
inference tasks.

One popular heuristic for inference on graphical models is belief propagation [27], inspired by the
exact dynamic programming algorithm for marginalization on trees. While belief propagation has
no general approximation or even convergence guarantees, it has proven empirically successful in
inference tasks, in particular in the context of decoding low-density parity check codes [8]. However,
it remains poorly understood how to properly parallelize belief propagation.

Parallelizing belief Propagation. To illustrate the challenges of parallelizing belief propagation,
we will next give a simplified overview of the belief propagation algorithm, and refer the reader
to Section 2 for full details. Belief propagation can be seen as a message passing or a weight
update algorithm. In brief, belief propagation operates over the underlying graph G = (V, E) of the
graphical model, maintaining a vector of real numbers called a message j1;_,; for each ordered pair
(i, ) corresponding to an edge {i,j} € F (Fig. 1). The core of the algorithm is the message update
rule which specifies how to update an outgoing message ji;—; at node 7 based on the other incoming
messages at node ¢; for the purposes of the present discussion, it is sufficient to view this as black
box function f over these other messages, leading to the update rule

pisj < f({pr—i: k€ N@)\ {j}})- )

This update rule is applied to messages until the values of messages have converged to a stable
solution, at which point the algorithm is said to have terminated.
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Importantly, the message update rule does not
specify in which order messages should be
updated. The standard solution, called syn-
chronous belief propagation, is to update all the
message simultaneously. That is, in each global
round t = 1,2,3,..., given message values
p;_,; for all pairs (4, j), the new values ,ufilj
are computed as

ity < F({uhsis k€ N\ {5}})

However, there is evidence that updating mes-
sages one at a time leads to faster and more
reliable convergence [14]; in particular, various
proposed priority-based schedules—schedules
that try to prioritize message updates that would make ‘more progress’—have proven empirically to
converge with much fewer message updates than the synchronous schedule [14, 20, 38].

Figure 1: State of the belief propagation algorithm
consist of two directed messages for each edge.

Having to execute updates in a strict priority order poses a challenge for efficient parallel imple-
mentations of belief propagation: while the synchronous schedule is naturally parallelizable, as all
message updates can be done independently, the more efficient priority-based schedules are inherently
sequential and thus seem difficult to parallelize. Accordingly, existing work on efficient parallel belief
propagation has focused on designing custom schedules that try to import some features from the
priority-based schedules while maintaining a degree of parallelism [16, 11].

Our contributions. In this work, we address the challenges of parallel belief propagation by
showing how to efficiently parallelize any priority-based schedule for belief propagation. The key
idea is that we can relax the priority-based schedules by allowing limited out-of-order execution,
concretely implemented using a relaxed scheduler, as we will explain next.

Consider a belief propagation algorithm that schedules the message updates according to a prior-
ity function 7 by always updating the message j;,; with the highest priority (1) next; this
framework captures existing priority-based schedules such as residual belief propagation [14] and its
variants [20, 38]. Concretely, an iterative centralized version of this algorithm can be implemented
by storing the messages in a priority queue (, and iterating the following procedure:

(1) Pop the top element for () to obtain the message (1, ; with highest priority (g, ;).
(2) Update message u;—,; following (1).
(3) Update the priorities in () for messages affected by the update.

This template does not easily lend itself to efficient parallelization, as the priority queue () becomes a
contention bottleneck. Previous work, e.g. [16, 11] investigated various heuristics for the parallel
scheduling of updates in belief propagation, trading off increased parallelism with additional work in
processing messages or even potential loss of convergence.

In this paper, we investigate an alternative approach, replacing the priority queue ) with a relaxed
priority queue (scheduler) to obtain a efficient parallel version of the above template. A relaxed
scheduler [3, 1, 2, 5] is similar to a priority queue, but instead of guaranteeing that the fop element
is always returned first, it only guarantees to return one of the top k elements by priority , where k
is a variable parameter. Relaxed schedulers are popular in the context of parallel graph processing,
e.g. [17, 26], and can induce non-trivial trade-offs between the degree of relaxation and the scalability
of the underlying implementation, e.g. [1, 5].

For belief propagation, relaxed schedulers induce a relaxed priority-based scheduling of the mes-
sages, roughly following the original schedule but allowing for message updates to be performed
out of order, with guarantees on the maximum degree of priority inversion. We investigate the
scalability-convergence trade-off between the degree of relaxation in the scheduler, and the conver-
gence behaviour of the underlying algorithm, both theoretically and practically. In particular:

— We present a general scheme for parallelizing belief propagation schedules using relaxed sched-
ulers with theoretical guarantees. While relaxed schedulers have been applied in other settings,
and relaxed scheduling has been touched upon in belief propagation scheduling [16], no systematic
study on relaxed belief propagation scheduling has been performed in prior work.
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— We provide a theoretical analysis on the effects of relaxed scheduling for belief propagation on
trees. We exhibit both positive results—instance classes where relaxation overhead is negligible—
and negative results, i.e., worst-case instances where relaxation can cause significant wasted
work.

— We implement and experimentally compare different variants of belief propagation under relaxed
scheduling. We identify a new family of relaxed schedulers which consistently matches or
outperforms previous proposals. Benchmarks show that this framework gives state-of-the-art
parallel scalability on a wide variety of Markov random field models.

2 Preliminaries and related work

2.1 Belief Propagation

We consider marginalization in pairwise Markov random fields; one can equivalently consider factor
graphs or Bayesian networks [40]. A pairwise Markov random field is defined by a set of random
variables X1, Xo,..., X, agraph G = (V, E) with V = {1,2,...,n}, and a set of factors

;1 D; — Rt fori eV,

wij: D; x Dj — R* for {Z,j} e FE,
where D; denotes the domain of random variable X;. The edge factors v;; represent the dependencies
between the random variables, and the node factors v; represent a priori information about the

individual random variables; the Markov random field defines a joint probability distribution on
X = (Xl,XQ,.. ,Xn) as

Pr[X = 1‘] o sz(l”z) Hlf/ij(xiyxj) ;

where the ‘proportional to’ notation o< hides the normalization constant applied to the right-hand
side to obtain a probability distribution. The marginalization problem is to compute the probabilities
Pr[X; = z] for a specified subset of variables; for convenience, we assume that any observations
regarding the values of other variables are encoded in the node factor functions ;.

Belief propagation is a message-passing algorithm; for each ordered pair (i, j) such that {i, j} € E,
we maintain a message p;—;: D; — R, and the algorithm iteratively updates these messages until
the values (approximately) converge to a fixed point. On Markov random fields, the message update
rule gives the new value of message j1;—,; as a function of the old messages directed to node ¢ by

pisi(xg) o Y ilw)ij (o) [ i), 2
z;€D; keN@O\{j}
where N (j) denotes the neighbors of node j in the graph G. Once the algorithm has converged, the
marginals are estimated as

Pr[X; = x;] < ¥i(x;) H i) -

JEN(7)

The update rule (2) can be applied in arbitrary order. The standard synchronous belief propagation
updates all the message simultaneously; in each global round t = 1,2, 3, ..., given message values
wh ; for all pairs {4, j} € E, the new values ufilj are computed as

piE () oo > i)y ay) [ s

z;€D; keN()\{7}

Asynchronous belief propagation. Starting with Elidan et al. [14], there has been a line of research
arguing that asynchronous or iterative schedules for belief propagation tend to converge more reliably
and with fewer message updates that the synchronous schedule. In particular, practical work has
focused on schedules that attempt to iteratively perform ‘the most useful’ update at each step; the
most prominent of these algorithms is the residual belief propagation of Elidan et al. [14], with other
proposals aiming to address its shortcomings in various cases.

Residual belief propagation. Given a current state of messages, let 41 ; denote the message we
would obtain by applying the message update rule (2) to message ;, ;. In residual belief propagation,
the priority of a message is given by the residual res(j1;—,;) of a message 11—, j, defined as

ves(thissg) = ||ty — tisjll 3)
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where ||-|| is an arbitrary norm; in this work, we assume L2 norm is used unless otherwise specified.
That is, the residual of a message corresponds to amount of change that would happen if message
1i—; would be updated. Note that this means that residual belief propagation performs lookahead,
that is, the algorithm precomputes the future updates before applying them to the state of the algorithm.
We will explore the performance of this base algorithm, as well as additional variants with weight
decay [20] and without lookahead [38]. (Due to space constraints, we leave their detailed description
to Appendix C.)

2.2 Parallel belief propagation

The question of parallelizing belief propagation is not fully understood. The synchronous schedule
is trivially parallelizable by performing updates within each round in parallel, but the improved
convergence properties of iterative schedules cannot easily be translated to parallel setting. Recent
proposals aim to bridge this gap in an ad-hoc manner by designing custom algorithms for specific
parallel settings.

Residual splash. Residual splash [16] is a vertex-based algorithm inspired by residual BP. Residual
splash was designed for MapReduce computation, and it aims to have larger individual tasks while
retaining a similar structure to residual BP. Specifically, the algorithm works by defining a priority
function over nodes of the Markov random field, and selecting the next node to process in a strict
priority order. For the selected node, the algorithm performs a splash operation that propagates
information within distance H in the graph; in practice, this results in threads performing larger
individual tasks at once, offsetting the cost of accessing the strict scheduler.

Randomized synchronous belief propagation. Van der Merve et al. [11] proposed a parallelization
scheme for belief propagation on GPUs, mixing the structure of synchronous and residual belief
propagation. Their algorithm considers all messages at once in global rounds, and performs filter-
and-select steps. First, it filters out all messages whose residuals are below the convergence threshold.
Second, out of the remaining messages, select a p-fraction uniformly at random to update. The
fraction p is adjusted on the fly based on the convergence of the algorithm, preferring a low value
if the algorithm is converging slowly, and a high value if it is converging fast. This algorithm is
well-suited for GPUs, as the filter-and-select steps can be efficiently implemented. However, as shown
by our experimental study, this strategy is not efficient on CPUs, on real-world models. Conversely,
as discussed in [11], the dynamic priority-based strategy we propose would be hard to implement
efficiently on GPUs, due to its irregular structure.

3 Relaxed priority-based belief propagation

In this section, we describe our framework for parallelizing belief propagation schedules via relaxed
schedulers. The main idea of the framework follows the description given in the introduction;
however, we generalize it to capture schedules that do not use individual messages as elementary
tasks, e.g. residual path [16].

3.1 Relaxed scheduling for iterative algorithms

Relaxed schedulers are a basic tool to parallelize iterative algorithms, used in the context of large-scale
graph processing [17, 26, 7, 12, 13]. At a high level, such iterative algorithms can be split into fasks,
each corresponding to a local operation involving, e.g., a vertex and its edges. A standard example is
Dijkstra’s classic shortest-paths algorithm, where each task updates the distance between a vertex
and the source, as well as the distances of the vertex’s neighbours. In many algorithms, tasks have
a natural priority order—in Dijkstra’s, the top task corresponds to the vertex of minimum distance
from the source. Many graph algorithms share this structure [37, 2], and can be mapped onto the
priority-queue pattern described in the introduction. However, due to contention on the priority queue,
implementing this pattern in practice can negate the benefits of parallelism [26].

Relaxed Scheduler Definition. A natural idea is to downgrade the guarantees of the perfect priority
queue, to allow for more parallelism. Relaxed schedulers [1] formalize this relaxation as follows.
We are given a parameter k, the degree of relaxation of the scheduler. The k-relaxed scheduler is a
sequential object supporting Insert (<key, priority>), IncreaseKey (<key, priority>),
with the usual semantics, and an ApproxDeleteMin () operations, ensuring:

(1) Rank Bound. ApproxDeleteMin() always returns one of the top % elements in priority
order.
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(2) k-Fairness. A priority inversion on element <key, priority> is the event that
ApproxDeleteMin () returns a key with a lower priority while <key, priority> isin the
queue. Any element can experience at most k priority inversions before it must be returned.

Relaxed schedulers are quite popular in practice, as several efficient implementations have been
proposed and applied [36, 6, 39, 4, 18, 26, 31, 3, 35], with state-of-the-art results in the graph
processing domain [26, 17, 19]. A parallel line of work has attempted to provide guarantees on
the amount of relaxation in individual schedulers [3, 2, 34], as well as the impact of using relaxed
scheduling on existing iterative algorithms [1, 5]. Here, we employ the modeling of relaxed schedulers
used in e.g. [2, 5] for graph algorithms, but apply it to inference on graphical models.

3.2 Relaxed priority-based belief propagation

Given a Markov random field, a priority-based schedule for BP is defined by a set of rasks
11,75, ..., Tk, each corresponding to a sequence of edge updates, and a priority function r that
assigns a priority r(77;) to a task based on the current state of the messages as well as possible auxiliary
information maintained separately. As discussed in the introduction, a non-relaxed algorithm can
store all tasks in a priority queue, iteratively retrieve the highest-priority task, perform all its message
updates, and update priorities accordingly.

The relaxed variant works in exactly the same way, but assuming a k-relaxed priority scheduler Q).
More precisely, the following steps are repeated until a fixed convergence criterion is reached:

(1) T; < Qr.ApproxDeleteMin() selects a task 7; among the & of highest priority in Q.
(2) Perform all message updates specified by the task 7;.
(3) Update the priorities for all tasks.

Note that tasks can be executed multiple times in this framework. In particular, we assume that the
priority (7;) of a task 7; can only remain the same or increase when other tasks are executed, and
the only point where the priority decreases is when the task is actually executed.

3.3 Concurrent implementation

The sequential version of a priority-based schedule for belief propagation can be implemented using a
priority queue Q. One could map the sequential pattern directly to a parallel setting, by replacing the
sequential priority queue with a linearizable concurrent one. However, this may not be the best option,
for two reasons. First, it is challenging to build scalable exact priority queues [21]—the data structure
is inherently contended, which leads to poor cache behavior and poor performance. Second, in this
context, linearizability only gives the illusion of atomicity with respect to task message updates: the
data structure only ensures that the task removal is atomic, whereas the actual message updates which
are part of the task are not usually performed atomically together with the removal.

The Multiqueue. For this reason, in our framework, we use a relaxed priority scheduler, i.e. a scal-
able approximate priority queue called the Multiqueue [32, 3]. As the name suggests, the Multiqueue
is composed of m independent exact priority queues. To Insert an element, a thread picks one of
the exact priority queues uniformly at random, and inserts into it. To perform ApproxDeleteMin(),
the thread picks two of the priority queues uniformly at random, and removes the higher priority
element among their two top elements. Although very simple, this strategy has been shown to have
strong probabilistic rank and fairness guarantees:

Theorem 1 ([3, 1]). A Multiqueue formed of m > 3 priority queues ensures the rank and fairness
guarantees with parameter k = O(mlog m), with high probability.

Our Implementation. For our purposes, we assume that each thread ¢ has one or a few local
concurrent priority queues, used to store pointers to BP-specific tasks (e.g. messages), which are
prioritized by an algorithm-specific function, e.g. the residual values for residual BP. We store
additional metadata as required by the algorithm and the graphical model. (In our experiments, we
use binary heaps for these priority queues, protected by locks.) To process a new task, the thread
selects two among all the priority queues uniformly at random, and accesses the task/message from
the queue whose top element has higher priority. The task is marked as in-process so it cannot be
processed concurrently by some other thread. The thread then proceeds to perform the metadata
updates required by the underlying variant of belief propagation, e.g., updating the message and the
priorities of messages from the corresponding node. The termination condition, e.g., the magnitude
of the largest update, is checked periodically.
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4 Dynamics of relaxed belief propagation on trees

As we will see in Section 5, the relaxed priority-based belief propagation schedules yield fast
converge times on a wide variety of Markov random fields; specifically, the number of message
updates is roughly the same as for the non-relaxed version, while the running times are lower. The
complementary theoretical question we examine here is whether we can give analytical bounds how
much extra work—in terms of additional message updates—the relaxation incurs in the worst-case.

Unfortunately, the dynamics of even synchronous belief propagation are poorly understood on general
graphs, and no priority-based algorithms provide general guarantees on the convergence time. As
such, we can only hope to gain some limited understanding on why relaxation retains the fast
convergence properties of the exact priority-based schedules. Here, we present some theoretical
evidence suggesting that as long as a schedule does not impose long dependency chains in the
sequence of updates, relaxation incurs low overhead, but also that simple (non-loopy) worst-case
instances exist.

Analytical model. For analysis of the relaxed priority-based belief propagation, we consider the
formal model introduced by [5, 2] to analyze performance of iterative algorithms under relaxed
schedulers. Specifically, we model a relaxed scheduler )y as a data structure which stores pairs
corresponding to tasks and their priorities, with the operational semantics given in Section 3. In
particular, there exists a parameter k& such that each ApproxDeleteMin returns one of the k highest
priority tasks in QQk, and if a task 7" becomes the highest priority task in () at some point during the
execution, then one of the next k ApproxDeleteMin operations returns 7. (By [3, 1], our practical
implementation will satisfy these conditions with parameter K = O(plog p) w.h.p., where p is the
number of concurrent threads.) Other than satisfying these properties, we assume that the behavior of
Q. can be adversarial, or randomized.

We model the behavior of relaxed priority-based belief propagation by investigating the number
of message updates needed for convergence when the algorithm is executed sequentially using a
relaxed scheduler ), satisfying the above constraints. This analysis reduces to a sequential game
between the algorithm, which queries @)y for tasks/messages, and the scheduler, which returns
messages in possibly arbitrary fashion. One may think of the relaxed sequential execution as a form
of linearization for the actual parallel execution—reference [1] formalizes this intuition. Please see
the discussion at the end of this section for a practical interpretation.

Relaxed BP on trees. We now consider the behavior of relaxed residual belief propagation schedules
on trees with a single source. The setting is similar to the analysis of residual splash of Gonzalez et
al. [16].Specifically, we assume that the Markov random field and the initialization of the algorithm
satisfies (1) The graph G = (V, E) is a tree with a specified root r; and (2) The factors of the Markov
random field and the initial messages are such that the residuals are zero for all messages other than
the outgoing messages from the root, i.e., res(i;—,;) = 0if ¢ # r.

These conditions mean that residual belief propagation will start from the root, and propagate the
messages down the trees until propagation reaches all leaves. In particular, residual belief propagation
without relaxation will perform n — 1 message updates before convergence, updating each message
away from root once. While this setting is restrictive, it does model practical instances where the
MREF has tree-like structure, such as LDPC codes (see Section 5).

To characterize the dynamics on relaxed residual belief propagation on trees with a single source, we
observe that the algorithm can make two types of message updates:

— Updating a message with zero residual, in which case nothing happens (a wasted update). This
happens if the scheduler relaxes past the range of messages with non-zero residual.

— Updating a message 1i;_; with non-zero residual, in which case the residual of j1;_,; goes down
to zero, and the messages (1, for the children k of 7 may change their residuals to non-zero
values (a useful update).

It follows that each edge will get updated only once with non-zero residual. At any point of time
during the execution of the algorithm, we say that the frontier is the set of messages with non-zero
residual, and use F'(t) to denote the size of the frontier at time step ¢.

To see how the size of the frontier relates to the number message updates in relaxed residual belief
propagation, observe that after a useful update, we have one of the following cases:

— If F(t) > k, then the next ApproxDeleteMin() operation to @y, will give an edge with non-zero
residual, resulting in a useful update.
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— If F(t) < k, then in the worst case we need k ApproxDeleteMin() operations until we perform
a useful update.

Our main analytic result bounds the worst-case work incurred by relaxation in two concrete cases.

Lemma 2. Assume a k-relaxed scheduler Q. for belief propagation in the tree model defined above.
The total number of updates performed by relaxed residual BP can be bounded as follows:

— Good case: uniform expansion. If the tree model has identical and non-deterministic edge factors
i with ¥;(x;, x;) # 0 for all {i,j}, then the total number of updates performed by relaxed
residual BP is n + O(HFk?).

— Bad case: long paths. There exists a tree instance with height H = o(n) and an adversarial
scheduler where relaxed residual belief propagation performs Q(kn) message updates.

Discussion. The full analysis and illustrations are provided in Appendix A and B. To interpret the
results, first note that, in practice, the relaxation factor is in the order of p, the number of threads,
and that H is usually small (e.g., logarithmic) w.r.t. the total number of baseline updates n. Thus,
in the good case, the O(k? H) overhead can be seen as negligible: as p iterations occur in parallel,
the average time-to-completion should be n/p + O(kH), which suggests almost perfect parallel
speedup. At the same time, our worst-case instances shows that relaxed residual BP is not a “silver
bullet:” there exist tree instances where it may lead to Q(kn) message updates, i.e. asymptotically no
speedup. We discuss how to alter the priority function to mitigate these worst-case instances on trees
in the Appendix. The next section shows experimentally that such worst-case instances are unlikely.

5 Evaluation

We now empirically test the performance of the relaxed priority-based algorithms, comparing it
against prior work. For the experiments, we have implemented multiple priority-based algorithms
and instantiated them with both exact and relaxed priority schedulers.

Priority-based algorithms. We implemented several variants of sequential belief propagation,
among which synchronous (round-robin), residual, weight decay, and residual without lookahead.
These variants were briefly described in Section 2, and are specified in detail in Appendix C.
For residual splash, we implemented two variants. The first is the standard splash algorithm, as
given in [17]. The second is our own optimized version we refer to as smart splash, which only
updates messages along breadth-first-search edges during a splash operation. This variant has similar
convergence as the baseline residual splash algorithm, but performs fewer message updates and
should be more efficient. We include the following instantiations of the algorithms in the benchmarks
and compare them against the sequential residual algorithm. Please see Section 3.3 or Appendix C
for implementation details.

Prior work algorithms. We ran many possible concurrent variants for the baseline algorithms,
and chose the four best to we compare against our relaxed versions. For the full results, please see
Appendix E. First, we choose the parallel version of the standard synchronous belief propagation
(Synch). We omit some synchronous algorithms such as the randomized synchronous belief prop-
agation of Van der Merve et al. [11] since they perform consistently worse (Appendix E.2.4). We
also include the exact residual algorithms implemented via the coarse-grained priority queue, which
maintains exact priority order. Specifically, here we implemented standard the residual BP algorithm
(Coarse-G) and the splash algorithm of [17] (Splash) with the best value of H, which we found to
be 10.

We also include the randomized version of splash algorithm (Random Splash) proposed in the
journal version of the paper [16] with H = 2, which performed best. This algorithm uses a similar
idea of relaxation, but, crucially, instead of a Multiqueue scheduler, they implement a naive relaxed
queue where threads randomly insert and delete into p exact priority queues. While this distinction
may seem small, it is known [3] that this variant does not implement a k-relaxed scheduler for
any k, as its relaxation factor grows (diverges) as more and more operations are performed, and
therefore corresponds to picking tasks at random to perform. As we will see in our experimental
analysis, this does result in a significant difference between the number of additional (wasted) steps
performed relative to a relaxed priority scheduler. Finally, we note that we are the first to implement
this algorithm.

Relaxed algorithms. We compare the above algorithms against the algorithms we propose, i.e.
relaxed versions of residual belief propagation (Relaxed Residual), weight decay belief propagation
(Weight-Decay), residual without lookahead (Priority) and smart splash (Relaxed Smart Splash)
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Prior Work Relaxed

Input Synch | Coarse-G | Splash (10) | Random Splash (2) || Residual | Weight-Decay | Priority | Smart Splash (2)
Tree 2.538x 0.265x 1.648x 2.252x 1.391x 1.282x 1.239x 2.121x
Ising 3.009x 0.801x 5.393x 11.731x 6.720x 6.276x 5.759x 14.175x
Potts — 0.624x 1.041x 11.855x 7.454x 5.978x 5.850x 15.235x
LDPC || 17.735x 1.166x — 5.150x 13.393x 5.615x — 10.519x
Table 1: Algorithm speedups with respect to the sequential residual algorithm. Higher is better.
Input Prior Work ] ] Relaxeq ]
Synch | Coarse-G | Splash (10) | Random Splash (2) || Residual | Weight-Decay | Priority | Smart Splash (2)

Tree | 48.000x | 1.003x 16.442x 8.344x 1.020x 1.012x 3.657x 2.565x
Ising || 45.006x | 1.003x 9.266x 5.787x 1.058x 1.068x 1.816x 1.878

Potts — 1.006x 9.005x 5.983x 1.068x 1.053x 1.791x 1.891x
LDPC || 4.404x 1.003x — 4.089x 1.007x 0.883x — 0.973x

Table 2: Total updates relative to the sequential residual algorithm at 70 threads. Lower is better.

with the best value H = 2. For all these algorithms, the scheduler is a Multiqueue with 4 priority
queues per thread, as discussed in Section 3, which we found to work best (although other values
behave similarly).

Methodology. We run our experiments on four MRFs of moderate size: a binary tree of size 107, an
Ising model [14, 20] of size 10° x 103, a Potts [38] of size 10® x 10 and the decoding of (3, 6)-LDPC
code [30] of size 3 - 10°. More information about tasks and running times given in Appendix D.

For each pair of algorithm and model, we run each experiment five times, and average the execution
time and the number of performed updates on the messages. We executed on a 4-socket Intel Xeon
Gold 6150 2.7 GHz server with four sockets, each with 18 cores, and 512GB of RAM. The code
is written in Java; we use Java 11.0.5 and OpenJDK VM 11.0.5. Our code is available at https:
//cutt.ly/neurips20208924. Our code is fairly well optimized—in sequential executions it
outperforms the C++-based open-source framework of 1libDAI [25] by more than 10x, and by more
that 100x with multi-threading. The sizes of the inputs described in the previous paragraph are chosen
such that their execution is fairly long while the data still can fit into RAM.

We run the baseline algorithm on one process since it is sequential, while all other algorithms are
concurrent and, thus, are executed using 70 threads. The execution times (speedups) relative to
the sequential baseline are presented in Table 1. Each cell of the table shows how much faster the
corresponding algorithm works in comparison to the sequential residual one, i.e., higher is better;
“—" means that the execution did not converge within a reasonable limit of time.

Results. See Table 1 for the speedups versus the baseline, on 70 threads. (For ablation studies,
see Appendix E.) On trees, the fastest algorithm is, predictably, the synchronous one, since on
tree-like models with small diameter D it performs only approximately O(D) times more updates in
comparison to the sequential baseline, while being almost perfectly parallelizable. So, it works well
on perfect binary tree as our Tree model, but works much worse on the chain graphs. On Ising and
Potts models, the best algorithm is Relaxed Smart Splash (RSS) with H = 2. The algorithm closest to
it is Random Splash with H = 2, which is 20 — 30% slower. For LDPC decoding, which is a tree-like
model, the best-performing is again the Synchronous algorithm. We note the good performance of the
relaxed residual algorithm, as well as of RSS, and the relatively poor performance of Random Splash,
due to high numbers of wasted updates. Examining Table 2, we notice in general the relatively low
number of wasted updates for relaxed algorithms. In summary, the choice of algorithm can depend on
the model; however, one may choose Relaxed Smart Splash since it performs well on all our models.

6 Discussion

We have investigated the use of relaxed schedulers in the context of the classic belief propagation
algorithm for inference on graphical model, and have shown that this approach leads to an efficient
family of algorithms, which improve upon the previous state-of-the-art non-relaxed parallelization
approaches in our experiments. Overall, our relaxed implementations, either Relaxed Residual or
Relaxed Smart Splash, have state-of-the-art performance in multithreaded regimes, making them a
good generic choice for any belief propagation task.

For future work, we highlight two possible directions. First is to extend our theoretical analysis
to cover more types of instances; however, as we have seen, the structure of belief propagation
schedules can be quite complicated, and the challenge is the figure out a proper framework for more
general analysis. Second possible direction is extending our empirical study to a massively-parallel,
multi-machine setting.
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Broader impact

As this work is focused on speeding up existing inference techniques and does not focus on a specific
application, the main benefit is enabling belief propagation applications to process data sets more
efficiently, or enable use of larger data sets. We do not expect direct negative societal consequences
to follow from our work, though we note that as with all heuristic machine learning techniques, there
is an inherent risk of misinterpreting the results or ignoring biases in the data if proper care is not
taken in application of the methods. However, such risks exist regardless of our work.
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A Analysis

Lemma 2. Assume a k-relaxed scheduler Qy, for belief propagation in the tree model defined above.
The total number of updates performed by relaxed residual BP can be bounded as follows:

— Good case: uniform expansion. If the tree model has identical and non-deterministic edge factors
i with i (x;, xj) # 0 for all {i,j}, then the total number of updates performed by relaxed
residual BP is n + O(HK?).

— Bad case: long paths. There exists a tree instance with height H = o(n) and an adversarial
scheduler where relaxed residual belief propagation performs Q(kn) message updates.

Proof. Good case: uniform expansion. As the first case, we consider the tree model in the case
where the edge factors 1);; are identical for all edges and not deterministic, i.e. 1;;(x;, ;) # 0 for
all {4, j}. Let us say that the level of a message j,—,; is ¢ if the distance from ¢ to the root  is £. The
conditions we imposed our Markov random field, together with the update rule (2), imply that the
residuals of the messages are decreasing in the level ¢ of the message, and all messages on level ¢ will
have the same residual when they are in the frontier. This means that residual schedule will prefer
updating messages on lower levels first.

Now consider the progress of the relaxed residual belief propagation on this tree; let H denote the
height of the tree. Now assume that all messages on levels 0, 1, ..., ¢ — 1 have had a useful update,
and consider how many wasted updates we can make in the worst case before all messages on level £
have been processed. Let f denote the number of message on level £ still in the frontier:

— While f > k, there are at least & messages of level ¢ on the frontier. Since they have the highest
residual out of the messages in the frontier, each update is a useful update of a message on level /.

— When f < k, there can be updates that do not hit messages on level ¢, which can possibly be
wasted updates. However, the highest-priority messages are still from level ¢, so every kth update
will hit a message on level ¢ by the guarantees of the scheduler. Thus, in (k — 1)f = O(k?)
updates, all remaining messages on level £ have been processed.

Since there can be at most n — 1 useful updates, and the number of levels is H — 1, the total number
of updates performed by relaxed residual belief propagation is n + O(HE?).

Bad case: long paths. A simple example where relaxed residual belief propagation performs poorly
is a path. That is, if our underlying tree is a path of length n with a root at one end, then relaxed
residual belief propagation can perform 2(kn) message updates in the worst case. However, the path
has height H = n, so one might ask if there is a general upper bound of form n + O(Hk?) on trees
without restricting the edge factors as in our previous example.

Unfortunately, turns out that without the restrictions above, we can construct examples of trees with
height H = o(n) where relaxed residual belief propagation still performs €(kn) message updates
(see Figure 2 for an illustration):

(1) Start with a path of length /n, with a root at one end.

(2) Attach a new path of length \/n to each vertex.

(3) For each remaining degree-2 node in the graph, attach a single new node to it.
This construction results in a 3-regular rooted A A A A

tree with ©(n) nodes and depth H = O(y/n). O\O V\O V\O S G
Finally, we choose the edge factors so that residu- ) O\O ()\O )

als on the side paths are larger than the residuals
on the main path, so residual belief propagation
will prefer following the side paths first. )\O C
model for the relaxed scheduler, the adversary )\O q
can select the execution of the relaxed scheduler
so that the frontier size never exceeds 4. That O\O O\O O\O C
is, adversary forces the algorithm to process the
graph one side path at time, wasting k — 1 steps ©) ®) o ®) o @)
between each useful update.

S

C

One can now observe that under the adversarial

S
S

C C

SIS
S
S

Figure 2: Example of the tree where relaxed resid-
ual belief propagation performs poorly.
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Finally, we note that the same construction can be generalized to obtain instances with similar
relaxation overhead and diameter O(n'/¢) for larger constants ¢ < k, by simply working with paths
of length n'/¢ and repeating the path attachment step ¢ times.

O

Remark 3. As suggested by the above examples, one might consider changing the priority function
to preferentially select messages closer to the source. This can lead to improved work guarantees for
the relaxed schedule. Indeed, we discuss one concrete example in Section B, where we show how
to relax the optimal schedule on trees. However, it is not straightforward to construct such priority
functions so that they also make sense on general graphs, which can have non-monotonic potentials
and cycles.

B Optimal schedule on trees

On trees, the belief propagation gives exact marginals under any schedule that updates each edge
infinitely often. However, there is an optimal schedule that updates each message exactly once,
requiring O(n) message updates [27]. Assume the tree has a fixed root v:

(1) In the first phase, all messages towards the root are updated starting from the leaves; each
message is updated only after all its predecessors have been updated.

(2) In the second phase, all messages away from the root are update starting from the root.
This schedule can be modeled in the priority-based scheduling framework as follows:

(1) Initially, the outgoing messages at leaf nodes have priority n, and all other messages have
priority 0.

(2) When message is updated with non-zero priority, its priority is changed to 0.

(3) Once all messages jix—; for k € N (i) \ {j} have been updated once with non-zero priority,
the message 1;—,; changes to priority to minimum of update priorities of the incoming edges
minus one.

This priority function can clearly be implemented by keeping a constant amount of extra information
per message. When the above schedule is executed with an exact scheduler, the algorithm will update
each message once with non-zero priority before considering any messages with zero priority, and by
following the analysis of [27], one can see that the algorithm has converged at that point.

Similarly, in the relaxed version of the schedule, the algorithm has converged once all messages have
been updated once with non-zero priority. In addition, some messages may be updated multiple times
with priority 0; we call these wasted updates, and the updates done while the message has non-zero
priority useful updates.

Claim 4. The relaxed version of the optimal schedule on trees performs O(n + k®>H) message
updates, where H is the height of the tree.

Proof. For the purposes of analysis, assign messages into buckets By, Bs ..., B, so that bucket B,
contains the messages that will have their useful update done with priority £. One can observe that
the update priority of message ;_,; is the n — d, where d is the maximum distance from node 7 to a
leaf using a path that does not cross edge {7, j}. Since this is bounded by the diameter of the tree,
there are at most 2H non-empty buckets.

Assume that all messages in buckets B,,, B,,_1, . .., By4+1 have been already had a useful update. We
now show that in there can be at most k% wasted updates before all messages in B, have had a useful
update. Since all earlier buckets have been processed, all messages in By have either already had a
useful update, or have priority £. Let b be the number of messages remaining in bucket By:

— While b > k, there are at least k& messages with priority ¢, so each update is a useful update
of a message in By

— When b < k, there can be wasted updates. However, since buckets B,,, By,—1, ..., Bo+1
have had all useful updates, the top elements in the schedule will be from bucket B, and
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thus by the guarantees of the scheduler, there can be at most k¥ — 1 wasted updates before
the top element is processed. Thus, in b(k — 1) = O(k?) updates, all remaining messages
of B, will have their useful update.

By an inductive argument, all non-empty buckets have been processed after O(k? H) wasted updates,
so the total number of updates is O(n + k2H).

C Algorithms

C.1 Asynchronous belief propagation

Starting with Elidan et al. [14], there has been a line of research arguing that asynchronous or iterative
schedules for belief propagation tend to converge more reliably and with fewer message updates that
the synchronous schedule. In particular, the practical work has focused on developing schedules that
attempt to iteratively perform ‘the most useful’ update at each step; the most prominent of these
algorithms is the residual belief propagation of Elidan et al. [14], with other proposals aiming to
address the shortcomings of residual belief propagation in various cases.

Residual belief propagation. Given a current state of messages, let 41}, ; denote the message we
would obtain by applying the message update rule (2) to message /4;—, ;. In residual belief propagation,
the priority of a message is given by the residual res(j1;—,;) of a message /1, j, defined as

res(piosg) = iy — tiesill 4)

where ||-|| is an arbitrary norm; in this work, we assume L? norm is used unless otherwise specified.
That is, the residual of a message corresponds to amount of change that would happen if message f4;_ ;
would be updated. Note that this means that residual belief propagation performs lookahead, that is,
the algorithm precomputes the future updates before applying them to the state of the algorithm.

Weight decay belief propagation. Weight decay belief propagation of [20] is a variant of residual
belief propagation that penalizes message priorities for repeated updates. That is, let m(u;_, ;) denote
how many times message 1;_,; has been updated by the algorithm, and let res(p;— ;) denote the
residual of a message as above. The priority function of weight decay belief propagation is

res(f1i— j)
m(pii;)
The motivation behind this weight decay scheme is that empirical observations suggest that one

possible failure mode of residual belief propagation is getting stuck in cycles with large residuals; the
weight decay prioritizes other edges in cases where this happens.

T(Ni—m') =

Residual without lookahead. Another variant of residual belief propagation is the lookahead-
avoiding belief propagation of [38]. As the name implies, this algorithm does not perform the exact
residual computation using (4), but instead approximates the residuals indirectly, with the aim of
reducing the computational cost of priority updates.

Informally, the basic idea is that for each message p;_,;, we track the amount other incoming
messages at node ¢ have changed since the last update of y;_ ;, and use this to define the priority of
updating 1i;, ;. The actual approximation in the algorithm uses a slightly different notion of residual
from (4), so we refer to [38] for full details.

C.2 Parallel belief propagation

As discussed above, the question of parallelizing belief propagation is fairly poorly understood.
The synchronous schedule is trivially parallelizable by performing updates within each round in
parallel, but the improved converge properties of the iterative schedules cannot easily be translated to
parallel setting. There have been recent proposals that aim to bridge this gap in an ad-hoc manner by
designing custom algorithms for specific parallel computation settings.

Residual splash. The residual splash belief propagation [16] is a vertex-based algorithm inspired
by residual belief propagation. The residual splash algorithm was initially designed for MapReduce
computation, and it aims to have larger individual tasks while retaining a similar structure to residual
belief propagation.
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Specifically, the residual splash algorithm works by defining a priority function over nodes of the
Markov random field, and selecting the next node to process in a strict priority order. For the selected
node, the algorithm performs a splash operation that propagates information within distance H in the
graph; in practice, this results in threads performing larger individual tasks at once, offsetting the cost
of accessing the strict scheduler.

In detail, the priority of for nodes is given by the node residual, defined as

res(i) = Jmax res(fj—i) -

Given a depth parameter H, the splash operation at node ¢ is defined by following sequence of
message updates:

(1) Construct a BFS tree T' of depth H rooted at node <.

(2) In the reverse BFS order on T'—starting from leaves—process all nodes in 7', updating all
outgoing messages for each node processed.

(3) Repeat the previous step in BFS order, i.e., starting from the root.

In other words, this process gather all available information at radius H from the selected node, and
propagates it to all nodes within the radius.

Randomized synchronous belief propagation. Van der Merve et al. [11] proposed a parallelization
scheme for belief propagation on GPUs, mixing the structure of synchronous and residual belief
propagation. Their algorithm considers all messages at once in global rounds, and performs the
following filter-and-select steps before computing the message updates:

(1) Filter out all messages whose residuals are below the convergence threshold.

(2) Out of the remaining messages, select a p fraction of messages uniformly at random to
update.

Alternatively, the process can perform the algorithm on per-node basis, using node residuals as in the
residual splash algorithm.

The fraction p is adjusted on the fly based on the convergence of the algorithm, preferring a low
value if the algorithm is converging slowly, and a high value if it is converging fast. Concretely, the
selection scheme for p used by [11] is to set p = 1 if the number of messages above the convergence
threshold decreased by at least 10% in the last round, and set it to a smaller fixed value otherwise.

We note that the randomized synchronous algorithm is particularly well suited for GPU use, as
the filter-and select steps can be efficiently implemented on GPUs. However, as shown by our
experimental study, this strategy is not efficient on a subset of real-world models, when ported to
CPU. Conversely, as discussed by the authors of [11], the dynamic priority-based strategy we propose
would be hard to implement efficiently on GPUs, due to its irregular structure.

D Models

We run our experiments on four Markov random fields models.

Trees. As asimple base case, we consider a simple tree model similar to the analytical setting in
Section 4. The underlying graph is a full binary tree on 10 millions vertices, and the other parameters
are set up as follows:

— All variables are binary, i.e. the domain is {0, 1} for each variable.
— Vertex factors are (0.1, 0.9) for the root and (0.5, 0.5) for all other vertices.

1, z=

0, z#

As discussed in Section 4, these choices create a setup where the belief propagation has to propagate
information from the root to all other nodes. Thus, under an optimal schedule, the total number of
performed updates is be equal to 107 — 1. Since we know that all algorithms will converge on this
model, we run the algorithms until exact convergence.

— Edge factors are ¢ (z,y) = { Y for all edges.
Y
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Ising and Potts models. Ising and Potts models are Markov random fields defined over an n X n
grid graph, arising from applications in statistical physics. Both of Ising [14, 20] and Potts [38]
models were used in prior work as test case, and in general they offer a class of good test instances,
as they both exhibit complex cyclic propagations and are easy to generate.

For the parameters of the models, we mostly follow prior work in the setup. As the underlying graph,
we use a 102 x 103 grid graph to get instances where the effects of parallelization are clearly visible.
For the Ising model, we select the factors similarly to [14, 20]:

The variable domain is {—1, 1} for all variables.

Vertex factors are 1;(z) = e%i®.

Edge factors are ¢;; (x, y) = e*7Y,
— The parameters «;; and 3; are chosen uniformly at random from [—1, 1].

For the Potts model, we select the factors following [38]:

— The variable domain is {0, 1} for all variables.
efi, =1
1, x=0

Vertex factors are ¢; (z) = {

e, x =y
L x#y

The parameters «;; and 3; are chosen uniformly at random from [—2.5, 2.5].

— Edge factors are ¢ (z,y) = {

For both Ising and Potts models, we set the convergence threshold to 1075. That is, we terminate
algorithm once all task have priority below this threshold.

LDPC codes. Finally, we generate Markov random fields corresponding to the (3, 6)-LDPC (low
density parity check code [15]) decoding. LDPC decoding is one of the more successful application
of belief propagation. We consider a simple version of LDPC decoding task where convergence
guarantees exist [29]. However, we stress that coding theory is its own extensive research area, and
far more optimized codes and decoding algorithms exist in practice—we simply use LDPC decoding
to observe the comparative scaling behavior of our implementations on instances where synchronous
belief propagation is guaranteed to converge. For a more detailed background on LDPC decoding
and other aspects of coding theory, refer e.g. to the book [30].

More precisely, we consider (3, 6)-LDPC decoding over a binary symmetric channels. Informally,
a (3,6)-LDPC code is a (3, 6)-regular bipartite graph, where each degree 3 node corresponds to a
binary variable and each degree 6 node corresponds to a constraint of form x;, +z;, +... +z;, =0
over the neighboring variables z;,, ;,, . . ., Ti,. Each sequence of variables that satisfies the all the
constraints is codeword of the code. The basic setup is then that we send a codeword over a channel
that flips each bit with probability €, and the receiver will run belief propagation and use results of
marginalization to infer the original codeword.

For our experiments, we build a (3, 6)-LDPC instance with 300000 variable nodes and 150 000
constraint nodes by selecting a random (3, 6)-regular bipartite graph, and initialize the node factors
corresponding to the all-zero codeword sent over binary symmetric channel with error probability
€ = 0.07. Under these conditions, belief propagation is guaranteed to correctly decode the instance
with high probability [29]; indeed, all the algorithms that converged decoded the codeword correctly
in our experiments. The codeword length was again selected to get roughly comparable baseline
running times as for the other instances.

Concretely, we get Markov random field where the underlying graph is a random bipartite graph with
450 000 nodes. For each variable node 4, let z-; € {0, 1} be the ‘transmitted’ value of the variable,
randomly generated to be 1 with probability € and 0 otherwise. The factors have the following
structure:

— The domains of variable nodes are binary domains {0, 1}. For the constraint nodes, the
domain is {0, 1}5—different bit masks of length 6.

— The node factors for variable nodes are

Yiy) = {

l—¢ y=u
€, y#l'l
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Prior Work Relaxed

Synch CG S2 S 10 RS2 RST10 | Residual [ WD [ Priority | RSS2 | RSS10
Tree 130 min || 2.538x | 0.265x | 0.608x | 1.648x | 2.252x | 2.241x 1.391x | 1.282x | 1.239x | 2.121x | 2.110x

Ising || 2.76 min || 3.009x | 0.801x | 0.609x | 5.393x | 11.731x | 13.512x || 6.720x | 6.276x | 5.759x | 14.175x | 10.337x

Potts || 3.02 min — 0.624x | 0.484x | 1.041x | 11.855x | 12.854x || 7.454x | 5.978x | 5.850x | 15.235x | 11.091x

LDPC || 4.62 min || 17.735x | 1.166x 5.150x 13.393x | 5.615x 10.519x

Table 3: Algorithm speedups with respect to the sequential residual algorithm. Higher is better.

Input || Residual

Input || Residual Prior Work - Re!ax.e d

Synch CG S2 S 10 RS2 RS 10 Residual [ WD | Priority [ RSS2 [ RSS 10
Tree 10M 48.000x | 1.003x | 8.658x | 16.442x | 8.344x | 15.197x 1.020x | 1.012x [ 3.657x | 2.565x | 5.027x
Ising 25.3M 45.006x | 1.003x | 5.719x | 9.266x | 5.787x | 10.232x 1.058x | 1.068x | 1.816x | 1.878x | 6.147x
Potts 30M — 1.006x | 5.903x | 9.005x | 5.983x | 9.109x 1.068x | 1.053x | 1.791x | 1.891x | 6.328x
LDPC 7.23M 4.404x | 1.003x — — 4.089x — 1.007x | 0.883x — 0.973x —

Table 4: Total updates relative to the sequential residual algorithm at 70 threads. Lower is better.

For the constraint nodes, the node factor . (y) is equal to the number of ones in y € {0, 1}°
modulo 2; this effectively penalizes any value that does not satisfy the constraint.

— Edge factors 9;.(x,y) is one if the corresponding bit in the y € {0,1}° equals = € {0,1},
and is zero otherwise.

For the LDPC instances, we set the convergence threshold to 102 to ensure fast convergence; this
approximates the behavior of actual LDPC decoders.

E Experiments

In this section, we provide an additional study on the evaluation of the algorithms. At first, we give
the extended results of running the algorithms on the moderate size inputs chosen in the main body of
the paper. Unfortunately, due to the reasonably high running time it was impossible to make enough
points for the plots to reason about the general effect of the parallelization. Thus, we execute the
algorithms on a little bit smaller inputs.

E.1 Moderate size inputs

To present all the executed algorithms in the table, we shrink the abbreviations a little bit: Coarse-
Grained now becomes CG, Splash becomes S, Random Splash becomes RS, Relaxed Residual
rests Residual, Weight-Decay becomes WD, Relaxed Priority becomes Priority, and, finally,
Relaxed Smart Splash becomes RSS. Table 3 contains the execution times (speedups) of the
algorithms relative to the sequential baseline. Table 4 contains the number of updates performed by
the algorithms in compare to the number of updates performed by the sequential baseline. The results
do not differ much from the ones presented in the main body of the paper. The only notable thing is
that Random Splash with H = 10 it performs better on Ising and Potts model than Random Splash
with H = 2. However, we chose Random Splash with H = 2 as the best one, since Random Splash
with H = 10 does not finish on LDPC input. Nevertheless, Relaxed Smart Splash outperforms
Random Splash with both settings of H.

E.2 Small size inputs

In this subsection, we decrease the size of the inputs. Now, Tree model maintains a tree of size 106,
Ising and Potts models are built on top of 300 x 300 grid graph, and, finally, LDPC model is set
up with 30 000 length of the input vector. In general, we simply reduce the sizes of the models by
approximately 10.

E.2.1 Scaling

How to read the plots. There are two types of plots per each model: the first shows the execution
time of the algorithms, while the other one shows the number of updates performed. On the x axis
we have the number of threads the algorithms were run on, while on the y axis we have: the time in
seconds (for time plots) and the number of updates (for update plots). The dashed lines on the plots
correspond to the algorithms that use a relaxed scheduler, while the others use either no concurrent
scheduler, or an exact priority queue.
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Figure 4: The results of the evaluation of the algorithms on Ising model

Whenever we have omitted algorithms from the plots or display incomplete data, this indicates poor
performance for that algorithm on the metric displayed on the graph: either the algorithm did not
converge or the values exceed the limit of the plot.

Tree model. As one can observe on the time plot (Figure 3a), the three algorithms with the best
scaling on the tree instance are the synchronous belief propagation, relaxed residual and the weight-
decay algorithm. For the relaxed algorithms, this mirrors our theoretical analysis from Section 4: as
can be seen from Figure 3b, the relaxation incurs very low overhead in terms of additional updates,
while the overhead from parallelization is also low. By contrast, the exact residual belief propagation
performs exactly the minimum number of updates needed, but scales very badly due to the contention
on the priority queue.

We note that on the tree instance, the synchronous belief propagation also scales very well when
parallelized. The amount of work can be split evenly between the threads, and only O(logn)
synchronous rounds are required for convergence.

Ising and Potts model. Ising and Potts models represent more challenging instances with lots of
cycles, and are generally thought to be more representative of hard general graph instances for belief
propagation. As can be seen in Figures 4a and 5a, relaxed algorithms perform consistently well on
these instances, with relaxed residual belief propagation giving consistently the fastest convergence.
These are followed by the exact splash algorithms, which generally perform slightly worse; however,
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Figure 6: The results of the evaluation of the algorithms on decoding LDPC code

the scaling seems to be somewhat sensitive to the choice of the parameter H. Both the synchronous
and exact residual belief propagation are omitted, as the former did not consistently converge, and
the latter was very slow.

An interesting insight is that the exact variants of splash and smart splash do not converge at all in
single-threaded executions for some values of the parameter H, but always converge on two and more
threads. Similarly, synchronous belief propagation, which has a fixed schedule, does not converge. By
contrast, relaxed smart splash converged under all parameter values. We conjecture that this is due to
the phenomenon observed by [20]: exact priority-based algorithms may get stuck in non-convergent
cyclic schedules, and injecting randomness into the schedule may help the algorithm to ‘escape’ these
situations. In particular, relaxation to the priority queue, i.e., sometimes executing low-priority items,
can provide a such source of randomness. Similarly, an increase in the number of threads leads to the
relaxation of the algorithm even for exact schedulers, as several messages are processed in parallel,
not only the best one. Thus, we empirically observe that the randomness in the relaxation might help
belief propagation to avoid bad cyclic schedules and, therefore, converge.

LDPC model. There are five algorithms that perform similarly (Figure 6a): synchronous belief
propagation, relaxed residual belief propagation, the weight decay algorithm, relaxed smart splash
with H = 2 and, finally, smart splash with H = 2. The other algorithms did not converge within our
five minutes time limit per experiment.
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Message updates

Threads Tree Ising Potts LDPC
Exact 1 1000000 2279000 2700000 1464000
Relaxed 1 +0.14%  +0.11% -0.01% +0.55%
2 +0.26% +0.24% +0.37%  +0.57%
6 +0.56%  +2.50% +2.70%  +0.64%
10 +0.92% +3.71% +4.45% +1.05%
20 +2.08% +527% +5.87% +1.41%
30 +290% +6.10% +6.56% +1.87%
40 +3.48% +6.52% +7.39%  +2.35%
50 +5.04% +6.83% +7.92% +2.83%
60 +4.96%  +7.39%  +8.28%  +3.20%
70 +574%  +7.71%  +8.53%  +3.70%

Table 5: Number of additional message updates performed by relaxed residual belief propagation
compared to exact residual belief propagation.

We note that synchronous belief propagation performs very well on this instance. This is not surprising,
as standard belief propagation is known to perform well in LDPC decoding. Generally speaking,
the necessary propagation chains seem to be very short on LDPC instances, and the synchronous
algorithm parallelizes well in such cases.

E.2.2 The effects of relaxation

In Table 5, we measure how many more updates the relaxed residual algorithm needs to perform
in comparison to the number of updates performed by the standard sequential residual algorithm,
denoted as “baseline”. We count the total number of updates only approximately: we check the
convergence condition only after every 1000 iterations.

The left column indicates whether it is a baseline algorithm or the number of threads for relaxed
residual belief propagation. The other columns present the numbers for each model we consider.
Each cell contains the corresponding number of updates and how many more updates the relaxed
version of the algorithm executed (percentage).

On one process, relaxed residual performs more updates than the baseline does, except in the case
of the Potts model. It is expected since our algorithm uses relaxed Multiqueue instead of the strict
priority queue. Moreover, as expected the overhead on the number of updates in comparison to the
baseline increases with the number of threads. This is again due to the relaxation of the priority
queue—recall that we allocate 4 X more queues than threads. Interestingly, this overhead is limited
even on 70 threads—its maximum value is 9% maximum. This explains the good performance of our
algorithm: we reduce the contention by relaxing accesses to the priority queue, while at the same
time the total number of updates does not increase significantly.

E.2.3 Relaxed versus Non-Relaxed Algorithms

In Table 6, we analyze the speedups obtained by the relaxed residual algorithm relative to the best-
performing non-relaxed alternative across models and thread counts. We notice that our algorithm
outperforms the alternatives in most of the cases, often by a large margin—the highest speedup is of
2.85x%, whereas the highest slow-down is of 0.47z. Both occur on the Potts model, which is generally
the most difficult instance in our tests. Overall, the combination of our relaxed scheduling framework
combined with the standard residual belief propagation is clearly the algorithm of choice at high
thread counts, where it consistently outperforms the alternatives; on the other hand, relaxed residual
also performs reasonably well on a single thread, making it a consistently good choice all across the
board.

E.2.4 Random Synchronous Algorithm

In Table 7, we present the execution time of random synchronous algorithm on 70 threads (Random
Synch 70) with different values of lowP = 0.1,0.4 and 0.7, where the parameter low P controls the
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Speedup

Threads Tree Ising Potts LDPC
1 0.89x 1.08x 1.04x 1.14x
2 0.75x  0.51x 047x 1.13x
6 1.20x 0.77x  0.73x  1.17x
10 1.16x 1.01x 0.94x 1.20x
20 1.36x 1.66x 1.89x 1.49x
30 1.38x 1.88x 1.82x 1.65x
40 1.61x 2.21x 1.90x 1.62x
50 1.91x 2.67x 2.36x 1.48x
60 1.89x 2.66x 2.85x 1.55x
70 1.61x 2.71x 2.44x 1.52x

Table 6: Speedup of relaxed residual belief propagation versus the best non-relaxed alternative on
different thread counts. We note that overhead of parallelization can overcome the benefits on small
thread counts, as seen in the scaling experiments.

random selection fraction p in steps where the algorithm is converging slowly (see Section C.2). We
compare it with the execution time of two baselines: Synchronous algorithm on 70 threads (Synch
70) and Relaxed Residual on one process (RR 1). Cells with ‘— indicate executions that either take
more than five minutes to run or simply do not converge.

To summarize, we did not include the execution time of random synchronous algorithm in the scaling
plots since it exceeds the execution time of one of the baselines in all cases.

Running time (s)

Algorithm Tree Ising Potts LDPC
Synch 70 4.088 — — 3504
RR 1 5579  9.012 10.583 25.663
Random Synch 70  lowP =0.1 37.052 62.629 — 28.543
lowP =04 8420 20.396 —  7.269
lowP =07 6306 12.581 — 4791

Table 7: Randomized synchronous algorithm versus baselines.
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