Appendix

A Theory

In this section, we show the proofs of the results in the main body.

A.1 Triangle Inequality of the Expected Adversarial Margin Loss

Lemma A.1. For any distribution P over X, the expected adversarial margin loss Eﬁf) defined in
Egq. satisfies the triangle inequality, i.e., for any scoring functions f1, f2, fs € F, the following
inequalities hold:

Rgf)(fl,f?)) zf (fl,f2)+R(p)(f2,f3)
R (f1, f2) < R (f1, f3) + BE (fo, f3)

Proof of LemmalA.1} Recall that ng)(f, e Epllgﬁa)é O, 0pf(x +6,hy(x)).

(I). For the first inequality, we prove that for any data point x € X, the following holds:

max Oy Opops (x+0,hg, (7)) < max ©p Opops (x+0,hp,(x ))+Hgﬁa><< Opops,(x+0,hg(x)) (3)

We prove it from two possible cases:

» If there exits a perturbation ||d||, < ¢, suchthat hy, (x+0) # hy,(x) or hy, (z+9) # hy,(z),
then © ,0p, (x+6, hy,(2))+O,0pf,(x+6, hy,(z)) > 1 by the definition of the expected
adversarial margin loss. On the other hand, ©, o py, (x + 6, hy,(x)) < 1, since ©,(m) < 1
for any m. Thus the inequality holds.

» If for any perturbation ||d||, < ¢, we have hy, (x+0) = hy,(x) and hy, (x+0) = hy,(x), b
setting § = 0, we then obtain that h s, (x) = hy,(x). Then we can derive that hy, (z + 0) =
By (2) = hy, (x) for any [6]], < e, and

max ©, 0 py, (x+ 6, hyg, (2
[nax O, py, ( £(2))

< max 0,0 ps (x+0,hs(x)) + max O,0 pg, (x40, hy(x))

y

lsllg<e sy <e
< nax Oy o pf (T + 0, hy,(2)) + [nax O, o pfy( +0,hg, (7))

Then take expectation over the distribution P on both sides of Eq. and we get the first inequality.

(IT). For the second inequality, we prove it similarly. We first prove that for any data point z € X, the
following holds:

s ©,0p5, (240, (1)) < mas ©,0p, (240, by, (1)) - mmax ©,0 s, (a-+0, g, (1)) (4)

We prove it from two possible cases:

* If there exits a perturbation ||0]|; < €, such that hy, (x + &) # hy,(z), then ©, 0 py, (x +
d, hy,(x)) = 1 by the definition of the expected adversarial margin loss. On the other hand,
©,0pf (x+0,hy,(x)) < 1,since ©,(m) < 1 for any m. Thus the inequality holds.

» If for any perturbation ||6]|, < €, we have hy,(x + &) = hy,(z), by setting § = 0, we then
obtain that h, (x) = hy, (). We can derive that

max 0,0 pys (x + 0, hy,(z
max Oy 0 pp 1))

< hax O, Opopp(+0,hp, () + hax O, 0 pp, (x + 0, hy,(2))

< max 0,0 pys (x+0,hs(x)) + max ©,0 pg, (x40, hy(x))
l161lq<e llollq<e
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Then take expectation over the distribution P on both sides of Eq. (3) and we get the second
inequality. O

A.2 Proofs of Theorem [4.4]

Theorem Let (P, fp) and (Q, fq) be two domains with gradual shifts. Suppose we have a
scoring function f pre-trained on domain (P, fp), and a data set S of n unlabeled data points drawn
i.i.d. according to distribution Q. f' is the adapted scoring function by AST algorithm over S, i.e.,
f' = AST(f,S). Then, for any a > 0, the following holds with probability of at least 1 — a over
data points S':

QI

log
2n '

5 S ~x% * 25 T
RY(f') < RO (f) +7* + A +ds7(P,Q) + “Rs(prF) +6
where 7* = min B (f', /) and X = minR{?) () + RS (9.

Before we present the proof of the theorem, we first provide some lemmas.

We now provide a lemma which uses the Rademacher complexity to connect the population and
empirical error.

Lemma A.2 (Rademacher Bound [4])). Suppose that G is a class of functions mapping X to [0,1].
Then, for any « > 0, with probability at least 1 — « over samples S of size n, the following holds for
allg € G:

log 2
on ’

Eonp g(z) <E__5g(z) + Rs(G) +3 5)

where B, p g(x) is the expectation of a function g, and E 5 g(x) is its empirical average over the
samples S drawn i.i.d. according to the distribution P.

The next lemma says that the empirically trained classifier gets closer to the optimal classifier that
minimizes the population error when the sample size is large. We characterize this by bounding the
generalization error of the classifier.

Lemma A.3. Let f' € F be a scoring function and P be a distribution over X. Let f be the

empirically trained model: f = arg minég), and f* be the optimal model that minimizes the

fer
population error: f* = arg minég). Then, for any o > 0, the following holds with the probability
fer
at least 1 — « over the data set S of size n,

QI

log
on ’

RO(F, 1) < BO (1%, 1) + %ﬁs(;ﬁ:) 16

where ;]:/7: Sz ”?ﬁa}éepf/(x +6,hs(x)): f, f € F}.

Proof of Lemma[A.3] By applying Lemmal[A.2] the following holds with probability at least 1 — a:

RE(F, 1)
<BE(F. 1) = RY(F 1)+ BY( ) ©
=~ - 1og% B F g
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Apply Lemma[AZZ] again, the following holds with probability at least 1 — «:

5 log2 | =)
Rs(©p0prF)+3 o <+ Ry f, )
<7’€ (9/;\/]_-) +3 10g% + E(P)(f f/) _ ﬁ(ﬂ)(f* f/) + E(P)(f* f/)
SRs(Bp 0 pr om B ) B s B s
@) ~ o~ log 2
<Rs(0, 0 prF) + 3| = + RL(f. ) @
o~ log 2
<Rs(0, 0 prF) +3 2; RO ) - RE ST+ RE ST
@5 0 3 logg | po
<2Rg5(0,0prF)+6 o +R (f
where (i) is because f = arg mlnRgf) and (47) is from Lemma
fer

Combining Eq. (6) and Eq. (7) using union bound, the following holds with probability at least

1—2a"
BO(F < 0B (0 T log 2 (o) pe g
p (f,f) <2Rs(©p0prF) +6 T—’_RP (f 1)
Set o' = /2 and the following holds with probability at least 1 — «:
B (F oy < oB g 5 5o pe
p ([, f) <2Rs(©p0prF)+6 W—"_RP (f5 ).

Since the function O, is %-Lipschitz, by Talagrand’s contraction Lemma [28]], 7/@5 (©,0prF)is
bounded by %7@5(;;./7:) Thus we have:

QI

~ . ~ . 2~~~ log
R ) B 1)+ SRs(prF) + 6 =
O

The next lemma shows that the MDD can control the error difference of the model on different
domains.

Lemma A4. Let (P, fp) and (Q, fq) be two domains. For any scoring function f € F, the
following holds:

Rq(hy) < RE(f) + X+ d%(P.Q) < RY(f) + X' +dY%(P,Q),
.o (0)
where \* = %12{1?13 (f)+ Ry ()}

Proof of LemmalAd) Recall that Ro(hy) = Rg(hs, he) and RY(f) = R (f, fp). Let f* be
the optimal that achieves minimal margin loss on both P and Q: f* = arg min{Rgf) (f)+ R(Qp) (N1},
feF

then we have:
Rq(hy) = Ro(hy, hq)
= xLEQll[hf(w) # hq(z)]
< E s (@) # hy(@) + E g (2) # ho(x))
< RY(f*. 1)+ RY(f*, fo)
< RY(f*. )+ RO (. fo) + R (f*, /) — RE(F*. /)
<RE(f, fo) + RE (£, ) + dfR(P,Q)

®)
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where the last inequality is from the definition of the MDD in Eq. (2). By setting ¢ = 0 in Lemma
[AT] we can get that the margin loss satisfies the triangle inequality. Then we have:

R (1%, fo) + RE (. ) + dL-(P,Q)
<Y1, fo) + RY(F*, fp) + RE (f, fr) + PR (P,Q)
(p)

<RY(f, fp) + RE(f*, fo) + RE(f*, fp) + dVR(P,Q) ®
=RY () + X +dVR(P.Q)
where \* = ?g}l{Rg)(f) + Rg)(f)}.
Combining (8) and (@), we then get :
Ro(hy) < RE(f) + X" + dfR(P, Q).
Finally, since the adversarial margin loss is larger than the standard margin loss, we have:
Ro(hs) < RY(f)+ X +dV%(P,Q).
O

The next lemma says that if we have two labeling functions with similar prediction, then for any
scoring function f, the adversarial margin loss of f according to these two labeling functions are
close.

Lemma A.5. Let f, f1, fo € F be scoring functions and P be a distribution over X. Then we have
RE(f. f1) < RE(f, f2) + Re(f1, fo)

Proof of Lemma([A-3] By the definition of the expected adversarial margin loss,

RY(f,01) = B, max 0,0 py(a -+, by, (2)

= E, max 0,0 p(x + 0.hy, (x) - Ul (x) = iy, ()]

+ E max ©,0p5(x+0d,hy (x)) - Lhy (z) # by, (2)]

x~P||5][q<e

Sz@PH{Sr\l\?}ée@p 0 pf('/lj + 9, hfl (QL‘)) : ]l[hfl (l‘) = hfz (J))] + m@p‘ﬂ[hh (Z‘) # hfz ('T)]

< E max ©,0pp(z+06 hy,(2)) Ly (2) = hy(2)] + E L[y (2) # hy, (2)]

~z~Pl8]lg<e

< B, max 0,0 py(a + 6., () + E Alhy, (2) # b (x)

=R (f, f2) + Rp(f1, f2)

Based on the previous lemmas, we now present our proof of Theorem #.4]

Proof of Theorem We denote the optimal scoring function that minimizes the adversarial margin
loss on the pseudo-labeled distribution of @) as f* = arg minRg ) (f', f). The adversarial margin
fleF

PR (P) [ px - )
1 f =R = R .
oss of f* is 7y o (f* f) min o ()
By Lemmal[A:4] we have
Rq(hs) < RE(F) + X"+ dYR(P,Q), (10)

where Rq(hy) represents the labeling error of the function iy on domain (@, hg).
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Then, by Lemma the empirically trained model f’ on the pseudo-labeled distribution has a
controlled expected adversarial margin loss. The following holds with probability at least 1 — «:

> - 2~ —— logé
RS 1) < minRG (', ) + ~Rs(pr F) + 6y =
frer p 2n
(In
e 25— log &
=7 +*Rs(p]:]:)+6 —a
P 2n
Finally, by Lemma[A-5] we have
RE(f', fo) < B (1", 1) + Ralhy)
) () 4y 25 —% log &
SRp'(f) +7"+ A" +dp7(P,Q) + ;Rs(Pf}—)JrG o
where the last inequality is from (I0) and (TT). O

A.3 Proofs of Corollary [4.6]

Corollary 4.6} Given a sequence of domains (Py, fp,),t € {0,...,T} with gradual shifts, each
intermediate domain has an unlabeled data set S; drawn i.i.d. from P;. The model is successively
trained by AST method, i.e., f; = AST(fi—1,5:),t € {1,...,T}. Then, for any o > 0, the
following holds with probability of at least 1 — « over the unlabeled data points { S},

log %

T
~ ~ AT ~ ——
Rep(hpe) < B2 (fo) + 3 ke + 7735(,);?) + 6T ==

t=1

where ky = dy, | F(Pi—1,P;) + gcréigRgft)(ﬁ fio1) + ?rg;l_ {R%{l )+ Rgl)(f)}.

Proof of Corollary[#.6] By Theorem[4.4] the following holds for any t € {1,..., 7"} with probability
atleast 1 — a:

log
2n '

Q&

53 D ok * 25 —=
R (F) £ REL () +77 4 X 4 djy (Pt P) £ Rs(prF) + 6

~x s p(p) S (p) (p)
where v* = ?QERH (f, ft—1) and A* = ?gg {RPt—l(f) + Rp, (f)}

By summing this inequality over ¢t € {1, ..., T} and applying union bound, the following holds with
probability at least 1 — a:

=(0) S(0) d 2T 5 —— log 4L
R;T(fT) < Rfl{) (fO)JFZ/‘?tJF?’Rs(p]:}—)JrGT 2na ,

t=1

Finally, the margin loss can be lower bounded by the 0-1 loss, i.e., Rp, (h fr) < Egﬁ;) (fr) hence we
get the result:

5 =(p) - 2T 5 ——= log T
Rpp(hpr) < Rp) (fo) + ; Kt + 7Rs(pf]—‘) + 67—,
where iy = dy, , 7(Pi1, P) + minRE) (f, fr1) + min {R(p) (f)+ R(”)(f)}- O
t—1, ’ feF P ’ fer Py_1 P;
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A.4 Standard Error Bounds for AST

Theorem A.6. Let (P, fp) and (Q, fo) be two domains with gradual shifts. f, f', and S are defined
as the same as in Theorem[d.4) Then, for any o > 0, the following holds with probability of at least
1 — « over data points S:

~x% * 25 ——=
RO (f") < RY(f) +7* + X +dp 7(P.Q) + ;RS(PIJ:) +6

where 3° = min B (', f) and X = min { R () + RE) (1) .

Proof of Theorem[A.6] Recall that f' = AST(f,S) = arg minﬁg)( f', f). We denote the optimal
feF

scoring function that minimizes the adversarial margin loss on the pseudo -labeled distribution of @ as
f*=arg mlnR (f’ f). The adversarial margin loss of f*is3* = (f* f)= mlnR(p)(f’ ).
freF

Then we have
RE(f") = RE() < RE(J)) = Ro(f) + Ra(f) — RE ()
< RO () - Ro(h) + Ro(f) ~ RE(F)
< Eg’)u') — Ro(f) + N +dP4(P.Q)
RO 1)+ B ) - RO fg) + A+ dPH(P.Q)

RY (f )N +dPR(P,Q)

log g

2n

(iv) " 2~
< AN +dy 7 (P,Q) + ;Rs(pfﬂ +6

where (7) is because the adversarial margin loss is larger than the standard margin loss; (i7) is from
Lemma (i41) is from LemmalA.5} (iv) is from and holds with probability at least 1 — . [

Remark A.7. Based on Theorem the following standard error bound for gradual AST can be
derived similarly to Corollary With the notations defined in Corollary@ for any a > 0, the
following holds with the probability at least 1 — « over the unlabeled data points {S;}7-_;,

log %

T
2T ~ ——
RPT(h’fT) SRE;Z))(fO)+ZKt+7RS(p}‘f)+6T on

t=1

The result shows that the standard risk on target domain can be controlled by the standard margin
loss on source domain and the discrepancy [53]] between the intermediate domains.

A.5 Proofs of Theorem 4.9]

Theorem@ Given two distributions P and P, over X x ) with the corresponding probability
mass vectors p and p,,. The following bound holds for any classifier h € Hr.

Rp(h) < R, (h) + U (p.py, e, T10),
where e is the risk vector e; = 1[h(x;) # yi], and Il = {i : 3|0l < €, h(x; + 0;) # h(x;)}

Proof of Theoremd.9} Recall that the standard risk Rp(h) on real data distribution is defined as

follows:
Rp(h)= > plx,y)i[h(z) # y),

(z,y)EXXY

19



and the adversarial risk R p, (h) on noisy-data distribution is defined as follows:

Rp,(h)= > pyla, y) max 1{a(z +6) # ]

(z,y)EXXY
We then have:
Rp(h) = Rp,(h) < > pley)i[h(@) 9] = Y poley) max Uh(z +06) £ ]
(zy)EXXY (zy)EXXY lolla<e
= 5 [ n)Ge) 4]~ o) s 1lhta+0) £ o]
(z,y)EXXY 1=
= min > [p(ey)1h(e) # o] = oo y) (e + ) 4]
=" (zy)eX XY

We denote the risk vector as e; = 1[h(x;) # y;] and denote the adversarial risk vector as €; =
1[h(z; + 6) # yi]. By the definition of TI:

e = {i: 3(|6illg < €, h(z; + 6;) # h(s)},
we can get that ¢; # e; only if ¢ € II.. Then, we obtain that

Rp(h) — Rp,(h) < gg{%%?}N Ip,"e—ple|, st. & =e;,Vie{l,..., NN\

= \IJ*(p,p.,], eaHe)'

A.6 Proofs of Theorem 4.11]

Theorem [d.11} For the real data distribution P defined in Example the optimal classifier

that minimizes the standard risk Rp(h) and adversarial risk Rp(h) is ho(-) = sgn(-). For the
pseudo-labeled distribution P, defined in Example the standardly trained classifier hgq that
minimizes the standard risk Rp, (h) is hstg = hy, the adversarially trained classifier haq, that

minimizes the adversarial risk Rp, (h) has the following corresponding threshold bqqy,
w + €, ifw< —e
badv = 0, if —e<w<e
w — €, ifw>e
Before we provide the proof, we first prove a lemma about the convex function.

Lemma A.8. Let t(x) be a convex function over R. Given four points ay, as, a3, as € R such that
a1 < ag < ag < aq and a1 + a4 = as + as, then the following holds:

t(a1) + t(a4) > t(ag) + t(a3).
Proof of Lemma[A.8 Leta £ % = %, r£ay—ayand s £ ad— as.

Since a; + a4 = as +as, we then have ay —as = ap —ay = randag — @ = az — 219 = 9392 —

% — ag = s. Itis easy to see that:
2s r (4) 2s r
= =1 < —1t —t
a2 r+2sa1+r+2sa3 (a2) < +2s (a1)+r+23 (a3),
2s r (i1) 2s T
= 2 tlas) < ——¢ — ¢
a3 r+2sa4+r+25a2 (a5) < r+42s (a4>+r+25 (a2),

where (i) and (i7) are from the definition of convexity [7].

By combining these two inequalities, we have

gy (t(as) +t(az)).

t(az) +t(az) < , <2FS25 (t(ar) +t(aq)) + .

By rearranging the terms, we obtain the result
t(ar) + t(aq) > t(az) + t(as).
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Proof of Theorem (I). We first prove the results for real data distribution P.

For the real data distribution P defined in Example [4.10] the standard risk of a classifier h, € H can
be written as follows:
1 1
Rp(hp) =5 E  Lhp(z) #1+5 E  Lhy(z) # —1].

22~Px|y—1 22~Px|y—_1

By the definition of the classifier i, we have:

1 1 1 1
Rphp) == E 1z<b+ = E 1z >0 ==, (b)+=-(1—D_(b
e =3, B Ar<tltg B e =500+ 500 (1)
where @ (b) = —— ffoo exp{— (22_0‘3)2 }dx is the cumulative distribution function (CDF) of
2
the Gaussian distribution A (y1,02) and ®_(b) = = 1% ffoo exp{—%}dm is the CDF of the

Gaussian distribution A'(—p, 02). By the symmetry of Gaussian distribution, we then have:
1 1
Rp(he) = 524(b) + 52— (=2p = b).

The standard risk can be viewed as a function of b. By the rule of derivation for composition function,
the derivative of the standard risk is

1 1/b—p\> 1 1 <b+u)2
Rip(hy) = ——exp —= — ———exp{ ——
p(ho) 2027 p{ 2( o >} 2027 p{ 2 o
When b > 0, we can find that the derivative R’ (hy) is larger than 0:
b—u\>  (b+u)
b>0- (28] < (122)
1% o
1(b—p\° 1 (b+p\?
= exp{ —— a > expl —— 2t = Rp(hy) > 0.
2 o 2 o
When b < 0, we can find that the derivative R’,(hy) is smaller than 0:
b—u\>_ (b 2
peo= (1) 5 (1)
o o
1/b—p\> 1 (b+p\’ ,

When b = 0, it is easy to see that R’»(h,) = 0. Then we conclude that the standard risk Rp(hy) of
the classifier i, achieves the minimal at b = 0 and the optimal classifier that minimizes the standard
risk Rp(h) is ho(:) = sgn(-).

The adversarial risk of a classifier h; € H over the real data distribution P can be written as follows:

Rp(hy) = % E 136, < e hy(x+5) # 1]+ L (36,16 < €, hy(x +9) # —1].

z~Pxy=1 2z~Pxy—_1
By the definition of the classifier i, we have:

ﬁp(hb)z1 E ]1[3:§b+6]—|—1 E ]I[JUZb—e}:%<I>+(b+€)+%(l—@_(b—e)).

2z~Px|y=1 z~Pxjy=—1
By the symmetry of Gaussian distribution, we then have:
~ 1 1

By the rule of derivation for composition function, the derivative of the adversarial risk is
~ 1 1 bJrG/L)Q 1 1<b+,ue>2
Rip(hy) = ——=—exp —= — exps —= | ———

p(hw) 2021 P { 2 ( o 2021 P 2 o
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Note that we have the assumption that € < p, which means € — p < 0. Similarly, when b > 0, we
can find that R’;(hy,) > 0; when b < 0, we can find that R};(hy) < 0; when b = 0, Rp(hy) = 0.
Hence, the adversarial risk of the classifier h; over the real data distribution P achieves minimal at
the point b = 0. We conclude that the optimal classifier that minimizes the adversarial risk for the
real data distribution is also ho(-) = sgn(-).

(IT). We next prove the results for the pseudo-labeled distribution F,.

It easy to see that the function hy, achieves zero standard risk over the pseudo-labeled distribution P,
if and only if b = w. Based on the assumption that the learner is provided with infinite samples, we
can conclude that the standardly trained classifier hg;q that minimizes the standard risk is hgg = hy.

For the adversarially trained classifier h,q4, that minimizes the adversarial risk Ep" (hy) over the
pseudo-labeled distribution P,, we first prove that the corresponding threshold satisfies:

bady € (W — €, w + €.

The adversarial risk R p, (hy) over the pseudo-labeled distribution P, can be written as follows:

Rp,(hy) = E 1[36,(0] <€ hp(z+9) # y].

(1' y)~ P, n
We denote the marginal distribution over A" of P, as Pf . Then we have:

ép"(hb): E 1b-e<znae<w+ E lw<znaz<b+te, (12)

T~ P, ri( x~PnX
where N is the AND operation in logistical expressions.

When b < w — ¢, the second term in Eq. (I2) equals 0 since there does not exist an z such that
w < x < b+ e. Then we derive that

Epn(hb): E 1b—-e<z N z<uw)

:vNPf

= E 1ph—-e<a<uw

X
;cNPn

S {0 () ~ B (b= + @ (w) ~ B (b))

By the rule of derivation for composition function, the derivative of the adversarial risk is

s b b\ 1 1 (e p)?
R, (hw) = 20v2r P2 o QJmeXp 2 o

Since the exponential function is positive, we have Ejpn (hy) < 0. The adversarial risk over the

pseudo-labeled distribution is a decreasing function on (—oo, w — €] and the adversarial risk achieves
minimal at point b = w — e when b < w — e.

On the other hand, when b > w + ¢, the first term in Eq. equals O since there does not exist an x
such that b < z < w + €. Then we derive that

ﬁPn(hb): E ]l[w<xﬁa:<b+e}

QTNP;(
= E 1lw<z<b+e¢
z~PX

:%{¢_w+f)—¢_m0+¢+w+ey—éﬂwﬂ

By the rule of derivation for composition function, the derivative of the adversarial risk is

-, 1 1 (btetp)? 1 1 (bte—p\?
R, (hu) = 20vor P\ 2 o * QUmexp 2 o
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Since the exponential function is positive, we have ]TZ’PH (hy) > 0. The adversarial risk over the

pseudo-labeled distribution is an increasing function on [w + €, +00) and the adversarial risk achieves
minimal at point b = w + € when b > w + €.

By these two cases, we conclude that byq, € [w — €, w + €].

Now, we focus on the case where b € [w — €, w + €]. Then the adversarial risk can be written as
follows:

prl(hb)z E 1bp—e<z<w])+ E lw<z<bt+e= E Lpb—e<z<b+e.

z~PX z~PX z~PX

By the definition of the Gaussian distribution, we have

~ 1
Rp,(hy) = 3 {P_(b+e)—P_(b—€)+ Py (b+€)—Pyr(b—¢)}.
Similarly, the derivative of the adversarial risk is

- 1 1 b+e+u>2 1 1<b—e—|—,u 2
Ry (hy) = ——=—exp —= | —— - ——expl —= | ——
P"( 0) 20V 21 p{ 2 < o 20V 21 P 2 o
PRI (b+—u) IR SRS O (b——u)
2027 P 2 o 2027 P 2 o
1 (,u+b+e>2 1 <u+be)2
= ———expy — | ———— — ———expy — | ———
204/ 21 V20 2021 V20
N 1 x (ube>2 1 o <ub+e>2
2021 P V20 20V 21 P V20

is¢'(a) = —2ae™
. By the second-order

Let p(a) = ¢~*" be a function defined over R. The first-order derivative of o(a o’
And the second-order derivative of ¢ (a) is " (a) = 2" (v2a+1)(v2a—1
derivative condition for convexity [7], we have

—_ —

e Whena < —¥2 ora > Y2, ¢"(a) > 0. The function p(a) is convex on the interval
2

2 2
(—00, =) U (32, +0).

* When 7? <a < g ¢"(a) < 0. The function ¢(a) is concave on the interval

27 2

To simplify our notations, we use four points to denote the four terms in (I3):
w+b+e w+b—e w—>b+e w—b—e
a1 = = s A2 = 5 as = .
! V20 V2o 3 V20 4 V20

Next we discuss the value of b in two cases.

, 2

If b > 0: By the assumption that x4 is much larger than b, € and p is also larger than o, we have:

2 2
7<a4<a3<a1,7<a4<a2<a1anda1—|—a4=a2+a3.

By applying the Lemma we can obtain that Ejgn (hy) > 0, which means E;Dn (hp) is an increasing
function of b when b > 0.

If b < 0: By the assumption that 4 is much larger than b, € and y is also larger than o, we have:

2 2
7<a2<a1<a3,7<a2<a4<a3anda1+a4:a2+a3.

By applying the Lemma , we can obtain that E},n (hy) < 0, which means E},’I (hp) is a decreasing
function of b when b < 0.

Based on the analysis, we conclude that:
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Table 1: The performance (%) of gradual AST method on MNIST with various perturbation bound
(e). The results in parentheses represent the improvement compared to the vanilla gradual self-training
method. We use a 3-layer convolutional neural network.

€ 0.15 0.2 0.3

Age 9711 (#8.17)  96.65 (+7.71)  96.59 (+8.65)
Awge  88.07 (+87.21)  83.90 (+83.58)  83.47 (+83.15)

Table 2: The performance (%) of gradual AST method on portraits with various perturbation bound
(e). The results in parentheses represent the improvement compared to the vanilla gradual self-training
method. We use a 3-layer convolutional neural network.

€ 0.01 0.02 0.04 0.05

Aue  83.89 (+2.50) 85.19 (+3.80)  84.16 (+2.77)  84.92 (+3.53)
Awan 79.90 (+9.01)  77.94 (+19.80) 75.65 (+52.94) 71.63 (+61.86)

* When w < —e¢, ﬁpﬂ (hp) is a decreasing function of b on the interval [w — €, w + ¢€]. Hence
the optimal threshold b,4, = w + €.

* When —e < w <e, Ep,,, (hy) is a decreasing function of b on the interval (w — €, 0] and is
an increasing function of b on the interval (0, w + €]. Hence the optimal threshold b4, = 0.

* When e < w, Epn (hp) is an increasing function of b on the interval [w — €, w + €|. Hence
the optimal threshold b,4, = w — €.

w~+ €, ifw< —e
bady = 0, if —e<w<e
w — €, ifw>e€

As we analyzed in part (I), the optimal classifier that minimizes the standard risk and the adversarial
risk over the real data distribution is ho(-) = sgn(-). Compared to the standard training, the
adversarial training has an effect of moving the threshold close to the optimal threshold b = 0. [

B Additional Experiments

B.1 Results of Methods with Varying Perturbation Radius ¢

In this section, we provide more experimental results of the methods with varying perturbation radius
e. For the Rotating MNIST dataset, the perturbation radius is chosen from {0.15,0.2,0.3}; for the
Portraits dataset, the perturbation radius is chosen from {0.01,0.02,0.04,0.05}. The results are
shown in Tables [TJand[2] As we can see from the tables, the proposed gradual AST method can
consistently improve clean accuracy and adversarial robustness using various values of e.

B.2 Results of Methods with Varying Domain Numbers

We split the Rotating MNIST and Portraits datasets with different lengths of interval and conduct an
ablation study. For MNIST, the numbers of intermediate domains are 24, 30, and 42, respectively; for
portraits, the numbers of intermediate domains are 8, 10, and 14, respectively. The results can be
found in Tables [3|and [ which show that our gradual AST method is nonsensitive to the choice of
the number of intermediate domains.

B.3 Results of Methods on Varying Neural Networks
In this section, we use ResNet-18 and ResNet-50 [21]] as the backbones to validate the effectiveness

of our proposed method. The results are presented in Tables [5|and [] which show that complex
networks can further improve performance (both clean accuracy and adversarial robustness).
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Table 3: The performance (%) of gradual AST method on MNIST with various intermediate domain
numbers (num.). The results in parentheses represent the improvement compared to the vanilla
gradual self-training method. We set perturbation bound € = 0.1 and use a 3-layer convolutional
neural network.

num. 24 30 42

Acte 97.09 (+10.27) 97.40 (+6.65) 97.31 (+6.79)
Aqdv 90.24 (+84.45) 90.72 (+84.94) 90.30 (+82.22)

Table 4: The performance (%) of gradual AST method on portraits with various intermediate domain
numbers (num.). The results in parentheses represent the improvement compared to the vanilla
gradual self-training method. We set perturbation bound e = 0.031 and use a 3-layer convolutional
neural network.

num. 8 10 14

Ace 84.84 (+2.72) 85.99 (+0.26) 84.44 (+1.60)
Aado 76.43 (+35.45)  75.05 (+32.43)  76.16 (+33.59)

B.4 Results of Methods with Varying Filtration Ratios

In this section, we provide more experimental results of the methods with varying filtration ratios
¢ and starting domains 7. For both of the Rotating MNIST and Portraits datasets, we chose the
filtration ratios ¢ from {0,0.01,0.02,0.05, 0.1, 0.2}. In order to show the specific values, we present
the results in the form of tables.

For Rotating MNIST dataset, we present the results of models with ¢ = 0.2,0.1,0.05,0.02,0.01, 0,
in Tables ol respectively. As the tables show, the optimal filtration ratio ¢ for gradual
self-training (7 = 22) is 0.1, which is used in previous work [26]]. However, the gradual AST methods
prefer smaller ¢ which enables more data to be included. The optimal filtration ratio ¢ for gradual
AST (with the best starting domain 7) is 0.05. When we set ¢ = 0.05, the gradual AST method with
T = 9 achieves clean accuracy of 97.15% and adversarial accuracy of 90.44%. This phenomenon
indicates that AT has stronger anti-noisy ability than standard training.

For Portraits dataset, we present the results of models with { = 0.2,0.1,0.05,0.02,0.01, 0, in Tables
[13] [T4} [T5} [T6} [T7} [T8] respectively. From the tables, we can draw a similar conclusion that the gradual
AST methods prefer smaller (.

B.5 Training with Labeled Intermediate Domains

In this section, we conduct experiments where the learner is provided with labeled intermediate data.
Although the learner has access to the ground-truth intermediate labels, we still keep the filtering
process, since we need to control the same data size for comparison. We present the results of the
models with varying 7 in Table[I9]and Table[20] Since the results in Section[3.3|show that ¢ = 0.05 is
the optimal filtration ratio for gradual AST methods, we set { = 0.05 in this section. From Table
we can see that, if the learner is provided with labeled intermediate domains, the gradual self-training
method (7 = 22) achieves clean accuracy of 98.44% on Rotating MNIST. Recall the results in Table
E] showing that the proposed gradual AST method (7 = 0) achieves clean accuracy of 95.12%. The

Table 5: The performance (%) of gradual AST method on MNIST with various backbone networks.
The results in parentheses represent the improvement compared to the vanilla gradual self-training
method. We set perturbation bound € = 0.1.

backbone ResNet18 ResNet50
Acte 98.70 (+0.02) 98.47 (+0.44)
Aqdv 96.57 (+89.11) 96.13 (+22.05)
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Table 6: The performance (%) of gradual AST method on portraits with various backbone networks.
The results in parentheses represent the improvement compared to the vanilla gradual self-training
method. We set perturbation bound € = 0.031.

backbone ResNet18 ResNet50
Acte 86.52 (+0.52) 87.09 (+0.0)
Aadv 78.12 (+52.08) 79.01 (+47.24)

performance (95.12%) of the proposed gradual AST is close to the optimal performance (98.44%) of
the gradual self-training where the learner is provided with labeled intermediate domains.

B.6 Visualization of the Filter

In order to better demonstrate the filtering effect, we use the t-distributed stochastic neighbor
embedding (t-SNE) to visualize the data in each domain. t-SNE [13] is a statistical method for
visualizing high-dimensional data by giving each data point a location in a two or three-dimensional
map.

We present the t-SNE visualizations for each intermediate domain on Rotating MNIST in Figure [3}{6]
Each sub-figure represents a domain. We use red points to denote the correctly pseudo-labeled data
predicted by the model. We use blue and green points to denote the data with incorrect pseudo-labels,
where the blue points are successfully filtered by filtration and the green points are retained.

As we can see in the figures, the blue and green points are only a small part of the whole, which
indicates most pseudo-labels of the intermediate data generated by the model are correct. Furthermore,
the blue points make up a large portion of the non-red dots, which means the incorrect pseudo-labels
are effectively filtered out.
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Table 7: The results of methods with varying
starting domains 7 on Rotating MNIST. The
filtration ratio ( is set to 0.2. We use A to
denote the clean accuracy (%) and use A4, to
denote the adversarial accuracy (%). Results
in bold indicate the best performance.

70 ‘ Acle Aadv € C

0 90.23 81.06 0.1 0.2
1 93.15 82.59 0.1 0.2
2 93.67 83.96 0.1 0.2
3 92.59 81.94 0.1 0.2
4 93.97 83.50 0.1 0.2
5 94.78 85.00 0.1 0.2
6 92.14 82.47 0.1 0.2
7 94.51 84.77 0.1 0.2
8 94.18 83.32 0.1 0.2
9 91.37 81.35 0.1 0.2

10 95.00 85.14 0.1 0.2
11 94.57 84.15 0.1 0.2
12 95.08 84.82 0.1 0.2
13 95.10 83.84 0.1 0.2
14 94.82 84.17 0.1 0.2
15 91.42 80.89 0.1 0.2
16 92.26 81.64 0.1 0.2
17 91.68 80.49 0.1 0.2
18 91.48 79.85 0.1 0.2
19 91.76 79.63 0.1 0.2
20 90.13 77.00 0.1 0.2
21 88.52 73.44 0.1 0.2
22 87.42 8.73 0.1 0.2
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Table 8: The results of methods with varying
starting domains 7 on Rotating MNIST. The
filtration ratio ( is set to 0.1. We use A to
denote the clean accuracy (%) and use A4, to
denote the adversarial accuracy (%). Results
in bold indicate the best performance.

70 ‘ Acle Aadv € C
0 90.59 83.54 0.1 0.1
1 95.65 88.03 0.1 0.1
2 95.52 88.02 0.1 0.1
3 95.28 87.11 0.1 0.1
4 96.66 89.16 0.1 0.1
5 96.09 88.13 0.1 0.1
6 95.98 88.70 0.1 0.1
7 96.58 89.04 0.1 0.1
8 96.01 88.85 0.1 0.1
9 96.66 88.86 0.1 0.1
10 96.65 88.48 0.1 0.1
11 96.82 88.79 0.1 0.1
12 96.10 88.25 0.1 0.1
13 96.51 88.27 0.1 0.1
14 95.59 86.65 0.1 0.1
15 95.70 86.55 0.1 0.1
16 95.00 85.70 0.1 0.1
17 94.92 85.02 0.1 0.1
18 94.25 84.44 0.1 0.1
19 93.82 83.14 0.1 0.1
20 91.50 80.19 0.1 0.1
21 91.05 76.50 0.1 0.1
22 90.06 6.00 0.1 0.1




Table 9: The results of methods with varying
starting domains 7 on Rotating MNIST. The
filtration ratio ( is set to 0.05. We use A to
denote the clean accuracy (%) and use A g, to
denote the adversarial accuracy (%). Results in
bold indicate the best performance.

T0 ‘ Acle Aadv € C

0 95.12 89.00 0.1 0.05
1 96.30 90.14 0.1 0.05
2 95.54 88.70 0.1 0.05
3 96.41 89.53 0.1 0.05
4 95.96 89.73 0.1 0.05
5 96.58 89.82 0.1 0.05
6 96.53 89.65 0.1 0.05
7 96.89 90.06 0.1 0.05
8 96.99 89.63 0.1 0.05
9 97.14 90.44 0.1 0.05
10 96.88 89.62 0.1 0.05
11 95.76 88.06 0.1 0.05
12 95.52 87.94 0.1 0.05
13 95.72 88.47 0.1 0.05
14 95.50 87.27 0.1 0.05
15 93.41 84.81 0.1 0.05
16 92.60 83.96 0.1 0.05
17 92.48 83.84 0.1 0.05
18 92.77 83.00 0.1 0.05
19 89.24 78.77 0.1 0.05
20 90.33 79.44 0.1 0.05
21 89.93 76.39 0.1 0.05
22 88.96 7.01 0.1 0.05
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Table 10: The results of methods with varying
starting domains 7 on Rotating MNIST. The
filtration ratio ( is set to 0.02. We use A, to
denote the clean accuracy (%) and use Agqq,, to
denote the adversarial accuracy (%). Results in
bold indicate the best performance.

70 ‘ Acle Aadv € C

0 96.05 90.20 0.1 0.02
1 96.31 90.01 0.1 0.02
2 96.13 89.47 0.1 0.02
3 96.87 90.31 0.1 0.02
4 95.32 88.67 0.1 0.02
5 96.50 90.25 0.1 0.02
6 96.79 90.04 0.1 0.02
7 96.41 89.53 0.1 0.02
8 96.67 89.52 0.1 0.02
9 96.77 89.82 0.1 0.02
10 95.53 88.26 0.1 0.02
11 96.18 88.71 0.1 0.02
12 91.10 83.05 0.1 0.02
13 90.52 83.36 0.1 0.02
14 90.00 82.27 0.1 0.02
15 91.34 82.78 0.1 0.02
16 89.61 80.45 0.1 0.02
17 87.60 78.39 0.1 0.02
18 85.88 76.03 0.1 0.02
19 85.88 75.15 0.1 0.02
20 84.35 72.23 0.1 0.02
21 83.83 69.12 0.1 0.02
22 82.43 6.44 0.1 0.02




Table 11: The results of methods with varying
starting domains 7 on Rotating MNIST. The
filtration ratio ( is set to 0.01. We use A, to
denote the clean accuracy (%) and use A, q, to
denote the adversarial accuracy (%). Results in
bold indicate the best performance.

70 ‘ Acle -Aadv € C

0 95.20 89.55 0.1 0.01
1 96.14 89.88 0.1 0.01
2 96.00 89.74 0.1 0.01
3 96.60 89.82 0.1 0.01
4 96.29 90.02 0.1 0.01
5 96.82 90.49 0.1 0.01
6 96.69 90.11 0.1 0.01
7 96.53 89.69 0.1 0.01
8 96.74 90.31 0.1 0.01
9 96.83 89.70 0.1 0.01
10 96.37 88.71 0.1 0.01
11 95.42 87.79 0.1 0.01
12 94.43 86.20 0.1 0.01
13 95.42 87.32 0.1 0.01
14 94.25 85.95 0.1 0.01
15 93.31 85.18 0.1 0.01
16 93.08 84.44 0.1 0.01
17 92.74 83.49 0.1 0.01
18 92.45 82.66 0.1 0.01
19 91.85 80.71 0.1 0.01
20 91.47 79.47 0.1 0.01
21 90.25 75.84 0.1 0.01
22 88.57 6.49 0.1 0.01

Table 13: The results of methods with varying
starting domains 7 on Portraits. The filtration
ratio ( is set to 0.2. We use A, to denote the
clean accuracy (%) and use A, g4, to denote the
adversarial accuracy (%). Results in bold indi-
cate the best performance.

70 ‘ Acle Aadv € <

0 84.09 74.53 0.031 0.2
1 82.94 73.83 0.031 0.2
2 84.62 75.44 0.031 0.2
3 84.65 74.95 0.031 0.2
4 82.80 72.59 0.031 0.2
5 81.51 69.10 0.031 0.2
6 82.02 69.33 0.031 0.2
7 82.82 68.55 0.031 0.2
8 81.79 40.54 0.031 0.2
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Table 12: The results of methods with vary-
ing starting domains 7 on Rotating MNIST.
The filtration ratio ¢ is set to 0. We use
A¢ie to denote the clean accuracy (%) and
use A, g, to denote the adversarial accuracy
(%). Results in bold indicate the best perfor-
mance.

o ‘ Acle -Aadv € C
0 94.86 89.26 0.1 0
1 95.48 90.47 0.1 0
2 95.67 89.69 0.1 0
3 95.96 89.95 0.1 0
4 96.58 90.90 0.1 0
5 96.60 90.74 0.1 0
6 95.84 88.69 0.1 0
7 96.87 90.16 0.1 0
8 95.97 89.75 0.1 0
9 92.35 85.78 0.1 0
10 96.66 90.05 0.1 0
11 92.50 85.46 0.1 0
12 94.86 87.91 0.1 0
13 94.08 86.41 0.1 0
14 91.03 83.52 0.1 0
15 90.63 82.80 0.1 0
16 91.16 82.61 0.1 0
17 88.64 79.38 0.1 0
18 90.34 80.50 0.1 0
19 89.94 79.30 0.1 0
20 87.99 76.25 0.1 0
21 86.90 72.24 0.1 0
22 84.88 3.97 0.1 0

Table 14: The results of methods with varying
starting domains 7 on Portraits. The filtration
ratio ( is set to 0.1. We use A, to denote the
clean accuracy (%) and use A, g4, to denote the
adversarial accuracy (%). Results in bold indi-
cate the best performance.

T0 ‘ Acle -Aadv € C
0 84.77 77.64 0.031 0.1
1 84.28 76.07 0.031 0.1
2 85.45 76.27 0.031 0.1
3 83.20 74.61 0.031 0.1
4 81.93 71.68 0.031 0.1
5 81.05 69.82 0.031 0.1
6 82.23 71.88 0.031 0.1
7 84.77 73.93 0.031 0.1
8 82.03 40.23 0.031 0.1




Table 15: The results of methods with varying
starting domains 7 on Portraits. The filtration
ratio ( is set to 0.05. We use A, to denote the
clean accuracy (%) and use Agq, to denote the
adversarial accuracy (%). Results in bold indicate
the best performance.

70 ‘ Acle Aadv € C

0 83.89 76.76 0.031 0.05
1 86.04 77.25 0.031 0.05
2 85.64 77.64 0.031 0.05
3 84.28 74.90 0.031 0.05
4 83.20 74.32 0.031 0.05
5 81.25 72.17 0.031 0.05
6 81.64 71.58 0.031 0.05
7 83.69 72.66 0.031 0.05
8 81.35 39.75 0.031 0.05

Table 17: The results of methods with varying
starting domains 7 on Portraits. The filtration
ratio ( is set to 0.01. We use A to denote the
clean accuracy (%) and use Agyg, to denote the
adversarial accuracy (%). Results in bold indicate
the best performance.

To ‘ Acle Aadv € C

0 83.29 76.55 0.031 0.01
1 84.57 78.60 0.031 0.01
2 84.79 76.97 0.031 0.01
3 85.33 77.85 0.031 0.01
4 85.13 76.77 0.031 0.01
5 78.91 70.47 0.031 0.01
6 81.19 71.86 0.031 0.01
7 81.75 71.86 0.031 0.01
8 80.78 38.57 0.031 0.01
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Table 16: The results of methods with varying
starting domains 7 on Portraits. The filtration
ratio ( is set to 0.02. We use A to denote the
clean accuracy (%) and use Agq, to denote the
adversarial accuracy (%). Results in bold indicate
the best performance.

70 ‘ Acle Aadv € C

0 84.67 77.94 0.031 0.02
1 84.08 77.60 0.031 0.02
2 83.81 77.91 0.031 0.02
3 83.15 75.83 0.031 0.02
4 82.66 73.81 0.031 0.02
5 82.66 74.98 0.031 0.02
6 82.66 73.10 0.031 0.02
7 85.28 75.44 0.031 0.02
8 82.66 42.51 0.031 0.02

Table 18: The results of methods with varying
starting domains 7 on Portraits. The filtration
ratio ( is set to 0. We use A to denote the
clean accuracy (%) and use A,g4, to denote
the adversarial accuracy (%). Results in bold
indicate the best performance.

70 ‘ -Acle Aad'u € C
0 82.42 76.37 0.031 0
1 84.67 77.25 0.031 0
2 83.69 77.93 0.031 0
3 84.47 77.83 0.031 0
4 85.25 78.03 0.031 0
5 79.79 74.32 0.031 0
6 81.93 74.71 0.031 0
7 86.04 75.98 0.031 0
8 81.93 33.69 0.031 0




Table 19: The results of methods with varying
starting domains 7 on Rotating MNIST. The
learner is provided with labeled intermediate
data. The filtration ratio ( is set to 0.05. We use
A, to denote the clean accuracy (%) and use

Agav to denote the adversarial accuracy (%).

Results in bold indicate the best performance.

70 ‘ Acle Aadv € C

0 98.65 93.67 0.1 0.05
1 98.52 93.49 0.1 0.05
2 98.53 93.53 0.1 0.05
3 98.54 93.02 0.1 0.05
4 98.68 92.65 0.1 0.05
5 98.73 93.00 0.1 0.05
6 98.61 93.21 0.1 0.05
7 98.72 92.92 0.1 0.05
8 98.85 93.13 0.1 0.05
9 98.71 92.62 0.1 0.05
10 98.73 92.54 0.1 0.05
11 98.82 92.15 0.1 0.05
12 98.80 91.98 0.1 0.05
13 98.87 92.01 0.1 0.05
14 98.71 91.64 0.1 0.05
15 98.69 91.46 0.1 0.05
16 98.67 91.37 0.1 0.05
17 98.73 90.67 0.1 0.05
18 98.63 90.04 0.1 0.05
19 98.67 89.03 0.1 0.05
20 98.51 88.25 0.1 0.05
21 98.44 85.70 0.1 0.05
22 98.44 3.59 0.1 0.05
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Table 20: The results of methods with varying
starting domains 7 on Portraits. The learner is
provided with labeled intermediate data. The
filtration ratio ( is set to 0.05. We use A to
denote the clean accuracy (%) and use Agqg, to
denote the adversarial accuracy (%). Results in
bold indicate the best performance.

T0 ‘ Acle Aadv € C

0 89.55 78.22 0.031 0.05
1 90.33 79.69 0.031 0.05
2 90.72 79.10 0.031 0.05
3 90.43 79.10 0.031 0.05
4 90.33 7891 0.031 0.05
5 90.53 79.69 0.031 0.05
6 90.43 78.91 0.031 0.05
7 89.55 78.13 0.031 0.05
8 91.99 19.82 0.031 0.05
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Figure 3: Visualization (I) of the data points in each domain using t-SNE. We use red points to denote

the correctly pseudo-labeled data predicted by the model. We use blue and green points to denote the

data with incorrect pseudo-labels, where the blue points are successfully filtered by the filter and the
green points are retained. Best viewed in color.
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Figure 4: Visualization (I) of the data points in each domain using t-SNE. We use red points to
denote the correctly pseudo-labeled data predicted by the model. We use blue and green points to
denote the data with incorrect pseudo-labels, where the blue points are successfully filtered by the
filter and the green points are retained. Best viewed in color.
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Figure 5: Visualization (III) of the data points in each domain using t-SNE. We use red points to
denote the correctly pseudo-labeled data predicted by the model. We use blue and green points to

denote the data with incorrect pseudo-labels, where the blue points are successfully filtered by the
filter and the green points are retained. Best viewed in color.
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Figure 6: Visualization (IV) of the data points in each domain using t-SNE. We use red points to
denote the correctly pseudo-labeled data predicted by the model. We use blue and green points to

denote the data with incorrect pseudo-labels, where the blue points are successfully filtered by the
filter and the green points are retained. Best viewed in color.
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