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Abstract

In this paper we adapt the nearest neighbour rule to the contextual bandit problem.
Our algorithm handles the fully adversarial setting in which no assumptions at all
are made about the data-generation process. When combined with a sufficiently
fast data-structure for (perhaps approximate) adaptive nearest neighbour search,
such as a navigating net, our algorithm is extremely efficient - having a per trial
running time polylogarithmic in both the number of trials and actions, and taking
only quasi-linear space. We give generic regret bounds for our algorithm and
further analyse them in a semi-stochastic setting. A side result of this paper is
that, when applied to the online classification problem with stochastic labels, our
algorithm can have sublinear regret whilst only finding a single nearest neighbour
per trial - in stark contrast to the k-nearest neighbours algorithm.

1 Introduction

In this paper we adapt the classic nearest neighbour rule to the contextual bandit problem and develop
an extremely efficient algorithm. The problem proceeds in trials, where on trial ¢: (1) a context x; is
revealed to us, (2) we must select an action a;, and (3) the loss ¢, 4, € [0,1] of action a; on trial ¢ is
revealed to us. We assume that the contexts are points in a metric space and the distance between two
contexts represents their similarity. A policy is a mapping from contexts to actions and the inductive
bias of our algorithm is towards learning policies that typically map similar contexts to similar actions.
Our main result has absolutely no assumptions whatsoever about the generation of the context/loss
sequence and has no restriction on what policies we can compare our algorithm to.

Our algorithm requires, as a subroutine, a data-structure that performs c-nearest neighbour search.
This data-structure must be adaptive - in that new contexts can be inserted into it over time. An
example of such a data-structure is the Navigating net [15] which, given mild conditions on our
metric and dataset, performs both search and insertion in polylogarithmic time. When utilising a
data-structure of this speed our algorithm is extremely efficient - with a per-trial time complexity
polylogarithmic in both the number of trials and actions, and requiring only quasi-linear space.

As an example we will further analyse the special case of the contextual bandit problem in which the
context sequence is drawn i.i.d. from a probability distribution over the d-dimensional hypercube,
whilst the loss vectors can still be arbitrary. In this case, for any policy y with a finite-volume decision
boundary, our algorithm achieves sub-linear regret w.r.t. y without the need to know any parameters.

A side result of this paper is that, when applied to the online classification task with stochastic labels,
our algorithm can achieve sublinear regret whilst only finding one nearest neighbour per trial: in stark
contrast to the k-nearest neighbour algorithm. Our algorithm can hence be viewed also as a potentially
faster alternative to k-nearest neighbours when faced with the online classification problem.

In the course of this paper we develop some novel algorithmic techniques, including a new algorith-
mic framework CANPROP and efficient algorithms for searching in trees, which may find further
application.
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We now describe related works. The bandit problem [17] was first introduced in [22] but was
originally studied in the stochastic setting in which all losses are drawn i.i.d. at random [16], [1],
[2]. However, our world is very often not i.i.d. stochastic. The work of [3]] introduced the seminal
ExP3 algorithm which handled the case in which the losses were selected arbitrarily. This work also
introduced the EXP4 algorithm for contextual bandits. In general this algorithm is exponential time
but in some situations can be implemented in polynomial time - such as their EXP3.S algorithm,
which was a bandit version of the classic FIXEDSHARE algorithm [[13]]. In [[L1] the EXP3.S setting
was greatly generalised to the situation in which the contexts where vertices of a graph. They utilised
the methodology of [[7], [14] and [12] in order to develop extremely efficient algorithms. Although
inspiring this work, these algorithms cannot be utilised in our situation as they inherently require
the set of queried contexts to be known a-priori. In the stochastic case another class of contextual
bandit problems are linear bandits [18]], [4] in which the contexts are mappings from the actions
into R?. Here the queried contexts need not be known in advance but the losses must be drawn i.i.d.
from a distribution that has mean linear in the respective context. The k nearest neighbour algorithm
was first analysed in [5]. The work [21] utilised the & nearest neighbour methodology and the works
[8]] and [[16]] to handle a stochastic contextual bandit problem. However, their setting is extremely
more restricted than ours. In particular, the context/loss pairs must be drawn i.i.d. at random and the
probability distribution they are sampled from must obey certain strict conditions. In addition, on
each trial the contexts seen so far must be ordered in increasing distance from the current context
and operations must be performed on this sequence, making their algorithm exponentially slower
than ours. Our algorithm utilises the works of [[19] and [6] as subroutines. It should be noted that the
later work, which was based on [20], was improved on in [10] - we leave it as an open problem as to
whether we can utilise their work in our algorithm.

2 Notation

Let N be the set of natural numbers not including 0. Given a natural number m € N we define
[m] :={j € N|j < m}. Given a predicate p we define [p] := 1if pis true and [p] := 0 otherwise.
We define log(-) and In(-) to be the logarithms with base 2 and e respectively. Given sets A and B
we denote by B the set of all functions f : A — B and by 24 the set of all subsets of A.

All trees in this paper are considered rooted. Given a tree 7 we denote its root by (), its vertex set
by J, its leaves by J*, and its internal vertices by 7. Given a vertex v in a tree 7 we denote its
parent by T/ (v) and the subtree of all its descendants by | 7(v). Given an internal node v in a (full)
binary tree 7 we denote its left and right children by <7 (v) and > 7 (v) respectively. Internal nodes
v in a (full) ternary tree J have an additional child V 7 (v) called the centre child. Given vertices
v and v’ in a tree J we denote by I 7 (v, v’) the least common ancestor of v and v': i.e. the vertex
of maximum depth which is an ancestor of both v and v’. We will drop the subscript 7 in all these
functions when unambiguous. Given a tree J, a subtree of J is a tree whose edge set is a subset of
that of J.

Given a probability distribution p we write  ~ p to signify that x is a random element drawn from .
Given, in addition, some m € N, we define " to be the probability distribution over sets formed by
drawing m elements i.i.d. with replacment from distribution . With a slight overloading of notation
we denote the uniform distribution over [0, 1] also by [0, 1].

3 Problem and Result

3.1 The Contextual Bandit Problem

We consider the following game between Learner (us) and Nature (our adversary). We have K actions
and a metric space (C, A) where C is a (possibly infinite) set of contexts and for all z, 2’ € C we have
that A(z, 2’) is the distance from x to 2’. Learning proceeds in 7T trials. A-priori Nature chooses a
sequence of contexts X = {z; |t € [T]} C C and a sequence of loss vectors {£; | t € [T]} C [0, 1]%,
but does not reveal them to Learner. On the ¢-th trial the following happens:

1. Nature reveals x; to Learner.
2. Learner chooses some action a; € [K].
3. Nature reveals ¢; 4, to Learner.
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A policy is a function from C into [K]. i.e. a policy associates each possible context with an action.
Given a policy y : C — [K] we define the y-regret of Learner as:

R(y) := Z lia, — Z Uy ()
te(T] te(T]

which is the difference between the total cumulative loss suffered by Learner and that which Learner
would have suffered if it had instead chosen a; equal to y(x;) for all trials .

3.2 The (k) Nearest Neighbour Classifier

We now digress from the contextual bandit problem in order to study the nearest neighbour methodol-
ogy. The nearest neighbour classifier is a method to solve the following supervised learning problem.
We assume that there exists an unknown function y : C — [K]. We are given a finite set S C C along
with the restriction of y onto S. We are then asked to predict the value of y(x) for some given z € C.
The nearest neighbour classifier works by first finding the nearest neighbour & of z, defined as:
&= argming, g A(z,2'),

and then choosing y(&) as its prediction of y(x). In many important metric spaces the time taken to
find such a nearest neighbour is in ©(|S]). This fact has lead to the idea of instead using y(Z) as our
prediction, where & € S is an arbitrary c-nearest neighbour which is defined as satisfying:

Az, %) < cmin A(z,2').
(x,x)_cgleué (z,z")

By utilising special data-structures the time complexity of finding, for any fixed ¢ > 1, such a
c-nearest neighbour is, for many metric spaces, only polylogarithmic in |S|.

Given a probability distribution p over C, some ¢ > 1 and some m € N we define the generalisation
error as.

10:€) 1= Py | 32 €S 5 (A0,2) < cmin Alw') ) A 3() £ 4(0)|

which is the probability that it is possible for the nearest neighbour classifier to make a mistake on a
context drawn from g when S is formed by drawing m contexts i.i.d. from p.

We will now bound this quantity when in euclidean space. We first make the following definitions.
For any 6 > 0 define the d-margin of y by:

M(y,8) :={xeC|Iz' €C: Alz,2") < A y(z) # y(2')} (1)
which is the set of contexts that are at distance no more than § from the decision boundary of y. The
volume (w.r.t. ) of the decision boundary is then given by:

My, 9))
aly, p) = lim ——=—=.
When in euclidean space the following theorem bounds the generalisation error:
Theorem 3.1. Given C := [0, 1]¢ and A is the euclidean metric then for anyy : C — [K], ¢ > 1,
€ > 0, and probability distribution p such that the probability density of u is always at least €, we
have:

@)

g (p,y,¢) € O (ca(y,u) (Em)—l/d) .

So far we have only considered deterministic functions y : C — [K] with decision boundaries of finite
volume. But what happens if instead we have that y(z) is drawn from some probability distribution
dependent on x (which is itself drawn from ). Here, the Bayes optimal classifier is defined as that
which always predicts y*(z) := argmax,¢ g Ply(z) = a|z] as the label of z. In general, even if
gm (1, y*, ¢) € o(1), the probability of making a mistake with the nearest neighbour classifier does
not approach that of the Bayes optimal classifier as m — co. In order to converge optimally, the
k-nearest neighbour classifier was introduced. In this algorithm, when given a context x € C, the k
nearest neighbours to 2 are found and the predicted value of y(z) is decided by majority vote. In
order to converge optimally we need that £ — oo as m — 0.

A remarkable side-result of this paper is that, given g,, (1, y*,¢) € O(m~P) for some p > 0, our
algorithm can be applied to learning this situation online whilst only finding one nearest neighbour
per trial. Since the additional overhead of our algorithm is so small it can be significantly faster than
k-nearest neighbours. We strongly suspect that we don’t need the condition on g,,, (11, y*, ¢) if we are
working in a bounded subset of euclidean space and P[y(z) = alx] is Lipschitz.
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3.3 Adaptive Nearest Neighbour Search

Our algorithm will require a data-structure for performing adaptive nearest neighbour search. This
problem is as follows. We maintain a finite set S C C. At any point in time we must either (1)
insert a new context into the set S and update the data-structure, or (2) given a context, utilise the
data-structure to find a c-nearest neighbour in the set S.

We are especially interested in data-structures that can do both operations in a time polylogarithmic
in |S]. An example of such a data-structure is the navigating net [15] which has time complexity
O(In(|S])) given that ¢ > 1, the set |S| is of bounded doubling dimension (w.r.t. A) and has aspect
ratio (ratio between the largest and smallest distances between contexts in S) polynomial in |S|, as is
the case in many applications and can be enforced by quantisation when working in a bounded subset

of euclidean space. We note that the O hides a constant factor that is exponential in the doubling
dimension of §. In high-dimensional applications our dataset will often lie on a low-dimensional
manifold so this factor should be small.

3.4 Our Results

We now turn back to the contextual bandit problem and give our main results.
Theorem 3.2. Consider the contextual bandit problem defined in Section[3.1) Suppose that for all
trials t > 1 we are given, in addition to x, a context n(x;) which satisfies:

n(xy) € {xs | s €t —1]}.

Our algorithm CBNN takes a single parameter p > 0 and, for all policies y : C — [K] simultane-
ously, obtains an expected y-regret bounded by:

E[R(y)] € O <<p+ ‘I’(py)) Vﬁ)

where:
Oy) =1+ > [ylz:) #y(n(x)]
te[TI\{1}
and the expectation is taken over the randomisation of the algorithm. CBNN needs no initialisation
time and has a per-trial time complexity of:

O(In(T)? In(K)).

We note that, although n can be any valid function, we are particularly interested in the case that
n(x;) is a c-nearest neighbour of z;. i.e. that we have:

Az, n(zy)) <c¢ min Az, xg) . 3)
s€ft—1]

In this case finding n(z;) typically requires only O(In(7')) time per trial when using a navigating
net or other fast data-structure for adaptive nearest neighbour search, as explained in Section
Furthermore, the quantity ®(y) can now be bounded in a way that is dependent only on the set of
queried contexts X and not their order. This bound is given in the following theorem.

Theorem 3.3. Suppose we have a policy y : C — [K]|. For any context © € C we define y(z,y) =
max{d > 0|z ¢ M(y,d)} which is the distance of x from the decision boundary of y. Then when
Equation is satisfied we have that ®(y) is no greater than the minimum cardinality of any set
S C Cin which for all t € [T there exists x € S with A(x, z¢) < v(z,y)/3c.

A direct corollary of this theorem is that for all § > 0 we have that:
O(y) < Ns(X) + | N M(4cd, y)|

where Ns(X) is the (external) covering number of X’ with radius ¢, and | X N M(4cd, y)| is the
number of contexts in X' lying within distance 4¢d of the decision boundary.

It will be common in applications that the set X’ of observed contexts will come from a finite set
of seperated clusters and there will be a good policy y which, on any such cluster, is constant on
that cluster. Theorem [3.3|then implies that, as long as the inter-cluster distances are positive and the
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clusters have finite covering numbers (which is guaranteed in many metric spaces), then ®(y) will be

bounded independent of 7" and hence, by Theorem the y-regret of CBNN will scale like @(\/T),
whatever the value of p.

However, it will not always be the case that the dataset splits into such clusters. We shall investigate
what happens when this is not the case by restricting ourselves to the situation in which the contexts
{z¢ | t € [T]} are drawn i.i.d. from a probability distribution . Here we have, by linearity of
expectation, that:

E@y)] <14 Y g:(my.c).
te[T]

When in euclidean space, theorems [3.1 and [3.2]then lead to the following theorem:

Theorem 3.4. Consider the contextual bandit problem defined in Section Suppose that C =
[0,1]%, A is the euclidean metric, and the contexts are drawn i.i.d. at random from a probability
distribution (1 with density always at least € > 0. Note that the loss vectors can be arbitrary. Set p
equal to T—4=1/4c=1/2 Then when Equation @) is satisfied we have, for all policies y : C — [K]|
simultaneously, that the y-regret of CBNN is bounded by:

E[R(y)] € O (¢ aly, p) + 1)e /2K 2T 2d-0/@0)

where oy, p) is the volume (w.r.t. 1) of the decision boundary of y as defined in equations (1)) and
(@). The existence of such an € can be relaxed (with an effect on the bound) but we assume it for
simplicity.

Note that, given the decision boundary of y is of finite volume, the expected regret is guaranteed to
be sub-linear in 7'. This implies that the per-trial performance of CBNN approaches that of always
selecting a; = y(x;). We note that if T is unknown or infinite (i.e. learning never stops) then a
simple doubling trick can be used to make the algorithm parameter-free (with no knowledge of ().
The fact that, in this non-separated case, the regret scales like @(T (2d-1)/ (Qd)) is a facet of the well
known curse of dimensionality and is the price we pay for being able to learn from such a vast class of
policies. We note that in many high-dimensional applications the set X’ will lie on a low-dimensional
manifold so that the curse of dimensionality will be significantly reduced.

4 The Algorithm

In this section we describe our algorithm CBNN and give the pseudocode for the novel subroutines.
In appendices [C|to [E] we give a more detailed description of how CBNN works, and prove that it
obtains its bounds.

To give the reader intuition, in Appendix [B]we describe our initial idea - an algorithm, based on Exp4
(3] and Belief propagation [20], which attains our regret bound but is exponentially slower - taking a

per-trial time of ©(KT).

4.1 Cancellation Propagation

In this subsection we describe a novel algorithmic framework CANPROP for designing contextual
bandit algorithms with a running time logarithmic in K. It is inspired by ExP3 [3|], specialist algo-
rithms [[7]] and online decision-tree pruning algorithms [9] but is certainly not a simple combination
of these works. CBNN will be an efficient implementation of an instance of CANPROP. Although in
general CANPROP requires a-priori knowledge of the set X := {x; | t € [T']}, CBNN is designed in
a way that, crucially, does not need this set to be known.

We assume, without loss of generality, that K and 7" are integer powers of two. CANPROP, which
takes a parameter 7 > 0, works on a full, balanced binary tree B with leaves 5* = [K]. On every
trial ¢ each pair (v,S) € B x 2% has a weight w;(v,S) € [0, 1]. These weights induce a function
0; : B — [0, 1] defined by:
0 (v) == Z [z, € SJw(v,S).
Se2x

On each trial ¢ a root-to-leaf path {z; ; | j € [log(K)] U {0}} is sampled such that, given z; ;, we
have that z; (;41) is sampled from {<(2;,;),>(2¢,;) } with probability proportional to the value of 6;
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when applied to each of these vertices. The action ay is then chosen equal to 2y 105 (). Once the loss
has been observed we climb back up the root-to-leaf path, updating the function w; to wyy1.

CANPROP (at trial ¢) is given in Algorithm[I] We note that if w;1 (v, S) is not set in the pseudocode
then it is defined to be equal to w; (v, S).

Algorithm 1 CANPROP at trial ¢

I: v (* T’(B) 17 at <= Vg log(K)
§ for ‘fj'ojv()’eli{;].(.v; (-1)0g><({;(t)4)_} h)odo 18: ;T}t — Hje[log(K)(] m(evt,j)/~ :
: J 00T 19: Yy 1og(k) < eXP(—1Lt,a, /Tt
;‘1: endefto(:'j) = sl € Slun(v:8) 5, for j = log(K), (log(K) —1),--- ,1do
6z e (o) +0600,)) )
7. forv € {<(vy,;),>(ve,;)} do ' Tt 63/ Vtg—1
8: T (v) < 0,(v)/ 204 23 ifvy; = <(vy,;-1) then
9: end for 24 ' Vg, = >(vt5-1)
25: else
10: ¢t ~10,1] _
11: i ¢ < mi(<(ve;)) then 26: Orj 4= A(vej-1)
12: Vi1 — <(vr;) 27: end if v
13: else 28: for S €2 : 2, € Sdo /
14: Va1 < B(vg ) 29: wt+1(vt,g75) — wi(vej, Sy
15:  endif 30: Wit1(Ur,5,8) = wi(0r5,S5) /151
16: end for 31t end for
32: end for

In Appendix [C] we give a general regret bound for CANPROP. For CBNN we set 1 :=
In(K) In(T)/KT and for all (v,S) € B x 2% set

410g Z 11 (a(:c,s)ij + (1 —o(z,S)) (1 - 2T)> )

Ellog(T)] zeX\{z1}

where o(z,S) := [[x € ] # [n(x) € S]]. This choice gives us the regret bound in Theorem 3.2}
We note that CBNN will be implemented in such a way that X’ and n need not be known a-priori.

wy(v,8) :==

4.2 Ternary Search Trees

As we shall see, CBNN works by storing a binary tree A(v) at each vertex v € BB. In order to perform
efficient operations on these trees we will utilise the rebalancing data-structure defined in [19] which
here we shall call a ternary search tree (TST) due to the fact that it is a generalisation of the classic
binary search tree and, as we shall show, has searching applications. However, as for binary search
trees, the applications of TSTs are more than just searching: we shall also utilise them for online
belief propagation.

We now define what is meant by a TST. Suppose we have a full binary tree J. A TST of J is a
full ternary tree D which satisfies the following. The vertex set of D is partitioned into two sets D°
and D* where each vertex s € D is associated with a vertex u(s) € J and every s € D* is also
associated with a vertex y/(s) € {l(u(s))*. In addition, each internal vertex s € DT is associated with
a vertex £(s) € J. For all u € J there exists an unique leaf Yp(u) € D* in which u(Yp(u)) = w.

For completeness we now describe the rules that a TST D of 7 must satisfy. We have that r(D) € D°
and pu(r(D)) := r(J). Each vertex s € D represents a subtree J(s) of J. If s € D° then
J(s) == J(u(s)) and otherwise 7 (s) is the set of descendants of j(s) which are not proper
descendants of 1/ (s). Given that s € DT this subtree is split at the vertex £(s) where if s € D* we
have that £(s) lies on the path from z(s) to 12/ (s). The children of s are then defined so that 7 (<(s)) =
T ()N U(a(E(s))) and T (>(5)) = T () N U(>(E(5))) and T (V(s)) = T () \ (T (a(5)) UT (>(5))).
i.e. £(s) partitions the subtree 7 (s) into the subtrees 7 (<(s)), J (>(s)), and J (V(s)). This process
continues recursively until |7 (s)| = 1 in which case s is a leaf of D.
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For all binary trees 7 in our algorithm we shall maintain a TST H(7) of J with height O(In(|.7])).
Such trees J are dynamic in that on any trial it is possible that two vertices, v and u’, are added to
the tree J such that v’ is inserted between a non-root vertex of 7 and its parent, and u is designated
as a child of «’. We define the subroutine REBALANCE(#(J ), u) as one which rebalances the TST
H(J) after this insertion, so that the height of #(.7) always remains in O(In(|7])). The work of
[19] describes how this subroutine can be implemented in a time of O(In(|7|)) and we refer the
reader to this work for details (noting that they use different notation).

4.3 Contractions

At any trial ¢ the contexts in {x | s € [t]} naturally form a tree by designating n(x) as the parent
of 5. However, to utilise the TST data-structure we must only have binary trees. Hence, we will
work with a (dynamic) full binary tree Z which, on trial ¢, is a binarisation of the above tree. The
relationship between these two trees is given by amap v : Z; — {z; | s € [t]} where Z, is the tree
Zontrial t. Forall z € {z, | s € [t]} we will always have an unique leaf ¥(z) € Zf in which
~v(5(x)) = . We also maintain a balanced TST H(Z) of Z.

Algorithm [2] gives the subroutine GROW, which updates Z at the start of trial ¢. Note that GROW;
also defines a function d : Z — N such that d(u) is the number of times the function n must be
applied to 7y (u) to reach ;.

Algorithm 2 GROW; which works on Z

1: u <+ A(n(xz)) 10: else

2: u* <+ (u) 11: >(u*) + u’

3: u < NEWVERTEX 12: end if

4: v <~ NEWVERTEX 13: <a(u') + u”

5 y(u') + n(xy) 14: p(u') + u

6: y(u") 15: d(u') + d(u)

70 A(we) + u” 16: d(u”) < d(u)+1

8: if u = <(u*) then 17: REBALANCE(H(Z),u”)
9: Au*) o

A contraction (of Z) is defined as a full binary tree J in which the following holds. (1) The
vertices of 7 are a subset of those of Z. (2) r(J) = r(Z). (3) Given a vertex u € J we have
A7(u) € Iz(<z(u)) and >y (u) € §z(>z(u)). (4) Any leaf of J is a leaf of Z.

CBNN will maintain, on every vertex v € B3, a contraction A(v) as well as a TST H(A(v)) of A(v).
Given J is one of these contractions, we also maintain, for all 7,7’ € {0,1}, all w € J and all
j € [log(T)], a value 7; 5/ (J,u,j) € Ry. Technically these quantities, which depend on the above
function d, define a sequence of bayesian networks on J which is explained in Appendix [D.3] For
alli € {0,1} and all u € J we also maintain a value x;(J,u) initialised equal to 1.

On each of our contractions 7 we will define, on trial ¢, a subroutine INSERT;(J) that simply
modifies J so that 5(x;) is added to its leaves. This subroutine is only called on certain trials ¢.
Specifically, it is called on the contraction .A(v) only when v is involved in CANPROP on trial .
Although the effect of this subroutine is simple to describe, its polylogarithmic-time implementation is
quite complex. A function that is used many times during this subroutineis v : Zx Z — { <€, », A}
in which v(u, u') is equal to <, », A if v’ is contained in | z (<z(u)), in { z(>z(u)) or in neither,
respectively. Algorithm [3]shows how to compute this function. Now that we have a subroutine for
computing v we can turn to the pseudocode for the subroutine INSERT, (/7 ) in Algorithm@ In the
appendix we give a full description of how and why this subroutine works.

4.4 Online Belief Propagation

In this subsection we utilise the work of [6] in order to be able to efficiently compute the function 6;
that appears in CANPROP.



Algorithm 3 Computing v(u, ') for u,u’ € Z

—_ e
WRADINHERNT Q0

PRIL AR

E+—H(2)
if w = u' then
return A
end if
54— Tg(u)
5§+ YTe(u)
s*«T¢e(5,8)
for s € {«(s*), V(s*),>(s
if 5 € J(s) then
S§< s
end if
if &' € |(s) then
§ s
end if

*)} do

: end for
Cif§#£ V(s

*) then
return A

: end if
2 if &(s

*)=uA§ =<q(s*) then

20:
21:
22:
23:
24
25:
26:
27:
28:
29:
30:
31:
32:
33:
34.
35:
36:
37:
38:

return «
elseif {(s*) =u NS =>(s
return »
end if
s+ §
while TRUE do
if s € £° then
return A
else if u = £(s) A <(s) € E° then
return «
else if u = £(s) A>(s) € E° then
return »
end if
for s’ € {«(s),V(s),
if s (s ’) then
545
end if
end for
end while

*) then

>(s)} do

Algorithm 4 The operation INSERT;(J ) on a contraction 7 of Z at trial ¢

bl

10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:
25:
26:
27:
28:

AN A e

E+—H(2)

D+ H(T)

s« r(D)

Ut <— ’:}’/(Cﬂt)

while s € DT do
if v(&§(s), ur

end while
< pi(s)
s+ r(€)
while s € £T do
if (¢ (5), u1) = V(E(s),
if v(&(s), ur) = < then
s+ <(s)
elseif v(£(s),us) =
)
)

i) then

» then
s+ D>(s
else if v(£(s), u;) = A then
s+ V(s)
end if
else
s+ V(s)
end if
end while

A/-\’—\/-\

29:
30:
31:
32:
33:
34:
35:
36: i
37:
38:
39:
40:
41:
42:
43:
44:
45:
46:
47:
48:
49:
50:
51:
52:
53:
54:
55:
56:
57:

u* < p(s)

u' 170

if 4 = <7 (u’) then
a7 (u')  u*

else
>r(u) +—u
end if
if v(u*, ) = < then
qj(u*) — U
>7(u*) < uy
else
Dj(u*) — U
A7 (u*) + uy
end if
fori e {0,1} do
Ki(T,u*) + 1
Ki(T,up) < 1
end for
for (j,,4') € [log(T)] x {0,1} x {0,1} do

for u € {u*, 4, u;} do
d(u) = d(u) — d(T7(u))
if i = ¢’ then ‘
Tiir (T u, J) < 1= sy (27/T)
else ]
Ti,i’(j7 u?j) «— ¢6(u) (QJ/T)
end if
end for
end for
REBALANCE(H(J), us)
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Given a vertex u in one of our contractions J we define (7, u) := {f € {0,1}7 | f(u) = 1} and
then for all j € [log(7T')] define:

AT, u,j) = H H Tty ) f ) (T W' )k pany (T, u')
FEF(Tu) weI\{r(J)}

As stated in the previous subsection, when a vertex v € I3 becomes involved in CANPROP on trial £,
CBNN will add 4(x:) to the leaves of .A(v) via the operation INSERT;(A(v)). In the appendix we
shall show that for each such v we then have:

0+(v) = Toa(T) Z A(A(v), ¥(2t), 7) -
og (T
] €[log(T)]
We now outline how to compute this efficiently, deferring a full description for Appendix First
note that for all contractions 7 and all (j, u) € [log(T")] x J we have that A(J, u, j) is of the exact
form to be solved by the classic Belief propagation algorithm [20]. The work of [6] shows how to
compute this term in logarithmic time by maintaining a data-structure based on a balanced TST of 7 -
in our case the TST (7). Whenever, for some ¢ € {0,1} and v’ € 7, the value x,(J, ") changes,
the data-structure is updated in logarithmic time.

We shall maintain, for each contraction 7, a set of log(T') such data-structures - one for each
value of j. We define the subroutine EVIDENCE(7,u') as that which updates all these data-
structures after x; (7, u') changes. We also make sure that the data-structures are updated whenever
REBALANCE(H(J), -) is called. We then define the subroutine MARGINAL(J, ) as that which
computes A(J, u, j) for each j € [log(T)], and then sums the results and divides by 4 log(7"). Hence,
the output of MARGINAL(A(v), ¥(x)) is equal to 8, (v).

45 CBNN

Now that we have defined all our subroutines we give, in Algorithm 5] the algorithm CBNN which is
an efficient implementation of CANPROP with initial weighting given in Equation (@).

Algorithm 5 CBNN at trial ¢

1: GROW; 18: end if
2: up — Y(x4) 19: end for
3: Vg0 & T(B) 20: ay < Ut log(K)
4: for j=0,1,---, (log(K) — 1) do 21 @ = e pog(aoy T (v25)
5 forv € {<1(’Ut J) (Ut J)} do 22: qzbt,log(K) — exp(fnét,at/ﬁt)
6: INSERT; (A(v)) 23: for j = log(K), (log(K) —1),--- ,1do
7: 6;(v) +~ MARGINAL(A(v), us) 240 Yoy 1= (1 — 1y ) (ve)
8: endfor 25 if v, = <(vr;_1) then
o g Oal) G () e, Mo =g 8
10 for v % ~){<1( tg )(,[;(Ut])} 0 >, else t,j tj—1
11: t(v)/ 2, I 5
12: an fmi0 1 ! ;g endzjitfj < Avt,j-1)
13: tj ~ U,
14 il < m(a(u,)) then o :Qf’;gm/ijpff :
igj else”tvj“  Aveg) 32:  EVIDENCE(A(vy;), u
: 33: EVIDENCE(A(0; ;),u )
17: V1 4 B (vrg) 34: end for

5 Conclusion

In this paper we introduced the use of the nearest neighbour methodology for the fully adversarial
contextual bandit problem when the contexts are selected from a metric space. We developed an
extremely efficient algorithm CBNN. We gave a regret bound for CBNN and, as an example, further
analysed it in the case in which the contexts (but not necessarily the losses) are drawn i.i.d. from a
distribution on a multi-dimensional hypercube: where CBNN requires no knowledge of parameters.
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A Guide to the Appendices

To give the reader some intuition behind CBNN we present, in Appendix [B| our initial idea: an
algorithm which obtains the regret bound of CBNN but is exponentially slower. We then give a
detailed description of CBNN in appendices[C|to[E] Specifically, in Appendix [C| we describe our
novel algorithmic framework CANPROP. In Appendix [D] we describe contractions and bayesian
networks on them, showing how CANPROP can be implemented with them. Finally, in Appendix [E]
we describe TSTs and how they are used to perform our required operations efficiently. In Appendix
[F| we prove, in order, all of the theorems stated in this paper.

B The Initial Idea

Here we describe our initial idea - an algorithm, based on ExP4 [3] and Belief propagation [20],
which attains the regret bound of CBNN but is exponentially slower - taking a per-trial time of

O(KT). Since this section is only to give intuition, and the results are surpassed by CBNN, we do
not prove the statements made in this section.

To begin with we assume a-priori knowledge of the set X' := {x; | ¢t € [T']} and function n but the
final algorithm will not need this knowledge. Without loss of generality assume that 7" is an integer
power of two.

The algorithm is based on ExP4 [3] which we now describe. On every trial £ we maintain a weighting
Wy ¢ [K]Y — [0, 1]. We are free to choose any 1 satisfying:

Z wi(y) =1.

ye[K]¥

On each trial ¢ the following happens:

. x4 1s revealed
. Foralla € [K] setpia = 3, c(rpx [y (1) = a]ie(y)
. Set a; < a with probability proportional to p; ,

1
2
3
4. Receive ¥y q,
5. Forall a € [K] set tft,a — [a = alle o, lPell1/Pta
6

. Forall y € [K]|* set w11 (y) + w(y) exp(—nls y ()
It is a classic result [3] that, for any policy y : X — [K], the expected y-regret of EXP4 is bounded

by: A
Bl < 25T - 2O,

If i € [log(T)] is such that 2! < ®(y) < 2¢*1 then:

() 03 ol o)

so setting:
1
"=\ KT
and: ®(y) (T-1-2(y))
1 20 v 20\ Y
D = S — 1- 2
)= iog() .G[;T)] (T(Kl)) ( T)
1€ [log

gives us our desired regret bound.

However, we have two issues - the algorithm takes exponential time and the set X and function
n need to be known a-priori. We will hence discuss how to bring the time complexity down to

11
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O(KT) and with no a-priori knowledge. To do this first define, for all 7 € [log(T")], the function
7+ [K] x [K] — [0, 1] by:

o) = o s+l o] (1 2)

Note then that for all y € [K]* we have:

w1 (y) Z H Ti(y(zs), y(n(zs)))

i€flog(T)] \s€[TT\{1}

so that for all trials ¢:

Wy (y) o Z H 7i(y(xs), y(n(zs))) H eXp(—[[S < t]]né&y(ws))

1€[log(T)] \s€[T]\{1} se[T)

and hence for all a € [K] we have:

pracc > Mwe)=d| I #@@)um@)) | [T ew(=Is < dnls )

i€log(T)] y€[K]¥ se[TI\{1} s€[T]
For all s € [t] and a € [K] define:

$i(xs,a) = [s < ] exp(—nlsa) + [s = 1]
A crucial insight is that:

S W) =al | ] #@@)um@)) | T ewIs < dnlsye.))

ye[K]¥ se[T\{1} se[T]

is equal to:

Y ly(x) = aldi@ny(@)) T[ 7oy, y(ne)d)(zs y(x,)) ®)

yE[K] ¥t seft\{1}

which is why the algorithm needs only know {z | s € [t]} and {n(z;) | s € [t] \ {1}}. On trial ¢ we
construct a tree with vertex set {z, | s € [t|} which is rooted at =1 and is such that for all s € [¢]\ {1}
we have that n(x) is the parent of z;. We note that computing the quantity in Equation (3] for all
a € [K] can be done in a time of ©(Kt) by Belief propagation [20] on this tree. Hence we have that
p, can be computed in a time of ©(Ktlog(7T")) without a-priori knowledge of X" and n.

C Cancellation Propagation

We now turn to the description and analysis of our algorithm CBNN, starting with our novel
algorithmic framework CANPROP.

C.1 The General CANPROP Algorithm

Let X := {z; | t € [T]}. Note that we do not know X a-priori but for now let’s assume we do. We
now introduce a general algorithmic framework CANPROP for handling contextual bandit problems
with a per-trial time logarithmic in K. Without loss of generality assume that K is an integer power
of two. Let B be a full, balanced, oriented binary tree whose leaves are the set of actions [K]. Let
B’ := B\ {r(B)}. CANPROP takes a parameter € R called the learning rate. On each trial ¢
CANPROP maintains a function:
wy - B x 2% = [0,1]

The function w; is free to be defined how one likes, as long as it satisfies the constraint that for all
internal vertices v € B we have:

Y (i(a(),8) + wi(>(v),5)) =1

Se2X
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We now describe how CANPROP acts on trial ¢. For all v € B’ we define:
U) = Z [[’It S S]]U)t(’U,S)
Se2X
and for all v € BT we define:
B¢ (a(v)) 0:(>(v))
T (<(v)) = ;
{0 = G + 66 w) B a()) + 0((0))

As we shall see CANPROP needs only compute these values for O(In(K)) vertices v. CANPROP
samples a root-to-leaf path {v; ; | j € [log(K)] U {0}} as follows. v, ¢ is defined equal to 7(55). For
all j € [log(K) — 1] U {0}, once v; ; has been sampled we sample v, ;1) from the probability
distribution defined by:

T (>(v)) =

Plog,(j+1) = v] == [1(v) = v ;]me(v) Yo e B
noting that v, (;41) is a child of v; ;. We define:
Py = {5 | j € [log(K)] U {0}}
CANPROP then selects:
At = UVt log(K)
and then receives the loss ¢; ,,. The function w; is then updated to w1 as follows. Firstly we define,
w1 (v,8) == wy(v,S)  V(v,8) € {v' € B |1(v') & P} x 2%
We then define:

Vi log(K) = €XP /e
o 1T cpog(xoy ™ (ve.5)

Once we have defined v, ; for some j € [log(K')] we then define:
be-1) = 1= (1=t j)me(ve )
veP i +vgP
= t]]ftf 1)[[ 2 v e {a(vs,-1), > (vr,-1))}
t(i—

wiy1(v, S) = ([x¢ € S]Be(v) + [z¢ & SPwe(v,S) V(v,8) € {<(vy,(j—1)),>(ve,j—1))} ¥ 2%
The regret bound of CANPROP is given by the following theorem.
Theorem C.1. Suppose we have a functiony : X — [K]. For all v € B define:
Qv) :=={z € X|y(z) € I(v)}
Then the expected y-regret of CANPROP is bounded by:

E[RE) < oL 2 ~ 3" 10() # W Infus (v, Q)

UGB’

C.2  Our Parameter Tuning

We now describe and analyse the initial weighting w; that we will use. Without loss of generality
assume 7T is an integer power of two. Define X’ := X' \ {x;}. For all (z,S) € X’ x 2% define:

o(2,8) = [l € 5] # [n(x) € S]]
For all (v,S) € B’ x 2% we define:

> 11 < +(1—a(x,3)) (1?))

wy(v,S) :=

4 log
i€[log(T)] z€X’
Given our parameter p we choose our learning rate as:
In(K) In(T)
=P

Given this initial weighting and learning rate, Theorem [C.1]implies the following regret bound.

Theorem C.2. Given wy and 1 are defined as above, then for any policy y : C — [K| the expected
y-regret of CANPROP is bounded by:

E[R(y)] € O ((p + @;y)) n(K) ln(T)KT)

13
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D Binarisation and Implementation with Contractions

D.1 A Sequence of Binary Trees

For any trial ¢ we have a natural tree-structure on the set {z | ¢’ € [t]} formed by making n(z, ) the
parent of xy for all ¢’ € [t]\ {1}. However, in order to utilise the methodology of [19] we need to work
with binary trees. Hence, we now inductively define a sequence of binary trees {Z; | t € [T] \ {1}}
where the vertices of Z; are a subset of those of Z; ;. We also define a function vy : Zp — X’. This
function ~y has the property that for any ¢ € [T'] and for any distinct leaves u, v’ € Z} we have that

~v(u) # v(u'), and that:
{v(u) |u e 27} = {ap | 1 € [t]}

We define Z5 to contain three vertices {r(22), <(r(23)),>(r(Z22))} where:

V(H(22)) = (@ (22) =21 and A((r(22)) = 2
Now consider a trial ¢ € [T']. We have that Z,; is constructed from Z; via the following algorithm
GROW,41:
Let u be the unique leaf in Z} in which y(u) = n(z¢41) and let u* := T (u).
Create two new vertices v’ and u”.
Set y(u') <= n(zy41) and y(u") < @p41.
If u = <(u*) then set <(u*) < u'. Else set >(u*) + u'.
Set <(u’) <— v and >(u')  u
We also define a function d : Zp — NU {0} as follows. Define d’(x1) := 0 and for all ¢ € [T]\ {1}
inductively define d’(x;) := d’(n(x¢)) + 1. Finally define d(u) := d’(y(u)) for all u € Z7. Since
for all t € [T] we have that the vertices of Z; are a subset of those of Z7 we have that d also defines
a function over Z, for all ¢ € [T].

A

For all ¢ € [T] we define u; to be the unique leaf of Z; for which ~y(u;) = .

D.2 Contractions

Our efficient implementation of CANPROP will have a data-structure at every vertex v € B’. However,
to achieve polylogarithmic time per trial we can only update a polylogarithmic number of these
data-structures per trial. This necessitates the use of contractions of our trees {Z, | t € [T] \ {1}}
which are defined as follows. A contraction of a full binary tree Q is another full binary tree 7 which
satisfies the following:

* The vertices of 7 are a subset of those of Q.

« r(J)=r(Q)

* Given an internal vertex u € JT we have <7(u) € |} g(<g(u)) and > 7 (u) € o (>o(u))
* Any leaf of 7 is a leaf of Q.

Note that any contraction of Z, is also a contraction of Z;; and hence, by induction, a contraction
of Z; for all ' > t¢. Given a trial ¢ and a contraction J of Z;_; we now define the operation
INSERT,(J) which acts on J by the following algorithm:

1. Let @ be the unique vertex in 7 \ r(J) such that u; lies in the maximal spanning tree of Z;
with 1 (i) and % as leaves.

. Letu* :=Tgz, (us, ).

. Add the vertices ©* and u; to the tree 7.

. Letu :=1,(a).

. If 4 =<7 (u') then set <7 (u') < u*. Else set> 7 (u') + u*.

If 4 € Uz, (<z, (u)) then set <7 (u*) < @ and > (u*) < u;. Else set >z (u*) < @& and
dj(u*) — Ut

AN L W

Later in this paper we will show how this operation can be done in polylogarithmic time. Note that
after the operation we have that 7 is a contraction of Z; and u, has been added to it’s leaves. From
now on when we use the term contraction we mean any contraction of Z.
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D.3 Contraction-Based Bayesian Networks

Here we shall define a bayesian network over any contraction 7 and show how it can be utilised to
compute certain quantities required by CANPROP. This bayesian network takes a parameter € € [0, 1].
First define the quantity ¢o(e) := 0 and for all j € N U {0} inductively define:

¢j+1(€) := (1 = €)gj(e) + (1 = ¢(e))

The algorithm must compute these quantities for various values of e. However, for all ¢ € [T] we
have that ¢;(e) doesn’t have to be computed until trial ¢ so computing these quantities is constant
time per trial (for each value of €). Given a contraction 7, a value € € [0,1], avertex u € J \ r(J)
and indices ¢, ¢ € {0, 1} define:

Fiir(Tyu,€) i= [ # 11 baqu)—det 5 ) (€) + [i = 711 = Srau)—dt, (w)) (€)

which defines the transition matrix from 1 ;(u) to u in a bayesian network. We shall now show
how belief propagation over such bayesian networks can be used to compute the quantities we need
in CANPROP. Suppose we have a contraction 7, a value € € [0, 1] and a function A : J* — R..
This function X induces a function \’ : X — R defined as follows. Given x € X, if there exists a
leaf u € J* with v(u) = x then X (x) = A(u). Otherwise X' (x) = 1. We then define a weighting
W(A € ) : 2% — R, such that for all S € 2% we have:

(A€, S) (H/\ > (H (0(1',8)€+(10(9:,S))(16))>

zeS reX’

For the CANPROP algorithm we will need to compute

Z [v(4) € SJw(A €, S) (6)
Se2¥
for some leaf & € J*. We shall now show how we can compute this quantity via belief propagation
on the bayesian network. In particular we shall construct a quantity A(7, A, €, u) equal to the quantity
in Equation @) To do this first define the function A\* : 7 — R, so that for all u € J* we have
A (u) = M(u) and for all uw € JT we have A*(u) = 1. For all vertices u € 7 and all indices
i €{0,1} define:
Ri(Au):=[i=0] 4+ [i = 1JA" (u)
For all & € J define:
F(T.0) = {f €{0,1}7 | f(u) =1}
and then define:
AT N ei) = Y T Ao ra (T w ek s (A u)
feEF(T,a) ueI\r(J)
The equality of this quantity and that given in Equation (@) is given by the following theorem.
Theorem D.1. Given a contraction J, a function A : J* — Ry, some ¢ € [0,1] and some leaf

u € J* we have:
AT, N e, ) = Z[h w(\, € S)

Sea2¥

Note that A(J , A\, €, 1) is of the exact form to be solved via belief propagation over 7. However,
belief propagation is still too slow (taking ©(|7|) time) - we will remedy this later.

D.4 Cancelation Propogation with Contractions

We now describe how to implement CANPROP with contractions. For each v € B’ we maintain a
contraction A(v) and a function (v, ) : A(v)* — R,. We initialise with .A(v) identical to Z5 and
¢(v,u) = 1 for both leaves v € Z3. Via induction over ¢ we will have that at the start of each trial ¢
we have, for all sets S € 2%, that:

1 )
S = —— 2(C(v,-), 2T, S 7
wi (v, S) 41og(T) ie[%T)]w(C(v ),2"/ ) @)
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On trial ¢t we do as follows. First we update Z,_; to Z,; using the algorithm GROW,. We will perform
the necessary modifications to our contractions as we sample the path P;. In particular we first
set v, o < 7(B) and then for each j € [log(K) — 1] U {0} in turn we do as follows. For each
v € {<(vt,5),>(ve,;)} run INSERT,(A(v)) and set {(v,u) < 1. Since (v, u;) = 1 Equation (7)
still holds and hence, by Theorem@ we have:

Z A(A(v), (v, ), 28T, uy)

€llog(T)]

0u(v) = 410g

where ((v, -) is the function that maps each v € A(v) to {(v, u). After 6;(v) has been computed for
both v € {<(v; ;),>(ve )} we can now sample vy ;1.

Once we have selected the action a, we then update the functions {¢(v, ) | T5(v) € P} by setting
C(v,ut) < Bi(v) forall v € B’ with 13(v) € P;. It is clear now that Equation (7)) holds inductively.

D.5 Notational Relationship to the Main Body

‘We now point out how the notation in this section relates to that of the main body. In particular we
have, forallv € B/, all u € A(v), all j € [log(T)] and all 7,7’ € {0, 1}, that:

® Ti,i/(A(U)7 u, ]) = 7~-i,i’ (-A(U)a u, QJ/T)
* ki(A(v),u) = i (C(v, ), u)
¢ A(-A<U>7 u’]) = A(A(U)v C(Uv ')v 2j/T7 u)

E Utilising Ternary Search Trees

There are now only two things left to do in order to achieve polylogarithmic time per trial - to make
an efficient online implementation of the INSERT,(+) operation and an efficient online algorithm to
perform belief propagation over our contractions. In order to do this we will utilise the methodology
of [19] which we now describe. However, we do not give the full details of the rebalancing technique
and refer the reader to [[19] for these details.

E.1 Ternary Search Trees

In this section we will consider a full binary tree J. A (full) ternary tree D is a rooted tree in which
each internal vertex s € DT has three children denoted by <(s), V(s), >(s) and called the left, centre,
and right children respectively. We now define what it means for a ternary tree D to be a ternary
search tree (TST) of 7. Firstly, the vertex set of D is partitioned into two sets D° and D*. Every
vertex s € D is associated with a vertex ;(s) € J and every s € D* is also associated with a vertex
1 (s) € Iz (u(s)). The root r(D) of D is contained in D° and u(r(D)) := r(J). Each internal
vertex s € DI is associated with a vertex £(s) € J. If s € D° then £(s) € J(u(s))" and if s € D*
then £(s) lies on the path (in 7) from p(s) to 1(u/(s)). For all s € DT we have:

* V(s) € D*, u(V(s)) := p(s) and p'(V(s)) := £(s).

 «(s) satisfies:
- If s € D° then <(s) € D° and p(<(s)) := <(£(s)).
- If € D* and /() € Yo(E(2) then (o) € D° and (o) 1= ()
- Else a(s) € D°, u(<(s)) := <(£(s)) and p'(<(s)) == p'(s)

* >(s) satisfies:

- If s € D° then>(s) € D° and p(>(s)) :=>(£(9)).
— If s € D* and 1/ (s) € J(<(&(s))) then>(s) € D° and u(>(s)) :=(£(s))
~ Elsen(s) € D*, ju(5(5)) = b(€(s)) and ' (5(s)) 1= 1/(5)

Finally, for each leaf s € D* we have:

 If s € D° then p(s) is a leaf of J.
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s If s € D* then there exists u € J such that uu(s) = p'(s) = u.

Intuitively each vertex s € D is associated with a subtree 7 (s) of 7. If s € D° then 7 (s) := {(uu(s))
and if s € D* then J(s) is the subtree of descendants of 1(s) which are not proper descendants
of 4/ (s). For every s € D such that 7 (s) contains only a single vertex, we have that s is a leaf of
D. Otherwise s is an internal vertex of D and its children are as follows. We say that J (s) is split
at the vertex £(s) € J(s). If s € D* we require that £(s) is on the path in 7 from (s) to i/ (s).
The action of splitting 7 (s) at £(s) partitions 7 (s) into the subtrees 7 (<(s)), J(V(s)) and 7 (>(s))
defined as follows:

» J(a(s) = B((Es)) N T ()
* T(>(9)) = b(E(s)) N T (s)
* J(V(s)) = T () \ (T ((s)) UT (>(5)))

Utilising the methodology of [19] we will maintain TSTs of Z; (at each trial ¢) and the trees in
{A(v) | v € B'}, each with height O(In(T")). Note that these trees are dynamic, in that vertices are
inserted into them over time. [[19] shows how, after such an insertion, the corresponding TST can be
rebalanced so that its height is still in O(In(7")). This rebalancing is performed via a sequence of
O(In(T)) tree rotations, which generalise the concept of tree rotations in binary search trees.

E.2 Searching

In this section we show how we can use our TSTs to implement the operation INSERT;(.7) on any
trial ¢ and contraction 7 of Z;_1. To do this we need to perform the following two search operations:

1. Find the unique vertex & € J \ r(J) such that u, lies in the maximal spanning tree of Z;
with 1 (i) and 4 as leaves.

2. Find u* := Tz, (u¢, @)

To perform these tasks in polylogarithmic time we will utilise TSTs £ and D of Z; and .7 respectively.
Both the searching tasks utilise a function v : Z2 — {A, <, »} defined, for all u, v’ € Z; as follows.
Ifu € |z, (<(u)) oru € |z, (>(u)) then v(u,u’) := <« or v(u,u’) :=» respectively. Otherwise
v(u,u’) ;== A. This can be computed as follows. If u = v then v(u, u’) := A. Otherwise let § and
§' be the unique leaves of £ such that u(8) = wand u(§') = v'. Let s* := T'¢(3,§') and let § and
§' be the children of s* which are ancestors of § and §' respectively. If § # V(s*) then we have
v(u,u') = A. If {(s*) = u then we have v(u,v') = qor v(u,u’) =p if & = <(s*) or § = (s*)
respectively. If § = V(s*) and £(s*) # u then we perform the following process. Start with s
equal to 5. At any point in the process we do as follows. If s € £° then the process terminates
with v(u,u’) ;= A. If s € £° and u = £(s) then the process terminates with v(u,u’) = < or
v(u,u’) =w if <(s) € £® or>(s) € E° respectively. If s € £* and u # £(s) then we reset s as equal
to the child of s which is an ancestor of s and continue the process.

The vertex 4 can be found as follows. We construct a root-to-leaf path in D such that, given a vertex
s in the path, the next vertex in the path is <(s), >(s) or V(s) if (£(s), us) is equal to <, » or A
respectively. Given that s’ is the leaf of D that is in this path we have 4 = p(s’).

The vertex u* can then be found as follows. We construct a root-to-leaf path in £ such that, given a
vertex s in the path, the next vertex in the path is found as follows. If v(£(s), u;) = v(£(s), @) then
given v(&(s), u;) is equal to <, » or A, the next vertex is equal to <(s), >(s) or V(s) respectively.
Otherwise, the next vertex is V(s). Given that s’ is the leaf of £ that is in this path we have u* = u(s’).

The fact that these algorithms find the correct vertices is given in the following theorem:

Theorem E.1. The above algorithms are correct.

E.3 Belief Propagation

Here we utilise the methodology of [6] in order to efficiently compute the function A that appears
in the CANPROP implementation. i.e. given a contraction 7, a function A : J* — R, some
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¢ € [0, 1] and some leaf 7, € J* we need to compute A(7, \, €, @). For brevity let us define, for all
i,i" € {0,1}, and all vertices u € J \ {r(J)}, the quantities:
’f_i,i’ (’LL) = ﬂyy(],u,e) ; /%Z(u) = kl()\7u)

For simplicity of presentation we will utilise a tree 7’ which is defined as identical to [ except with
a single vertex added as the parent of r(J). For all 4,7 € {0,1} we define &;(r(J’)) := 1 and
73,00 (r(J)) = [i = i']. Forallu € J we will define (u) := 1/ (u)

We will utilise a TST D of 7 by maintaining potentials on the vertices of D defined as follows. First,

for any vertex s € D define the subtree J(s) of J to be equal to | 7(u(s)) if s € D° and equal
to the maximal subtree with u(s) and ' (s) as leaves if s € D*. Forall s € D° and i € {0,1} we
define:

U, (s) == > L) =TT #revw).s @k (w)

£€{0,1}T HU{t ()} ueJ(s)

and for all s € D*® and ¢,i’ € {0,1} we define:

Qi (s) = > LM () = ilLF (' () = 4T T Frerwn.rw (Wi (w)

fe{o’l}j(S)U{T(M(S))} uej(s)

We have the following recurrence relations for these potentials. Suppose we have an internal vertex
s € Dlandi,i’ € {0,1}. If s € D° we have:

Vi) = D Quan(V(8)Wir (a(s)) Lir (>(s))
i7€{0,1}
If, instead, s € D* then, by letting s’ := <(s), s” :=>(s) if <(s) € D* and s’ :=>(s), 8" := <(s)
otherwise, we have:
Qia(s) = D Qiir(9(8)Qrir(s)Win (s")
i7€{0,1}
If, on a trial ¢, we perform the operation INSERT;(.7) or change the value of A\(u;) these recurrence

relations can be used to update the potentials (in conjunction with the tree rotations) in logarithmic
time.

Now that we have defined our potentials we will show how to use them to compute /NX(j S €, 10)
in logarithmic time. To do this we recursively define the following quantities for ¢ € {0,1}. Let
w;(r(D)) := 1. Given an internal vertex s € D° we define:

wi(V(s)) == wi(s) 5 wi(V(s)) := Wi(a(s)) i (>(s))

wi(a(s)) =T;(>(s)) D> wirls)Qiri(s) 3 wilb(s)) = Wi(als)) Y wir()Qiri(s)
i'e{0,1} i'€{0,1}
Given an internal vertex s € D*® define s’ := <(s), s” := p(s) if <(s) € D*® and s’ := >(s),
s" := «(s) otherwise. Then:
wi(V(s)) == wils) 5 wi(V(9) = Wi(s") D Quarls )wl(s)
i'€{0,1}
wils) == Y wir(9)Qna()Wils") 5 wils') = wils)
i/€{0,1}
wils") = Y wir(s)Qir i (V(8))win (5) i (')
i*,i"€{0,1}

For s € D°, wi(s) is not required and hence is arbitrary. We inductively compute the values
{wi(s),wi(s) | i € {0,1}} for all s in the path from r(D) to the unique leaf § € D* in which
1(8) = 4. We then have A(T, A €, 4) = w1 (8).

Since this is known methodology we do not include a proof in this paper and direct the reader to [6].
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F Proofs

F.1 Theorem[3.1]

For brevity we write « instead of «(y, ). Choose some 6 > 0. Let £ :=C \ M(y, ). Let X be a
set of m contexts drawn i.i.d. at random from p. Now consider some x drawn from p and let & be a
c-nearest neighbour of z in X.

Suppose that z € €. Let A be the ball of radius /¢ centred at 2. We have that:
5\ ¢
)z e (2)

where ) is a constant dependent on d. This means that for any 2’ drawn from p we have that:

Pla’ ¢ A] <1—Xe (i)d <exp (—)\6 <i>d>

—In(ad) ( c) d
> _ ) (Z

T De o

Note that if there exists z”/ € X with " € A then A(x, %) < ¢ so that y(z) = y(&). The above

equations then give us:

Suppose that:

m

d
Ply(x) # y(Z) |z € €] < exp (—m/\e <i> ) <ad

‘We then have that:
Ply(z) # y(2)] < ad + p(M(d)) € O(ad)

Since:

5 € O(c(em)~19)
we now have:

Ply(s) # u(2)] € O (calerm) /)

F.2 Theorem

This theorem is proved in appendices [C|to [E]and the theorems therein.

F.3 Theorem

Choose a set S C C in which for all ¢ € [T] there exists € S with A(z, z;) < ¥(x,y)/3c. For all
trials ¢ let S; be the set of all contexts = € S in which there exists s € [t] with A(x, z,) < v(z,y)/3c.

Now consider a trial ¢ in which y(z;) # y(n(x:)) and choose x € S with A(z,x;) < v(z,y)/3c.

Assume, for contradiction, that z € S;_1. Then there exists s € [t — 1] with A(z, zs) < v(z,y)/3c
so that by the triangle inequality we have:

Awe, ws) < Az, xs) + Az, 2) < 29(z,y)/3c
which implies that A(xs, n(zt)) < 27v(z,y)/3. By the triangle inequality we then have that:
Az, n(x)) < Az, n(z)) + Az, ) < 29(x,y) /3 +v(x,y) /3¢ < 3y(z,9)/3 = v(z,y)

Since A(z,z) < ~y(z,y) we have y(r) = y(z;) and hence that y(z) # y(n(x;)). But this
contradicts the fact that A(x, n(z;)) < v(z,y).

We have hence shown that x ¢ S;_;. Since z € S; we then have that |S;| > |S;—1|. This implies

that:
Oy) = > [ylxe) # y(n(z,))] < |Sr| < [S]

te[T]
as required.
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F.4 Theorem[3.4

By linearity of expectation we have:
E@(y)] <1+ Y g:(p,v¢)
te[T]

and from Theorem[3.1] we have:

gulpy,e) € O (caly, p)(et)/?)

so that:
E[@(y)] € O (caly, we /4T @/ In(T))

By setting:
p = T=D/2d)1/2
we then have:
E[e(y)]
p
so that by Theorem 3.2] we have:

p+ €0 <01/2(1 + aly, p)e=V/Aypd-1/(2d) 1n(T)>

E[R(y)] € © <c1/2(1 + a(y’M)E—1/d)K1/2T(2d—1)/(2d))

F.5 Theorem|C.1

For every trial ¢t € [T define:
A== [Q) # 0] In(wy (v, Q(v)))
veB’

Choose some arbitrary trial ¢ € [T']. From here until we say otherwise all probabilities and expecta-
tions (i.e. whenever we use P[-] or E[-]) are implicitly conditional on the state of the algorithm at the
start of trial ¢. Note first that we have:

Ay — Ay = Z [Q(v) # 0] In

veB’

<Wt+1(”’9<”>) ) ®)

wi(v, Q(v))

For all j € [log(K)] U {0} let 7, ; be the ancestor (in B) of y(x;) at depth j. Note that for all
ve X\ {v,;|je log(K) U{0}} we have y(z;) ¢ {(v) so that z; ¢ Q(v) and hence, directly
from the CANPROP algorithm, we have w41 (v, Q(v)) = w; (v, Q(v)). By Equation (8) and the fact
that Q(v) # () for all ancestors v of y(x) this implies that:

Ay —Apyq = Z In (thrl('Vt,j» Q(%J))) ©
jeiogiey N 00 Q0ng))

For all j € [log(K)] define:

wt+1(’7t,j» Q(’Yw‘)))
Aeii=1
b n( wt(“Yt,j7Q(’Yt,j))

and:

ey = E[In(¢e;) |, € Pl
Now choose some arbitrary j € [log(K)]. If 74 (j—1) € Py then v, (;_1) = vg,(j—1) 50 T(Ve,5) =
vg,(j—1) and hence, since 2; € Q(7;,;), we have Ay ; = In(B¢(7¢,5)). By definition of 3;(; ;) this
means that:

EAtj |75 € Pry Ye,j—1) € Pe) = €15 — E[ln(vy, j-1)) [ 765 € Pe, ve,(j—-1) € Pil
and that:
E[A¢;

Y5 & Pt Ye,ii—1) € Pel = —ElIn(y,j—1)) | V.5 & Pty ve.(5—1) € P
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Multiplying these two equations by Py ; € P; | v, (j—1) € Pe] and P[ye; & Pr | v1,5-1) € P4
respectively, and summing them together, then gives us:

Eej 1 ve,6-1) € Pl = Plvej € Pe | ve,5—1) € Peler; — Elln(vy, -1y | ve,-1) € P
Since P[v:,; € Py | Ve,(j—1) € Pe]l = me(7e,5) we then have:

E[A:,; | Ye,(i—1) € Pl = mi(ve,5)€n,5 — €t,(j—1) (10)
If, on the other hand, v, (;_1) ¢ P; then 1(7; ;) ¢ Py so A¢,; = 0. This means that:
EAe 5] = Ply,—1) € PeE[Aej [ Ve,—1) € Pil Oy

Since the probability that v; (;_1) € Py is equal to Hj’e[j—l] m¢(7¢,) we then have, by combining

equations (I0) and (TT), that:
Bl =es [ meves) —eg-ny [ me(es)

'€l VESIVESY
By substituting into Equation (9 (after taking expectations) we then have that:
E[A; — Apy1] = —€1,0 + €4 10g(K) H 7 (Ve.5)
j€log(K)]

= —E[n(¢s,0)] + Elln(ty 10g(x)) | @t = Ve,10g(K)] H Tt (Ye,5) (12)
J€[log(K)]

Note that if a; = 7y 10g(k) then ¢ ; = vy j for all j € [log(K)]. By definition of 1 1o¢(x) and the
fact that v 10¢(x) = ¥(2¢), Equation (T2)) then gives us:

E[A; — Apy1] = —Elln(¢r0)] — 0t y(20) (13)
For all (v,a) € B x [K] define:
Pra(v) =Play =a|v € Py

noting that this is non-zero only when a € |.(v). Suppose we have some v € B\ {r(B)} and some
a € |(v) N [K]. Then, since Pla; = a | v ¢ P;] = 0, we have:

Pra(t(v)) =Plas = a | 1(v) € P = Pla; = a[v € PJP[v € Py | 1(v) € Pi] = m(v)pr.a(v)
Since p;.o(v) = 0 whenever a ¢ {(v), this implies that for all (v,a) € BT x [K] we have:
Pra(v) = T (A(0))pr.a(<(v)) + 7 (>(0))pr.a(>(v)) (14)
For all a € [K] define:

We now take the inductive hypothesis that for all j € [log(K)] U {0} we have:
Ui = Y Pralve;)exp(—nlia)
a€[K]

and prove this via reverse induction (i.e. from j = log(K) to j = 0). Note that given o’ := a; we
have Pla; = a] = [[;cpog(rcy Tt (vr,5) and hence:

wt,log(K) = exp(_nét,at)
so the inductive hypothesis holds for j = log(K’). Now suppose that we have some j' € [log(K)] and
that the inductive hypothesis holds for j = j’. We shall now show that it holds also for j = j' — 1. Le
v’ be the child of v, (;,_1) that is not equal to v; ;. Note that a; ¢ |}(v") and hence exp(—nf; ) = 1
forall a € |(v') (i.e. whenever p; ,(v") # 0) which implies:

Z Pr.a(v) exp(fnétva) =1 (15)
]

a€[K

—
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For all a € [K], Equation (T4) gives us:

Pra(V,(jr-1)) exp(*ﬂét,a) = Wt(vl)Pt,a(”Ul) GXP(*Uét,a) + 7t (vt 37 )Pt,a (V5 eXP(*ﬂét,a)

Substituting Equation (T3)) and the inductive hypothesis into this equation (when summed over all
a € [K]) then gives us:

> Pralvegr—n) exp(—nlea) = 1 (v') + mo(vr )t
a€[K]

Since 7y (v') + m(ve,57) = 1 we have, direct from the algorithm, that 7, (v") + m;(ve j/ )¢, =
4 (j—1) so the inductive hypothesis holds for j = j” — 1. We have hence shown that the inductive
hypothesis holds for all j € [log(K)] U {0} and in particular for j = 0. Since p o (vt,0) = Pla; = a]

we then have: A
Yo = Z Pla; = a] exp(—ntsq) (16)
a€[K]

Since exp(—z) <1 — 2z + 2%/2 for all z € R, we have, from Equation (T6)), that:

by
wto Zpat—a]<1_’r]€ta 2)—1 nZPat_afta ’rl Z]P)at—a
a€[K] a€[K] ae[K
so since In(1 + z) < z for all z € R we have:
2
n(tt0) < 772 lar = allyq + izp[at:a]ﬁa (17)

2
a€[K] a€[K]

Noting that Pla; = a)l; . = [a; = a]l; o for all a € [K], we have:

E Z Pla; = a]lft,a =E[l;q,]

a€[K]

and:
[a: = a2

P[at = Clt]’a Z g

a€[K]

Z Pla; = a]é?ya =E Z

a€[K a€[K
Substituting these eq[ua]tions into Equation (T7) (Lft]er taking expectations) gives us:
Efln(¢e0)] < —1E[lr,q,] + 177K /2
which, upon substitution into Equation (T3] gives us:
E[A: = Ava] 2 0(Ella,] = ley(an) — 07K /2 (18)

Note that this equation implies that the same equation also holds when the expectation is not implicitly
conditional on the state of the algorithm at the start of trial £. Hence, we now drop the assumption that
the expectation is conditional on the state of the algorithm at the start of trial ¢. Summing Equation
(T8) over all trials ¢ € [T'] and then rearranging gives us:

1 nKT

BIR()] < L(5[A] ~ Eldr.a)) + 5 (19)

Now consider a trial ¢. For all v € B let:
Vi(v) i= > e € SJwe1(<(v), ) + Y o1 € SJwega(>(v), S)
Se2x Se2X
| U {0} and let v := v, ;. Note that:
Vi(v) = Be(2(v))0e(a(v)) + Be(>(v)) 6 (>(v))

so that by definition of 7;(<(v)) and 7 (>(v)) we have:

)
Vi(v) = (0:(<(v)) + 0, (>(v))) (e (a(v)) B (9(v)) + 7 (>(v)) B (>(v)))

Now take any j € [log(K) —

22



71

712

713
714
715

716

7
718

719

720

721

722

723

724

725

726

727

728

Without loss of generality assume that <(v) € P;. Then the above equation implies that:

T () j+1 + T (>(v))

Vi(v) = (6:(a(v)) + 0:(>(v))) oy

so by definition of 9, ; we have:
Ve(v) = (0:(<(0)) + 0:(>(v)) = ) [ € STwn(a(v),8) + ) [ € STwn(>(v),5)
Se2x Se2x

Note that this equation trivially holds for all v € BT \ P; and hence holds for all v € B'. Since
for all such v and all S with ; ¢ S we have wyy1(<(v),S) = wi(<(v),S) and wyyq(>(v),S) =
wi(>(v), S) we then have:

D wer (@), 8) + Y we (G(v),8) = Y wi(9(v),8) + > wi(>(v),S)
Se2x Se2¥x Sea¥x Seax
so, by induction on ¢ we have, for all ¢ € [T + 1], that:
> wi(€(v),8) + Y wi(e(v),8) =1
Se2¥ Se2¥

Hence, for all v € B\ 7(B) and S € 2, we have w;(v,S) € [0,1]. We have now shown that
Api1 > 0 so that Equation[I9| gives us:

nKT

1
BIRG) < (BlA]+ 55

which, by definition of Ay, gives us the desired result.

F.6 Theorem

The fact that the weighting w; is valid is given by the following lemma:
Lemma F.1. Forall v € Bf we have:

> @i(4(v),8) + wi(>(v),8)) = 1

Sea¥

Proof. We will show that for all v € B’ we have:

1
Z wy(v,8) = =
2
Se2¥
which directly implies the result. So take some arbitrary v € B3’. Define, for all ¢ € [T, the sets:
X = {zs|se[t]}\{z:1} and F .= {0, 1} A=)
and for all x € &}, f € Fy and ¢ € [log(T')], define the quantity:
Biw, f) = [f() # Fn@)]2/T + [f(x) = F(n(a))](1 - 2'/T)
which is defined since n(z) € X] U {z1}. Now fix some ¢ € [log(7T")]. For all t € [T — 1] we have:

> 10 s@n=> | I] 80 Yo Bilmes f)

fEFi 1 weX],, feF, \zea, f(@ey1)e{0,1}
Given any f € F; we have:

Z ﬁi(xt+1,f)—(l—§j)+§:_1

f(zey1)€{0,1}

oI sin=>Y 11 8@ 5

feEFit1 $€Xf{+1 feFtxeXx]

and hence:
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Since X = X” this implies, by induction, that:

oIl s@n=> ] s@n=> [[B=H=> 1=IAl=2 @O

fEFr zeX’ fEFL z€X] feF1L x€b feF
Note that we have a bijection G : Fr — 2% defined by:
9(f) ={zeX|f(z)=1} VfeFr
and that for all (4, f, ) € [log(T)] x Fr x X’ we have:
Bi(x, f) = o(2,G(f))2"/T + (1 - o(2,G(f)))(1 = 2'/T)
Hence, Equation (20) shows us that for all ; € [log(7")] we have:
S0 (a(m,S)zZ +(1— o(z,8)) (1 - 2)) —9
Se2X xekX’ T T

This implies that:

1
Z wl(U,S) = 5

Se2¥
which implies the result. O

Now that we have shown that the weighting w, is valid we can utilise Theorem [C.I|to prove our
regret bound. For any set S € 2% define:

#(S) = > o(x,8)
reX’

For any i € [log(T)] define the function f; : [T — 1] — R by

wo=(-5) ()

for all ¢ € [T — 1]. Choose any set S € 2 and define:
j := min{[log(¢(S) + )T, log(T) — 1}
If $(S) > T/2 then j = log(T) — 15027 /T = 1/2 and hence:
—In(f;(6(S5))) = (T — 1) In(2) < 2¢(5) In(2) € O(4(S)) 21

Now consider the case in which ¢(S) < T'/2. Let h := 27 /T In this case 27 /T < 1/2 and hence f;
is monotonic decreasing so since 27 > ¢(S) we have:

In(f;(6(S)) = n(f;(27)) = In(f;(Th)) = T((1 — k) In(1 — h) + AIn(h)) = ~Th1n(e/h)
so since ¢(S) +1 > 29/2 =Th/2 and h > 1/T we have:
—In(f;(8(S5)) <2(¢(S) + 1) In(eT) € O(($(S) + 1) In(T)) (22)
Equations (ZI)) and (22) show us that for all possible values of ¢(S) we have:
—In(f;(¢(5)) € O(I(T)(4(S) + 1))
Noting that for all v € B’ we have wq (v, S) > (1/410g(T)) f;(¢(S)) we have now shown that:
—In(w1(v,5)) € O(I(T)(4(S) + 1)) (23)
for all v € B’. As in the statement of Theoremdeﬁne, for all v € B, the set:
Qv) :={r € X |y(x) € Y(v)}

First note that the graph (with vertex set X') formed by linking z to n(z) for every x € X" is a tree so
that ®(y) > [{y(z) | z € X}| — 1. So since for all v € B’ we have Q(v) # () if and only if v has a
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descendent in {y(z) | z € X'} and each element of {y(z) | x € X'} has log(K') ancestors in B’ we

have:
> [0(v) # 0] < log(K){y(x) |« € X}| < log(K)(®(y) + 1) (24)
veB’
Now suppose we have some z € X’ If y(z) = y(n(z)) then for all v € B’ we have z,n(z) € Q(v)
or z,n(x) ¢ Q(v) and hence o(x, Q(v)) = 0. On the other hand, if y(z) # y(n(x)) then for any
v € B’ with o(z, Q(v)) = 1 we must have that either z € Q(v) or n(z) € Q(v) so v is an ancestor
of either x or n(x) and hence there can be at most 2 log(K) such v. So in any case we have:

> ol2,Q(v)) < [y(x) # y(n(x))]2log(K)

veB’
Hence we have:
d Q) => > o ) < 2log(K)®(y) (25)
veB’ zeX veEB’
Equation (23) gives us:
— > [Q(v) # 0] In(wi (v, Qv))) € ( ) D #(Q(v)) + In( )Z[[Q(W#W])
veB’ veB’ veB’

Substituting in equations (24) and (23)) then gives us:
— Y [Qw) # 0] In(wi (v, Q(v))) € O(In(K) In(T)®(y))

veB’
so by Theorem [C.I] we have:

E[R(y)] € O (

nKT In(K) 1n(T)<I>(y)>

+
2 n

Since 7 = p+/In(K) In(T)/ KT we obtain the result.

F.7 Theorem D.I|

Define ) : X — R, as follows. Given z € X, if there exists a leaf u € J* with y(u) = « then
N (z) = Au). Otherwise X' (x) = 1. Given t € [T] define A, : Z; — R such that for all u € Z;

we have that A (u) := N (y(u)) if w is a leaf of Z; and \;(u) := 1 otherwise. For all ¢ € [T and
fi{ze |t €[t]} — {0,1} define:

N(f) = {f € {0,137 |Vu e Z; , f'(u) = f(v(u))}

and:

w(f) = I Neo| JI Wf)# fol))le+ [f (@) = f(nlz)](1 - e)
tEft]:f (zyr)=1 te[t]\ {1}

and:

Yoo I Ao, wyrwEew e pw (e w)

FIEN(f)ueZ\r(2:)
‘We now have the following lemma:
Lemma F.2. Forallt € [T| and f : {xy |t € [t]} — {0, 1} we have:
w(f) =o(f)
Proof. We prove by induction on ¢. Suppose the result holds for ¢ = s (for some s > 2). We now
show that it holds fort = s + 1 as well. Let f* be the restriction of f onto the set {zs | t' € [s]}.
Let u* and v/ be the unique leaves in 2} ; of which y(u') = n(x41) and y(u*) = z.41. By the

construction of Z; these vertices are siblings. Let v be the parent (in Z 1) of both v* and v’
First note that:

[f(@os1) = O] + [f(@sr1) = 1N (@e41) = Rpan) Aot u”) (26)
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Since, by the construction of 21, we have v(1z_,, (u*)) = v(u”) = n(xs41) we also have that
d(Tz,,,(u*)) = d(u*) — 1 so that, since ¢1(€) = ¢, we have:

[f(@ss1) # f(n(zspa))le + [f(@s41) = Fn(@s2)](1 = €) = Trmiaain)). o) (Zst1s U(ZG%)
Equations (26) and 7)) give us:

D(f) = D) pn@esn) f @) (Bt 1, 65 R () Kop1,u”) (28)
Now suppose we have some f € N(f). We have y(u”) = ~(u') and hence d(1z_,, (uv')) =
d(u") = d(u’) so since f'(u') = f(n(xsy1)) and ¢g(e) = 0 we have:
itz @) (Zorr, s €) = Fprwn g (Zss, 0y €) = [f1(") = fln(zep))] - (29)
Since, by the construction of 21, we have Tz (u”) = 1z (u’) and (as above) we have d(u") =
d(u’), we also have:

s+1

%f/(TZ (u,,))7f,(u/,)(25+1,u”,e) = %f/(TZS (u,))7f,(uu)(25,u’7e) (30)

Since f'(u*) = f(zs41) and Tz, (u*) = u” we have:

s+1

Tprta,,, ) (w) (Zst1, U5 €) = Tprwn) flaan) (Zsta, 075 €) GD
Now let:
C = Tl f@ap) (Zor1,075€) 5 = T, ), fin(rasn)) (Zss 'y €)
Define:

g = I Tt rwZsue
wEZ N\ (Z,)
and:
g(f) = 11 Trta, ) f ) (Zst1, s €)
UEZs 11 \1(Zs41)
Combining equations (29), (30) and (ZI)) gives us:
11 Tprta,, ) (Zst1,u,€) = [f/(u") = f(n(ze41))]C7C (32)

ue{u*,u'u'}

Forallu € Zy1 \ {u", v/, u"} wehave Tz (u) =1z (u) so that:

Trta ) ) (Zs+1,U,€) = Tprr, (), 1 (w) (Zs, Uy €)

and hence, since f(n(zs4+1)) = f/(u’), we have:

9(f") -
g(f) = II o, irw@snue

!
C ue{u*,u’u'"}
Substituting in Equation (32) gives us:
g'(f") = g(fIf (W") = f(n(zs1))]C" (33)

We have 7/ (u//)(5\5+1, ") = 1 and for all u € Z, we have i (u)(5\5+1,u) = Rf-/(u)(j\s7u).
Substltutmg into Equation (33) gives us:

) T FrwQasrw) = [ (") = ()& g Aarn, w)Cg(F) T R (A

UEZs41 ueZ,

s+1

Summing over all f* € A(f) and noting that:

Hf’(T(Zsﬂ))(/\S-HvT(ZS-H)) = ’%f’(r(Zs))()‘SvT(ZS)) =1
gives us:
D(f) = & priusy o1, w*)CD(f*)
By the inductive hypothesis we then have:
D(f) = Fprumy Ropr, u™) D (f7)
which by Equation (28)) is equal to «( f). We have hence shown that if the inductive hypothesis holds

for ¢ = s then it holds for ¢ = s + 1 also. An identical argument shows that the inductive hypothesis
holds for ¢ = 2. We have hence shown that the inductive hypothesis holds for all ¢ € [T]\ {1}. O
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We now define a bijection G : {0, 1} — 2% by:
G(f) ={r e X| f(z) =1} Vfe{0,1}"
Note that for all f : X — {0,1} and all z € X’ we have:
o(z,G(f))e+ (1 —o(z,6(f)1 —€) = [f(z) # f(n(x))]e + [f(x) = f(n(z))[(1 —¢)

and:
II Y@= I Y@
z€G(f) tET]:f (zyr)=1
so that:
W\ €,G(f)) =w(f)

and hence, by Lemma[F2] we have:
W eG(f)) =v(f)

> @) € Sli(he,8) = > [f(v(@) =1](f) (34)
fe{0,1}~

Se2X

U £ €{0,13%, f(a(@) =1} = {f" € {0,137 | f'(a) = 1}
and all sets in this union are disjoint, the right hand side of Equation (34) is equal to:
Yo =1 TI e, @ rw@Erueipwir, ) (35)
fre{o,1}3T u€Zr\r(Zr)
Given a vertex u € Zr \ {r(Zr)} define:
H(u) =z, (w) U{Tz, (u)}
and for all f : H(u) — {0, 1} define:
Cw )= T Frora, e pn(Eruse)
wedzs (u)
Lemma F.3. Given avertexu' € Zp \ {r(Zr)} and an index i € {0,1} we have:
Y [z W) =il ) =1

fefo,13@h

so that:

Since:

Proof. We prove by induction on the height of | z.(u'). If this height is equal to zero then H(u') =
{u',1z,.(«)} and forall f : H(u) — {0,1} we have:

C(ulv f) = 7~-f(TZT(u/)),f(u’) (ZTa ulv 6)
Since:

Tio(Zr,u' ) + T (2r,u' e) = 1 (36)
we immediately have the result for the case that the height of |} z,. (u’) is zero. Now suppose that the
result holds whenever the height of |} z,. (u’) is equal to j (for some j € N). We will now show that it
holds whenever the height of |} z,.(u’) is equal to j + 1 which will prove that the result holds always.
By the inductive hypothesis we have, for all ¢/ € {0,1}

Yoo ) = ), f) = 1

fe{0,1}H @)

and .
>, W) =7Kew), H=1

fe{0,1}HE)

S0: A .
Yo [z ) = dlf () =), W), ) =1
fe{o,1370n
and hence: )
Yo [f0z,) =dlf () = I, f) = For(Zr,u,€)
fe{0,1}# "

Summing over ¢’ € {0, 1} and noting Equation (36) then shows us the result holds for this case and
hence, by induction, holds always. O
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Given v/, u" € Zp with u” € |}z, (u') we define H (u/, u”) to be the maximal subtree of Z7 which
has v’ and w” as leaves. Given, in addition, f : H(u',u”) — {0, 1} we define:

o= I Fraa, s (Erue
e (u’ )\ {u'}
and:
(' u”) = d(u") — d(u')
We now have the following lemma.
Lemma F4. Givenu',u” € Zr withv” € |z, (u') \ {v'} and indices i',i" € {0, 1} we have that:
Z [[f(u’) — i/]] [[f(u") — i"ﬂé(u’, u//7 f)
Fefo,1yR
is equal to

Hi/ 7é il/ﬂ¢6(u’,u")(e) + [[Z/ = 7’//]](1 - ¢5(u/,u”)(€))

Proof. We prove by induction on the distance from v’ to « in Z7. If this distance is one then we
have v’ = 1z _(u") and H(u', u") = {u',u"} so we have:

> W) =AW =K f) = T (B )
Fe{0,1}H @ u')

which immediately implies that the inductive hypothesis holds in this case. Now suppose that the
inductive hypothesis holds whenever the distance from v’ to u” is j. We now consider the case

that the distance from « to u” is j 4+ 1. Let u* be the child of v/ that lies in 7 (u/, u”"). Without
loss of generality assume that v”’ is a descendant of <(u*). Now choose any ¢* € {0,1}. Given

fHW, u") = {0,1} let:
h(i*, f) = [f () = I[f (") = "N (w) = i7]

and let f” and f' be the restriction of f onto the sets H (u*, u”) and H (>(u*)) respectively. Note that

C(Ul, ulla f) = %f(u’),f(u*)(ZTa U*a G)C(U*> u//a f,)C(D(UJ*)a f”)
By Lemma|[F.3|and the inductive hypothesis we then have that the quantity:
o G )
fe{0,1}H @ ')
is equal to the quantity:
%i/,i* (ZTy ’I,L*7 E)([Z* # illﬂ¢5(u* ") (6) + [['L* = i”]] (1 — ¢§(u* u’’) (6)))

Summing over i* € {0, 1} gives us the result. We have hence proved the result in general. O

Suppose we have some f : J — {0,1}. Let:
h(f) = {f €{0,1}%" |Yue T, f'(u) = f(u)}
Given u € J we have that:
[f(to(w) # f(W]scr, wyw(€) + [F (17 (w) = F)IL = b5, (w),u) (€))
is equal to TE(t 5 (u), f(u) (J,u,€) and hence Lemmaimplies that:
> 1 0rw) = FO @)L (w) = F) I 7 (w)u, £1) = Tt ). s (T s €)
e 7 (w),u)

50 since, by the definition of a contraction, the edge sets of the subtrees in {# (1 g(u),u) | u e
J\ {r(J)}} partition the edge set of Z7 we have, by definition of ¢, that:

> II e, erwErua= I Fra,enrwTwe
freh(f) u€Zr\{r(Z2r)} weI\{r(J)}
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Since for all f' € h(f) and for all u € Z7 \ J we have Rf/(u)(j\T, u) = 1 we have now shown that
the quantity:

Z H 7~-]U(TZT(u))vf/(u)(ZT’uaE)I%f'(u)()‘Tyu)
freh(f) ueZr\{r(Zr)}

is equal to the quantity:

I AT ek su (e, u)
weT\ ()

Summing over all f € F(J7, @) and noting Equations (34) and (33)) gives us the result.

F.8 Theorem[E.1]

Lemma E.5. Given u,u’ € Z; the algorithm for computing v(u,u') is correct.
Proof. If u = u' then the proof is trivial. Otherwise we consider the following cases:

* Consider first the case that § # V(s*). Without loss of generality assume § = <(s*). Then
we have u € J(<(&(s*))) and since 8’ # <(s*) we have v’ ¢ J(<(&(s*))). Hence v’ ¢ (u)
so v(u,u’) = A as required.

o If u = &(s*) then § = V(s*) so either § = <(s*) or § = >(s*). In the former case we have
u’ € J(«(€(s*))) = I(<(u)) so that v(u,u') = « and similarly in the later case we have
v(u,u’) =» as required.

o If § = V(s*) and u # &(s*) we invoke the process. Consider the vertex s at any stage in
the process. By induction we have that if s € £° then v’ € {(¢/(s)). This is because if
s € &* then 1/(s) is an ancestor of u/(1¢(s)). This further implies that when s # § we
have v’ € | (1/(T¢(s))). Now suppose that s € £° and without loss of generality assume
5 = <(Te(s)). Then u € B(a(E(He(5))) and 1 (1e(s)) € I>(E(Te(s)))) so that, since
u' € (1 (1(s))), we have v’ ¢ |} (u) and hence v(u, u') = A as required. Suppose now
that s € £° and that u = £(s). If <(s) € £° then we have 1/ (s) € |(<(&(s))) = d(<(u))
so that, by above, v’ € {}(<(u)) and hence v(u, u') = < as required. Similarly, if >(s) € £°
then v(u, u’) = » as required. This completes the proof.

Lemma F.6. The algorithm correctly finds 1.

Proof. By induction on the depth of s we have, for all vertices s in the constructed path, that:

* If s € D° then w; lies in the maximal spanning tree of Z; containing x(s) and having
17(n(s)) as aleaf .

* If s € D* then u, lies in the maximal spanning tree of Z; with 1/ (s(s)) and 4/ (s) as
leaves.

Let s’ be the unique leaf of D that is on the constructed path. If s’ € D° then yu(s’) is a leaf of 7 and
hence also a leaf of Z;. So by above we have that u, lies in the maximal spanning tree of Z; with
T 7(u(s")) and pu(s") as leaves. If, on the other hand, s* € D* then since s’ is a leaf of D we have that

u(s’) = p/(s") and hence, by above, we have that u; lies in the maximal spanning tree of Z; with

T7(u(s")) and pu(s’) as leaves. In either case we have 4 = u(s”) as required. O

Lemma F.7. The algorithm correctly finds u*.

Proof. By induction on the depth of s we have, for all vertices s in the constructed path, that:

o If s € £° then Iz, (uy, @) lies in | z, (u(s)).

29



878 e If s € £° then I'z, (uy, @) lies in the maximal spanning tree of Z; with (s) and p/(s) as
879 leaves.

ss0 Let s’ be the unique leaf of £ that is on the constructed path. If s’ € £° then u(s’) is a leaf of Z; and

ss1  hence, by above, I'z, (u, @) = u(s’) as required. If s € £° then p(s) = p/(s) and hence, by above,
sz D'z, (ut, @) = pu(s’) as required. O
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