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Abstract

We study risk-sensitive reinforcement learning in episodic Markov decision
processes with unknown transition kernels, where the goal is to optimize the
total reward under the risk measure of exponential utility. We propose two
provably efficient model-free algorithms, Risk-Sensitive Value Iteration (RSVI)
and Risk-Sensitive Q-learning (RSQ). These algorithms implement a form of
risk-sensitive optimism in the face of uncertainty, which adapts to both risk-
seeking and risk-averse modes of exploration. We prove that RSVI attains an
O(X(|B|H?)- v H3S2AT) regret, while RSQ attains an O (\(|3| H?)-VH*SAT)
regret, where \(u) = (e3“—1)/u foru > 0. In the above, {3 is the risk parameter of
the exponential utility function, S the number of states, A the number of actions, T’
the total number of timesteps, and H the episode length. On the flip side, we estab-
lish a regret lower bound showing that the exponential dependence on |3| and H is
unavoidable for any algorithm with an O(+/T') regret (even when the risk objective
is on the same scale as the original reward), thus certifying the near-optimality of
the proposed algorithms. Our results demonstrate that incorporating risk awareness
into reinforcement learning necessitates an exponential cost in |3| and H, which
quantifies the fundamental tradeoff between risk sensitivity (related to aleatoric
uncertainty) and sample efficiency (related to epistemic uncertainty). To the best
of our knowledge, this is the first regret analysis of risk-sensitive reinforcement
learning with the exponential utility.

1 Introduction

Risk-sensitive reinforcement learning (RL) concerns learning to act in a dynamic environment while
taking into account risks that arise during the learning process. Effective management of risks in RL
is critical to many real-world applications such as autonomous driving [32], real-time strategy games
[56l], financial investment [44], etc. In neuroscience, risk-sensitive RL has been applied to model
human behaviors in decision making [46}152].

In this paper, we consider risk-sensitive RL with the exponential utility [34] under episodic Markov
decision processes (MDPs) with unknown transition kernels. Informally, the agent aims to maximize
a risk-sensitive objective function of the form

1
V= flog{EeﬁR}, (D
g
where R is the total reward the agent receives, and 8 # 0 is a real-valued parameter that controls

risk preference of the agent; see Equation (2)) for a formal definition of V. The objective V' admits
the Taylor expansion V = E[R] + gVar(R) + O(B?). It can be seen that for 3 > 0 the agent
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is risk-seeking (favoring high uncertainty in R), for 8 < 0 the agent is risk-averse (favoring low
uncertainty in R), and a larger || implies higher risk-sensitivity. When 5 — 0, the agent tends to be
risk-neutral and the objective reduces to the expected reward objective V' = E[R] standard in RL.
Therefore, the risk-sensitive objective in (I) covers the entire spectrum of risk sensitivity by varying
B. In addition, the formulation (T) is closely related to RL with constraints. For example, a negative
risk parameter 3 controls the tail of a risk distribution so as to mitigate the chance of receiving a
total reward R that is excessively low. We refer to [42, Section 2.1] for an in-depth discussion of this
connection.

The challenge of risk-sensitive RL lies both in the non-linearity of the objective function and in
designing a risk-aware exploration mechanism. In particular, as we elaborate in Section [2.2] the
non-linear objective function (I induces a non-linear Bellman equation. Classical RL algorithms are
inappropriate in this setting, as their design crucially relies on the linearity of Bellman equations. On
the other hand, effective exploration has been well known to be crucial to RL algorithm design, yet it
is not clear how to design an algorithm that efficiently explores uncertain environments while at the
same time adapting to the risk-sensitive objective (I) of agents with different risk parameter 5.

To address these difficulties, we propose two model-free algorithms, Risk-Sensitive Value Iteration
(RSVI) and Risk-Sensitive Q-learning (RSQ). Specifically, RSVI is a batch algorithm and RSQ is
an online algorithm; both families of batch and online algorithms see broad applications in practice.
We demonstrate in Section [3] that our proposed algorithms implement a form of risk-sensitive
optimism for exploration. Importantly, the exact implementation of optimism depends on both
the magnitude and the sign of the risk parameter, and therefore applies to both risk-seeking and
risk-averse modes of learning. Letting A(u) = (e — 1) /u for u > 0, we prove that RSVI attains an
O()\(|B|H2) -V H3S2AT) regret, and RSQ achieves an O()\(|ﬁ|H2) - VH*SAT) regret. Here, S
and A are the numbers of states and actions, respectively, T is the total number of timesteps, and
H is the length of each episode. These regret bounds interpolate across different regimes of risk
sensitivity and subsume existing results under the risk-neutral setting. Compared with risk-neutral
RL (corresponding to 8 — 0), our general regret bounds feature an exponential dependency on ||
and H, even though the risk-sensitive objective (1)) is on the same scale as the total reward; see
Figure [1|for a plot of the exponential factor \(|3|H?). Complementarily, we prove a lower bound
showing that such an exponential dependency is inevitable for any algorithm and thus certifies the
near-optimality of the proposed algorithms. To the best of our knowledge, our work provides the first
regret analysis of risk-sensitive RL with the exponential utility.

Our upper and lower bounds demonstrate the fundamental tradeoff between risk sensitivity and
sample efficiency in RL Broadly speaking, risk sensitivity is associated with aleatoric uncertainty,
which originates from the inherent randomness of state transition, actions and rewards, whereas
sample efficiency is associated with epistemic uncertainty, which arises from imperfect knowledge
of the environment/system and can be reduced by more exploration [20} 24]. These two notions of
uncertainty are usually decoupled in the regret analysis of risk-neutral RL—in particular, using the
expected reward as the objective effectively suppresses the aleatoric uncertainty. In risk-sensitive
RL, we establish that there is a fundamental connection and tradeoff between these two forms of
uncertainty: the risk-seeking and risk-averse regimes both incur an exponential cost in | 3| and H on
the regret, whereas the regret is polynomial in H in the risk-neutral regime.

Our contributions. The contributions of our work can be summarized as follows:

e We consider the problem of risk-sensitive RL with the exponential utility. We propose
two provably efficient model-free algorithms, namely RSVI and RSQ, that implement
risk-sensitive optimism in the face of uncertainty;

e We provide regret analysis for both algorithms over the entire spectrum of risk parameter 3.
As  — 0, we show that our results recover the existing regret bounds in the risk-neutral
setting;

e We provide a lower bound result that certifies the near-optimality of our upper bounds and
reveals a fundamental tradeoff between risk sensitivity and sample complexity.

'By standard arguments, regret can be translated into sample complexity bounds and vice versa; see [38]).
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Figure 1: Scaling of A(|3|H?) in risk sensitivity | 3| for different values of episode length H.

Related work. RL with risk-sensitive utility functions have been studied in several work. The work
[45] proposes TD(0) and Q-learning-style algorithms that transform temporal differences instead
of cumulative rewards, and proves their convergence. Risk-sensitive RL with a general family of
utility functions is studied in [52], which also proposes a Q-learning algorithm with convergence
guarantees. The work of [28] studies a risk-sensitive policy gradient algorithm, though with no
theoretical guarantees. We remark that while substantial work has been devoted to designing risk-
sensitive RL algorithms and proving their convergence, the issues of exploration, sample efficiency
and regret bounds have rarely been studied. Our work narrows this gap in the literature by studying
regret bounds of model-free algorithms for risk-sensitive RL.

The exponential utility has also been been investigated in the more classical setting of MDPs.
Following the seminal work of [34], this line of work includes [7, 9H11} 114} 21} 125,29} 130} 133}, 143,
481511158, 161]. Note that these papers impose more restrictive assumptions and study different types
of results than ours. Specifically, they assume known transition kernels or access to simulators, and
they do not conduct finite-time or finite-sample analysis. Another related direction to ours is RL with
risk/safety constraints studied by [l 12} [16H19} 26, 1271149} 1541159, 162]], and readers are also referred
to [31] for an excellent survey on this topic. Compared to our work, that line of work focuses on
constrained RL problems with different risk criteria. Other related problems include risk-sensitive
games [15, 16} 18} [151, 135} 137} 140, I57]], and risk-sensitive bandits [13} 22, 23] 142} 501 |53} 155} 160, [63]].
Bandit problems are special cases of the RL problem that we investigate, with both the number of
states and episode length being equal to one. As such, both our settings and results are more general
than those obtained in bandit problems.

Notations. For a positive integer n, let [n] := {1,2, ..., n}. For two non-negative sequences {a; }
and {b;}, we write a; < b; if there exists a universal constant C' > 0 such that a; < Cb; for all i. We

~

write a; < b; if a; < b; and b; < a;. We use O() to denote O(-) while hiding logarithmic factors.

2 Problem setup

2.1 Episodic MDPs and risk-sensitive objective

We consider the setting of episodic MDPs, denoted by MDP(S, A, H, P, R), where S is the set of
possible states, A is the set of possible actions, H is the length of each episode, and P = { Py }c[n)
and R = {rp}nen) are the sets of state transition kernels and reward functions, respectively. In
particular, for each h € [H], P,(-| s, a) is the distribution of the next state if action a is taken in
state s at step h. We assume that S and A are finite discrete spaces, and let S = |S| and A = | A|
denote their cardinalities. We assume that the agent does not have access to {P,} and that each
rp S x A — [0, 1] is a deterministic function.

An agent interacts with an episodic MDP as follows. At the beginning of each episode, an initial state
s1 18 chosen arbitrarily by the environment. In each step h € [H], the agent observes a state s, € S,
chooses an action aj, € A, and receives a reward (s, aj, ). The MDP then transitions into a new



state sp11 ~ Pr(-|sh,ap). We use the convention that the episode terminates when a state sy at
step H + 1 is reached, at which the agent does not take an action and receives no reward.

A policy ™ = {7, } ne[] of an agent is a sequence of functions 7, : & — A, where () is the
action that the agent takes in state s at step h of an episode. For each h € [H], we define the value
function V; : S — R of a policy 7 as the expected value of cumulative rewards the agent receives
under a risk measure of exponential utility by executing policy 7 starting from an arbitrary state at
step h. Specifically, we have
1
Vir(s) = 3 log {]E sy = s] } , ()

for each (h,s) € [H] x 8. Here 8 # 0 is the risk parameter of the exponential utility: 8 > 0
corresponds to a risk-seeking value function, 5 < 0 corresponds to a risk-averse value function, and
as 8 — 0 the agent tends to be risk-neutral and we recover the classical value function V" (s) =
E[Zthl 71 (Sh, Th(Sn)) | sn, = s] in RL. The goal of the agent is to find a policy 7 such that V" (s)
is maximized for all state s € S. Note the logarithm and rescaling by 1/4 in the above definition,
which puts the objective V{"(s) on the same scale as the total reward; this scaling property is made
formal in Lemma [T below.

H
exp <[3 Z T}L/(Sh’,Wh’(sh’))>

h'=h

2.2 Bellman equations and regret

We further define the action-value function @7, : S x A — R, which gives the expected value of the
risk measured by the exponential utility when the agent starts from an arbitrary state-action pair at
step h and follows policy 7 afterwards; that is,

Sh = $,0ap :a‘| }a

forall (h, s,a) € [H] x S x A. The Bellman equation associated with policy 7 is given by
1
QZ(Sa a) = Th(S, a) + B IOg {ES’NP;,,C | s,a) [GXP (6 . Vhﬂ+1(s/))] } ’
Vhﬂ(‘g) = QZ(& 7Th(s))7 VHﬂJrl (S) =0,
which holds for all (s,a) € S x A.

Under some mild regularity conditions, there always exists an optimal policy 7* which gives the
optimal value V;*(s) = sup, V" (s) for all (h, s) € [H] x S [[7]. The Bellman optimality equation is
given by

H
Qr(s,a) = 1 log {exp(ﬂ -rp(s,a))E lexp <5 Z Th (sh/,ah/)>

B h'=h+1

3)

1
Qh(s,0) = ra(s, a) + Zlog {Eynp,( s [oxp (- Vil ()]}
V(o) = max Qi) Viiga(s) = 0.

This equation implies that the optimal policy 7* is the greedy policy with respect to the optimal
action-value function {Q7} } nepr]- Hence, to find the optimal policy 7*, it suffices to estimate the
optimal action-value function. We note that both Bellman equations (3)) and (@) are non-linear in the
value and action-value functions due to non-linearity of the exponential utility. This is in contrast
with their linear risk-neutral counterparts.

“4)

Under the episodic MDP setting, the agent aims to learn the optimal policy by interacting with
the environment throughout a set of episodes. For each k > 1, let us denote by s¥ the initial state
chosen by the environment and 7* the policy chosen simultaneously by the agent at the beginning of

episode k. The difference in values between Vfrk (s%) and V;*(s¥) measures the expected regret or
the sub-optimality of the agent in episode k. After K episodes, the total regret for the agent is

Regret(K) ==y [Vi'(sh) = v (s)] )
ke[K]

We record the following simple worst-case upper bounds on the value functions and regret.



Lemma 1. Forany (h,s,a) € S x A X [H], policy w and risk parameter 38 # 0, we have

0<Vi"(s) <H and 0<Q5(s,a) <H. (6)

L. .., 7% and any B # 0, we have

0 < Regret(K) < KH. (7

Consequently, for each K > 1, all policy sequences m

Proof. Recall the assumption that the reward functions {r, } are bounded in [0, 1]. The lower bounds
are immediate by definition. For the upper bound, we have V;™(s) < % log {E[exp (BH)]} = H.
Upper bounds for (7 and the regret follow similarly. O

While straightforward, the above lemma highlights an important point: the risk and regret are on the
same scale as the reward. In particular, the upper bounds above are independent of 3 and linear in
the horizon length H—the same as in the standard MDP setting—because the log and exp functions
in the definition of the objective function (2)) cancel with each other in the worst case. Therefore, the
exponential dependence of the regret on |3| and H, which we establish below in Section E], is not
merely a consequence of scaling but rather is inherent in the risk-sensitive setting.

3 Algorithms

The non-linearity of the Bellman equations, discussed in Section[2.2} creates challenges in algorithmic
design. In particular, standard model-free algorithms such as least-squares value iteration (LSVI)
and Q-learning are no longer appropriate since they specialize to the risk-neutral setting with linear
Bellman equations. In this section, we present risk-sensitive LSVI and Q-learning algorithms that
adapt to both the non-linear Bellman equations and any valid risk parameter (.

3.1 Risk-Sensitive Value Iteration

We first present Risk-Sensitive Value Iteration (RSVI) in Algorithm [I] Algorithm [I] is inspired
by LSVI-UCB of [39], which is in turn motivated by the idea of LSVI [12, 47]] and the classical
value-iteration algorithm. Like LSVI-UCB, Algorithm|I]applies the Upper Confidence Bound (UCB)
by incorporating a bonus term to value estimates of state-action pairs, which therefore implements
the principle of Optimism in the Face of Uncertainty (OFU) [36].

Mechanism of Algorithm[I} The algorithm mainly consists of the value estimation step (Line
[6HT3) and the policy execution step (Line[T4HI8). In Line[7} the algorithm computes the intermediate
value wy, by a least-squares update
T T 2
wy, 4 argmin Z [eﬁ[rh(Sh’ah,)+vh+1(5h+1)] —w' ¢(s], a;)} ) (8)
weRSA TE[k—1]

Here, {(s],, aj,, 57, 1) }re[k—1) are accessed from the dataset Dy, for each h € [H], and ¢(-, -) denotes
the canonical basis in R4, Linecan be efficiently implemented by computing sample means of
ePlrn(s:a)+ Vi1 (] gver those state-action pairs that the algorithm has visited. Therefore, it can also
be interpreted as estimating the sample means of exponentiated ()-values under visitation measures
induced by the transition kernels { P }. This is a typical feature of the family of batch algorithms,
to which Algorithm |l| belongs. Then, in Line the algorithm uses the intermediate value wy,
to compute the estimate (), by adding/subtracting bonus by, and thresholding the sum/difference
at e#(H="+1) " depending on the sign of . It is not hard to see that the logarithmic-exponential
transformation in Line [I0]conforms and adapts to the non-linearity in Bellman equations (3)) and ().
In addition, the thresholding operator ensures that the estimated action-value function @)y, of step h
stays in the range [0, H — h + 1] and so does the estimated value function V}, in Line This is to
enforce the estimates ()}, and V}, to be on the same scale as the optimal @} and V}*.

Besides the logarithmic-exponential transformation, another distinctive feature of Algorithm [I]is the
way the bonus term by, > 0 is incorporated in Line At first sight, it might appear counter-intuitive
to subtract by, from wjy, when 5 < 0. We demonstrate next that subtracting bonus when 5 < 0 in fact
implements the idea of OFU in a risk-sensitive fashion.



Algorithm 1 RSVI

Input: number of episodes K € Z+q, confidence level 6 € (0, 1], and risk parameter 8 # 0
1: Qn(s,a) < H —h+1and Ny(s,a) < Oforall (h,s,a) € [H] xS x A
2: Qu41(s,a) < 0forall (s,a) € S x A
3: Initialize datasets {Dp, } as empty
4: for episode k =1,..., K do

5: Vi41(s) < O0foreachs € S
6: forsteph =H,...,1do > value estimation
7: Update wy, via Equation ()
8: for (s,a) € S x Asuch that Nj(s,a) > 1do
9: b(s,a) < cy [P —1] %ﬂg/é) for some universal constant ¢, > 0
1 . H—h+1 : .
0 Qn(s.a) ?1og [mm{e[;((H_hil)), wy(s,a) + bu(s,a)}] %fﬂ > 0;
3 log [max{e ,wip(s,a) — by (s, a)}] , ifB<0
11: Vi(s) < maxg e a Qn(s,a’)
12: end for
13: end for
14: for steph=1,...,H do > policy execution
15: Take action ay, — argmax,. 4 Qn (s, a) and observe 7, (sp,, az,) and s
16: Nh(sh,ah) %Nh(sh,ah)+1
17: Insert (sp, ap, Sp+1) into Dy,
18: end for
19: end for

Risk-Sensitive Upper Confidence Bound. For the purpose of illustration, let us consider a
“promising” state sT € S at step h that allows us to transition to states {s’'} in the next step
with high values {V},11(s’)} regardless of actions taken. This means that the intermediate value
wy(sT,-) o« 3, P Vrt1() tends to be small, given that § < 0 and {V},41(s')} are large. By
subtracting a positive by, from wy,, we obtain an even smaller quantity wp, (s, ) — by, (s, ). We can
then deduce that Qx (s, ) & 4 loglwy(sT,-) — b (s™,-)] is larger compared to 5 log[wy (s, )]
which does not incorporate bonus, since the logarithmic function is monotonic and again 5 < 0 (we
ignore thresholding for the moment). Therefore, subtracting bonus serves as a UCB for 8 < 0. Since
the exact form of the UCB depends on both the magnitude and sign of /3 (as shown in Lines[9and
[I0), we name it Risk-Sensitive Upper Confidence Bound (RS-UCB) and this results in what we call
Risk-Sensitive Optimism in the Face of Uncertainty (RS-OFU).

3.2 Risk-Sensitive Q-learning

Although Algorithmis model-free, it requires storage of historical data {D}, } and computation over
them (Line[7). A more efficient class of algorithms is Q-learning algorithms, which update Q values
in an online fashion as each state-action pair is encountered. We therefore propose Risk-Sensitive
Q-learning (RSQ) and formally describe it in Algorithm 2]

Mechanism of Algorithm[2] Algorithm [2)is based on Q-learning with UCB studied in the work of
[38] and we use the same learning rates therein

_H+1
O H+t

€))

Qi -

for every integer ¢ > 1. Similar to Algorithm[I] Algorithm 2] consists of the policy execution step
(Line [6)) and value estimation step (Lines [OHI1). Line [9]updates the intermediate value wy, in an
online fashion, in constrast with the batch update in Line[7| of Algorithm[I] and Algorithm 2]can thus
be seen as an online algorithm. Line [I0]then applies the same logarithmic-exponential transform to
the intermediate value and bonus as in Algorithm[I] Note the similar way we use the bonus term b; in
estimating @-values in Line[T0|of Algorithm [2]as in Line[T0]of Algorithm|[I] Algorithm 2] therefore
also implements RS-UCB and follows the principle of RS-OFU.



Algorithm 2 RSQ

Input: number of episodes K € Z-q, confidence level 6 € (0, 1], learning rates {o;} and risk
parameter 3 # 0

1: Qn(s,a), Va(s,a) < H —h+1and Ny(s,a) < 0
2: Qu+1(s,a), Vaii(s,a) < Oforall (s,a) e S x A
3: forepisode k =1,..., K do
4 Receive the initial state s
5 forsteph=1,...,H do
6: Take action ay, — argmax,, c 4 Qn(sn,a’), and observe 1, (sp, ap) and sp41
7
8
9

forall (h,s,a) € [H] xS x A

t = Np(sn,ap) < Np(sn,ap) +1

by ¢ |63H — 1| A/ w for some sufficiently large universal constant ¢ > 0
wp(sp,an) + (1 — at)eB-Qh(Smah) + aePlrn(sn,an)+Vigi (sni1)]

%log [min{eﬂ(H_h“‘l),wh(sh, ap) + atbt}] , ifB>0;

10:
@nsn an) %log [max{eﬂ(H_h"’l),wh(sh,ah) —aub}], ifB<0
11: Vi(sp) + maxgrea Qn(sn,a’)
12: end for
13: end for

Comparisons of Algorithms[f|and[2} It is interesting to compare the bonuses used in Algorithms
and 2] The bonuses in both algorithms depend on the risk parameter (3 through a common factor
ePH 1 | A careful analysis (see our proofs in appendices) on the bonuses and the value estimation

steps reveals that the effective bonuses added to the estimated value function is proportional to

|6 H . . . . .

¢ =1 This means that the more risk-seeking/averse an agent is (or the larger i8), the larger
3] g g g g

bonus it needs to compensate for its uncertainty over the environment. Such risk sensitivity of the
bonus is also reflected in the regret bounds; see Theoremsﬂ]and@]below. Also, it is not hard to see that
both algorithms have polynomial time and space complexities in S, A, K and H. Moreover, thanks
to its online update procedure, Algorithm [2]is more efficient than Algorithms|I]in both time and space
complexities, since it does not require storing historical data (in particular, { D}, } of Algorithm 1)) nor
computing statistics based on them for value estimation.

4 Main results

In this section, we first present regret bounds for Algorithms [[]and 2] and then we complement the
results with a lower bound on regret that any algorithm has to incur.

4.1 Regret upper bounds

The following theorem gives an upper bound for regret incurred by Algorithm[I] Let T := K H be the
total number of timesteps for which an algorithm is run, and recall the function \(u) := (e3* — 1) /u.

Theorem 1. For any ¢ € (0, 1], with probability at least 1 — 6, the regret ofAlgorithm is bounded
by

Regret(K) S A(|B|H2) - \/ H3S2AT log? (25 AT/5).

The proof is given in Appendix [C| We see that the result of Theorem [I]adapts to both risk-seeking
(8 > 0) and risk-averse (3 < 0) settings through a common factor of A(|3|H?).

As 8 — 0, the setting of risk-sensitive RL tends to that of standard and risk-neutral RL, and we have
an immediate corollary to Theorem|I]as a precise characterization.

Corollary 1. Under the setting of Theorem([I|and when 3 — 0, with probability at least 1 — 6, the
regret of Algorithm|l|is bounded by

Regret(K) S \/ H3S? AT log? (25 AT/6).

Proof. The result follows from Theorem and the fact that limg_,0 A(|8|H?) = 3. O



The result in Corollary [I|recovers the regret bound of [4, Theorem 2] under the standard RL setting
and is nearly optimal compared to the minimax rates presented in 3, Theorems 1 and 2]. Corollary T]
also reveals that Theorem [T]interpolates between the risk-sensitive and risk-neutral settings.

Next, we give a regret upper bound for Algorithm 2]in the following theorem.

Theorem 2. For any 6 € (0, 1], with probability at least 1 — & and when T is sufficiently large, the
regret of Algorithm[2]is bounded by

Regret(K) < M(|B|H?) - \/H*SAT log(SAT/S).

The proof is given in Appendix [E] Similarly to Theorem [I] Theorem [2]also covers both risk-seeking
and risk-averse settings via the same factor \(|3|H?), which gives the risk-neutral bound when
B — 0 as shown in the following.

Corollary 2. Under the setting of Theorem [2)and when 3 — 0, with probability at least 1 — 6, the
regret of Algorithm|2|is bounded by

Regret(K) < /HASAT log(SAT/5).

The proof follows the same reasoning as in that of Corollary [} According to Corollary [2] the
regret upper bound for Algorithm 2 matches the nearly optimal result in [38| Theorem 2] under the
risk-neutral setting. As such, Theorems T|and [2]strictly generalizes the existing nearly optimal regret
bounds (up to polynomial factors).

The crux of the proofs of both Theorems [I] and 2] lies in a local linearization argument for the
non-linear Bellman equations and non-linear updates of the algorithms, in which action-value and
value functions are related by a logarithmic-exponential transformation. Although logarithmic and
exponential functions are not Lipschitz globally, we show that they are locally Lipschitz in the domain
of our interest, and their combined local Lipschitz factors turn out to be the exponential factors in the
theorems. Once the Bellman equations and algorithm estimates are linearized, we can apply standard
techniques in RL to obtain the final regret. It is noteworthy that, as suggested by [38]], the regret
bounds in Theorems|[I]and [2|can automatically be translated into sample complexity bounds in the
probably approximately correct (PAC) setting, which did not previously exist even given access to a
simulator.

In the risk-sensitive setting where /3 is bounded away from 0, our regret bounds of Theorems [I|and
depend exponentially in the horizon length H and the risk sensitivity |3|. In what follows, we argue
that such exponential dependence is unavoidable.

4.2 Regret lower bound

We now present a fundamental lower bound on the regret, which complements the upper bounds in
Theorems [Tl and 21

Theorem 3. If|5| (H — 1) and K are sufficiently large, the regret of any policy obeys
Regret(K) 2 A(|8|(H —1)/6) - VHT.

The proof is given in Appendix [F} In the proof, we construct an MDP that can be reduced to a bandit
problem. We then show that any bandit algorithm has to incur an expected regret, in terms of the
logarithmic-exponential objective, that grows as predicted in Theorem 3]

Theorem shows that the exponential dependence on the |$| and H in Theorems andis essentially

indispensable. In addition, it features a sub-linear dependence on 7" through the O(+/T)) factor. In
view of Theorem [3] therefore, both Theorems I]and [2] are nearly optimal in their dependence on 3,
H and T'. One should contrast Theorem [3] with Lemma[I] which shows that the worst-case regret is
linear in [ and T'. Such a linear regret can be attained by any trivial algorithm that does not learn
at all. In sharp contrast, in order to achieve the optimal v/T scaling (which by standard arguments
implies a finite sample-complexity bound), an algorithm must incur a regret that is exponential in
H. Therefore, our results show a (perhaps surprising) tradeoff between risk sensitivity and sample
efficiency.



Broader Impact

This work contributes to the risk-awareness of machine learning and improves the way RL algorithms
handle risks arising from uncertain environments. We have proposed two efficient and model-free
algorithms for risk-sensitive RL with the exponential utility. We show that both algorithms follow
the principle of Risk-Sensitive Optimism in the Face of Uncertainty (RS-OFU), and they achieve
nearly optimal regret bounds with respect to the risk parameter, horizon length and total number of
timesteps.
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Appendices

A Preliminaries

We set some notations and shorthands before the proofs. For both Algorithms|l{and |2 we let sﬁ, a’fl,
wf, Q¥ and V}* denote the values of s, ay, wy, Qp, and Vj, in episode k&, and we denote by NJ the
value of Ny, at the end of episode k — 1. For Algorithm|1| we let D,’i be the value of Dj, at the end of
episode k£ — 1. Next, we introduce a simple yet powerful result.

Fact 1. Consider x,y,b € R such that x > y.

(a) ify > g forsome g > 0, thenlog(z) — log(y) < %(l‘ —y);

(b) Assume further thaty > 0. Ifb > 0 and x < u for some u > 0, then e*® —e® < be’(z—y);
ifb <0, then €®¥ — b < (—=b)(z — y).

Proof. The results follow from Lipschitz continuity of the functions = + log(x) and z + e**. [
We record a simple fact about exponential factors.

SIBIH _q
18]

2
3|1B1H” _q

Fact 2. Define \y := and Ay = lBIH?+H)  Then we have Ao H < & E

B Proof warmup for Theorem ]|

First, we set some notations and definitions. Define d := S A, ¢ := log(2dT'/0) for a given § € (0, 1],
and I to be the d x d identity matrix. To streamline some parts of the proof, we define ¢(s, a) to be
a vector in R? whose (s, a)-th entry is equal to one and other entries equal to zero (so ¢(s, a) is a
canonical basis of R%4). Also let Afl be a diagonal matrix in R%*? with each (s, a)-th diagonal entry

equal to max{N; (s, a), 1}. It can be seen that A¥ is positive definite. We adopt the shorthands
7= ¢(s],a}) and ] == r(s], a}) for (7, h) € [K] x [H].

From now on, we fix a tuple (k, k) € [K] x [H] and then fix (s, a) € S x A such that NJ'"!(s,a) > 1.
We also fix a policy . We set

wf = P Qi) (10)
It can be verified that by the definition of ¢(s, a), we have

1 ™
Q;{(s’ a/) = B log (eB.Qh(Sva))

_1 B-QF ()
=3 log (<¢(s, a),e >>
1
= Blotg(<¢(sva)’wg>)v (11)
as well as
wf(s,a) = PR <¢><s,a>, (AR)TH DD 9 [Pt > : (12)
T€lk—1]

where the last step follows from the definition of Aﬁ-

Let us define

= (¢(s,a),wy) + b5 (s,a), if B >0,
! <¢(Saa)7w2>7bz(57a)a lfﬂ<07

_ fmin{eF=MH gFy i 5> 0,
“= max{efH =+ o1 if g < 0.
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By the definition of A¥ and ¢}, observe that

wi(& a) = <¢(5’ a),w}1§> = <(]5(S Z (bT |: Th+‘/}f}1(82+1)]:| > . (13)
TE[k—1]
Define ) )
= (@~ Qi)(s,a) = 5 log{ar} = 7 log{((s,a), wi)}, (14)
and our goal is to derive lower and upper bounds for Gp. From Equation (T4)), we have
1 1 B-QF (s 07,
Go = Zlog{q} — zlog ¢ { ¢(s,a Y4 { . }
5 ﬂ T€[k—1]
1 o
=3 log {g1} — log <¢(3 Z o { s/~ Py (- | sT,a7)€ Blri Vil (s )]}>
T€[k—1]

= %log{m} — %log{%}

The first step above holds by Equation (I2)), and the second step follows from Equation (3). In order
to control Gy, we define an intermediate quantity

T k ’
G = <¢(s,a)7 (AR Y 6k [Eammyspape TV C)] >;

T€lk—1]
in words, g2 replaces the quantity V7, | in g3 by th 1~ It can be seen that
Go =G + Ga, (15)
where

1 1
Gy = 5 log{q1} — 3 log{q2},
(16)

1 1
Gy = 3 log{g2} — 5 log{gs}.
Note that Gy, G1 and G are all well-defined, according to the following result.
Lemma 2. We have q; € [min{1, e’ "=+ max{1, ePH-1+DY] fori € [3].

Proof. We prove the result by focusing on ¢;. By the definitions of A} and ¢, the (s, a)-th en-
try of the vector (AF)~! D orele—1) P - up, equals m > rep—1) Un - H(sh,a) = (s,a)}
for any sequence {Uﬁ}re[kq]- Then, the result follows from the fact that e” i+ Vi () ¢
[min{1, A=Y max{1, e H=M}] for (1,s') € [K] x S and the definition of ¢;. O

Therefore, we have the following equivalent form of Equation (14):

(QF — QF)(s,a) = G1 + Ga. (17)
Thanks to the identity (T7), our goal is now to control G; and G, which is done in the following
lemma.

Lemma 3. For all (k,h,s,a) € [K] x [H] x S x A that satisifies N'~'(s,a) > 1, there exist
universal constants cy, cy, > 0 (where cy is used in Line|2|0f Algorithm|l) such that

CJBIH
P ot o () ot

with probability at least 1 — 6/2. Furthermore, if V¥, | (s') > V7| (s') for all s' € S, then we have

0<Gi<ar-

0< Gy <elflif. Egnp,(|s.a) [th+1(3/) = Vit (sh].
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Proof. Case 3 > 0. To control Gy, we note that NJ'"'(s,a) = ¢(s,a) (A¥)~'¢(s,a) and by
Equation (T3)) we can compute

la — g2 — b (s,a)|

= <¢(s,a), (AF)? Z oF |:613[T;+Vhl/€+l(s;+l)] _]ES,NPh(_lsg,a;)eﬁ[rﬁv,{vﬂ(s')]:>
TE[k—1]

1 rr(s,a)+VF (st r(s.a)+VE (s
= m Z eﬁ[ n(8,0)+ Vg (s7)] _Es’wPh(-|s,a)€ﬁ[ n(8,0)+Vy 0 (8")]
he 2% (s,a,8t)eDf
1 ) /
= N (s,a) > }eﬁ[rn<s»a>+vfﬁ1(s+>] — Earropy (.| 5,0y’ D Vi ()]
h 9

k—1
(s,a,sT)eDy

L NBH _ 15t
S N}]ffl(s’a) Z )]C ‘e 1| t

tE[N:f*l(s,a
< [ ¢ 1 L
Ny~ (s,a) Jee[o,NF " (s,0)] t
1
— BH k—1
=———— - cle’™ —1[1/St- N, S, a
Nl 17 VST

= c[eP — 1| VB0 \[6(s.0)T(AF)16(s. a),

where the fourth step holds by Lemma@ and the last step holds by the definition of A}fﬁ in the above,
¢’ > 0 is a universal constant and ¢ = 2¢’. If we choose ¢, = c in the definition of b% (s, a) in Line|§|
of Algorithm [T} we have

0<qf —q2<2c- [P —1|VSe- \/¢(s,a)T(Ai)*1¢(s,a)-

Therefore, we have g1 > g2, and thus GG; > 0, by the first inequality above, the definition of ¢; and
Lemma 2] (in particular, g < e#(=h+1) By Lemma 2] and Fact (withg = 1, z = ¢; and
Yy = q2), we have

1 1
G < B((h —q2) < B(Qf - q2),
which together with the second inequality displayed above implies the desired upper bound on G.

Now we control the term G. For 3 > 0, it is not hard to see that the assumption V;© ' (8) > Vi (s)
for all s’ € S implies that go > g3 and therefore G5 > 0. We also have

Go < %(fm —q3)

< et <¢<s,a>,<A’z>—1 > o [Eswms;,am[Vh’il(s’)—Vh“+1<5/)ﬂ>

TEk—1]

= G‘B‘HES’NP;LC | s,a) [th+1(8/) - Vhﬂ+1(s/)]v
where the first step holds by Fact[I(a)] (with g = 1, 2 = g2, and y = ¢3) and the fact that g, > g3 > 1
(with the last inequality suggested by Lemma 2), and the second step holds by Fact[I(b)](with b = £,
T =7} + V}f+1(5)’ andy =rj + V7 (s) and H > 1] + th+1(3) >+ Viha(s) 2 0.

Case 5 < 0. Similar to the case of § > 0, we have
la — g2 + b (s, a)|
<c- e —1| VS \/gb(s,a)T(A’;)*lgé(s,a).

If we choose ¢, = cin the definition of bﬁ(s, a) in Line|§|0f Algorithm the above equation implies

0<q—qf <2 [ —1|VS0-\[6(s,a)T(A)19(s,0).
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Therefore, we have g1 < ¢, and thus G; > 0, by the first inequality displayed above, the definition
of ¢; and Lemma (in particular, go > eP(H—-h+1)) By Lemma and Fact (with g = eH,
x = ¢o and y = q1 ), we further have

Gi = ﬁ (log{ga} — log{q1})
e BH

< W(Qz - q)

efﬁH

- _ 4t
S |6| (Q2 Q1 )a

which together with the second inequality displayed above and the fact that ‘eBH — 1| =1-—efH
implies the desired upper bound on G .

Next we control G3. The assumption V;F, | (s') > V;T, (') for all s’ € S implies that g < g3 and
therefore Go > 0. We also have

G — ﬁ (log{gs} — log{a:})
e PH

< m(% —q2)

IN

6‘B‘H <¢(5’ a)7 (AI}CL)il Z ¢;; {ES’NP;L(- | s;,a;;)[vif+1(5/) - Vhﬂ+1($/)}]>

TE[k—1]
= e‘B‘HES’NPh,C | s,a) [thJrl(sl) - Vhﬂ+1(s/)]7
where the second step holds by Fact (with g = e?H | 2 = ¢3, and y = ¢2) and the fact that

q3 > g2 > ePH (with the last inequality suggested by Lemma , and the third step holds by Fact|1(b)
(withb =B,z =7} + Vf+1(s), andy =rj + Vh”+1(s)) and 7], + th+1(s) > i+ V}ZT_H(S) > 0.

The proof is hence completed. O

The next lemma establishes the dominance of Q¥ over Q;.

Lemma 4. On the event ofLemma we have Q¥ (s,a) > Q7 (s, a) for all (k,h,s,a) € [K] x
[H] x S x A.

Proof. For the purpose of the proof, we set Q% ,(s,a) = Q% ,(s,a) = 0forall (s,a) € S x A.
We fix a tuple (k, s,a) € [K] x S x A and use strong induction on h. The base case for h = H + 1
is satisfied since (Q%,; — Q7,1)(s,a) = 0 for k € [K] by definition. Now we fix an h € [H] and

assume that 0 < (QF ., — Qj,.,)(s, a). Moreover, by the induction assumption we have
th+1(5) = max Q§+1(Sva/) 2 max QZH(S»G/) > Vit (s). (18)
a’eA a’€A

We also assume that (s, a) satisfies N~ *(s,a) > 1, since otherwise Q¥ (s,a) = H —h + 1 >
Q7 (s,a) and we are done. This assumption and Equation (T8) together imply G > 0 by Lemma

We also have G; > 0 on the event of Lemma Therefore, it follows that (QF — Q7T)(s,a) > 0 by
Equation (T7). The induction is completed and so is the proof. O

Lemma [ leads to an immediate and important corollary.

Lemma 5. For any § € (0,1], with probability at least 1 — §/2, we have Vi (s) > V7 (s) for all
(k,h,s) € [K] x [H] x S.

Proof. The result follows from Lemma 4] and Equation (T8). O
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B.1 Supporting lemmas

We first present a concentration result.
Lemma 6. Define

Vg1 = {Vh+1 'S = R|VseS, Vigi(s) € [min{ePH M 1} max{efH-N), 1}]} .

There exists a universal constant ¢ > 0 such that with probability 1 — §, we have

‘eﬁ[m(sﬁ,aﬁ>+\7<sﬁ+1)] R Y C AR O |7 1] _ St

s~ Pullsyan) Ni(s.a)
forall (k,h,s,a) € [K] x [H] xS x Aand all V € Vj, 1.
Proof. The proof follows the same reasoning as [4, Lemma 12]. [

The next few lemmas help control Y-, 1 (¢5) T (A}) ™' 67

Lemma 7 ([39, LemmaD.2]). Let {¢¢}¢>0 be a bounded sequence in R® satisfying sup, ||¢¢]| < 1.
Let Ag € R¥*? be a positive definite matrix with Amin(Ao) > 1. For any t > 0, we define
Ay = Ag + Zie[t] #i¢; . Then, we have

o 9] <5 o o120

€lt]

Lemma 8. Recall the definitions of ¢F and A¥. For any h € [H), we have
> (o) (AR) T o < 2,
ke[K]

where v = log(2dT /)

Proof. Define I} := A\l + ZTG k1] #7(¢7) T with A = 1. It is not hard to see that by the definition

of A¥ we have AF < T'% for h € [H]. Since Apin(T') > 1 and ||¢F|| < 1 forall (k,h) € [K] x [H],
by Lemma [7| we have for any h € [H] that

D@ AN TR < D () TR er < 2log

ke[K] ke[K]

det(TH 1)
det(I'}) |-
Furthermore, note that || T3 || = [|AT 4+ 32, <y 95 (65) "Il < A+ k. This implies
_ Atk
5 ()T (88 o < 2o |
ke[K]

as desired. O

] < 2du,

C Proof of Theorem[Il

Define &), := V;(s};) — V;7*(s};), and ¢, = Egp,(| sﬁ,a’;)[vhk+1(5/) = Vit (8")] = 04y For
any (k,h) € [K] x [H], we have

0 = (Qf — Q") (sh»ar)
elBIH _q
< er - S VI ok o) TN ol )
+ elﬁl ~ES,Nph(. | s;»;,a’;)[vh-s-l(sl) - Vhﬂfl(sl)]
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1B1H _q
¢ |6| \/7\/¢ Shaah Ak) 1¢(5h7 )
+ el (6F L+ ) 19)

In the above equation, the first step holds by the construction of Algorithm|I|and the definition of V,"*
in Equation (3); the second step is a consequence of combmmg Equation (T7) as well as Lemmas [3]
and [5} the last step follows from the definitions of §7 and (! 41

=Cq

Noting that V£ | (s) = V% | (s) = 0 and the fact that 5} s + ¢F,q > 0 implied by Lemmal we
can continue by expanding the recursion in Equation (]E[) and get

ok < 3 elBRCE
he[H]
IBIH _ 1
SR R MBS, [ (sk, ab)T(AE) 1o (sk.ab).  (20)
he[H]

Therefore, we have

Regret(K) = Z (Vi = Vi) (sh)]

kE[K]
<)o
ke[K]
< elfIH” Z Z Cha
ke[K] he[H]
elﬁl —1 2
to - —— E VD Z Z \/¢ (sk,ap)T(AR)to(sk,af), 2D

ke[K] he[H]

where the second step holds by Lemma 5] with 7 therein set to the optimal policy, and in the last step
we applied Equation (20) along with the Cauchy-Schwarz inequality.

We proceed to control the two terms in Equation ZI)). Since the construction of V}f is independent

of the new observation s’,j in episode k, we have that {( ,’j 41} is a martingale difference sequence

satisfying |(}| < 2H for all (k, h) € [K] x [H]. By the Azuma-Hoeffding inequality, we have for
any t > 0,

t2
k
P Z Z Chir 2t SeXp<_2T-H2)'
k€e[K] he[H]
Hence, with probability 1 — 4/2, there holds
>N ¢ < V2TH? log(2/6) < 2HVT, (22)

ke[K] he[H]

where © = log(2dT'/5). For the second term in Equation (21), we apply Lemma [§]and the Cauchy-
Schwarz inequality to obtain

) Z oSl ab) T (AL~ 6(sh af)

ke[K] he[H
<> JE > Ok af)T(A)) 1o (s}, af)
he[H] ke[H]
< HV2dK.. (23)
Plugging Equations (22)) and (23)) back to Equation (2T)) yields
. IBIH _
Regret(K) < el . 2HV/Ti + ¢, - & B P HV2dS K2
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elBIH _
lé]
olBIH g

where the last step holds since 1] > H. The proof is completed in view of Fact and the
identity d = SA.

<(e1+2)- ! - elPIH 2dHST 2,

D Proof warmup for Theorem 2|

Recall the learning rates {a; } defined in Equation (9). Define the quantities

t

t
a? = H(l—aj), ol =y H (1—-¢j) (24)
j=1

J=it+l
for integers i,t > 1. By convention, we set o = land 3,y af = 0if t = 0, and af = a; if
t < i+ 1. Define the shorthand ¢ := log(SAT/¢) for § € (0, 1].

The following fact describes some key properties of the learning rates {c }.
Fact 3. The following properties hold for .
(a) % < Zie[t] % < %for every integer t > 1.
(b) max;ep af < 28 and il (af)? < 2E for every integert > 1.
(c) i, ot =1+ £ for every integeri > 1.

(d) X iep al = 1and oY = 0 for every integer t > 1, and el ab = 0and o = 1 for
t=0.

Proof. The first three facts can be found in [38, Lemma 4.1], and the last one follows from direct
calculation in view of Equation (24). O

We also present a lemma that controls the deviation of the exponentiated value function from its
expectation.

Lemma 9. There exists a universal constant ¢ > 0 such that for any (k, h,s,a) € [K] x [H] xS x A
and ky,. ..,k < kwitht = NJ(s,a), we have

1 ; * ki . * N
B Z OZ; e/@["'h (Sva)+wl+1(sh+1)] _ ES’NP;I,C ‘ Swa)eﬂ[m(é’u)*'vhﬂ(é )]
i€[t]
c |65H — 1| H.
< -

- Bl t’
with probability at least 1 — 0, and
1 , BH _1| [Hy 2¢|e? —1| [H
o] 2 it lde 7 A C|e|6| W]
1€[t]
Proof. Forany (k,h,s,a) € [K] x [H] x S x A, define
V(i k, h,s,a) = eﬁ[rh(sva)+v)f+1(szf+1)] —Egnp, Cls a)eﬁ[rh(s’a)+v;f+1(5')]

Letus fix atuple (k, h, s, a) € [K]x[H] xS x A. It can be seen that {I(k; < K)-1(i, k, h,s,a)}icr
for T € [K] is a martingale difference sequence. By the Azuma-Hoeffding inequality and a union
bound over 7 € [K], we have with probability at least 1 — 6/(HSA), for all T € [K],

> ok Ik < K) (i, ks, a)

i€[7]
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BH _
’e 1 LZ a12<c‘eﬁH—1M/

i€[7]

where ¢ > 0 is some universal constant, the first step holds since 74 (s, a) + Vi*,,(s") € [0, H] for
s’ € S, and the last step follows from Fact[3(b)} Since the above equation holds for all T € [K], it
also holds for 7 = t = N¥(s,a) < K. Note that I(k; < K) = 1 forall i € [N}(s,a)]. Therefore,
applying another union bound over (h, s,a) € [H] x S x A, we have that the following holds for all
(k,h,s,a) € [K] x [H] x S x A and with probability at least 1 — §:

Zai- (i,k,h,s,a) <c|e’3H—1‘ Ifb (25)
i€[t]

where t = N (s, a). Using the fact that rj, + V;*, | € [0, H], we have

1 ; * ’ * ’
3 Z ai [Esfmp:i 0 S)a)emrh@,a)wﬂl(s ) = By (.| sy (Vi ()]
1€[t]
EDILHTII |
ol Z s,a —_— —_—.
' B 5] t

ze [t]

To prove the result for 7 BI el alib;, we recall the definition of {;} in Line(8|of Algorlthmland

compute
H_1
|ﬁ|Z ol = ’Z V

1€[t]
c [c’e'@H —1| & 2c|65H — 1’ HL]
|8l |l t
where the last step holds by Fact[3(a)] O

We fix a tuple (k, h, s,a) € [K] x [H] x § x A with k; < k being the episode in which (s, a) is
taken the i-th time at step h. Let us define

ageﬁ(H—h+1) + Zie[t] Oéi {eﬁ[rh(s,a)+\/,ﬁl(sﬁll)] + bz] , i8>0,
afePH=h+1) 4 Zie[t] o [emrh(s’aﬂv’ﬁl(s}’:zfl)] - bi] , 1B <0,

_ [min{ePH=T gFy o if g > 0,
= max{eH=r+1) o1 if B <0,

g =

and
N alePH—h+1) 4 Zie[t] al [eﬂ[rh(s’aHV’:‘“(siiﬂ)] + bi] , if B3>0,
4y : aleBH=+1) | Zie[t] ol {eﬂ[rh(s,a)JrV;Ql(sIZil)] — bi] , if8 <0,
_ [min{ePH-PHD 1 if B> 0,
= max{efH-h+1) o1 if B3 <0,
q2 — aoeﬁ(H h-‘rl _|_ Z |: "'h(g a)+Vh+1(9h+1)]:| ,
1€[t]
and

R ACO Z ai [ y NPh(.lSva)eﬁ[rh(s,anv;ﬂ(3/)]] ‘
1€[t]

We have a simple fact on g5 and ¢5.
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Fact4. If 8 > 0, we have ¢ < qo; if B < 0, we have ¢}, > qo.

Proof. We focus on the case of 5 > 0. Note that 7,(s,a) + V,fH(sZZrl) € [0,H — h+1],
ok )

which implies e’ (@ H Vi (s140) < oF(H=h+1) - We also have afs e @t € {0,1} with

af+ e @ = 1 by Fact]3(d)} These together imply that g5 < e”# and ¢y —g5 = — 3 ,c 1y @i <

0 by definition of b; in Line|[8|of Algorithm Therefore, ¢ < min{e® ="+ 1 = gy, The case
of B < 0 can be proved in a similar way and thus omitted. O

Next, we establish a representation of the performance difference (QF — Q7 )(s, a) using the quantities
¢1 and gs.

Lemma 10. For any (k, h,s,a) € [K] x [H] x S x A, lett = N[(s,a) and suppose (s,a) was
previously taken at step h of episodes ki, ..., k; < k. We have

(@QF - Q})(s,0) = %log{ql} - %mg{qg}.

Proof. The Bellman optimality equation (4) implies

BQi(s.0) — Bra(s,a) {E ﬂ)e,&ml(s')} .

s'~Pp(-]s
By Fact[3(d)} we have
P Q) — a9ePRi(50) 1§ giehrn(sa) [IES'Nph(. | S}a)eﬁvzﬂ(s’)} — g3
1€[t]
for each integer ¢ > 0, and therefore
. 1
Qp(s,a) = 3 log {g3} - (26)

We finish the proof by combining Equation (26) and the fact that Qj(s,a) = 5 log{q1}, which
follows from Line[T0] of Algorithm 2] O

We define the quantities
1 1
Gy = Zlog{q} — - log{q},
B g 27
1 1
Go = 3 log{gz} — 3 log{gs},
It is not hard to see that (QF — Q;)(s,a) = G1 + G2 by Lemma The next lemma establishes
upper and lower bounds for (QF — Q3)(s, a).
Lemma 11. Forall (k,h,s,a) € [K] x [H] x S x A such thatt = N} (s,a) > 1, let

, < if >0,
Ve =2 Z ayb; - {f—lﬁH f 0
b By FB<0,

and with probability at least 1 — § we have

0 < (Qf = Qi)(s.a) < M 4 3 alel [Vl (sf,) = Vit (sf) ] + 230,
1€[t]

IBIH _
where ky, ..., ki < k are the episodes in which (s, a) was taken at step h, and ~; < % %

Proof. We prove the lower bound for (QF — Q})(s,a) and then use it to prove the upper bound.

Lower bound for QF — Q*.
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For the purpose of the proof, we set Q% | (s,a) = Qj;,1(s,a) = 0 forall (k,s,a) € [K] x S x A.
We fix a (s,a) € S x A and use strong induction on k and h. Without loss of generality, we assume
that there exists a (k, h) such that (s, a) = (sF,al) (thatis, (s, a) has been taken at some point in
Algorithm, since otherwise Q¥ (s,a) = H — h+1 > Qj (s, a) forall (k,h) € [K] x [H] and we
are done. The base case for k = 1 and h = H + 1 is satisfied since (QIICJIH —Q%11)(s,a) =0 for
k' € [K] by definition. We fix a (k, h) € [K] x [H] and assume that 0 < (QZ;I —Qj41)(s,a) for
each k1,...,k, < k (here t = NJ(s,a)). Then we have for i € [t] that
Viii(s) = maXQ’Z';l(Sva') > max Q41 (s, ) = Vi (s)-

Recall the quantities G; and G4 defined in Equatlon @) The above equation implies G; > 0.
We also have G, > 0 by the fact Q}(s,a) < H and on the event of Lemma El Therefore, it

follows that (QF — Q3 )(s,a) = G1 + G2 > 0. The induction is completed and we have proved that
0 < (QF —Q3)(s,a) forall (k,h,s,a) € [K] x [H] xS x A.

Upper bound for Q* — Q*.
Letus fix a (k, h,s,a) € [K] x [H] x § x A. Since 0 < (QF — Q})(s,a), we have for i € [t] that
thﬁ(s) = g}gj Qﬁiﬂ(s,a’) > g}gﬁ QZH(Saa/) = Vi (s).
Case 3 > 0. We have
Gy log{ql} — log{qg}

~ B
1
B(‘h —q2)
1
< E(qf — )
<= ZO‘ [ Blrn(s,0)+V,i sk )] eﬁ[ms,a)whul<si‘x‘+1>]} 41 S aib
ze[t] i€lt]
< elfIH Z aj [(V}fﬂ Vh+1)(3h+1)} + 7t
1€[t]

where the second step holds by Factwith g = 1 and the fact that V,* (s) > V}* ,1(s) and by
noticing that o, el ai € {0,1} with o + el ai = 1 by Fact (so that ¢; > go), the
third step holds since by definition ¢ > ¢; and by Fact ¢4 < ¢q, and the last step holds by Fact
and the fact that H > r,,(s,a) + thil(s) > rh(s,a) + Vi1 (s) > 0. For Go, we have

Ga = 5 log{aa) — 5 og{aa)
%(qz - )
< %(q — q3)
Og [ BH _ eB'QZ(s,a)} n % Z aib:

+3 Z { e Vi i)l |, Sﬁ)eﬂ[rh(s,awwal(s’)]}
1€[t]
S agHelﬁlH + Vs
In the above, the second step holds by Fact[T(a)]with g = 1 and

5 a2 [ 3 af [ ) By e ]
1€[t]
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on the event of Lemma([J](so that ¢» > ¢3); the third step holds by Fact[4} the last step holds by Fact
and @}, (s,a) € [0, H] and on the event of Lemma&

Case 3 < 0. We have

Glz( 5 log{q2} — - ﬁ) log{q1}

e-a)
S —(@e-—a
(=8)
< g-ah)
B (—ﬂ) 2
—BH
_e” 3o [eﬁ[m(s @+ (sp )] Blr(s,a)+V, lH(ahH)J} n Z alib;
( 6) 1€[t] ( B) 1€[t]
< S af (Vi = Vi) ()] +
i€[t]

where the second step holds by Fact|l(a){with g = e?¥ and the fact that V' | (s) > V;*,;(s) (so that
g2 > q1), the third step holds since ¢5 > ¢o by Fact I and qf < ¢1 by definition, and the last step

holds by Factnand the fact that H > rp,(s,a) + Vi1 (s) > rau(s,a) + Vi, 1 (s) > 0. For Gz, we
have

1
Gy = log{qs log{g2
gy oslos} ~ (g osle)
e PH
< ﬂ)( - q2)
e~ PH
< 5)( —q)
o—BH
_ B-Q;(s,a) _ Z
at at
(_6) [ ] ze[t]
_BH )
+ i—ﬁﬁ) > o {]Esprhc|s,a)eﬂ“h<s’a>+vﬁ+l(s/>l — PtV (534)]
i€[t]

< e PHNY[H — Q; (s,a)] —|—2(e__;1;2aibi

< PHelPH 4,

where the second step holds by Fact[I(a)] given g3 > g2, the second to the last step holds by Fact[I(b)}
the fact that Q7 (s, a) < H and on the event of LemmaEI, and the last step holds by the definition of
Tt

Combining the bounds of G and G2 with the identity (Q¥ — Q})(s, a) = G1 + G+ yields the upper
bound for (Q¥ — Q7 )(s,a). The proof is completed in view of Lemma|§| and the definition of -y, that
imply

4e(elPH —1) [Hy

7t < — 1 Vi
O
E Proof of Theorem
We first introduce some notations. Let G be a discrete space. Define the shorthand
(P, f) = + log {Exp lexp (8- f(2))]} 8)

B
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for a probability distribution P supported on G and function f : G — R. We record a useful lemma
that shows Iseg(-, -) is Lipschitz continuous in the second argument.

Lemma 12. Let G be a discrete space and f > 0 be a non-negative number. Let the functions
I, f R [0, f] be such that f(x) > f'(z) for all x € R%. Also let P be a probability distribution
supported on G. We have

Ises (P, f) —Ises(P, f') < e - Eyop[f(2) = f'(a)].
The proof is given in Appendix [E-I]

Define P} (-| s, a) to be the delta function centered at sy, forall (k, h,s,a) € [K] x [H] x 8§ x A,
and this means ]ES,NI%,:(_ | 5,a) [f(sN] = f(8§+1) for any function f : S — R. We let

= (Vi = Vi) (s) and o = (Vi = Vi) (s)-
Also define i - .
Ehi1 = [(Pn — Ph)(%j—',—l - Vhﬂfl)](shv ar,)-
Note that For each (k, h) € [K] x [H], we have
8 = (Qh — Qr*)(sh, ar)
= (Qh Qh)(shaah) (@ — )(s’,ﬁ,aﬁ)
S Oé?H@‘BlH + Z ate‘ﬁlH(éhq,l _|_ 2’)/13
1€ [t]
+ [Ise(Pa(-| s}, ak), Virpr) — Ise(Pa(- | sy, afh), Vi)
b b ? Jrl
< afHe 4 Z ate WH‘bhlﬂ + 27+ elmH[Ph(Vh*ﬂ V]—Z:Ll)](sha aj)
€ [t]
= afHelP 13 " ajelP gl | 42y, + P (65, — 61 + 6 40), (29)
i€t]

where the third step holds by Lemma|[TT]and the Bellman equations (3) and (), the fourth step holds
by Lemma.and the fact that 0 < V;'f, (s) < V¥, 1 (s) < H forall s € S, and the last step follows

by defintion that 5h+1 ¢h+1 = (Vi — Vi:tl)(sh+l) = [R’f(Viﬂ VIZL)](SM%) and the
definition of & }’j 1

We now compute 3_, ;5 for afixed i € [H]. Denote by nj; := Nj(s, aj;) and we have
Z o) HelmH HelPlH Z I{nf =0} < HelPlSA.
ke[K] ke[K]
Then we turn to control the second term in Equation (29) summed over k € [K], that is,
> Z apelMgh, =l Y7 > 7 aj, ¢h+gh7ah)’
ke[K] i€t ke[K]ie[nk]
where k; (s, af) denotes the episode in which (sF, af) was taken at step A for the i-th time. We

re-group the above summation in a different way. For every k' € [K], the term ¢’;l+1 appears in

the summand with k& > k' if and only if (s¥, ak) = (sF’ : ah "). The first time it appears we have

nﬁ = nil + 1, the second time it appears we have n’,i = nh + 2, and etc. Therefore,

olBIH Z Z a kéf’k i(shap) < lfIH Z ¢h+1 Z oy " <e‘mH <1+ ) Z ¢h+17

ke[K]ie[nk] €[K] th’f,+1 k'e[K]

where the last step follows Fact[3(c)] Collecting the above results and plugging them into Equation

(29), we have
> oF < HelPlMsA 4 elfIH (1+ ) > b

ke[K] ke[K]

24



+ el 7 (G = Sh) + D @y + el

ke[K] ke[K]
< HemHSA—&-e'ﬁH( ) Z 5h+1
kE[K]
+ Y 2y + ML), (30)

ke[K]

where the last step holds since 6, > ¢}, | (due to the fact that V;*, | (s) > V,7*, (s) forall z € S).
Since it holds that
1\1" 2
{eaH (1 N H)} < elBIH

we can expand the quantity > ke[K] 8% recursively in the form of Equation (30), apply Holder’s
inequality and use the fact that 6%, , = 0 to get

Z ot < IBIH+1 | 2 IBIH g 4 4 Z Z (2%,; +€|ﬁ|H£ﬁ+1) ) 31

kE[K] he[H] ke[K]

By the pigeonhole principle, for any h € [H] we have

IBIH _ 1
e
Do S —— Y
kE[K] kE[K] h
BIH _ 1 H
e L
IR P O
(s,0)ESXAne[Nf (s,a)]
elBIH _ 1
S T V HSAKL
IBIH _ 1
- €T\/SATL7 (32)

where the third step holds since }_, sy V K(s,a) = K and the RHS of the second step is

maximized when N (s,a) = K/(SA) for all (s,a) € S x A. Finally, the Azuma-Hoeffding
inequality implies that with probability at least 1 — §, we have

YD G| SHVTL (33)

he[H] ke[K]
Putting together Equations (32) and (33) and plugging them into (1)), we have

Z s < lBICH?+H) | 29 4
ke[K]

o el 1
e‘mH T stATL

4 BIE*+H) | /T,
< elBIH*+H) | 26 4

o2 el _ 1
+e\ﬁ\( + )'T‘/HQSATL

The proof is completed in view of Fact[2]and when T is sufficiently large.
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E.1 Proof of Lemma
We have the following two cases.
Case 5 > 0. We have
1 /
Isea (P, f) —lsen (P, f') < GEewp [eﬂ'f(””) — eI (7”)}

< FEanr [3 (@)~ (0)

= er . EINP[f(JJ) - f’(l‘)],

where the first step holds by Fact with g = 1 and the fact that ¢/ (®) > ¢8/' () > 1 and the
second holds by Fact[I(b) with u = f and the fact that f(z) > f'(z).

Case 5 < 0. We have

Iseg (P, f) — Iseg(P, )

— [Ises(P, f') — Ises (P, )]

< exlf(_ﬁf%w lexp(8 - f'(z)) — exp(8 - f())]
< “‘(’(_‘5/)3%%1: (=B)(f(x) — f'(x)

=exp(—Bf) - Exnplf(x) — f'(x)],

where the second step holds by Fact with g = Pl given that x € [er ,1], and the third step
holds by Fact and the fact 1 > 7/ (@) > ef /(@) 5 ¢

F Proof of Theorem

We consider the following MDP as illustrated in Figure 2] For now, we focus on the case § > 0; we
shall see soon that the construction for 5 < 0 can be done in a similar way. The MDP is equipped
with A = {a1,a2} and S = {s1, s2, s3}, where state s; is the initial state, and states so and s3
are absorbing regardless of actions taken. The reward function satisfies that rp,(s2,a) = 1 and
rh(s1,a) =rp(ss,a) = 0forall h € [H] and a € A. In Figure[2] step H + 1 is a virtual step that
represents termination of an episode and generates no reward. At the initial state s;, we may choose
to take action a; or a. If a; is taken at state s;, then we transition to so with probability p; and to s3
with probability 1 — p;. If a5 is taken at state s1, then we transition to so with probability ps and to
s3 with probability 1 — py. We interact with such an MDP for K episodes.

We note that the above K -episode MDP is equivalent to a K -round two-armed bandit with per-round
reward ranging in [0, H — 1], where the first transition in each episode of the MDP can be viewed
as a pull of an arm in each round of the bandit. Therefore, the regret lower bound for the MDP can
be proved using lower bound techniques for bandits. Our proof follows the same reasoning of [41},
Theorem 15.2]. We start by discussing the setup for the proof under the cases 5 > 0 and 8 < 0.

For each p € [0, 1], let Ber(p) denote the Bernoulli distribution with parameter p. Let us fix a policy
m. We first consider the case 8 > 0. We construct a pair of two-armed bandits, which we call v, and
vy . The first bandit v, has Xy = (H — 1) - Ber(p1) as the first arm and Xy = (H — 1) - Ber(p2)
as the second arm. The second bandit v, has X{ = (H — 1) - Ber(p}) as the first arm and
X! = (H — 1) - Ber(p}) as the second arm. We let py < p; = p| < py and py = e #H=1) Let
A := p; — py and we will choose A < 2e=#(H=1) Jater in the proof. Note that when |3(H — 1)| is
large enough, we have A < 1f5. Let ph = p1 + A, so that ph = ps + 2A and p) < 7.

We then consider 3 < 0. Let py = ¢##~1) and set p; = p| = p» — A and p, = py — 2A for
some A € (0, ieﬁ (H=1)] to be specified later. Similar to the case 3 > 0, we construct a pair of
two-armed bandits v, and v,. The first bandit v, has X; = (H — 1) -Ber(1 —p1) as the first arm and
Xy = (H—1)-Ber(1—p-2) as the second arm. The second bandit v, has X| = (H —1)-Ber(1—p})
as the first arm and X} = (H — 1) - Ber(1 — p}) as the second arm. When |3(H — 1)| is sufficiently
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h=1 h=2 h=3 h=H h=H+1

Figure 2: Illustration of the MDP for the lower bound proof for 8 > 0.

large, wehave 1 —ph > 1 —p) =1—p; > 1—py =1—PH-D > fand A < ieﬁ(H’l) implies

1

In the remaining of the section, we provide a unified proof for both cases of 5 > 0 and § < 0.
We denote by P, and P, , the probability measures induced jointly by 7 and the two bandits,
respectively. We will use the shorthands P, := Pr,, and Py := P, , for notational simplicity.
Note that for both 8 > 0 and 8 < 0, the first arm is optimal for bandit 1/,,, while the second is optimal
for bandit v,. Let T,,(K') be the number of times we have pulled the a-th arm of a bandit after we
execute policy 7 for K rounds. It is clear that E,[T5(K)] < K. Let R, , (K) denote the regret of
policy 7 after it is executed for K rounds in bandit v.

By Lemmas [[3]and[T4] we have

CBIGH=1) _ 1
RTr,l/p(K) Z |ﬁ‘ AEP[TQ(K)}
|BI(H-1) _
> A 5 BmE) < K72).
and
QlBIH-1) _q
Rey, (K) 2 —m A-Ep[T1(K))]
1BI(H—1) _
> % A [2{ Py (Ty(K) > K/Q)] .

We combine the above two displays and get

5 [Rew () + B, ()]

2
CIBI(H-1) _ 1
2 T (KA P (Ty(K) < K/2) + Py (T2 (K) > K/2)]
ClBIE-1) _ 4
Z T KA - exp [7DKL(]PP||]PJP/)]
elﬁ‘(H_l) —1 |: 8A2 :l
>——— KA-exp |-K  ————— (34
8] P p2(1 —p2)

where the second step holds by the Bretagnolle-Huber inequality [41, Theorem 14.2], and the last
step follows from the fact that E,, [T5(K)] < K and Lemma Now we set

p2(1l —p2)
A= /"
K
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Note that this choice of A ensures A < 1e=I8I(H#=1) a5 Jong as K is sufficiently large. Hence,
continuing from (34)) we have

1 JBIH-1) _ 1
- [RM(K) Y Ry (K ] > 70 kA
2 e 18
IBICH-1) _ 1
e
> 0000000 . _
Z p2(1 —p2)K
8]
BI(H-1) _
> ; . le—B(H—l)K
8] 2
BI(H-1)/2 _
2 VK

where the third step holds since p, = e~1#I(#=1) and 1 — p, > 1. The proof is completed by
upper bounding the LHS of the above display by max{R ., (K), R, (K)}, and recalling that

Au) = (e3* —1)/uforu >0and T = KH.

F.1 Auxiliary Lemmas

Lemma 13. Let 7 be any policy and v be any two armed bandit with distinct arms. Let X, denote

the a-th arm of v. Define a* = argmax,c(q, a,} 5 LlogE,eXa and b € {ay,az}\{a*}. Also define

6171/ =

)

(EueﬂXa* - ]EVGBXb)/EVeﬂXa*a if B >0,
(E,efXe —E, efXa) /B, efXa | if B <0.

We have

RW,D(K) L% [Tb(K)] .

5y-
—2|mb

Proof. Let Yy, be the reward received at round k by executing 7, and A = {a*, b}. We slightly abuse
the notation by writing 7% = @ to mean that arm « is pulled in round k by executing 7. Recall the
definitions of the value functions V;* and V™ from (@) and (3), respectively. Since there is no state in
bandit, we omit the arguments of the value functions. We observe that

1
Vi = 3 log Ee/ e

and
1 1
Vi = ZlogEe™* = ~log{ S P(n* = a) - EefXe b
ﬂ B acA

In the RHS of the two displays above, the probability P(-) is with respect to 7 and v, and the
expectation E[-] is with respect to v. Note that by the definitions of a* and b, we have d; , € [0, 1]
for any 5 # 0.

For 8 > 0, we have

* 1 acA ) Eef o
V- v B { ;A —4)  EcP¥a }

1 ) - (EePXer — EefXo)
E { aEA]P( m = a) - EefXa }

< 1 ) - (EePXer — EefXo)

e )
= Sl {1+ E[I(* = 1)] 0.}
1

235 E [I{r"* = b}] - 6.0,
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where the last step holds since d;,,, € [0, 1] and log(1 + x) > & for x € [0, 1]. Summing both sides
of the above display over k € [K] and noticing T}(K) = 3 c(x) [{7" = b} yield the result.

For 8 < 0, we have

1 1
V- Vfrk = Al log { Z P(r* = a) - ]EeﬂX“} — — log EefXa

acA ‘ﬁ|

= 1 log DacA P(r* = a) - EefXe

g EePXe
1 P(r* = b) - (EefXe — EefXar)
— mlog{lJr RohXa-
= ﬁlog{l +E [{r* =b}] - 6.}

1

> — . E[I{zx* =b}] -6y,

where the last step holds since d;,,, € [0, 1] and log(1 + x) > § for x € [0, 1]. Summing both sides
of the above display over k € [K] and noticing T)(K) = 3¢k {7k = b} yield the result. I

Lemma 14. Consider the setting of Lemma@ and recall the bandits v, and v, and the quantity A
defined in Section[F] For v € {vp, vy}, we have

o = A(elPIH=D _ 1),

Proof. We first consider the case 3 > 0. For v = v, we have

5, = PLe?D 4 (1= py) = [pac”T7D + (1~ po)]
v prefH=1) 4+ (1 —py)
A(PH=D 1)
C prePHED 4 (1 —py)
A(ePH-D _ 1)

> —7

- 3
where the second step holds since p; = po + A, and the last step holds since p; = po + A <
2e AUH=1) given py = e AH =1 and A < 2e=PH=1 For v = v/, we have

_ PP 4 (1 ph) — et + (1)
a Py H=D + (1 —py)
A(ePH-1) 1)

~ pheP D (1 ph)

A(ePH-1) 1)
> - <
- 4
where the second step holds since p, = pj + A = p; + A, and the last step holds since pf, =
P14+ A =py+2A < 3e PH-D given py = e AH-1) and A < e AH-D),

5b,l/

Now we consider 5 < 0. For v = v,,, we have

(1 —p2)ePH=D 4 py — [(1— py)ePED  py]
(1 —p1)efH-D 4 p,
A(1 — eAH=1))
(1 —p1)efH-1 4 py
A(1 — eAH=1))
> —
- 265(1{*1)

61)1/:

)
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Ae=BUH=1) _7q)
2 )
where the second step holds since p; = p — A, and the third step holds since 1 — p; < 1 and
pr=p2— A =ePH-D A <eAH=Y Forv = v, we have

(1= p))e”UTY 4 p — [(1 — ph)eP =Y + ph]
(1 = p)e? =1 + ph

A(1 — eAUH=1))
(1 = p5)el =1 4 ph
A(1 — ePUH=1)
> 0 7

- 265(H_1)
A(e=PUH=1) _7q)
2 )

where the second step holds since p5 = p} — A, and the third step holds since 1 — p}, < 1 and

ph=pa — 2A = AH-D oA < AH=D) We note —B(H — 1) = | 8| (H — 1) since 3 < 0 and
the proof is completed. O

5b,u =

Lemma 15. Under the setting of Section[F} we have

8A2

D (PP, < K+ ——m——.
k(B [Fy) < p2(1—p2)

Proof. For 8 > 0, we have

D1 (Pp||Pp) = E, [To(K)] - Dxr(Ber(pa)|[Ber(p))
(ph — p2)?
po(1 —ps)
4N2
po(1 —ps)
4N2
p2(l—p2)’
where the first step follows from [41, Lemma 15.1], the second step follows from the fact that
E, [T>(K)] < K and Lemma (16| the third step follows from the identity p5 = ps + 2, and the last

step holds since p» < pj < 1 and the function z +— 2(1 — ) is increasing on [0, 11.

<K-

=K

For 8 < 0, we have
Dx1(Py|[Py) = Ep [T2(K)] - Dxw(Ber(1 — p2)|[Ber(1 — p3))
Py —p2)?
P51 —p3)

4AN?

8A?
po(1—p2)’
where the first step follows from [41, Lemma 15.1], the second step follows from the fact that
E, [T5(K)] < K and Lemma|16| the third step follows from the identity p5 = po — 2A, and the

last step holds since pp = e#—1 and A < %eB(H’l) = 1p, means ps < ph < po < 1 which

<K

=K

<K

implies pa(1 — p2) < 2p5(1 — ph). O
Lemma 16. Let q, ¢ be such that 0 < ¢’ < q < 1. We have
(¢ —d)?
Dy (Ber(q')||Ber(q)) < ——7—.
k(Ber(q')||Ber(q)) 0=
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Proof. Let A, = q — ¢'. The KL divergence can be upper bounded as follows:

Dy (Ber(q')|Ber(g)) = g’ log (‘;) +(1-q)log <1 _—qq>

1
!/ A
:q’log<1+q q)+(1—q’)1og<1+q q>
q 1-¢q
@ ¢ —q q—q
<q - 1-4¢)-
<q +(1-q) ¢
A A
:qu.qur 1—qg+A A—
(Ag —q) . ( q) ¢
2 2
_B8g Bs
q 1—gq
2
q(1—q)’

where step (¢) holds since log(1 + x) < z for all z > —1. The proof is completed.
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