A Analysis

In this section, we present the proof of all theorems.

A.1 Proof of Theorem

First, from the updating rule in Algorithm[2] we can prove that the derivation satisfies
—w<a <Un)+p, Vi =1 (33)

To see this, we first consider the upper bound in . Let k be any iteration such that z;, < U(n) and
Zg+1 > U(n). Then, we must have x5, = pxy + by, because otherwise xp1 = pxp < U(n). As
a result,

Tpt1 = pxi + b, < U(n) + p.
Now, we consider the next derivation xjo. Because x;1 > U(n), according to the conservative
updating rule, we have

gren = b PRt F b1, b <0;
kt2 PTh1, otherwise.

which is always smaller than x 1. Repeating the above argument, we conclude that the subsequent
derivations x1 2, Txt3, - . - keep decreasing until they become no bigger than U (n). As a result, it is
impossible for z; to exceed U (n) + p.

The lower bound in (33)) can be proved in a similar way. Let k be any iteration such that 2, > 0 and
ZTrp+1 < 0. Then, we must have x4 = pxy + by, because otherwise 1 = pxrr > 0. As aresult,

Tyl = pTr + b 2> b > —p.
Now, we consider the next derivation 5. Because zp1 < 0, according to the conservative
updating rule, we have
_ ) pxpg1 +beyr, bpy1 > 0;
Lhto = h .
PTh41, otherwise.

which is always bigger than . Repeating the above argument, we conclude that the subsequent de-
rivations Zx42, Tr+3, - - - keep increasing until they become nonnegative. As a result, it is impossible
for x; to be smaller than —p.

Next, we make use of Algorithm|[I]to analyze the reward of Algorithm[2] Following Kapralov and
Panigrahy| [2010], we construct the following bit sequence

B — by, if Line 6 of Algorithm [2]is executed at round ¢;
t™ 1 0, otherwise.

It is easy to verify that the prediction g(z;), as well as the derivation x;, of Algorithm 2| over the

bit sequence by, . . ., by is exact the same as that of Algorithm over the new sequence by, ..., br.
Since Algorithm I]is more simple, we will first establish the theoretical guarantee of Algorithm I]
over the new sequence, and then convert it to the reward of Algorithm [2]over the original sequence.
We have the following theorem for Algorithm|I][Daniely and Mansour, 2019].

Theorem 5 Suppose Z < % and n > max{8e, 16log %} For any bit sequence by, . . ., by such that

|be] < <1, the cumulative reward of Algorithmover any interval [r, s| with length T satisfies

S

> (st = Liaten) - g(ar))

s (34
> max (07 Z by + x, — % (U(n) +2up) — U(n)) — max(z,,0) — Z7
t=r

where U(n) is defined in . And the change of successive predictions satisfies

1 1 Z
lg(ws) — g(zep1)| < m/ - log 7 + Tﬂ (35)
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Theorem 5] can be extracted from the proofs of Lemmas 21 and 23 of Daniely and Mansour [2019].
For the sake of completeness, we provide its analysis in Appendix[A.10] We can see that the lower
bound in (34) depends on z,, which explains the necessity of controlling its value.

Notice that p is also the upper bound of the absolute value of the new sequence 51, RN br. According
to Theorem 5] we directly obtain (T3 from (33)). From (34), we have

S

> (steb — LloGen) = g(ori)] )

t=r

(36)
°. T
> max (0, Z b+ x, — - (U(n) +2u) — U(n)) — max(x,,0) — ZT.
t=r
On the other hand, the reward in terms of the original sequence is
- 1
Z g(@e)be — ;L‘J(xt) = 9(z41)|
t=r (37)

{jgmt )b — ) +Z( b = Llg(ar) = 9ot )

So, we need to bound Y _7_ g(z)(by — bt) Let k be any iteration such that b, # by, i.e., Line 8 of
Algorlthm IlS executed at round &, which also implies b, = 0. From the updating rule, we must have

T < 0&by, < 0orxy > U(n)&bk > 0.
If 2, < 0&by, < 0, we have

g(wk) by — bi) = g(wr)by, = 0 > by = by, — by
since g(zy,) = 0 and by, = 0. Otherwise if z, > U (n)&by, > 0, we have
9(@i) (b — b)) = b, = b, — b > 0
since g(zx) = 1 and by, = 0. So, we always have
g(x1) (b, — by) > max (0, b — Ek)  if by, # by (38)
As aresult,

Dogla)be—=b) = > glw) (b —b)

te[r,s) &by #£bs
(39

(BE) - 5 -
> max | 0, Z (bt — bt) = max <07§ (bt — bt>> .

t€[r,s] &b #£b;

Combining (36), (37) and (39), we have

S

> (o6t~ lgten) = g(ori] )

t=r

> max (O, igt +x, — % (U(n) + 2u) — U(n)) — max(x,,0) — Z7

S
+ max (O,ZE: (bt_‘gt)>
t=r
> max (O, Z by + x, — % (U(n) + 2u) — U(n)) — max(x,,0) — Z7.
t=r
Then, we obtain (IT) by using (33) to bound x,, and obtain (I2) based on z; = 0.
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A.2  Proof of Corollary 2]

Notice that the magnitude of the scaled bit sequence is upper bounded by 1 = 1/ max(v/A, 1). From
Theorem[I] we have

S

5 (o0~ max(VA Dl — gl

= (VA1)
° b T 2 1
max 7t —_ = n _— — n)— —m——- (40)
- (O’ > e U i) U0 1))
1
_ U(?’l) _

—_— 77
max(v/\, 1)
Then, we can lower bound the cumulative reward as follows
Z (g(l’t)bt = Ag(z:) = Q(CL’t—l)D
t=r
s bt
>maxﬁ,1 z 77111&)(\&,1 ) — gz >
> max(VAD Y (ol Doy~ MV Dlo(r) otz

t=r

B

S’ max (o, ibt — max(V\, 1)U (n) (% n 1) - 2% - 1) — max(vVx, 1)U (n)
—-1- ma;(\/x, 1)Zr

which proves (T3)). The upper bound in (T6) is a direct consequence of (T3).

A.3 Proof of Theorem

First, we show that under our setting of parameters, all the preconditions in Corollary 2]and Lemm_al_]l]
are satisfied so that they can be exploited to analyze B°, which invokes Algorithm 0 combine B*~
and A*. From , we know that Z = 1/T < 1/e. From our definition of K, we have
. 1 1
n® >T217K S 32max(), 1)log — > 32log - > 32 > 8e, Vi € [K]. (41)

Thus, the conditions about Z and n in Corollary 2]are satisfied. Furthermore, our choice of M ensures
that (23) in Lemmal[T]is true. To this end, we prove the following lemma.

Lemma 2 For all A*’s and B'’s created in Algorithm their outputs satisfy the condition in
with M = 2.

Based on above discussions, we conclude that Corollary 2] and Lemma I|can be used in our analysis.

Next, we introduce the following theorem about the regret of OGD with switching cost over any
interval [r, s], which will be used to analyze the performance of A*’s.

Theorem 6 Let w; be the outputs of OGD with step size 1. Under Assumptions[I| 2| and 3] we have

S ) ) )
Z (ft(Wt) + AG|lwy — Wi — ft(W)) < % n 1+ 2)\)77(32 r+1)G
t=r
for any w € W.

Long Intervals We proceed to analyze the performance of Algorithm E| over an interval [r, s], and
start with the case that the interval length

1
T=s—r+12>32max(A,1)log 7
From our construction of n(¥) in , there must exist a

k= {bgg TJ +1<K (42)
T
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such that "
- <T<a®. 43)

Then, we divide the proof into two steps:

(i) We show that the algorithm A¥ attains an optimal regret with switching cost over the interval
[r, s];
(i) We demonstrate that the regret of B w.r.t. A* is under control.
Let w) be the output of A in the ¢-th iteration. From Theorem @ we have

S

S (Fwh) +AC wE — whey |~ fulw)

t=r
Dz (1+ 2A)n(k)rG2 GD 1+2) (44)
==/ (k) £ 2= 1/
< 20 + 5 1+2\)n + 5
#“3) (/2 +1)GD
2([%”\/(1 N < 26D/ T+ VT

Let vi be the output of B in the ¢-th iteration. We establish the following lemma to bound the regret
of BE w.rt. A*.

Lemma 3 For any interval [r, s| with length T < cn®), we have

S S

D (FvE) +AGIVE = vil) =D (filwh) + AG Wi = wipy) s)
t=r t=r

<GDmax(V, 1) ((12c +53)v/n® log T + 9 + 6c + 6(K — k)) .

Based on Lemma[3] we have

S S

D (L) FAGIVE = vl = Y (felwh) + 2G| wf — wi )

t=r

&, .GD max(V/\, 1) (65\/27 log T + 15) + 6GD max(VA, 1)(K — k) (46)

<107GD max(V'X, 1)\/7 log T + 6GD max(vV\, 1) log, T

log, 7<+/7Tlog T
S 113G D max(V\, 1)y/7Tlog T

where in the penultimate step we make use of the following fact

©2).E2) T T
K — kB8 ~ llog, =
82 39 max(\, 1) log 1/Z o827

?
<1 1 < log, .
=082 3o max(\, Dlog 1/Z | 0827

Combining (#4) and [#6), we have

S

; (fe(wi) + MGl wi — Wi || = fi(w) )

<2GD+\/(1+ N7 + 113G D max(VA, 1)\/7 log T.

Short Intervals We study short intervals [r, s] such that
1
T=s—7r+1<32max(),1)log 7

From Lemma we know that the output of BX moves slowly such that
2D

[wi —wii || < N (48)

19



As a result, the regret of BX over [r, s] can be bounded by

Y (Felwi) +AGIwWE = Wil = fe(w)) < D (felwi) +AG W/ — wit, )

1), @s)
S.STGD < 3GD+/T-32max(\, 1)log T < 17GD max(VA,1)y/7logT.

(49)

We complete the proof by combing and (#9).

A.4 Proof of Theorem 4

Since we focus on dynamic regret, so we need the following theorem regarding the dynamic regret of
OGD with switching cost over any interval [r, s].

Theorem 7 Under Assumptions|[I} [2|and[3| we have

S

D? (1+2\)n(s —r+ 1)G?

tz:; (fe(We) +AG [ we = wepa | = fe(uy)) < ot pa Z [ue =g [+ 5
for any comparator sequence 4., ...,us € W.

The proof is similar to that of Theorem 3] and we consider two scenarios: long intervals and short
intervals. Here, we multiply the interval length 7 by 1/(1 4 2P, ;/D) to reflect the fact that the
comparator is changing.

Long Intervals First, we study the case that

T

1
— T >32max(\1)log —.
T52p./Dp = S2max(A1)log 7

From our construction of n(¥) in ll there must exist a

T(1+2P../D
kz{logz( + /D)
i

J+1<K (50)

such that

(k)

n T

— < ——— <, 51
2 = 1+2P.,/D " oD

Next, we show that the dynamic regret of .A¥ with switching cost is almost optimal. From Theorem
we have

S

Y (felwh) +2AGwy — wiy || = fi(u))

t=r
D? D (1+22)n*7rG?
SW + WP et Ty

(52)

D +2P,, Dr [T+2)
BEWD E2Ps) [ opya0 4 GPT [1E2A
2 >\ ®

M\/O +2))7(1 + 2P,,,/D) < 26D/ (1 + \)r(1 + 2P, /D).
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Then, we prove that the regret of BX w.r.t. A* is roughly on the same order as . From Lemma 3]
we have

D (Fevi) FAGIVE = viEall) = D (fuwi) + AG Wi —will)

t=r t=r

G0, @)
< GDmax(V\, 1) ((65 + 24P, ,/D)/n® log T + 15 + 12PT,S/D) +

6G'D max(V\, 1) (K — k)

< GDmax(VA, 1) (65\/27-(1 +2P,,/D)logT + 15 + 12PT,S/D> (53)
4+ 6GD max(VA, 1)(K — k)
<14GD max(VA, 1)y/7(1 + 2P, /D) log T + 6GD max(VA, 1) log, 7
log, 7<+y/Tlog T
TS 120GD max(VA, 1)y/r(1 +2P,../D) log T
where in the penultimate step we use the following inequalities
P, s<7D a+b<v2a2+2b%
15+12P, /D < 15+12y/7P.4/D < 15y/27(1 4+ 2P, /D),
©2),E0) T T(1+2P, /D)
K-k —= 1 — |logy ———— | <1 .
82 39 max (A, 1)logl/Z ©82 T =027

Combining and , we can bound the dynamic regret of BX with switching cost by

S

D (fewi) + AGlwt = wiy || = fi(us))
t=r (54)

<2GD\/(1+ N)7(1 + 2P, /D) + 120GD max(v\, 1)y /7(1 + 2P, /D) log T.

Short Intervals We consider short intervals [r, s| such that
T 1
—_— >32 A1) log —.
T3 2p,.,D = S2max(A1)log 7

Following the analysis of Theorem the dynamic regret of B¥ over [r, s] can be bounded by

S

S (fuwl) + AGIwE = wi ]~ fi(w,)

t=r

<37GD < 3GDy/7-32max(\,1)logT - (1 + 2P, /D) (55)
<17GD max(VX, 1),/r(1 + 2P, ./D)logT.
We complete the proof by combing (54)) and (53).
A.5 Proof of Theorem 6]
From the standard analysis of OGD [Zinkevich, |2003]], we have the following regret bound
u D? s—r+1)G?
Z (fr(we) = fe(w)) < =+ u (56)
P 2n 2
To bound the switching cost, we have
D lwe = wisall = [[we — T [we — nV fu(wy)] |
tjr t=r . (57)
<SSV iwoll =0 S IV AWl < (s =+ )G
t=r t=r
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From (56) and (57), we have

S ) - ,
Z (fe(we) + AG|wy — wiga || — fe(w)) < D~ i n(s—r+1)G*

An(s —r+1)G2.
2 2 5 +An(s —r+1)G

A.6 Proof of Theorem 7]

From the dynamic regret of OGD [Zinkevich, |[2003]], in particular Theorem 6 of Zhang et al.| [2018b],
we have

: D? s—r+1)

Z(ft(wt)_ft(ut)) < —+— Z||ut—ut+1||+( 5

2
o G-

We complete the proof by combining the above inequality with (57).

A.7 Proof of Lemmal[l]

Similar to the analysis of Daniely and Mansour|[2019, Theorem 22], we decompose the weighted
sum of hitting cost and switching cost as

Je(wi) + AG|lwi — Wi |
=/ ((1 — ’LUt)th + wtwf) + G H(l — w,g)wt1 + wtwt2 —(1- th)W,}H — wt+1wt2+1H
<(1 = we) fe(wy) + wefo(wi) + AG [|(1 = we) (Wi — wy )| + AG [lwe(wi — wiiy)|
+ AG H — Wy Wt+1 (1- wt+1)W%+1 + th?Jrl - wt+lwt2+1 H
=(1 —wy) (fo(wy) + AG Wy — will) +we (fu(w?) + AG||wi — wi]))
FAG || (wy = we1) (Wi g — Wiis)|

)
(1 —we) (fe(w) + AGlwi — wipa]]) +we (fe(wd) + AG[wi — wiis )

+ )\GD|wt - wt+1|.

NE

(58)

Then, the regret of A w.r.t. A' over any interval [r, s] can be upper bounded in the following way:

S S

D (filwa) + AG | we = weill) = Y (fo(wi) + AG|wi = wii4 )
B < 2 2 2 1 1 1
< Z (wt [(ft(wt) + AG|lwy — Wt+1||) - (ft(wt) + AG||w, — Wt+1H)]

+ )\GD"U}t — le\)

. .Z 62 *gl)ﬁ’AGD"wt wt+1\)

t=r
(
. GD Z (wt& 1 T M ‘ — Wi41 >

— (1 + M)GDZ (wtgt — >\|U)t — wt+1|)

t=r
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which proves . Similarly, the regret of A w.r.t. A? over any interval [r, s] can be upper bounded
by

S S

D (filwe) + AG | we = wepall) = Y (fo(wi) + AG[wi = Wiy )
t=r t=r

o
< Z (1 —wy) [(fe(wi) + AGlwi —wi ) = (fe(w?) + AG|wi — wi]])]

+ Z )\GD|’lUt — ’lUt+1|

t=r
9.9 Z (6 — £2) + AGDwy — wips )
t=r
9 g A
— (1 + M)GDZ (’U)tft — m Wy — 7Ut+1| _£t>

t=r

— 1+ M)GD " (wily — MNw, — wya| — 44)

t=r

which proves (23).

A.8 Proof of Lemmal[2

We will prove that the outputs of A¥s and B"’s move slowly such that (23} . holds. Let w! be the
output of A’ in the ¢-th iteration. From the updating rule of OGD, we have

. ) . @ @) 1 “1) D
T (@) i g @ D
lwi —will <n@ || VAw)| < 06 =D SO (59)

So, wi’s satisfy the condition in when M = 2.
Let v¢ be the output of 3" in the ¢-th iteration. We will prove by induction that

i

D D 1 1 7 .

The above equation, together with the followmg fact

K
D D 1 1 Z
— —|— E lo +
max(v/), 1) ( n0 7 >

1| \/> D (K — 1)
A maxflV Z +maxﬁ1) 4
D 1 2 K—1 D Z(K-1) ©1)
<= 5 log ————2
=37 max(\f 1) %7 Z\2 - 1\[ - max(v/\, 1) 4
Q D 1 1 1 2 T Z,
. max(f 1) 87 Z \/§ — 11\ 32X\ IOg ]./Z max(f 1) g2
D (V2+1)D Dlog, T Q 2D

_|_

= + S
A 4max(\ﬂ, 1)\/X 4max(\/x, nT A
implies that vi’s meet the condition in (23) when M = 2.

Since B! = Al, we have
(59
Ivi = vipall = lwg —wip |l <

SIS

(62)
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Thus, (60) holds when ¢ = 1. Suppose (60) is true when i = k, and thus
k

D D 1 1 EQD
vE vk <=4 ———— —Gy 1o + 63
|| t t+1|| =7\ max(\ﬂ,l)jz:; gZ 4 )\ (63)

We proceed to bound the movement of v, which is the output of B¥*1. Recall that B*+ is an
instance of Combiner which aggregates B* and A**. From the procedure of Algorithm we have

+1 k-‘rl

Vi (1 — wht)vk

vy —&—wk

where w ! is the weight generated by DNP-cu. Thus, the movement of vt ! can be bounded by

k+1 1 k41 k k 1 k k k+1
[[vi * _Vt+ | = H wt+ )Vt + wy PHlwytt — ((1 wt—&J-rll)thrl +wti11 t—tl)”
k k k+1 k: k k
<1 = wthvE = (1= wf vy +wit o pwe |
k+1y  k k+1_ k+1 k+1 k+1. k+1
+ H L—wii)ve +wiwi™ — ((1 _wtjﬁ Vi + wi til)”
k k k k
<lwi ™t —wi Ve = Wi + (= wifDIvE = vE |+ wi we T — wid |
€. 6D k k k o1 D
< D|wt+1 tr11| + (1 - wt:—ll)”Vf - Vf+1|| + wtrfx

D
§D|wf+1 _ wt+1| “+ max <|Vt V,]5€+1||7 A) .

(64)
From and , we know that the outputs of B¥ and A**! satisfy . Thus, we can apply
Corollaryto bound the change of wf“:
' 1 Z
k1l _ kel
|wy t+1| S— )\71 ( D logZ 4> . (65)

From (64) and (63)), we have

D
k41 k+1 k k
vi™ = vigh I < (\/ (1) 10g Z > max (”Vt —viyll )\)
D + k+1 1
- max( \f A1) V () Z

j 2

which shows that holds when i = k + 1.

A.9 Proof of Lemma[3

The regret of BX w.r.t. AF can be decomposed as
D (R +AGIVE = viall) = Y (fewh) + 2G| w — wi )

t=r t=r
s

=D (AOH FAGIVE = Vi) =Y (folwh) +AG W) — wi, )

t=r t=r
U (66)
K s . s , )
+ 3 D (R +AGIVE = v ) = D (v + G v = Vi)
i=k-+1 t=r t=r
=V

where U is the regret of B* w.rt. A*, and V' is the regret of B* w.r.t. B~ !. Next, we make use of
Corollary 2]and LemmalT]to bound these quantities.
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To bound U, we have

(NP5 2
U .3.3GD<max(ﬁ, DU () ((ik) + 1) + s 1+ max(VA, DU (n®)
n n

+ 1+ max(VA, 1);)

r<en®

< 3GD ((2 + ¢) max(VA, 1)U (n™) + 2 4 2¢ + max(V/A, 1))

@
D.en ((2 + o) max(V\, 1)v/16n®) log T + 2 + 2¢ + max(V\, 1))

<3GDmax(VA, 1) (4(2 +c)vVn® logT + 3 + 2c) :

(67)

To bound the summation of V', we have

K 75), (24 K _
Z %8 SSGD Z (max(\f)\, DU (nY) 4+ 1 + max(VA, 1)%)
i=k+1 i=k+1
K
<3G D max(VA,1) Z U(n™) + 6GD max(V\, 1) (K — k)
i=k+1

[1) K :
23GD max(V\, 1) Z V16n® log T 4+ 6GD max(VA, 1)(K — k) (68)

i=k+1

K—k
96p max(VA, 1)v/n® log T > V2~ + 6GD max(V, 1)(K — k)

i=1

<12G D max(V\, 1)y/n®) log T \/;

o +6GD max(V\, 1)(K — k)
<29G'D max(VA, 1)v/n® log T 4+ 6G D max(VA, 1)(K — k).
We complete the proof by substituting (67) and (68)) into (66).

A.10 Proof of Theorem[§

Our purpose is to provide a general analysis of Algorithm [T|over any bit sequence, so we do not make
use of the range of x; in (33). As an alternative, we use the following simple upper bound

o] < pm, VE> 1 (69)

which can be proved by induction. From the initialization, we have |z1| = 0 < un. Now, suppose
|zr| < pn. Then, we have

p=1-1/n 1
o] < loaal + ou] T < (1—n>/m+u=/m-

Then, we can bound the difference between any two consecutive derivations by 2:
1
|2t — e = (1= p)oe = be| < —lze| + o] < 20 <2. (70)

Next, we introduce Lemma 19 of |Daniely and Mansour| [2019], which characterizes the derivative of
g(+) over short intervals.
Lemma 4 Suppose log % <1 Z < % and n > 8e. For every segment T C R of length < 2 and
every x € I, we have
1
4 "(8)] < = Z.
max |g'(s)] < ~xg(z) +
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Then, we can apply the above lemma to bound the derivative of g(-) over the interval [z, xt+1]E|
whose length is smaller than 2. Under the conditions of Lemmaf] we have

1
4 max |¢(s)] < —zg(xy) + Z. (71)
s€lze,xi41) n

Since g(z) = 0if x < 0, we have
4 max |¢'(s)| < Z, ifz, <0. (72)

s€[wy,ey1]
Furthermore, we know that g’(x) = 0, if > U(n). When z; > U(n) + 2u, from we have
[7¢,2441]) C [U(n), 00).
Thus,
max |g'(s)| =0, if z; > U(n) + 2. (73)

s€[wy,wi41]

Let I(x) be the indicator function of the interval [0, U (n) 4 2u]. We can summarize the general result

in and the special cases in and as

1
4 max [g'(s)] < ﬁmtg(xt)ﬂ(xt) + 7. (74

s€[wy,we41]
We proceed to use the following potential function
&= [ gleds
0

to analyze the reward of Algorithm[I] It is easy to verify that
max(0,z; — U(n)) < &, = / lg(s)ds < max(z¢, 0). (75)
0

To bound the change of the potential function, we need the following inequality for piece-wise
differential functions f : [a, b] — R [Kapralov and Panigrahy, 2010, Daniely and Mansour, 2019]

b
1
/ f@)dx < f(a)(b—a) +max|f’(z)\§(bfa)2. (76)
We have
Tt41
Dypq — Dy :/ g(s)ds
Tt
(76) 1
< 9(@e)(Te1 — 70) + §($t+1 —z)*> max |g'(s)]
S€[$t7It+1]

1

< g(wy) <_xt + bt) +2 max |[g'(s)|
n S€[$1,$t+l]
1

=g(z) (xt +bt) -2 max |¢'(s)|+4 max |¢'(s)]
n s€[xe,Te41]) s€[xe,Te41) (77)
1 _
<g(z:) <—xt + bt) Lol =9 Ly e 9]

n Ty — Tyl s€[x¢,ze41]

(7o) 1 1

< gten) (=t ) = Tl - gtaein)| +4_pax1o(5)
n M SE[Te,T141]

(74) 1 1 1

mm>—%+m)—mun—mwﬂn+%mamu0+z
n I n
1

=00 = L lg(an) = glar)] + aiglan) (a) = 1) + 2

*With a slight abuse of notation, we will write [a, b] to denote [min{a, b}, max{a, b}].
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where the 3rd inequality is due to the mean value theorem. To bound the cumulative reward over any
interval [r, s], we sum (77) from ¢t = r to ¢t = s, and obtain

5+1 (I) < Z ( .’Et bt — *|g($t) th+1 ) + Z .Z‘tg Jit l‘t) — 1) + 7.

Thus,

> (oo = 2laten) = aterin))) > B+ Y- wnglen) (1= Ka) = 8 - 27 09)

t=r t=r

First, we use the simple fact that

zig(w) (1= 1(z)) =0,
to simplify (78)), and have

S

> (oot Slatn - stain)l) = ~, - 2 (79)

t=r

Second, we lower bound the cumulative reward by the summation of the bit sequence. From (@), we
have

(I)erl > Ts41 — U(”) (80)
‘We also have
xeg(xy) (1 —Lay)) > xp — U(n) — 2u. (81)
That is because if z; > U(n) + 2u, we have
zig(ze) (1= o)) = 24 > 20 — U(n) — 25

otherwise,
rg(ze) (1 = 1(24)) > 0> 2y — U(n) — 2p.

Based on (80) and (§T)), we have

Bora Y Tglan) (1 - 1wr)

t=r
1S 1< T
sz_H—U(n)+ﬁ§(mt—U(n)—2u):xs+1+E;xt—ﬁ(U(n)+2u)—U(n)
S ) 1 s t—1 ) r
=Pz, + JZ:: pIbj+ 2 P, + ;pt*l*jbj =~ (U(n) +2p) = U(n)
s s Ty s _r 5 b s 1 T
=pTar k) P I Y T Y T D o = (U ) 4 2u) = Un)
j=r t=r j=r t=j+1
— T . s—j ﬁl P Sbijl_pgj_i 9
p:cr+j§p bj + = ;n > (U(n) +2p) = U(n)
o T+th—— n) +2u) — U(n).

Combining the above inequality with (78), we have

S

> (g(fct)bt - %Ig(wt) 9(i41) ) Z b+, — — (U(n) +2u) —U(n) — @, — Z7.
=r (82)
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Figure 1: Performance of different methods versus the number of rounds.

Third, from (79) and (82)), we have

S

> (oot - ot - st

t=r

> max (0, g by + x, — 7-(U(n)—&—Qu)—U(n)> -, —Z1
n
t=r

S max (o, S b = T (Um) +20) — U(n)) ~ max(z,,0) ~ Z7

t=r
which proves (34).

Finally, to bound the change of successive predictions, we have

19(2e) = 9(x142)] < |21 — @142 max |g'(s)| < 2pmax|g'(s)]. (83)

Following the analysis of Lemma 23 of |[Daniely and Mansour [2019], we know that ¢'(-) is nondecre-
asing in [0, U(n)] and is 0 outside, and thus

T 16nlog L
mas g (3)] = ¢/ (U (n)) = L0002 Uw)  ZEGVTET 2 gy

&n 8 8&n

where the 2nd equality is due to the property of the confidence function [Daniely and Mansour} 2019}
Lemma 18]. We obtain (33]) by combining (83) and (84).

Z
8

B Experiments

In this section, we implement online linear regression on synthetic data to evaluate our method, i.e.,
smoothed OGD (SOGD). In each round ¢, a batch of data points {(x¢,1,¥¢,1); - - -, (Xt.n, Yt ) } arrive,
where x; ; is sampled randomly from [—1, 1]d. The target value y, ; is generated by y; ; = WTXt,i +e,
where € ~ N(0,0.1) is a zero-mean Gaussian noise with standard deviation 0.1. The unknown
parameter w is sampled randomly from [—1,1]%, and would be re-sampled every 500 rounds to

simulate changing environments. After predicting wy, the online learner suffers the following total

loss
n

> 1w % = yeil + AG [ wi — Wi |
i=1
which includes both the hitting cost and the switching cost.
In the experiment, we set n = 64, d = 10, A = 1, D = 2y/10, and G = +/10. We compare our

method with CBCE [Jun et al.} 2017a] and Ader [Zhang et al.,|2018a]], which obtain optimal adaptive
regret and dynamic regret respectively, but do not consider the switching cost.
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The whole experiment is conducted on a personal laptop equipped with an Intel i7-10750H CPU and
16G memory. We repeat the experiment 100 times and plot the average cumulative loss, total loss
and switching cost in Fig. [T} As can be seen, all three methods can deal with changing environments
and adapt quickly when the underlying parameter w changes. Among them, our SOGD suffers the
smallest cumulative loss, and incurs the least total loss in most rounds. As indicated in Fig. both
Ader and CBCE have much higher switching cost compared with our method, and CBCE suffers
huge switching loss when w is re-sampled. In contrast, SOGD maintains the lowest switching cost in
all rounds, since it explicitly takes the switching cost into consideration.
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