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A Properties of Meijer-G function

Here we describe the properties of Meijer-G functions which we will use extensively in the following.

The first result concerns the Mellin transform of the Meijer-G function, which will be the key to solve
the integrals that we will face later.

Proposition A.1 ( Mellin transform of the Meijer G function).
H;ﬁ:1 I'(b; +s) H;'L:1 I'(1—a;—s)

> s—1, ymn -8
TGN (wx) = w ‘
/0 X i TA=b; =) [T)_, 11 D(a; +s)

(26)

Proof. See Chapter 3.2 and 2.3 of Mathai and Saxena (2006). Conditions of validity: for the class of
Meijer-G functions that we consider here (p, n = 0, m = ¢ = [ and the coefficients are all real) the
Mellin transform exists (see Mathai and Saxena (2006), Section 2.3.1). O]

To establish the base case m = 1, we need the following results.
Proposition A.2. The following identities hold:

0).

* multiplication by power property: sz;’f;]” (z| Zi Z:) =Gyt (z|

* exp(z) = Gé:(l) <—z

ar+d ... ap+d
bi+d ... bg+d ) *

Proof. See Chapter 2.6 of Mathai and Saxena (2006) for the first identity. The last property follows
directly from the definition of Meijer-G function. O
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To perform the inductive step, we will encounter the following integral, that can be expressed in terms
of the Meijer-G function.

Proposition A.3.
- o—1,ym,n ai ... ap 1, a ... Gp
/ (=17 G (ax|y, ) do = T(o)Ghy (af )2 50 bi) . @D
1

The conditions of validity for the class of Meijer-G that we consider here are again satisfied (see
Appendix B of Stojanac et al. (2017)).

B Proof for Linear Networks and Derivation of their Moments

Here we collect all the results regarding linear networks, establishing the relevant technical Lemmas
to derive the density and calculate the moments of the resulting distribution.

Lemma B.1. The units of any layer are uncorrelated, i.e.

cov (£, 1) =0, (28)
for all layers |, and for all k, k' € [d)]
Proof.
dl,1 dl—l
Cov (£, 1) = Cov | 3 17w S £ W, (29)
j=1 j'=1
S D0 NS 0Dy
1-1) 15,1 1-1) 15 ,(1
j=1 j'=1
di—1di—1
1=1) 11, (1) p(I=1) /(1
=Y SR w ] (31)
Jj=1j'=1
di—1di—1
_ (I=1) p(I-1) O] 0]
= B[00 W] W] (32)
=1 j=1
=0. (33)

However, they are not independent, but only conditionally independent given the previous later’s

units. As a remark, note that as d; — oo, the units f,EQ) approach a Gaussian distribution, for which
uncorrelation implies independence.

B.1 Main technical Lemma for induction

Here we prove the main technical Lemma (Lemma 4.2) that allows us to perform the inductive step.

14



Lemma. Let f' and f'=" be a d;-dimensional and a d;_-dimensional vectors, respectively. Let
a2 >0, 52 > 0 be two variance parameters, and by, .. .b,_1 € R. Then the following integral:

@2
I-:/ 1 e—% -0 ([IFED]?
- Jrh (| fen| )R M\ 2e

has solution:

bl,...,bl_l)df“, (34)

1 1
07§(dl—1 _dl)+b1a-~-a§(dl—1 —dl)+bl—1) , (35)

where o2 := 012”52, and C = 56’2%(d“l_dl)(l_l)é(d“l_dl), where C'is a constant that depends

only on d;_1.

Proof. The proof is based in two steps: in the first steps, we will write the integral in hyper-spherical
coordinates. In the second step, we will apply a useful substitution and the properties of the Meijer-G
function to solve the integral.

1. Hyper-spherical coordinates Apply the following substitution:

A7V = reos(n) (36)
7D = rsin(m1) cos(q2) (37)
(38)

fd(fjj) = TSin(’yl) e Sin(’ydz—1*1>7 (39

where r € R is the radius and 71, .. . yg,_,—2 € [0, 7] and y4,_, -1 € [0, 27]. The Jacobian is:

cos(v1) —rsin(y1) 0 o ... 0
I = sin(v1) cos(7z2) rcos(yi)cos(y2)  —rsin(y1)sin(y2) 0 ... 0
rsin('yl)-~-'s.‘.i.n('ydl71_1) TSin(’Yl)""(;‘;S(’Ydl,l—l)
(40)
, Where it can be shown that its determinant is:

| Jn| = ré=17 L sin® =172 () sind=173 () - - - sin(yg,_, _2)- (41)
Therefore:

di—1
[T ar! ™" = rtr=tsin® =2 () sin® =3 (30) -+ sin(qa,_, —2)drdy - dya,_, 1. (42)

By noting that the integral we are trying to solve depends only on || f(!~1)[|? = 2, we have that the
density is, up to a normalization constant independent of f():

(1))2 2
[=C [ phdmtg 5T gl b bi_q ) dr (43)
0, l 1 2[ 152 1y---501—-1

_ dioy—di 1y I£D] 1-1,0
C/ e (2220G0,l1 2112
UJ

where we call C' the angular constant due to the integration of the angle-related terms (that do not
depend on r, but only on d;_1). We compute the angular constant in Lemma B.4. In the last step we
have applied the identity between the exponential function and the Meijer-G function as in Proposition

bl,...,bu> dr, (44
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2: Substitution and Meijer-G properties Defining d = %(dl,l — d;), and applying the substitu-

tion z = 5'5z5:
I= é/(2%&x%)2dflag;$ (;Jf;ltji 0) G <:c bi,.. .,bl_1> 2% Grtdr  (45)
_ %C’Qd(l—l)&m/ d— 1G1 0 <2|l|§;la|; ()> Gé,ﬁ? (;z; bi, .. .,bz_1) dz. (46)
Defining 02 = 0252, a? = ”’;(0)2 and C' := 10240-D5% and expanding the Gé:g term

according to the deﬁmtlon, we get:

1= C/xd_li/f‘(s) (a2> h Gt (:c
- 271 T 0,4-1

1 —2s s+d—1,~1—1,0
:C% T'(s)a / * Goioy |

where we can change the order of integration due to the fact that the integrand is positive in the
integration region (Tonelli’s theorem). Now by using Proposition A.1, the inner integral has the
following solution:

s+d—1,~1—1,0
/x GO’F1 (x

bl,...,b11> dsdx (47)

bl,...,bl_1> dxds. (48)

-1
bl,...bll) dr =[] T(d+b; +s) (49)

i=1

_HF< (di—1 — dy) + b; +s> (50)

Therefore we can conclude that:

-1

1 1
[=C0— /F(s) T(=(di—1 — di) + b; + s)a~2ds 1)
211 i 2
1 1
= CGyS <a2 0, 5(diy =) + b1, S (dioy — i) + bl_l) (52)
112 1 1
:CGS,(; <||]2“102|| ng(dl—l *dl)+b1a-~-7§(dl—1 dl)+bl—1) ; (53)

where we have simply applied the definition of the Meijer-G function.

B.2 Probability Density Function for linear networks
We proof the result on the probability density function for a linear network in the following.

Theorem. Suppose | > 1, and the input has dimension dy. Then, the joint marginal density of the
random vector £V (i.e. the density of the I-th layer pre-activations) is proportional to:

11
2l 52

p(F®) o< G§§ (

1
0, = (d1 dp),..., 3 (di—1 — dl)) . (54)

2 _ 1T 2
where 0° = [],_, o7 .

Proof. We proof by induction. For the base case, consider [ = 1. We have shown that

FO ~ N(0,071). (55)
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Therefore we can re-write its density as:

1 (1)112
p(fO, . f D) = ———exp (—U) (56)

(2mo2)® 207
> ; (57)

1 <|f<1 [&

= 0,1
2 202

where we have used the identity between the exponential function and the Meijer-G function (Propo-

sition A.2).

a

(2mo2)™

Now let 52 = [['_] 02. Assume that

o (U
IR G

1
(dl dl—1)7"'7§(dl—2 _dl—1)> . (58)

Now we can use the fact that the the units of the [-th layer are conditionally independent given the
previous’ layer units. Furthermore the conditional distribution is Gaussian due to the fact that the
weights are i.i.d Gaussian. Therefore we can write:

p( gy = /R,_lp( BT g Y gD (59)

Nr2

“/ L (60)
RU-1 (2| fOD]2) 2

GlI—1.0 || 20 1
0,l—1 9l-152 ’5

1
(di —di—1),..., 3 (di—2 — dz1)) df="u, (61)

In the first step we have marginalized out the units of the [ — 1 layer, and applied the product rule of
probabilities. In the second step we have applied the induction hypothesis.

The integral is in the form of Lemma 4.2. For the coefficients of the Meijer-G function by =
% (dl — dlfl), b= % (dl,Q — dlfl), note that:

1 1 1
3 (di —di—1) + 3 (di—1 —d)) = 3 (d; — dy) (62)

holds for all ¢ € [d;—»] and clearly b; + % (di—1—d)) = % (di—1 — d;) as by = 0 in our case.
Therefore by Lemma 4.2 we can conclude that:

z z £ D12
p(F0, . D) o Ol(%2

2

1 1
0,=(di —dyp)..., i(dl—l - dz)> . (63)
O

B.3 CDF of prior predictive
We also derive the CDF of the linear network in the following theorem and proceed to prove it.

Theorem B.2 (CDF of prior predictive). Let f! be the output of a of a linear network of l layers. We
assume the final layer is one dimensional. Then the the cdfis Fi(t) .= 1 — P(f' > t),t > 0. We
P(f'>t) = Glf;ljf (th

have that
I
QC’ 72% 0by ... bll) Y (64)

where b; = 3(d; — 1), i € [l — 1], C is the normalization constant and w =

1
2lg2”
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Proof. Let X = f*.

1 oo
PX>1) =5 Ggl (wx2 0,b1, .. .,bl_1> dx (65)
t
t [ 1 o0
= Yel ' y 2Gy, (wtzy O,bl,...,bl_1> dx (66)
ot a1 o| &
QCGLH‘l ( ¢ —100b1 ... bl—l) ’ (67)

where in the first step we have used the result of 4.1, in the second step we have applied the substitution
Yy = f—j, and in the last step we have used Equation 27 with p = %, oc=1and a = wt? O

B.4 Resulting Moments for Linear Networks
Define w = ﬁ Denote by p the unnormalized measure and define the random variable
Z=IFV113. (68)

We are interested in the k-th moment of Z. Using spherical coordinates and the properties of the
Meijer-G function in a similar way as the proofs above, we get:

1 1
2o @ —ay. L s dl)) iz (©9)

1
B(2] = & [ =BG («

S 1 1

= % r2k+dl_1G6’3 (wr2 0,5 (di —dp), ..., 3 (dj_1 — dl)> dr (70)
CNvl o 41 1,0 1 1

= % k3 1GO,l wx 0,§(d1—dl)7...7§(dl,1—dl) dx 71)

- HF< > (72)

(73)

l
2l 2 kH ) (74)

l
11 (2 k- 1) (75)
l
=E[ZF]o? H (di +2(k — 1)), (76)

so the kurtosis is:

K= )
Hi:ld i=1 d;
Ifd, =---=d;_1 =m,and d; = 1. For instance the variance (k = 1) is':
r(z+0)\"'ra+d) mi-11
2[ 2 2 2 — 2l 2 i 2 l*l' 7
) () rar - i

By symmetry, all the odd moments are zero
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B.5 Infinite width and depth limit

We also present the infinite-width and infinite-depth result for the linear case. Due to the linear nature,
the proof simplifies significantly compared to the ReL.U case.

Lemma B.3. Consider the distribution of the output p(f (L) ), as defined in Thm. 4.1. Denote

X ~N(0,1), Y ~ LN(—3%, 3) and the normal log-normal mixture Z = XY .

For fixed depth L € N, under NTK parametrization , it holds that

pm(f(L)) 4 x for m — o (79)

In contrast, for growing depth L = ym, we have the following convergence of the moments
2k
E {(f(L)) ] Mmoo, B 72k] = k=1 (2% — 1) (80)

where (2k — 1)!! = (2k — 1) ...3 - 1 denotes the double factorial.

Proof. Recall that the moments of || f(1)]|, are given by

l d;
k I'(% + k
E[IIFV15] = (20*) [T —: s CR 81)
i=1 (?
Where = Hizl o?. Assuming d; = ...d;_; = m and d; = 1 and the NTK parametrization
o?=1landol = =07 = % simplifies this to
2k 2t \*"r kYSIT(E 4k
E (f(z)> _ (5 +k) (3 + ! ) 82)
m) T T
2l k F(% + k)l—l .
= 27%(2k — 1! 83
<ml—1) F(%)l_l ( ) ( )
2k T(2 + k)
=|\—— 2k — )N 84
(o ) e e
(= (B+r-1). (F+1)2 - (2k — 1)! (85)
=75 3 5
Define the k-th order polynomial p(m) = (% + k — 1) ... (% + 1) Z. Denote its coefficients by
a; fori =1,..., k. We know that o, = 2% and from Lemma C.3 that
k
k(k+1) k2 —k
2 _
a1 = 5 Z — 1) <k 5 ) o (86)

Assuming constant depth, performing the division by m* thus leads to

(2’“ <a;€ +ak,1% +-- 40 (n;)))l_l (2k — 1)

_ (1+ (1-2) (T(:—l)k) +O(Ti2>) (2% — ).

Now we can easily see that

E [(f@)ﬂ MmO 9k — 1)1, (88)
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Recall that for X ~ N(0, 1) we have the same moments Vk € N: E [X?¥] = (2k — 1)!!, whereas
the odd moments vanish for both distributions due to symmetry. The convergence of the moments,
due to Billingsley (1986) and the identifiability of the Gaussian distribution implies convergence in
distribution.

On the other hand, if we assume that depth grows proportional to width, i.e. | — 1 = ym for v > 0,
we arrive at a different limit given by

ym
(”WH)*O( 1)) (26 — 1) 2 FEDE . (89)
m m

Consider the random variable Z = XY where X ~ N(0,1) and Y ~ LN/ (s, ?) are two independent
variables. For k£ € N, we can compute the moments as

n g " n )0 n odd
E[Z"=E[X"Y"=E[X"|E[Y ]_{(Qk—l)!!e2k5+2k2t2 0=k (90)
Choosing s = —3 and t? = 3 hence recovers the moments exactly. O

B.6 Normalization Constant and Angular Constant

We complete the picture by calculating the normalization constant of the resulting distribution.

Lemma B.4 (normalization constant). Under the conditions of Theorem 4.1, the normalization
constant C for the density of the l-th layer can be computed as:

o-to() (%),

or, expanding C according to Lemma B.5:

7T71 1 -z ! dl
ro () 10(3) ©
f=il

proof of lemma B.4. The normalization constant has the following form:

)12
c= | p(rO)dr® :/ Gy (”f J 0,1<d1—dl)...,;(du—dz)> df® (93)
R%

R4 210'2 2
A > pdi—1 lO 7“2
1~ > ﬂ—l 1,0 X
= *Cl T 2 GO,l TZ 5
0
1 -
5C 21 : Hr (96)

where we used spherical coordinates and the substitution 2 = r2. We denote the angular constant by
271'%
r($)

1
(d1 dl) ey i(dlil — dl)) dr (94)

1
0, *(dl - dl) ey i(dlfl - dl)) dx (95)

C’l, and according to Lemma B.5 has solution: C’l =
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B.7 Angular constant
Lemma B.S. The angular constant:
2w ™ T ™
Cy = / d’defl/ Sindl_z('yl)d'yl/ sind’_3('yg)d'yg~ . / sin(yq,—2)dvyd,—2 97)
0 0 0 0

has solution:

G = (98)

¥)

—
—
SN

Proof. The angular constant C’l can be calculated as follows (for d; > 2):

B 2 T T s
Cr = dwl—l/ Sindlﬂ(%)d%/ Sind”?’(”m)dw"'/ sin(ya,—2)dva, 2
0 0 0 0
di—=2 .
=27 H / sin®=F =1 (v, ) dryy,
k=170
d;—2

T(d—k—1)
=2
")

(2m)

ettt A T(d; —k—1)

" gpaaEn L T T (AT 1)

where we have used Lemma B.6 to compute the integrals. If d; = 1, then there is no need to write the
integral in spherical coordinates and we can simply set C' = 1.

Now we can apply the Legendre duplication formula:

1
I'(2)(z + 5) = 21722 /71 (22) (99)
to the numerator term 2z = d; — k — 1 and get:
N (2m)d—1 G2 D (Db (dishol y Lygdi—k—2
Cr=—a= di— di—k—1 (100)
o sd-2@-1 L D (BN (A 1)
Note that that the product:
dﬁ2 F(dl_Qk_l + %) B F(dZQ—I) F(dl2_2) B 1 (101)
o D= +1) () T3 T I(9)
Finally, we have the product
di=2 (d—2)(d;—1)
H gdi—k—2 _ le(d172)7%72(d172)’ (102)
k=1
from which we can conclude, after some elementary algebraic manipulations:
4y
~ 2mr2
C = - (103)
T'($)
O
Finally we prove the technical Lemma that we used in the previous proof.
Lemma B.6. . I(k)
ok
sin® (z)dz = (2m). (104)
/o 20 (3)T (5 +1)
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Proof. By integrating by parts, and using some algebraic manipulation, it is easy to see that:
-k Lok k-1 c k=2
sin” (z)dz = —g S0’ zcosw + — [ sin xdz. (105)
Evaluating the integral between 0 and 7, we get:

™ ) k _ 1 U
/ sin®(z)de = —— sin* =2 zdz. (106)
0 ko Jo

By unrolling the recursion:

"ok (k=1)(k—=3)--- foﬁdxzﬂ if k is even
/0 st (@)de = == o JTsin(z)dz =2 ifkisodd - (107

The following expression includes both the even and the odd case:

T I'(k)
Jy st = ey e
In fact, if £ is even, then:
D(k) (k=1)(k—2)---
2r) = 2
o R T (T
B (k—1)(k—=3)---
n k(k—2)---
If £ is odd, we use the identity:
kY (k—2)\ /=7
r (2) = 72% , (109)

where k!! is the double factorial. Following a very similar procedure, we get the desired result. [

Important Remark: In the ReLU case, we will see that that the integral is from 0 to 7. In that
case, we get:

™

Z ok _ L'(k)
/0 sin®(z)dx = T (BT (51 1) TT. (110)

Therefore the angular constant is:

- 3 3 5 . 5
Cy =/ del—1/ sindl*Z(Vl)d’Yl/ sind’fd(vz)dw“'/ sin(vq,—2)dvq,—2  (111)
0 0 0 0

dl—2 jus
™ 2 ke
=3 H/ sin®=F =1 (v ) dys, (112)
k=170
d;—2
:7sz—1 i_[ 1 F(dl—kj—l) (113)
P P (T (A )

ﬂ-dlfl dy—2 F(dl—k—l +l)2—1
=—— ] 2 2 (114)

di—k—1
T2 k=1 F( ' 2 Jrl)
di=1 9—(di—2)
_ T — . (115)
21z F(Tl)
dp
T2
= — (116)
20T(%)
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B.8 Kurtosis of Linear Networks

Using the closed form expressions from Section B.4, we can describe the kurtosis of the output f(*)
as

m

21 -1 -1
ol (meay o

Rlin =
i

In particular, the distribution is always more heavy-tailed than a Gaussian, for which x = 3 (i.e. the
distribution is leptokurtic). The second obvious conclusion is that depth increases the heavy-tailedness
exponentially, which is in-line with the theoretical results of (Vladimirova et al., 2019). On the
contrary, the width has the effect of "normalizing" the distribution, in particular in the limit of large
width we have that:

lim k=3, (118)

m—r o0

which is the kurtosis of the Gaussian distribution, as anticipated from Lemma B.3.

C Proofs for ReLU networks and Derivation of their Moments

Now, we extend these results to ReLLU networks. We need the following additional notation: we call

. . 1 cA L. .
d(x — x) the Dirac delta function centered at zo, and 14 := {0 zlse the indicator function.
Also, we indicate with S the set of indices 1, ..., d that index d random variables, and with 2 its

power set, i.e. the set of all possible subsets of S. Note that |2| = 2¢. We will use the following
lemma, which explains what happens to a joint density when the marginals are transformed by the
ReLU function.

C.1 Effect of ReLLU activation function on the joint density

Lemma C.1. Let p(f1,... fq) be the joint density of the d random variables f1,. .. f4.% Assume
p(f1,. .. fa) is symmetric around zero. When we apply the transformation g; = ReLU ( f;) to each
i € [d], then the joint density of the transformed variables has the following form:

1
Prev(915 - - ga) = Z WP(QS\A) H 1g,>0 H 6(9:), (119)

AeQ jeS\A icA

where p(gs\ a) is the marginal density of the random variables whose indexes are in S \ A.

“We use the same notation for the random variable and the corresponding dummy variable in the density
function.

Proof. Again we use conditional independence: the activations g1, . . ., gq are independent given the
pre-activations f1, ..., f4. So we can write:
pReLU(gla e agd) = /dp(gl’ e 7gd|f1’ AR fd)p(fla R fd)df (120)
R
d
= [ IIotalsnti.. fas. (121)
Ci=1
6(g:) Ji<O0 .
Now, p(g;|fi) = { =0(9i)1s,<0 +9(g: — fi)1¢,>0. So we can write:
(gilf) 6(gi—fi) fi=0 (9:)11:< ( s
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PreLU(G1, -+, 9d) = (0(9:)Lf,co0+6(gi — fi)lg>0) p(fr, ..., fa)df (122)

%\
=~

N
Il
s

(0(9i)1f,<0 +0(g9s — fi)lg,>0) p(f1,--., fa)df (123)

I
R
=~

N
Il
—

Z [Totr<o TI 0(g5 = f)ls20 | p(fr, -, fa)df (124)

/ €Q \icd jes\A
B Z/\A\/ H(S (9:) H 0(g; — fi) 1y >op(f1,- -, fa)df  (125)
Ri-14] 7 icsna
- Z H (9 /\A\/ H 0(g; — fi)ly>op(f1,- .., fa)df  (126)
€A R jes\a
=> H5(9¢)/‘A‘p(fA,95\A)de IT 14,50 (127)
AeQicA R<O jES\A
- Z 2\A| H5 9i)p(gs\a) H 1g;>0, (128)
AeQ i€A jes\A

where in the second to last step we have used the well known property of the Delta function
J ix;o f(x)d(z — xg)dx = f(zo) and in the last step we used the fact that the density p is symmetric
around 0. O

C.2 Proof of Theorem 4.3

Theorem. Suppose | > 2, and the input has dimension dy. Define the multi-index set R =
[d1] % - -+ x [di_1] and introduce the vector u” € R'~! through its components ul = (r; — d).

0 @ 2
ReLU Z G S 9lg2

rER

r 1
0,u ) + 400 (freru): (129)
where 02 = Hé:1 o? and the individual weights are given by

—Fo-sdy 2)7%1“1 (dl> ! (130)
= T "o = a9
7 i1 \ri) 24T (%)

and

-1 2d11 _1
w=1-]] T (131)
i=1

Proof. Before starting the proof, note that there is a special case the has to be handled separately: the
case in which all units are inactive, i.e., the ReLU activation sets to zero all the pre-activation in a
layer. This will be handled at end of the proof. First, let’s assume that there is at least one active unit
per layer.

The proof is again by induction. The base case (I = 2) is stated in Lemma C.2. For the general
case, we use again an identical approach as in Theorem 4.1. We expand the coefficients and

write cl” = (f;)m, where [ > 0 is the layer index. Induction step: assume that the
a_n
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pre-nonlinearities have the following form:

di—1 di—2—1
d;_ (1—1)d;_ dj_
CE N SURD DD DI ot i A (132)
r1=0 ri—2=0
- =1 1
Géﬁ?(”; = 2” 0, *(d —r1— dl71)7~~~»§(d172_7'l72_dlfl)
(133)
where % = Hl io We know from Lemma C.1, that the activations g(l 1),...,95;;11) have the
following density:
-1 -1 - 1 -1
preculgl s gy ) = WH(S g TT 1e,50 (134)
AeQ 1€A JjES\A
d1 1 dl 27— 1
—1 A=Vdj_1 5 _di—1
ZQ\AIZCH Yoodrm e (57
r1=0 ri—2=0
(135)
o [ Ngsia 1P 1
041 4§T¥TET’07 (di =r1—da),..., 5 (d-2 =712 — da)
(136)
[To™™) T 140 (137)

i€A JES\A

where d4 1= |S\ A| = d;_1 — |A]. Also, here we abuse the notation and consider that S is not in the
power set, i.e., S & (). This is to be consistent with the fact that we are handling the case in which at
least one unit is active after the ReLU activation is applied. Now following a similar procedure as in
Lemma C.2, we have

p(Fs 1)) = /R o PO E 1 pran(a Y, gl ) dg Y, (138)

>0

which is equal to:

1 NI 2 dy—1 di_2—1
e 2tla@ DIz ct 2 (139)
/ (2ra?|lgt-D|[2)* Z 'A' Z_ Z o
di_1—1A| (I=1)(dj_1—1AD -9 di_1—1A|
T 3 2= ) (O' )_ ) (140)
1=1)2
llgsa ] 1 1
1—1,0 S\A
GO,Z—l W 0,§(d1 — T —dA),...,i(d172 _Tlfz—dA) (141)
[Toa" ") I 14,50dg"~" (142)
icA jES\A
_di1—lA| 7(171)(411—1*\/4\)(~2)7dz—1*|Al di—1 dj_o—1
m 2 2 loa 2 1
=> -~ Stk > (143)
AeQ 2“4‘(277‘712)7’ r1=0 ' r_2=0 ’
N2
1 P ST
/dz 1 1) 2 ¢ s (144)
R (|lg 5 I )
g I? 1 1
— S\A _
Go-y 7%_\152 0,5 (dy —r1—da),.oo 5 (dioa =11z —da) | dgiy) (145)
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For each set A we have a (d;—1 — |Al)- dimensional integral that can be solved using once again
Lemma 4.2 2. Note that for the new Meijer-G coefficients of Lemma 4.2:

1 1 1
5 (dl - T — dl—l + |A|) + 5 (dl_1 — |A| — dl) = 5 (dl - T — dl) (146)

holds for all ¢ € [d;_2]. Therefore the solution of each integral is equal to

%C’AQ%(d171*|A|*dz)(l*1)5(d171*|A|*dz) (147)
o (IIFPIP 1 1
GO,l ( 2[5-2 0,5((11 -7 7dl),...,§(dl,1 —Ti—1 7dl) . (148)
The new coefficient for every set A is:
CdalAl D@ lAD o dg Al
T2 G )~ %@Agé<dH—\A|—dl>(l—1>6<du—\A\—fm (149)
2141(2mo?) 2
Ay AT (=14 —|AD 1A Ay
F= = 2=z — (09 3 3
= 7 2 — (150)
2M7(2702) % R N
C'AQ%(M*dz)(lfl)(}(M*dz) (151)
d; 1d; d;
7722772 (6?)" 2
= 152
2(11,111 (d1712*|A|) ( > )
Therefore, because the dependence on A is only through its cardinality rllj := | A|, we define:
di— 1
cfn_l — -1 (153)
=t T1—1) 9diaT (dlflgrl—l)
So the solution is:
di-1 dia-l 4 1d; 4
pUL ) = D e XD Al TR ) (154)
r1=0 ri—1=0
FOI2] 1 1
Gol (” %l” 0.5 (d —ri—di),....5 (dioy =iy —dy) ) (155)

The final form of this equation stated in the theorem is obtained by grouping all the coefficients not

involving the Meijer-G function, and substituting r; <— d; — r; and use the property (ﬁi) = ( d,‘ﬁrv).

Special case: all units are inactive If at least in one layer it happens that all post-activations
are zero, then the distribution of the network is a point mass at 0. Let’s call this event F, and its
probability gg. The probability of its complement E' is the probability that for all the intermediate
layers, at least one unit is active. These are [ — 1 independent events, the probability of each being
2;:1 (one unit is active in 2% — 1 cases out of the all possible combinations of units). Therefore we
can conclude that:

-1 2d7;71

2di

q =1— (156)

i=1

O

%see proof of Lemma C.2 for a small but important detail of this integral
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C.3 Base case for ReLU nets

Lemma C.2 (second layer pre-activations density). Let 0 = o109. Conditioned on the event that at

least one unit of the first layer is active ( gﬁl) # 0 for at least one j € [d1]), the density of the second

(2)

layer’s pre-activations f1(2)7 - fq, is the following linear combination of Meijer-G functions:

p(f(12)) — Z CT27d2(O'2)7d727T G(2) <||f4 2||

0, ((dy =) - d2>) +a0d¢?), (157)

2
r=0
where ¢, := (il)m{i%ﬂ) and qo :=1— zdl -
Proof.
p(F2, . £D) / P2 P10t g8 preLy (gﬁ ) (1)) gV (158)
/ [1»%19™) ) T pree (91) g (159)
= k=1
|7 )
exp (-, (160)
/ 27T02||g D2 )72 ( 205|gMW]|?
(1)\2
(1) 1 Dies\al9i ) )
Z A H i) a 1Al XP <_ H L. odg
A l IzeA (2mat) = 207 i€S\A e

(161)

Z 1 1 1 ep( Hf(2)||2 )

— X —_——

40 2 (2m0) S (203)F JrY, (|lgW2)F 203(lg |2
(162)

> 9t
[T 6" exp <—E‘S;Z‘_ IT 1,00.0d9" (163)
1

i€A i€S\A

where we can exchange sum and integration due to non-negativeness of the integration variables
(Tonelli’s theorem). Also, here we abuse the notation and consider that S is not in the power set,
ie., S & Q. This is to be consistent with the fact that we are conditioning on the event in which at
least one unit is active after the ReLU activation is applied in the first layer. Now we can use the
property of the delta function [ f(z)d(x — z0)dx = f(xo) and the property of the indicator function

Sy f(@)leepda = [ f(z)dx andget

1 1
> oo - (164)
A dyi—|A| do
A€Q2| | (2mo?)" 7 (203)F
1 (2))2 Hg I&
/ D iz P !f (1|)| 2 g\’;‘ dgs),- (165)
(lgsyall?) 2 203196\ 4l i

Note that the above integral is (d; — | A|) dimensional due to the effect of the delta. Now the integral(s)
above can be solved in an equivalent manner as in the previous section using Lemma 4.23, and they
are equal to

1~ 1 (2)112
2CA(20§)2<d1—|A—d2>Gg:g(If I

0.2((ds ~14) - >) (166)

3Note that the integral is only for the positive reals. Lemma 4.2 can still be used because when switching to
spherical coordinates, we are interested in the radius part, while the angular constant can still be calculated, but
now we the angles are all from 0 to 7
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So we can conclude that:

p(f, . ) = > ﬁ% 54 (202) (1= 1A1=d2) (Qm%)%l“ e (167)
638 (11 o 3~ 1) - ) (168)
D (dl) S — (169)
—o \T/2rt1(20% )T(QJQ)TWf
a8 <||J;j2 2 0, %((dl —r)— dg)) , (170)

where we have used the fact that the expression depends on the set A €  only through |A|, and
therefore we can use the fact that the number of subsets with r elements is given by the binomial

coefficient (drl) . Define:

dl _d1 ér T

Cr 1= (r)ﬂ' 2 2T+17r2 (171)
d = 1
N 1 _d1 ™ 2 r
- (V) * ey e )
d1> 1

= — g (173)

(7 stz

So we can conclude:

dlfl 2)

2 2 —d: 12 Hf( ||

o( 1()""f<§2)) = Z 274 (0?2 Gg ( 107
r=0

Finally, there is the special case where all the units are inactive (set to zero). This happens with
probability gg = 1= Qd - O

05— =),

Remark Any non empty subset of d < dy units has the same distribution (with terms involving dy
replaced by d).

C.4 Resulting moments
Letd; =1,dy,...,di-1 =m,and b; = (r; = 1),i=1,...,1— 1.

m m 2
_ _1.1 ~1 .0 z
E I:szjl _ /RZQIC Z C71>1 Ce Z Ci‘l,llﬂ' 222(0—2) QGO,l <2l0-2

7‘1:1 7‘1,1:1

m m o
= Z cil Z cij}lw_§2%(a2)_f/ rszl’O (21 510, b1, by 1) dr
7“1:1 ’r’l,l:l 0
= 071‘1 Z clrl_}lﬂ'_%Zé(o'Q)—%/ k—EGé’S (21 5 0, b1, by 1) dx
T1:1 7‘1_1:1 0
- 1 - -1 1ok, 2y-1% 1 e =
“ Y Y dlte i () (k) I (kg )
ri=1 ri—1=1
. 1 7k7% 1 m m -1
1. L, o9y 1 1 -1
=7 222(0%) 2(2102) F<k+2>ZCT1 Z CTLIHF(k+ +b>
r1=1 ri_1=1 i=1
1 m r (k+ T) -1
= (2k — h2k-Dg2e [ 2§ () 2T 2
e e 2 ) T

(175)
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For instance, for the variance (k = 1) the sum becomes:

m m -1
Sl Y ( m ) %nl" (r) (176)
=1

ri=1 ri—1=1 2 2
m
m Ti—1
S (M) S (m)gmﬂ- am)
ri1=1 ri—1=1

Now each sum can be solved independently:

m m /rZ 1 m m
> (r) ST = gl [Z (TZ)M] (178)

ri=1 ri=1
1
= oy [m2"7] (179)
- %, (180)
Therefore the variance is:
—1-3 -1
1.1 1 1 2 1\ m
ViZ) == 222(02) 2 (2102) T <1 + 2) 220-1) (181)
1 o1 1 mlil
B 522(0 ) <2§l(02)3) 22(1-1) (182)
1 | mlfl
= 52 o 52(=1) (183)
o2ml-1
= (184)

Note how the variance of a ReLU net is significantly reduced if compared with the variance of a
linear network of the same depth (compare with Eq. 78). Similarly, one can get the fourth moment:

3(02)2(m + 5)' "t~

41 _
E[Z7] = 52(=1) (185)
Therefore the kurtosis is:
m+5\"1
k=3 o . (186)

Note how ReLU nets are more heavy-tailed than linear nets.

To calculate the asymptotic moments we need three technical Lemmas that express the quantities
encountered in a better form. First we describe the coefficients of a factorized polynomial:

Lemma C.3. Consider coefficients a1, . ..,a,, € R. Define the polynomial
p(z) = H (z + a;) Zaw (187)
i=1

Then it holds that e, = 1 and ctp—1 = Y iv ) @i

Next we use Lemma C.3 to write the ratio of Gamma functions as a polynomial:

Lemma C4. Fix k € Nand x € R. Then we can express the fraction of Gamma functions as
follows:

. k
PEL5) P = e, (188)

2

where Py is a k-th order polynomial with coefficients ay, = 27% and ay,_1 = T
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Proof. The leading coefficient can easily be obtained from multiplying together the terms 7. From
Lemma C.3 we conclude that

1 < 1 k(k+1 K2 —k
W1 = 5= (k=) = 55 <k2— (E+ )): . (189)
=1

2k 2 2k
O

Next we need to control the sums involving the factorials. Since we just expressed the ratio of Gamma
functions as a polynomial, we essentially need to know how to control sums of the type

=2 (1)
— r, (190)
2 7;1 T

which amounts to controlling the moments of a binomial distribution with fault probability p = %
We do this as follows:

Lemma C.5. Fix k,m € N. Then we can express the following sum as a polynomial Vk € N:

1 m
(m)r’“ = ZxQr1(m). (191)
r=0

where Qp_1 is a k — 1-th order polynomial. Moreover, writing QQ; in monomial basis

Qu(m) =Y a;m’, (192)

it holds that oy = 1 and aj_1 = w Vi e N.

Proof. For a proof of the recursion, we refer to Boros and Moll (2004); Benyi (2005). Moreover the
polynomials satisfy the recursion

Qr(m) =2mQr—1(m) — (m — 1)Qr—1(m — 1). (193)
Denote by a(*) the coefficients of Qy, so a(()k), e agck). Notice that the leading coefficient of Q) is
thus a,(ck) and for Q1 itis a,(ck:ll). Using the recursion and performing a comparison of coefficients
we see that *) (k—1) (he1) (ko1
oy =20~y =0y (194)
Using the fact that for k = 1
1 <~ /m m m
il = = 195
2m§<r>’" 5 = 5r@(m), (195)

we conclude that a8 = 1 and thus oy, = 1 Vk € N. For the second coefficient, namely agck_)l for Qy,

and a;k

monomial bases, i.e.

;1) for Qr—_1, we will again use the recursion. Let us first again express the polynomials in

=

>
I

—

Qum) =Y ami | Quoi(m) = oV (196)

@
Il
=
o
I
<}

Using the recursion we thus see that
k k-1 k—1
S aPmi =3 24 mitt - § " ol (- 1) (197)
i=0 i=0 i=0

30



We have to understand the terms involving m*~!. Thus we need to expand (m — 1)* which we can
do with the help of Lemma C.3:

(m—1)*F =mF —kmF1 4 ... (198)
We also need to expand the next polynomial as follows:

(m— 1)t =mrt 4, (199)

Collecting all the coefficients, we end up with the following recursion for the second coefficient:

k k-1 k-1 k-1
al(c—)l = 2al(¢—2 )~ 0‘1&—2 ) + kal(c—l )
(k1) (200)
=q, o +k
Using the fact that
Q1(m) =m+1. (201)
Thus a(()l) = 1, we conclude that
k
(k) . k(k+1)
=1 =" 77 202
aply =1+ ;z 5 (202)
O
Finally, we need a result on exponential functions and their limit definition:
Lemma C.6. Fix c € Rand v € R,. Then we have the following limit:
c 1 (ym)
. < ES _ e
mlgnoO (1+m+0<m2>> e’”. (203)
Moreover, it holds that
B
. c 1 mn _Joo ifB>1
(o)) =T Vi 209
Proof. This can be found in standard analysis books such as Rudin (1976). O

C.5 Proof of Theorem 5.1

We can now prove the convergence of the moments as follows.

Theorem. Consider the distribution of the output p ( f,geLL)U), as defined in Thm. 4.3. Denote

X ~ N(0,1), Y ~ LN (=37, 25) for X LY and the resulting normal log-normal mixture by

Z = XY, fory > 0. Let the depth grow as L = ¢ + ym® where 3 > 0 and ¢ € N fixed. Then it
holds that for k > 1

E[X2%F] = (2k — 1)!! ifp<1
E [(f;gfﬁy)%} mreo, L E[Z2F] = 30D (26 — 1) if B =1 (205)
00 ifg>1

where (2k — 1)!l = (2k — 1) ...3 - 1 denotes the double factorial (by symmetry, odd moments are
zero). Moreover, for B < 1 it holds that

2( IgeLL)U) 4 x form — oo (206)
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Proof. Recall that we arrived at

E {( é?w)%] — (2k — 1)1k 2K (;n > (m> F(rk(+))> 207

r=1 %
Using the NTK parametrization for ReLU, i.e. 07 = 1 and 03 = - -- = 07 = 2, this amounts to
-1
2k 2%k I (m\T (k+3%)
E {( Go) }:(21@_1)” (k _ ( ) ) (208)
e m 2 —1 T F (5)
We thus essentially need to understand the term
226 I (m\ T (k+ %)
M(m) - omunk Z (’I“) T (1) (209)
r=1 2
We first use Lemma C.4 to expand the ratio (k(Jr) :) as a polynomial. Denote the coefficients by 5;
2
fori =1,...,k (i # 0 because the polynomial has no intercept). We then swap the two sums:
22k m m k 4 22k k 1 m m )
M =— 'Bi = — i — ‘. 210

Now we can apply Lemma C.5 to expand the inner sum for each 4, denoting the corresponding
polynomials again by Q;:

2k
M(m) —fn,gZ&WQz (). @11

i=1

Notice that m@;_1(m) is a polynomial of order 4. For large m, the factor # dominates all such
polynomials except for the one with ¢ = k. Thus in the large-width limit it holds

m—roo

M(m) 2= 2%5 . (212)

where we used that the leading coefficient of Q51 is 1. For fixed depth I € N or depth growing as
I = m” for B < 1, we can pull the limit lim,,,— ., M (m)'~! inside and conclude that

E [( éi)w)%} Mmoo, (9k — 1L, (213)

If B > 1, we obtain a divergence of the even moments for £ > 1 to infinity as m increases as the

2
exponent grows faster than m. Note that for £ = 1 however, we have that E {( lgle)w) ] = lalsoin

the 8 > 1 limit.
For depth growing as [ — 1 = ym (so B = 1), we have to be a bit more careful since we need to
compute the coefficient in front of + -, similarly as in the linear case. We now need to collect all the

polynomial terms in M (m) giving rise to a - factor. First recall that

2k
M(m) = fnkz%czz 1 (m). (214)

The only coefficients contributing to E are the second highest coefficient of (J;,_; and the highest
coefficient of Q) _o. Using Lemma C.5 and Lemma C.4, we hence find that

M(m) =1+ 2% <ﬂkk(k ) 2% +5k—12k1_1> E +0 (1)

2 m

1 1 1 1
:1+22k (22k+1 (k}—l)k+22kl(k—1)k‘> m+0<m?> (215)

=1+(5((Z_1)>;+0(ﬂ;>.



Applying C.6 concludes that

2l oo (o (M) S0 ()T g

MmO 9k — 1)lle e
Finally, taking X ~ N(0,1),Y ~ LN(—2~, 27) and defining Z = XY, we can easily see that

0 n odd

E1Z"] = {637’4“)(21@ —1I' n=2k @17

O

D Additonal results and lemmas

Here we list some of the moments arising from a Binomial distribution of the form U ~ Bin(n, 3).
We invite the reader to sanity-check our results in Lemma C.5 regarding the coefficients of Q.

Lemma D.1. Consider the random variable U ~ Bin(m, %) We can calculate its first 4 moments as

* E[U (rn) mQO

- E[U?] = Z?Lo ()i = %Ql(m) =5 (m+1)

* B[U°] = 3012, (7)1 = 5:Qa(m) = 3 (m? + 3m)

* E[UY] = X1 (7)i" = 51Qs(m) = 53 (m® + 6m® + 3m + 4)
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