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Abstract

A solar-powered weather-station, one day, detects anomalous power supply. Com-
paring the data of the last hours to normal data, we notice, that the commanded
orientation of the solar-panels normally — but no longer — affects available power.
We go out and fix the pointing mechanism. Another time, same problem, same
result from data, but the anomalous data is from during the night. Why do we draw
a different conclusion? How can the distinction be formally captured and auto-
matically detected? To this end, we define and explore the properties of graphical
objects, arising from causal models for multi-context settings — settings where the
underlying model varies in response to the value of a "context-indicator" variable —
that capture qualitative relations and observational access. These not only describe
relevant mechanisms within a specific context, but also capture where physical
changes must have occurred compared to other observed contexts. We then focus
on the identifiability of these objects from data, by connecting them to context-
specific independences as well as joint-causal-inference- and transfer-arguments.
Potential applications include improvements in the understanding of anomalies or
extremes from a causal perspective.

1 Introduction

The combination of data from multiple datasets obtained from similar generating processes (contexts),
e. g. the transfer of knowledge between contexts, is an important topic of study. Especially for —
presumably robust [18 [19] — causal models [12; 9]]. Data from multiple contexts has both shared
(between contexts) and individual (per context) properties. In order to capture as much information
about the underlying system(s) as possible, it seems natural to consider understanding qualitative
aspects, for example causal graphs, of both the shared and the individual contexts [4]. We focus on
representing qualitative information about the individual contexts, but enriched with information
from the joint model. More precisely, we are interested in the following problem: One cannot
infer properties of mechanisms outside the range of values that are actually observed, without
prior knowledge about extrapolation. But when combining data from multiple contexts, the other
contexts do provide knowledge about extrapolation for an individual context. Indeed it turns out,
that combining support-properties and causal dependencies in a single graphical objects allows for
qualitative statements (like the distinction in the abstract) by tracking few qualitative properties.

This has interesting implications e. g. for understanding anomalies or extreme events. It provides a
possible explanation why it seems to often be the case that (presumably robust) causal mechanisms
apparently change under extreme conditions (§3.3)). Intuitively, per-context information, from the
SCM perspective, should be a qualitative change. For example Y = 1(R) x X + ny. Such a
structure induces a context-specific independence (CSI), e.g. X Il Y|Z, R = 0. Intriguingly, the
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other direction from CSI-structure [13} 4 8] to SCM-structure is more subtle, as the example below
(extending on observations of [1]) illustrateﬂ

Example 1.1. Context specific independence from non-observation:

p(T|R = 0) Jy(T')  Consider the following model with dependencies R — T —
Y, think e. g. of R = 0 as indicating samples taken in winter,
R = 1 samples taken in summer, T is the temperature and
Y depends on temperature but only if 7 > 0°C (above
T freezing).

From this example we notice:

(a) fy depends on T, but this dependence becomes within our observations invisible for R = 0
("system states" with T' > 0 where also R = 0 are never reached).

(b) fy itself does not actually change (it doesn’t even depend on R).

(c) Given any sort of independence model represented by a graph (e. g. an LDAG [13]]), does it
agree with absence (a) or presence (b) of the edge ' — Y for R = 0?

The point of view (a) prefers a "simpler" model for regime R = 0, in an Occam’s razor sense for
this regime, 1. e. following the philosophy that a model for this regime should only be as complicated
as it has to be to describe this regime relative to no prior knowledge. We will call this concept the
"descriptive" graph, for the example above, it should not include the edge 7' — Y. For example there
would be no reason to fit a regressor of Y to 7" in this regime.

The point of view (b) prefers a "simpler" model for regime R = 0, in an Occam’s razor sense
relative to all the data. It follows the philosophy that assuming causal models are robust, we should
consider validity of transfer the norm and only claim a regime-specific model to be different from
the union-model, if there is evidence for this difference. A model for this regime should only be as
complicated as it has to be to describe this regime relative to knowledge of the union-model. We will
call this concept the "transfer'E] or "physical" graph. For the example above, it should include the
edge T' — Y. The intuitive answer to the question from the abstract, takes this perspective as well:
There is no evidence for a change of mechanism, so that alone cannot explain the distribution-shift.

Finally, concerning point (c), which is intimately linked to the possibility of constraint-based discovery
of these graphical objects — we discuss the identifiability of these structures from data in detail in §4]
and §5]— we find that the SCM-centered perspective here includes slightly different information than
many commonly used independence models (see §A.3).

Contributions

* We motivate, define and study graphical objects, in part encountered in [[1], that capture
qualitative information about the causal structure plus availability of observations, with
particular interest in their differences.

* We show, that these objects are empirical, i. e. can be identified from data at least in part. In
doing so, we focus on the graphs’ skeleta (that is, on their adjacencies only).

* We provide a mathematical framework based on solution-functions, that captures implica-
tions of CSI in terms of SCM-properties. We focus on a single context-indicator and skeleta,
but the framework should allow for the derivation of more general results.

2 Related Literature

Combining datasets for causal modeling, in particular using a context-indicator variable, has been
studied extensively to gain insights (e. g. orientations) about the joint-/ "union"-model [2; 12} 6} 9].
E g. [2;12] in particular discuss transportability between contexts, but concerning identifiability

"We do not discuss finite-sample properties, but these effects also occur, e. g. if observational support becomes
narrow on the source compared to the derivative of the mechanism and noise on the target (Rmk. .

*If we "learn” the, in this example identifiable. fy on the pool and transfer it to the regime R = 0, the form
of fy together with the observational support supp(P(T'|R = 0)) already explains the absence of the edge.
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(structure of hidden confounders), not available observational support. Per-context causal models
have been considered e. g. by [20]], but without the descriptive vs. physical distinction made here and
without the connection to context-specific independence (CSI). Graphical models for CSI in turn
have been studied e. g. by [10], or as labeled directed acyclic graphs (LDAGS) [13; 4], but from the
independence-model perspective, i. e. without the connection to SCMs (and thus causal modeling).
Our approach opens interesting possibilities of connecting the causal and the independence-model
world (§A.3). We can treat certain types of cyclic models, much less general than [3]], but by
adding CSI-information, we show that for these specific cyclic models (away from R) the causal
graph of the union-model can be recovered (lemmal|5.1)), not just its acyclification, causal discovery
with cyclic union-graphs is also discussed e. g. in [7; 25]. The lack of observational support we
study has certainly been noticed in effect-estimation, where statements can only be made where
the fit has support — at least for single-step adjustment [22; [14], for multi-step procedures e. g. the
ID-Algo [26; 23] or counter-factual queries like natural direct effects [22]] the issue might be more
subtle. For counter-factuals more generally similar issues have been observed [17, §5.1], but not
treatment from the perspective given here seems to be available. There is also a close connection
to minimality conditions affecting graph-definitions (§E), e. g. on parent-sets directly [3, Def. 2.6],
"causally minimal" [15| §6.5.3] — replacing faithfulness by using the minimal edge-set for which a
Markov-condition holds (see §4.2) — or asking for adjacency-faithfulness [16] only. Finally, lack
of observational support may be seen as a missing data problem. The literature combining missing
data with causal models typically considers latent variables [24; 30], missing datasets for certain
interventions [29; 27]], or robustness of causal models [18 [19]], which are quite different from the
problem we study. See also

Our novel contribution is, that we study multiple meaningful graphs associated to a single context,
beyond [1]] (see[A.2)), that can be distinguished from data. These capture qualitative and relevant
aspects of the support problem, which seems important to make the problem tractable in practice.

3 Causal Graphical Models

3.1 Structural Causal Models (SCM)

We work within the framework of "structural causal models" (SCM) [IL1; [15]: We fix a set of
endogenous variables (observable) { X; };¢, for some finite I, taking values in A}, and exogenous
noises (hidden) {7; };c1, taking values in \V;. We write V := {X|i € I} for the set of all endogenous
variables, U := {;|i € I'} for the set of all exogenous noises, and for A C V, let X4 := HjeA X,
further X := Xy and NV := ANy

Definition 3.1. A set of structural equations (mechanisms) F := {f;|i € I} is an assignment of
parent-sets Pa(i) C V together with mappings f; : Xpa(;) x N; — A; for all i. An intervention
Fao(A=g) On a subset A C V is a replacement of f; ~— g; for j € A. We will only consider "hard"
interventions g; = x; = const.

Given a distribution P, of the noises U, if a set of random variables V' solving the equations in F
exists, we call their distribution Pr P, (V') an observable distribution. For the models we consider,
solutions are always unique and are solutions in terms of the noise-values in the intuitive sense,

Definition 3.2. An SCM M is a triple M = (V, U, F), with V distributed according to an observable
distribution Pr p(7y(V). The intervened model My,(4—g) is an SCM with My,a—gy = (V', U,
Fao( A:g)) i.e. U is distributed according to the same P, as for M and the structural equations are
replaced according to the intervention.

3.2 Induced Graphical Objects

An important concept in causal inference is to capture qualitative relations between variables as
described by (suitably minimal, see next sections) parent-sets Pa; C V' in a causal graph, constructed
with nodes V' and a directed edge from each p € Pa; to X;. In multi-context settings, there
is additional qualitative information available "per context", but as explained in the introduction,
multiple meaningful definitions of parent-sets (hence graphs) exist. The simplest way to describe
qualitative properties of an SCM is via the mechanisms only:
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Definition 3.3. Given mechanisms F, the mechanism-graph G[F] is constructed with parent-sets Pa
such that:
X ePa(Y) <&  fyisanon-constant (in X) function of X.

If one actually knows the underlying SCM, this is well-defined. However, in most applications,
one has limited knowledge about the "real" SCM (approximating) a physical system and, thus, uses
observed data generated by the SCM to draw conclusions. The choice of suitable (empirically
accessible) graphical objects is intimately linked to minimality and faithfulness assumptions (§4.2]
§E). To capture "accessible states" we need to build information about observational support into our
graphical objects.

Definition 3.4. Given a set of mechanisms F, and a (as of now arbitrary /unrelated to M or F)
distribution Q (V') of the observables V, the observable graph G[F, Q)] is constructed by defining
parent-sets Pa’ C Pa such that:

X ePa(Y) < fylsupp(Q(pa(y)) is non-constant (§B-2) in X.

Note, that this depends qualitatively on @), in the sense that it only depends on the essential support
supp(Q 4) of marginalizations of Q) to A C V.

Remark 3.5. One may replace the above definition by one that also includes a dependence-measure
d (or rather its estimator) used to test independences, see This seems to feature the same
distinction of descriptive/ "detectable" vs. physical changes. But it inherently depends on finite-
sample-properties, putting it outside the scope of this paper. We focus on the support instead.

This graph moves the problem of observational support from the faithfulness assumption into the
graph-definition (§E) in the following sense: If the model M is not faithful to its "visible" graph:

Definition 3.6. Given an SCM M = (V,U, F), with observable variables distributed by Py, (V),
then the visible graph G""<[)/] is the observable graph G[F, Py].

Then this failure of faithfulness must arise from a property other than observational support. So
G"s®e[]] is what would commonly be defined as "the" causal graph. This is, in the single context
case, the same as the mechanism graph after enforcing a suitable minimality condition (like [3} Def.
2.6]) on F. The visible graph is explicitly constructed as a graph "G[M]" associated to an SCM.
Other than before (for G[F] and G[F, Q)]), there is more than one meaningful choice here! We fix a
(finite, P(R = r) > 0) categorical context/ "regime-indicator" variable R and want to understand
qualitative changes in the model between different values of R (cf. also [[10;[13])).

Definition 3.7. Given an SCM M = (V,U, F) and R € V, the regime graph (see [1]]) is
Gt (M) := G[Fuo(rery, Pur(VIR = 7).

Fixing R to a value, removes dependencies involving R, so we add this information back in by
defining G5 [M] as G5 [M] plus edges involving R in GYP*[M]].

This object describes the qualitative relations between variables of the regime-"enforced" model
M o(r=r) that can be learned from the observed distribution Py (via conditioning) and contains the
"descriptive" information about (in)dependences we want to learn (see §I] point (a)).

Remark 3.8. This graph is very different from a "conditioned" model: For example there are no
spurious links from selection-bias. This is, because this graph describes properties of the underlying
SCM under constraints on observable "system-states", and makes no reference to e. g. independencies.
It is however closely connected to independence properties (cf. §é).

For edges not involving R, and thus for G’C}Qfg [M], we could replace Fyo(r=r) by F in deﬁnition
which underlines the idea of describing an object that can be inferred from observations, but contains
information about the interventional model. To capture §TI} point (b), we use:

Definition 3.9. Given an SCM M = (V,U,F), and R € V, the transfer/physical graph is
GO [M] = G[Fuao(r=r)» Prr(V)]. and again G%>° [M] adds edges involving R.

As illustrated in the introduction, this keeps links that vanish through changing state-accessibility
of the system (it keeps information available on the pool), but deletes those that "explicitly" change
viado(R =r),e.g. if Y = 1(R) X X + ny (so it captures a very intuitive notion of "per-regime"
changes). Finally interventional models — note, that Def.[3.2] keeps the exogenous noises in the
definition of the intervened model, hence it has a "counter-factual" character (§A.4) — correspond to
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Definition 3.10. Given an SCM M = (V,U, F), and R € V, the counter-factual graph is
G%F:T[M] = G[}—do(R:r)v P]u(v‘ dO(R = T’))] = GVISlble[MdO(R:T)].

See also -, where it is quickly explained why G%F:T seems more relevant with experimental data,
we focus on observational data here. Finally, some properties of these graphs (proofs are in §B]:

Lemma 3.11. Union Properties, for G [ M| := GV M)
(i) G M| is the "union graph" in the sense of [20]
(i) G [M] = U, G [M]
(iii) G™°"[M] = U, G [M], if M is strongly R-faithful (Def.

Point (ii) is of course the motivation of (i) in [20], but here we can explicitly see that in this case (for

the union), the specific choice of graph (G%’fr vs. G¥5T) is (mostly) unimportant.

Lemma 3.12. Relations of edge-sets:
GisIM] C GRSIM] C G

writing "G' C G" if both G and G’ are defined on the same nodes, and the subset-relation holds for
the edge-sets.

Lemma 3.13. Physical changes are in regime-children:'
IfY # Rwith R ¢ Pa"™(Y'), then Pab”® (V') = Pa"™(Y').

3.3 Potential Applications

Where are these graphs relevant? For applications like earth-sciences, the problem of restricted
support seems to exist at least from a finite sample perspective. Further many important applications
here involve the study of extreme events, where a restriction to small regions of the state-space
is believed to occur [5; 28] — one possible intuition is, that extremes occur from the coincidence /
synergy of different pathways, for example many time-steps with little precipitation followed by high
temperatures putting drought extremes in a "corner" of the state-space. It is often somewhat unclear
why (presumably robust) causal mechanisms seem to change under extreme conditions. Our approach
provides a possible explanation, as causal discovery (e. g. with masking, rmk. should typically
(see §E]) recover G‘}gi; at best, thus is very sensitive to observational support. Extreme states (like
droughts) are often endogenous, i. e. themselves driven by system-variables (e. g. by soil-moisture
feed-backs).

The setup also relates naturally to "technological" data like satellite-telemetry or IT-safety applications,
where systems behave much more like state-machines (or actors) with many actions only available
in certain states. Note, that here the state typically changes in response to sensory input, so when
modeling data about system and environment (e. g. by including data for sensory input), the resulting
contexts are typically endogenous. While our approach is still very far from systematically recovering
a state-machine as a causal model, an understanding of the observations-support properties studied
here seems to be an important building-block when approaching this problem. It seems noteworthy,
that also a causal perspective on explainable Al (XAI), treating neural network (layers) and their
inputs as SCMs, typically have such qualitative structure, e. g. from ReL.U activation-functions.

What are these graphs good for? A common problem in practice is, given two (or more) contexts
— e.g. normal data and anomalous data — to "explain" (for some meaningful notion of "explain")
the difference. If, between the two contexts, a mechanism f; changes its parents physically, then
this change at f; probably should be part of the explanation for changed observations. If, on the
other hand, the changes (addition, removal or combinations) of the parents in f; do not require any
explanation beyond the change in support, i. e. if they are purely descriptive (non-physical), then the
explanation for the changing observations should be found in the ancestors, not at f;. E. g. for example
in the introduction, assuming we observe additional nodes that provide orientation-information
(or if there is a mediator R — M — T), we note, that ' — Y cannot be a physical change because
R ¢ Pa"™*"(Y) (see corollary below). So, instead of claiming the two contexts to differ by a
change in fy (which is indeed not the case), we should look further upstream in the graph, which, here,
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leaves fr. Given R the only "real" remaining degree of freedom is P(T|R = 0) # P(T|R = 1),
which is a surprisingly accurate diagnosis.

Further, also interventional and counterfactual queries happen in a different (non-union) context
in terms of knowledge about mechanisms in certain value-ranges. We consider this to be a known
problem and especially for counterfactuals it has been discussed from slightly different points of
view (see §A.4). Our treatment certainly does not suffice to "solve" this problem, but we show, that
including information about knowledge and observability into causal inference — for multi-context
data — can (and by the motivations above, maybe should) be systematically approached.

4 Context-Specific Independence

Note, that while changes in PaP™*(Y") from mechanism-changes only occur if R € Pa™(Y")
(lemma , "state-access" induced changes can even (also if R is not on any cycle in G'™°"),
remove links in G4 between ancestors of R. This can be undetectable even from context-specific
independencies, if the same link "should" be removed for a specific regime r — requiring us to
conditioning on R = r — but gets "reinstated” by selection-bias — because we are conditioning
on R. For a concrete example, see in the appendix. This section shows, that — up to this
issue (links vanishing in ground-truth between ancestors of R due to state-access restrictions) — the
descriptive graph G‘}g:; can be recovered from combining context-specific and non-context-specific
independence-tests, if a suitable faithfulness property is is satisfied (§4.2).

4.1 Markov Properties

Here we study the following question: When can the absence of an edge in the graphical objects
— in particular G‘}gg; — defined above, be detected directly from independence constraints? L. e. by
Markov properties we refer to factorization properties of the joint probability density and the question
of "completeness" of constraint-based causal discovery. For DAGs these properties coincide with
the question "does d-separation in the graph imply independence?", and sometimes this is taken as
the definition a "Markov property" (e. g. [3]). We are primarily interested in discovering properties
of the SCM as described by the graphical objects defined above from data, while the "d-separation

criterion", for cyclic models, only recovers "acyclifications" of such graphs.

The Proof-Idea: A more detailed description and proofs can be found in §D] Here we only
sketch the proof idea. Commonly one starts from the local Markov-property: The idea is that
knowing Z containing the parents of Y renders Y independent of all noises other than 7y, because
Y = fy(Pa, = pay,ny). The subtle problem here is to (a) understand this not only for union-
parents, but also for parents in G%*" and (b) to then combine both. The issue is, that G is not
a causal graph associated to a SCM in the standard senseE] (i. e. there need not exist an SCM M’
with G¥SPI[A "] = GY5T), so the local Markov-property is not obvious anymore. We come back
to this momentarily. Seemingly this problem (a) can be resolved by considering a "conditioned"
SCM (replace P(n) by P(n|R = r) and keep F to obtain M’, which confounds ancestors of R,
see lemma , but than point (b) becomes even harder — intuitively, since information in causal
discovery is in the missing links, one wants to combine information of link-removals from CSI (the
"conditional" graph) with link-removals from the union-model, so one is inclined to intersect the
respective edge-sets. But problem (b) essentially asks about the connection of the resulting object to
the underlying SCM (and the regime-specific SCM Mgyo(r=r)). An important contribution of our

proof is, that it shows, how this information ("intersect two graphs") is related to the SCM via G‘}?:“r.
This connection allows then for further inferences in §5and §5.3]

The way we approach the problem, is by first facing yet another subtlety: The "propagation” of the
local information from the local Markov-property to obtain global statements about the graph is
normally done via a separation-criterion, that analyzes individual paths in the graph. But what does
blocking a path in G%*T mean? The idea we propose is to go from graphical properties to conditional
independencies not via a separation-criterion (when blocking Z) and paths as an intermediate step,

3In [T]], it is shown that there are meaningful "sufficiency" assumptions, s. t. Gt — G‘;‘y:sr =G5, =
GVSPe[ M, do(R=r))> in Which case the problem (mostly) is reduced to (b). Here we are interested in the differences
between those graphical objects in particular, so we need identifiability-results that hold more generally.
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but via changes in the noise-distribution (when conditioning on Z) and the form of solution-functions.
Here the "form of solution-functions" captures graphical properties, because the system of structural
equations can be solved "downstream" starting from root-nodes, successively working down their
descendants — as follows (see §C)):

Cor.[C.5] Given a solvable, weakly regime-acyclic model, then, for any set of variables X:

(a) Fx depends only on noise-terms of ancestors of X in GU™",

(b) FE=" = Fx| P () depends only on noise-terms of ancestors of X in G .

As the reader may have noticed we phrased the local Markov-property above via dependence of noise-
terms (rather than independence of non-descendants). Next, consider a conditioning set Z D Pa(Y").
The essential trick is, that since knowledge via Z of the parents of Y renders Y independent of
all noises other than 7y, another variable X = F'x(n4) is independent of Y given Z as long as
na 1L ny|Z. But again by the form of solution-functions, this time of Fz, we know which 7; will be
"mixed" (become dependent, see lemma|[D.Z) when conditioning on Z.

Formulating the local Markov-property directly through "dependence on 7y only" works for our
setup immediately. Further it makes problem (a) solvable since Cor. is applicable for G‘I’gs:c;!
Finally, these constraints obtained through solution-functions are uniform, in the sense that it does
not matter if we used Cor.[C.3h or Cor.[C.3b to obtain an intermediate result. The obtained statements
can thus be easily combined, which eventually allows to resolve problem (b).

The Result: As illustrated in the introduction to this section, we will have to exclude relations
between ancestors (beyond the union-graph) from our formal claims (see example [D.13)), as they are
not generally accessible:

Definition 4.1. Define the (identifiable) ancestor—ancestor correction Gi}%ezmr as follows: Start with
Gident — G4eser | then add all edges in G*™", between any two ancestors in G*™" of R to Gident |
Lemma 4.2. There are no physical ancestor—-ancestor problems (proof in §B):

Geser c Gigent < GUoN and if M is strongly regime-acyclic, then G'&™. C G%‘fr.

Finally, the Markov-property we obtain reads — note the restriction on where to search for Z, which
is relevant for causal discovery in practice, is a bit subtle here (see cor.[D.9] rmk. [D.10):

Proposition 4.3. Assume the model is strongly regime-acyclic and causally sufficient. If X and Y
are non-adjacent in G‘}%e:mr and both XY # R, then either

(a) for Z = Pa"™(X) or Z = Pa™(Y) it holds X 1. Y|Z, or
(b) for Z = Pa% (X) — {R} or Z = Pa5*" (Y') — {R} it holds X 1L Y|Z,R =r.

Further, if either X ¢ Anc"™*"(R) or Y ¢ Anc""*"(R), then (b) applies, otherwise (a) applies.
Remark 4.4. If one of the variables is R then (for univariate R) no regime-specific tests are available
and we have to fall back to the "standard" result (see e. g. [3]]): Assume the model is causally sufficient.
If R and Y are non-adjacent in Acycl(G™"), then there is Z = Pa"*"(R) or Z = Pa"™**(Y") with
R 1 Y|Z.If Y is an ancestor of R this does not change the result if the model is strongly regime
acyclic. However, if Y is part of a directed cycle involving at least one child of R, then the edge
R — Y in Acycl(G"™°") cannot be deleted from our independence-constraints, even if it is not in
G"™°", By the above, together with prop. this is the only such issue, that can occur.

4.2 Faithfulness Properties
As is shown in [1]] (and repeated in [E)) standard faithfulness assumptions by a (short) argument justify
the following

Assumption 4.5. We assume the model to be R-adjacency-faithful in the sense that for all r:

XUY|Z or
dZs.t.

: : descr
XY £Rand X ILY|Z R =r } = X and Y are not adjacent in GR=,.
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The from a theoretical point of view potentially more interesting observations is: The CSI-Markov-

property ~i guarantees independences for edges not in Gig"‘:“‘r, while the R-faithfulness argument

only provides dependence-guarantees for edges in GE* . As the counter-example shows, the
Markov-property in general cannot hold for Gj’g“;, but it might of course still hold for a graph
G®S! "in-between" G ¢ GEL C Gt It is unclear if such a G for which both mean-
ingful faithfulness- and Markov propertles hold exists (see §E| §D.4). For the moment, we are
primarily interested in relating CSI-information to SCM-information, so we leave details on the CSI-
independence-structure of distributions induced by (e. g. regime-acyclic) SCMs to future research.

Further, to recover a union-graph, we will need (see §E.2] §B):

Definition 4.6. We say M is strongly R-faithful, if it is R-faithful and the mechanisms of the
union-model are non-deterministic, in the sense, that there is no set of mechanisms F’ which almost
always produces the same observations as F, but has different minimal parent-sets.

5 Joint Causal Inference and Transfer

The previous section explained, how (most of) the information of G [M] can be recovered from
(testable) independence-constraints (prop. 4 and ass. . leading to a graph (see Gde“’c‘ with
GEsr C Gt ¢ G | Here we study Gp * [M] and G*™°"[M]. We do not know, 1f G'”hyb ' [M] s
fully 1dent1ﬁable in general or if the set of rules we provide is complete. It demonstrates however that

these graphs contain empirically testable information (see also example [F-T|and discussion thereafter).
We refer to these rules (§5.2)) as "JCI-like" as they resemble [12;[9]. (Proofs are in §H)

5.1 Inferring the Union-Graph

Recall from remark [£.4] that edges from R into directed union-cycles containing a child of R cannot
be deleted by our independences. We will hence mostly focus on edges elsewhere in the graph ("away
from R"), using the "barred" notation (G%*" etc.). Generally, a causal model is only Markov to the
acyclification (see e. g. [3])) of its visible ("standard") graph Acycl(G"*"*¢[M]) while, for strongly
regime-acyclic models we here have:

Lemma 5.1. Let M be a strongly R-regime-acyclic, strongly R-faithful, causally sufficient model,
th

en vaisible [M} _ Gvunion[ ] =U Gdetect[ ]

is identifiable away from R by ( R-context-specific) independences.

For edges out of R no context-specific tests are available, so (see Rmk. 4.4): G¥iPle[Mf] =
GUien[M] C GUon[M] = U, G [M], where the difference GYmion [M] — GUMi°"[M] consists

detect | K detect
of edges from R to nodes in union-cycles only.

5.2 Interring the Physical Graph by JCI-like Rules

Similarly, there are properties of GphyS that can be identified from data. We already know
GEetM] C Gfgfr[ ] € GU°'[M] by lemma where the left-hand-side is, by construc-
tion §D.4] identifiable (under our assumptions) from data via prop. 4.3 and lemma @ and the
right-hand-side is identifiable by lemmaabove So it will suffice, for understanding G%*° [M], to
study edges in G4o" [M] — Gidnt [M] and decide if those should be in G‘I’;lf [M] or not. As already

detect
noted in lemma 3.13| physical changes occur only in regime-children:

Lemma 5.2. If R ¢ Anc"™(Y), then Pal>* (Y') = Pa"™"(Y), i. . the change is non-physical (by
observational non-accessibility).

Corollary 5.3. If R ¢ Anciio" (Y'), then Pal>® (V') = Palion (v).

detect

If (conditioning on) R does not change the distribution of ancestors, no state-induced effects occur:

Lemma 5.4. Assuming strong regime-acyclicity. If X € Pa"™(Y) — Palf™ (V) and R €
Pa"™"(Y), and Anc"™*"(R) N Anc"™*"(Pa"™"(Y) — {R}) = 0, then X ¢ PaP™*(Y) (i.e. the
change is "physical” not just by state).
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union ident

Corollary 5.5. Assuming strong regime-acyclicity. If R # X € Pageeq(Y) — PaRZ, (V) and
R € Pageea(Y), and Ancgeey (R) N Ancgeen (Pageex (V) = {R}) = 0, then

(a) there is a link into the strongly connected component of Y that vanishes in GPMS, but not in
ooy 1. e. there is a physical change.
(b) if Y is not part of a directed union-cycle, then X ¢ PaP™ (Y), i.e. there is a physical
change of this particular link.

5.3 Validity of Transfer

JCI-arguments (§5) can exclude the possibility of physical changes, but they can only provide direct
evidence in rare cases (lemma[5.4). But variable can depend quantitatively on R:

Example 5.6. If Y = g(X) + vR + ny, with v # 0, and if g|supp p(x|R=r,) 1S cOnstant, X &
Pal¥ (Y), even though X ¢ Pa%*™ (V) and R € Pa"™*"(Y).
T0 0

We sketch a statistical test (see also §F-3)), that approaches this problem in analogy to the philosophy
of constraint-based causal discovery (CD): For CD, the idea is, that in an Occam’s razor sense,
a link should be considered relevant to the causal model, if there is evidence for the link to be
present, i.e. if independence can be rejected (see discussion of point (a) after example [I.T)). For
the multi-context case, from the perspective, that causal mechanisms are supposed to be robust, a
reasonable null-hypothesis is, to assume, that g (in example[5.6) remains unchanged in the context
R = r¢. So a link should be removed relative to the union-model if there is evidence for its vanishing
(see discussion of point (b) after example [I.T).

In the example above, g is identifiable (in G™ion) 5o we can learn ¢ from data. Now, if we can show,
that the independence-test we used for CD (of G‘}%es:“ro, see Rmk. , would have (likely) rejected
the independence X Il Y|R = r given the observational distributions (e. g. bootstrapping from the
observational distributions) if g had remained valid in R = 7, then we have evidence for g vanish

in R = 7. This formally is captured by the difference of G""°" and G‘g‘fm in the sense of Rmk.

6 Conclusion

The assumption of positivity, P > 0, is quite common and very useful. However, it is not popular
for its realism — finite data never gives empirical evidence outside a bounded support, even more
so in light of Rmk. [3.3]— but because it dramatically simplifies the problem, by neglecting "purely
formal" details that supposedly would not actually affect the conclusions we draw. Generally, this
is certainly often true, but as we point out, there are a range of difficulties, where our qualitative
understanding relies on the the understanding of available observational support. We formally capture
such qualitative properties through our descriptive and physical graphs — this includes the example
from the abstract, where once a physical and once a descriptive change occurs. Further, as we
demonstrate, in multi-context systems, these qualitative properties become accessible, at least in part,
from observations. Finally, we hope that the connection between the structure of context-specific
independences and SCMs that our objects provide may help to better connect both worlds.

Future-Work: We focused on iid-data here, but time-series data seems like an interesting, even
though potentially quite complicated, extension. For time-series, for example with persistent (slowly
changing) regimes, the observable support of the stationary distribution should play an important and
interesting role. What sounds very technical, captures some intuitive effects: As an example, consider
a crossroads, where in one context (state of traffic-lights) the traffic flows in one direction, in the
other context in the orthogonal direction. Now if states normally only accessible (by the stationary
distribution) in one context (traffic in direction A) at a regime-boundary "lag" into the other context
(traffic in direction B), then new phenomena arise.

A more immediate generalization would be in (transfer of) orientations. One can of course use
standard orientation-rules per-context, or JCI-rules on the union, but really one would want to
combine information from both where possible.
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A Details on Related Literature

The topic presented here has connections to many fields, so we give a more structured overview
below. Also the connection to CSI and independence models [[10; [13} 4] seems interesting (@,
but since we expect most potential readers to come from the causal community, a detailed treatment
in the main-text seems ill-placed. Similarly, further details on the connection to counter-factuals are

in §A.4]

A.1 Structured Overview

Combining Datasets from different contexts in causal inference has been studied e. g. by [2; 12565
9]]. The focus there is usually on gaining orientation-information or statistical power on finite data, i. e.
gaining additional information about the union-model. The main technical ingredient is in adding the
context-information (e. g. an index) to the pooled dataset as a "context-variable" and to then study the
resulting system. We adopt this convention and call this (categorical) variable R ("regime"). [2;[12]
in particular discuss transportability between contexts, but concerning identifiability (structure of
hidden confounders), not available observational support. For example [20] also explicitly studies
graphical models for mixtures, we will for example connect our results to their union-graph. Their
focus is in defining graphs for the combined dataset, we focus on different graphs for a single context.
The reason why there is not a unique (empirically accessible) graph is that we "enrich" this single
context by our understanding of the other contexts. So our study also is inherently multi-context, but
does not focus on the union-model (see however).
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Context Specific Independence (CSI) and Graphical Models have been combined from the
perspective of encoding information about (the factorization of) a probability distribution, e. g. as
stratified graphs [[10], or labeled directed acyclic graphs (LDAGs) [13;/4]]. The main distinction here
is that we are interested primarily in causal properties and to this end study connections to SCMs,
thereby e. g. to interventional properties. We also establish how one of the graphical models we define
relates to CSI. The information our objects encode is subtly different from that encoded in LDAGs,
or their induced "context-specific LDAGs" [13} Def. 8]. Both encode CSI properties however, and
it should be possible via our results to leverage results about LDAGs for causal inference, and vice
versa (for example the construction of counter-examples like seems much more accessible from
an SCM perspective). See also §A.3]

Cyclic Models and Solution Functions have gained increased attention recently. There are other
approaches to study cyclic union-models e. g. [7; 25] — cyclic union-models are a possible use-case
for context-specific graphs, but not the core content of this paper. The type of cyclicity we allow
in our models is extremely simple compared to the general treatment [3]], even though they are not
simple in the sense defined there. Simple SCMs [3] are cyclic models defined such that their solution-
properties (and simple-ness) is stable under interventions and marginalization. It seems to be the case,
that the ensuing problems (in particular unsolvable intervened models), occur, if we intervene to a
system-state outside of the observational support, so in our "support-aware" philosophy, we should
capture the problem "beforehand": We recognize the intervention as involving a transfer-problem and
are thus warned, that it may not have a unique or clear solution without further information. We do
not study this connection in detail here, but we use solution-functions in @

Interventions and Counterfactuals For interventions, e. g. by single-step adjustment [22}[14], a
lack of support often becomes evident by a lack of training-data, and is comparatively easy to detect
and simple to deal with (require expert-knowledge for extrapolation, there is not much to be done
from data alone). For multi-step procedures (like the ID-Algo [26; 23]]) and especially counterfactual
quantities (like natural direct effects [22]]) the situation becomes much more complicated. Here the
question about which graphical properties even could be learned from data have been discussed, see
e.g. [17, §5.1], even though the systematic connection to observational support does not seem to have
been studied yet. See also §A.4]

Minimality and Faithfulness are also strongly intertwined with how to pick "the correct” graphical
models. The most direct approach is by a minimality-condition on parent-sets [3, Def. 2.6] (even
though there is a faithfulness assumption about non-determinism implicit for minimal parent-sets to
be well-define / unique). For skeleton-discovery, we are primarily interested in adjacency-faithfulness
[L6], but e. g. [[15 §6.5.3] also formalize a "causally minimal" condition which is faithfulness in the
sense of independences only occur where they are guaranteed by the Markov-property, which turns
out to be quite non-trivial here (§4.2). The context-specific absence of edges itself can be understood
as a violation of faithfulness to the union-graph (as noted e. g. by [9, §4.3.7].

Missing Data in causal modeling in the literature usually concerns either latent variables [24; 30],
or more abstractly missing data for certain interventions [29; 27] typically for the combination of
datasets (see above) or robustness of causal models [[18[19]. The lack of overlap of observations and
non-constant mechanism domain seems so far unexplored — certainly people are and have been aware
of this issue, but the formal and systematic approach given here seem to be new (see also §3.3).

A.2 Relation to Method-Paper

The problem of an ambiguity in the definition of per-context graphs and its connection to observational
access was encountered in [[1] during the development of a constraint-based causal discovery method
for this setting. There, the focus is on giving meaningful assumptions, under which this problem does
not occur (i. e. assumptions under which G‘}S‘:“Tt = G%‘ﬁa = G%F: )» and when efficient (using few
tests) causal discovery is possible. For the scenario with Gt = Grl’,?isr = GY_, a Markov-property
is shown with (modified) standard tools (path-blocking), plus some tricks involving counter-factuals
(see also the footnote in §4.1). The main distinction here is, that we focus on the usefulness, and
identification from data, of the difference between physical and descriptive changes. This also

means, that a Markov-property that holds only under the assumption of G‘}%et:ejf = Gg{,‘fr = G%F:T is

12
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insufficient. The more general case shown here, requires a completely different approach (

The subsequent study of union and physical graph, is relative to a suitable proxy G‘}:iet:ejt of G‘}SS:C;
(see §D.4), for which, in light of prop. 4. 1] as presented here (see also [[1, Rmk. 4.2 on Thm. 1]),
efficient causal discovery algorithms as in [1] are suitable. Generally, [[1] evolves around developing
assumptions for a method (and a method), that is both efficient and interpretable in terms of SCMs
despite the difficulties that arise from these observations. The present paper is about studying the
emerging structure: How do the different per-context graphs relate to each other and to the union-
graph, which intuition do they capture, and how can they — in particular also the physical graph and
their differences — be identified?

A.3 Connection to Independence Structures

We briefly recall the concept of labeled acyclic directed graphs LDAGs [13]]. The underlying system
is considered to consist of categorical variables only. Traditionally, the graphical representation of
the independence-structure represents dependencies with links, independencies with missing links, in
a sparse sense, i.e. if X 1l Y|Z the link from X to Y is also removed. The LDAG then labels these
edges with a "stratum" [[10]] by the following idea (for simplicity we pretend we knew orientations):
If X — Y then test for each combination of values of (other) parents Z = Pa(Y) — {X} of
Y if X 1l Y|Z = z, in this case add Z = z as a label to the edge. In practice, some PC-like
search-procedure can be used [8]].

This, in our language, essentially treats every variable as a regime-indicator, thus also contains the
information of any specific choice of regime-indicator (called "context-specific LDAG" in [[13| Def.
8]). The full LDAG thus contains more information than only that of a context-specific LDAG
corresponding to one choice of regime-indicator. The price for this additional generality is the
restriction of the setup to categorical variables only, and for discovery from finite data, in cases where
one is interested in a specific context-specific LDAG, the detour through the full LDAG is likely not
sample-efficient. We think, it is also not to be underestimated, that LDAGs are hard to read, compared
to the simpler (because less information-dense) context-specific ones.

Generally, the information encoded in a context-specific LDAG is very similar to our graphical
models, there are some things to note however: The context in LDAGS is local — only strata of parents
(adjacencies) are encoded — while our graphs also capture non-local effects (e. g. insert a mediator
R — M — T in example[I.1] then 7' — Y vanishes for specific R-contexts, even though R is not
adjacent to either 7" or Y'), which is also accessible from observations e. g. through intersection-graphs
(Rmk. @]) We do not know if the authors of [[10; (13} 45 8], were aware of this specific problem,
e. g. the formulation used by Corander et al. [4, Conjecture 1 (p. 985)] about the completeness of their
CSlI-separation rules relative to a hypothesis (as complete for information contained in) jo., which
contains this "local" CSI-information only, i. e. they were clearly very careful in avoiding potentially
false claims or conjectures about such non-local problems. They also use positivity of the distribution,
via the semi-graphoid axioms (see also last line on [4, p. 983]).

As Corander et al. [4, p. 983] (and others) point out, generally conclusions about information contained
in a given CSI-structure (i. e. which other independencies can be derived) is a very hard problem
(cf. [4} §2.3]). The results on this topic that [[10; [13; 4} 8] and the "Bayesian network / independence-
structure community" in general provide could be interesting to the causal community (e. g. for
cross-validation of causal discovery results), and vice versa e. g. the construction of counter-examples
like example [D.T3|that are "easy" in the SCM formalism might provide insights for the "Bayesian
network community". Further the specific type of non-local CSI we encounter seems potentially
interesting for understanding independence-structures as well. We hope our approach opens new
connections between both perspectives.

In [4], also a connection to support-properties is used to connect results to the abstract framework
of "databases and team semantics". There the abstract model seems to describe the following
observation: Given independence the joint distribution is a product, thus its support has certain
symmetry-properties. What we study here is the overlap of observational supports and the support of
mechanisms, thus a completely different concept.
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A.4 Connection to Counter-Factuals

If we are worried about selection-bias, the systematic machinery developed for such questions is the
do-calculus. While the "mutilated” graph G i defined graphically (does not see qualitative change
of mechanisms such as for Y = 1(R) x X + ny) we may ask: What is the "correct" graph for the
intervened model?

This requires additional information about the exogenous noises we consider. The most consistent
approach seems to be assuming that the exogenous noises are not affected by the intervention in the
model. In this case this becomes the counter-factual model [[11] describing the world that would have
been observed (given the "circumstances” encoded in exogenous noises) if R had been intervened
to be . We will hence call this concept the "counter-factual" graph. This is mostly a matter of
perspective and to avoid overloading the term intervened graph typically used in the sense of mutilated
graph (see above) with the do-calculus. For the example above, the counter-factual graphs seems
to be the "descriptive" graph, but this is a coincidence, and is generally only true if R is exogenous.
Indeed the counter-factual graph can even have more edges than the union graph:

Example A.1. The Counterfactual Graph can have more Edges than the Union:
g(X) Consider the following model with descriptive graph
p(R=1) X -+R—Y,

where fy(X,R) = 1(R) x g(X) + R + ny. Values of
X > 0 and R = 1 together are never observed, so Y seems
i T to be independent of X.

Here, the shown graph is the "correct” one by the usual means, but note, that intervening on R can
make the link X — Y visible! In fact, if we have interventional ("experimental") data, than this is
potentially testable in a multi-context setup, and should be considered a meaningful object. See [17,
§5.1] however, where related problems (in a single-context setting) are discussed, and a number of
subtleties are pointed out. We will subsequently focus on purely observational data and leave the
problem of experimental data to future work.

Finally, we note, that this counter-factual model — under suitable assumptions — can be used as a
mathematical trick to proof a (weaker version of) the Markov-property through "standard" path-
blocking arguments [1]] (because GG, [M] = GYS"[My,r_,)] is a causal graph associated to a
causal model in the standard sense).

B Properties of Graphs

B.1 Proofs of Statements in the Main Text

In §3.2)we gave some properties of the studied graphical objects, here we give the corresponding
proofs. We start — in slightly altered order compared to the main text — with

Lemma B.1 (Lemma|3.12). Relations of edge-sets:
Gl o GRIM] oG]

writing "G' C G" if both G and G’ are defined on the same nodes, and the subset-relation holds
for the edge-sets. Generally (i. e. it can happen that) GS-_ [M] ¢ G"™"[M] (see example and

G [M] ¢ GRL, [M].

Proof. This follows directly from the definitions, by supp(P(Pa(X)|R = r)) C P(P(Pa(X))).
O

Lemma B.2 (Lemma[3.13). Physical changes are in regime-children: _

If X € Pa (Y), and Y # R with R ¢ Pa"™(Y), then Pa¥* (Y) = Pa"™(Y"),

Proof. By definition, G™[M] = GYsP*[M] = G[F, Pys] and G%ST[M] = G| Fao(r=r), Pnm).
By definition, F and Fy,(g—,) differ only in fr and (by setting the parameter R = r) for f;
with R € Pa"™"(X;). For Y, by hypothesis neither of these two applies, so the same fy is in
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F and Fqo(r—r)- Since both graph-definitions further use the same support (that of Py), their
parent-definitions for Y agree: PaP>* (V') = Pa™"(Y'). O

Lemma B.3 (Lemma3.11). Union Properties, for G [M] := GV M)
(i) GUMon[M] is the "union graph" in the sense of [20]
(ii) GUr[M] = U, GRS [M]
(iii) G™"[M] = U, G M), if M is strongly R-faithful (Def.

Proof. (i) G**"™¢[M] corresponds to the causal graph in the standard sense given a suitable
minimality-condition on parent-sets (see §3.2), so it is the graph of the union-model in the sense of
[20].

(i) "D": By lemmaG%‘fr [M] © G [M], so U, G™Y° [M] C GU™on[M].

"c": Let X € Pa"™*"(Y) be arbitrary. By lemma we only have to consider links to regime-
children Y. By definition X € Pa"™°"(Y") means, there are values pa, pa’ € supp(P(Pa*""(Y)))
which differ only in their X-coordinate (i.e. pa = (z,pa~), pa’ = (2’,pa~) with pa~ the same
value for Pa"™°"(Y') — {X}) such that fy(pa) # fy(pa’). Since R € Pa™(Y), the tuple
pa~ also contains a value ry for R. For this 71 we have X € Pa%’fm (Y), because G%’frl =
G[Fao(r=r1), P(V)] uses the same support (that of P(V)) as G*"* = G*Ple — G[F, P(V)] and
Iy € Fao(rR=r,) (forcing R = ry in fy) does agrees with the original fy € F for pa and pa’ (as
they contain R = 1), so fi-(pa) = fy (pa) = fy(pa’) = fi (pa’).

(iii) "D": By lemma([B.1] as in (ii).

"C": Let X € Pa"™°"(Y') be arbitrary. Define N, := F5'({r}) (where Fp is the solution-function
for R in terms of noises, see §C)), and note that, by Fr being a well-define mapping, P(7j € U, N,.) =
1, USIHg ‘/», = Fpaunion(y) (N7 and Fpaunion(y)(UrN»,-) = U',‘/r, '[hllS SO P(pa S U',‘/r,) == 1.

By contradiction: Assume it were X ¢ Pa%* (V) for all 7. Then, by definition, fy |y, is constant in

X with probability 1. We can thus define g}, (Pa"™*"(Y') — {X}) such that P(fy = ¢},|R=r) = 1.
Finally construct fi,(Pa"™**(Y) — {X}, R) := g&(Pa"*"(Y)) — {X}) (i.e. depending on the value
r of R choose the corresponding ¢g”). Then for 7' defined as F with fy replaced by f,, the same
observations are obtained with probability 1, but parent-sets differ for Y. O

During the discussion of the Markov-property ( the graph Gig;“; is introduced, and the following
property is claimed:

Lemma[d.2| There are no physical ancestor-ancestor problems:
Gdoser c Gident  Gunion gnd if M is strongly regime-acyclic, then G'&™. C GII’QLST.

Proof. Using Gt C G (lemma [3.12), by definition[4.1} Gidn  G"i°". The first inclusions
is also by definition.

"Gident G%’fr": Lete = (X,Y) and edge in Gident |

Case 1 (X,Y € Anc"™"(R)): By Gt < GUnion (see above), e € GU°". By lemma 3.13] GUnion
and GII’QLS ,- differ only by edges pointing into a (union-)child of R. By strong regime-acyclicity,

children of R are not union-ancestors of R, so e € Gh>* .
Case 2 (otherwise): By definition e € G in this case. So by lemma , ec G%ﬁr' O

B.2 Formalization of Non-Constant on Support

In Def. we require the restriction of fy to the support of a distribution Q(Pa(Y")) to be non-
constant in X . Usually this can be thought of as: Ipa~, values of Pa(Y)—{ X}, and z, ' values of X

such that (pa~, z), (pa~, z') € supp(Q(Pa(Y))) and P(fy (pa™,z,ny) # fy (pa™,z',1v)) > 0.
Formally this requires regularity-assumptions (e. g. there are continuous densities, and the f; are
continuous) to exclude degenerate cases like:
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Example B.4. Let Q(X) uniform over (R — Q) N[0, 1], and fy (X,ny) = L(X € Q) x X + ny.
Then supp(Q(X)) = [0, 1] (it is defined as the closure, which includes the rationals), and fy is
non-constant on [0, 1], but really fy would never "see" the dependence on X.

The more relevant extension to our setting seems to be the finite-sample case §B.3] Nevertheless,
the above problem could be fixed, e. g. by defining "non-constant on the support" as: 3U, U’ C Xx
and V' C Xpay)—qx} such that U x V and U’ x V are measurable (with respect to @), and
Elfy|pa €U x V] # E[fy|pa € U’ x V], so one can think of Def. [3.4|using this notion instead.
Because measure-theoretic intricacies of the problem do not seem to aid the understanding of the
main contents of this paper, we do not detail these problems in the main text.

B.3 Finite-Sample Generalizations

In practice, when only a finite number of samples is available, the distinctions (descriptive vs. physical
changes) discussed in this paper also occur for reasons different from non-overlapping supports
(of observations and mechanisms): Statistical power of independence tests often relies for example
on sufficient width (compared to first derivative of the mechanism and noise on the target) of the
observational distribution of the source. More generally, the specific choice of independence-test
matters. In this section, we outline how our results generalize to the finite-sample case, how analogues
of the previously introduced graphical objects lead to a very similar abstract structure, and why finite-
sample properties are even more difficult: There is a "gap" (similar to between never detectable
(with probability less than a small py detectable) and confidently detectable (with probability larger
1 — € detectable) that does not occur in the asymptotic case.

One may replace the definition of G[F, Q] by the following harder to formalize, but for some

problems more practlcal idea: For an estimator d of a dependence-measure d, let G[F, Q, d N, po, €]
be the graph defined via by parent-sets with X € Pa(Y) if, fixing a sample-count N and error-rate

Do, the estimator d has enough (up to €) statistical power to find dependence in the sense of 3dy:
Q(dA > dp) > 1 — €—with Pnu“((f > dp) < po in the product/independent null-distribution — where
Q(d) is the distribution of d evaluated on (v, fy (v)) on N samples v drawn from Q(V). See §F.3|
This does not seem to change the abstract structure (kinds of graphs and their relationships), except
that an additional "gap" similar to §D.4] opens, because there are edges with effect-sizes that are
detectable with probability between py and 1 — e.

This captures not only the reality of what we see (the observational support), but also the reality of
how we see it (the dependence-test). In practice the result of a causal discovery algorithm does depend
on the independence test used, so this describes what is identifiable from data. Its interpretation in
terms of causal inference (e. g. effect estimation) is harder, but this is not a failure of the approach, but
rather a "real" problem: Given e. g. an SCM with linear effects and Gaussian noise-terms, such that
all (non-trivial) effects are large enough for a suitable to this data test (e. g. partial correlation) to have
power 1 — ¢, then the discovered graph is valid for effect estimation (up to error-rates bounded by pg
and e corrected for multiple-testing, we have G[F, Q, d, N, po, €] = G™*[M], where "xyz" stands for
a graph corresponding to a specific choice of (), which will also has implications for V). If the data
is not suitable to the used test in this sense, we still discover G[F, @, ci, N, po, €, but it is no longer
trivially suitable for effect estimation (but e. g. a correlation-based test might still capture causal
effect mean-values, even though no longer higher moments). We leave this general problem to future
research, but it seem interesting, that statistically precise statements about validity of certain types of
effect-estimations appear to be formally accessible. For counter-factual properties, one additionally
to d needs an estimator for conditional densities.

The choice of independence test seems to usually be seen as governed by properties of available data
(which is even in theory only possible to a certain degree [21]]), our point here is, that there is an
associated graphical object, whose practical usefulness depends on the application additional to the
data.

C Solvability and Solution-Functions

Our graphical objects no longer have a simple connection to an set of mechanisms alone, rather they
depend on observational support. This means many of the usual proof-techniques (most notably
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path-blocking) have no evident analogue when discovering these structures from data. A systematic
treatment of "Markov"-properties needs a different approach. We show, that the problem can be
studied via properties of solution-functions, hence we briefly study solvability of models.

Using only "context insensitive" independence-tests on the "pooled" data, fails to be Markov to
the visible graph (some links cannot be detected as absent — actually exactly those links in the
acyclification [3].

Some acyclicity-property is needed also with CSI. An easy to visualize property is the following
"strong" regime-acyclicity (but we often only require the slightly weaker "solvable for R and weakly
regime-acyclic", see lemma[C.3):

Definition C.1. We call a SCM M weakly (R-)regime-acyclic, if Vr, the regime-graph G&7 [M] is
acyclic.

We call a model M strongly (R-)regime-acyclic, if it is weakly (R-)regime-acyclic and no cycle in
G"™°"[M] involves any union-ancestor of R (including R itself).

Easily usable models are typically "solvable" as systems of equations from the noise-terms (this is a
notion often employed e. g. to study counterfactuals [[L1] and has been used to study cyclic models
e. g. in [3], see §A):

Definition C.2. A set of mechanisms F is (uniquely) solvable for X;, on Q C N if there is a (unique)
mapping F; : Q — X such that X; = F;(n1,...,9n)-

F is (uniquely) solvable on Q C N, if for all 7 it is (uniquely) solvable for Xj.

A model M is (uniquely) solvable (for X)), if its mechanisms JF are (uniquely) solvable (for X;) on
supp(FPy).

We would expect such models to have "good" solution properties. There is a small caveat however:
Our graph-definitions (and hence acyclicity-definitions) require a "weak" solvability, namely the
observable distribution Pr p, (V') has to exist (with unique support). In practice, when given
observations — presumably from an SCM - than this SCM is evidently "weakly solvable" in this
sense. Here, "weakly solvable" in turn implies (unique) solvability in the intuitive sense.

Lemma C.3. Let M be weakly regime-acyclic and the observable distribution Pr p, (V') exists.
Then:

M is strongly regime-acyclic = M is uniquily solvable for R < M is uniquily solvable.

Proof. Tt is well-know, that acyclic SCMs are solvable. The idea is simply as follows: Let [(i) be the
length of the longest incoming path to X, i.e. the count of ancestors in a path v = [A; — Az —
... — X;] with all arrows pointing towards X;. Then inductively (over ) show M is solvable for all
X, with [(4) = [. The inductive start [ = 0 is trivial, as nodes with {(X;) are roots (i. e. do not have
parents), so [(i) = 0 = f; = fi(n;), thus the solution F; = f; works. For the inductive step, note,
that [(i) = I + 1 = [(Pa;) < [, thus have solution functions Fp,,, the solution F; = f;(Fpa,, ;)
works for X;.

Let M be strongly regime-acyclic. There are no cycles involving ancestors (in G"°"[M] of R
(including R). Thus the above inductive argument works restricted to ancestors of R (including R),
because parents of ancestors of R are also ancestors of R and within the support 2 = supp(P,)) we
only need union-parents. Therefore the model is solvable for ancestors (in G*™°*[M]) of R (including
R).

Next, knowing Fr, we can "split" the space of noise-values into the disjoint union N = [[,. Fjy L{r))
and note, that for i € F'({r}) we know R = Fg(7j) = r. Knowing R = r, each node depends
(for these 77) at most on its parents in the respective G%* [M] (by definition of G5t [M]). Hence
we can repeat the argument above on the acyclic G [M] to find X; = FF=7(ij) for ij € Fr' ({r})

(this F=" is of course the same one as in definition|C.4|below, as is immediate for the definition of
F; in the next paragraph).

Define F; := FZ.R:FR(ﬁ) (i7). By disjointness of the F}; ' ({r}) this is well-defined, because every i is
mapped to some r by F' it is defined everywhere.

Finally the backwards direction M is solvable for R = M is solvable is trivial. O
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For solvable models (with almost everywhere continuous densities), conditioning can be understood
as restriction of the sample-space:

Definition C.4. If M is solvable, define,
Z=z .__ 1. -1
FZ= = ooy Fr ({2) = X

(we allow Z to be multivariate).

Corollary C.5. Given a solvable, weakly regime-acyclic model, then, for an arbitrary variable X :

(a) Fx depends only on noise-terms of ancestors of X in G*™°"[ M), i. e. is constant in all other
noise-terms an can thus be written as a function of ancestors’ noise-terms only.

(b) Fy =" depends only on noise-terms of ancestors of X in Gd‘:‘cr T M.

Proof. This is apparent from the proof of lemma[C.3}

F; was constructed inductively from parents and their noise, and from parents of parents and their
noise etc. (in G"™°"[M]) thus from noises of ancestors in G"™°"[M] (with roots depending only on
their own noise).

FR=" was constructed in the same way from noises of ancestors in G [M]]. O

Note that corollary [C.5]encodes information about support and parental relations on a given support.
We use this knowledge to replace path-blocking arguments for obtaining a "Markov"-property.

D Markov-Property

Here, the detailed proof of the Markov-property (Prop.[.3) is presented. See §d]in the main-text for
a high-level overview.

We start from restrictions induced by the graphs on the form of solution-functions. Recall from
that because the system of structural equations can be solved "downstream" starting from root-nodes,
successively working down their descendants, they depend only on noise-terms of ancestors within
the respective graph:

Cor.[C3] Given a solvable, weakly regime-acyclic model, then, for any set of variables X :

(a) Fx depends only on noise-terms of ancestors of X in G'™r,

(b) FE=" .= Fx| Fil({r)) depends only on noise-terms of ancestors of X in Gdescr

D.1 Graphical Properties Reflected in the Joint Distribution

Next, recall that (generally) such restrictions on functional dependence translate to product-structures
on distributions as follows:

Lemma D.1. Given A Il B and a mapping f(A) of A only, then
P(A, B|f(A)) = P(A[f(A)) x P(B)

Proof. P(A,B|f(A)) = P(B,A|f(A)) = P(B|A, f(A)) x P(A|f(A)) = P(B|4) x
P(A|f(A)) = P(B) x P(A|f(A)), where the last equality isby A 1. B< P(B|A) = P(B). O

We can use this, to see which part of the "noise-space" is affected by conditioning. Note that the real
power of this approach is hidden in the knowledge about ancestral relations via Cor.[C.5| combining
information about the two different graphs G'M" and G4 . We write "P({n;})" for P(n1,...,nn)
for the N noise-terms of the NV observables X;. We then use set-notation to make restrictions more
explicit (e. g. {n;|i € A} instead of n4).

Lemma D.2. Given a solvable, weakly regime-acyclic, causally sufficient model, and a set Z of
variables, then,
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(a) Using A := Anc"™*"(Z):

P({ni}|2) = P({nili € A}|Z) x [T P(n;)
JgA
In particular:
k¢ A = P(nwlZ) = P(n)
(b) If R ¢ Z and fixing a value R = 7, using A, := Anc""(R) U Ancy" (Z):

P({n:}|Z, R =r) = P({nili € A} Z,R=r) x [] P(ny)
JEAr
In particular:
k¢ A, = Pm|lZ,R=r)=P(n)

Proof. (a) By corollary, Fyz depends only on noise-terms of ancestors A of Z in G'™", In
particular we can write Z = F({n;|i € A}). Using this and lemma [D.1] which applies by causal
sufficiency:

P({{mi}|Z = 2)

=P({nili € A}, {n;li ¢ A} | Fz({nili € A}) = 2)

=P({nili € A} | Fz({mli € A}) =2) x P({n;ls ¢ A})

The first term is indeed just P({n;|i € A}|Z = z), while the second term is a product by causal
sufficiency. The second claim (of part a) follows by marginalizing this.

(b) By corollary, Fr depends only on noise-terms of ancestors of R in G, In particular we
can write R = Fr({n;|¢ € A,}) (with trivial dependence on elements in A, not in Anc™*"(R)).
By corollary, F7=" = Fy| F=({ry) depends only on noise-terms of ancestors of Z in Goeser
In particular we can write Z = Fy({n;|i € A,}) (with trivial dependence on elements in A, not in
Anc (7). Using this and lemma|D. 1| which applies by causal sufficiency:

P({ni}|Z =z R=r)

=P({nlie A} {njli ¢ A} | Fr({mli € A}) =r, Fz({nli € Ar}) = 2)
=P({mlie A} {nli ¢ Ay | Fr{mlie A})=r, FF"({mli€ A,}) =2
=P({nlie A} | Fr({mli€ A})=r, FF~"({mli€ A}) =2) x P({n;lj ¢ Ar})

Again, the first term is just P({n;|i € A, }|R = r, Z = z), while the second term is a product by
causal sufficiency. The second claim (of part b) follows by marginalizing this. O

L. e. on the "noise-space”, selection-bias from conditioning is confined to "sources" 7); from A (or
A, respectively). The idea is now, to separate two variables, not by explicitly blocking all paths,
but by building a "barrier" B to divide the system (by conditioning) into two regions of noise-terms
affecting one variable vs. those affecting the other, and using the observation above (lemma[D.2), to
choose B such that selection-bias also does not mix those two regions.

Many ideas of the "standard" setup carry over, for example the "local Markov-Property" formalizes
the observation, that, given its parents, a variable X, depends only on its "own" noise-term 7.
Hence the parents separate the "region" containing only 7, from all other noises (thus from upstream
variables) and if X, is not included in a directed cycle conditioning on the parents will not induce
selection-bias (1 1L n;| Pas). Here this can be formulated as a "barrier” against all other noise-terms

(lemma[D-5).

D.2 Definitions and their Properties

Immediately from the solution-properties Cor.[C.5] we can relate variables to the sources of their
randomness:

Definition D.3. Noise-sources of observations:
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(a) The source of a set of variables X is Source(X) = Anc"™*"(X).
(b) The r-source is Source, (X) = Ancqr (X).
If we do not block paths, we need some other notion of separation, following the idea of studying the

changes to the noise-space:

Definition D.4. Separation from noise-sources:

(a) A barrier B separating a set of variables Y from the noise-sources of another set of variables
C is a set of variables disjoint from Y (i.e. BNY = (); but not necessarily from C) such
that Y 1L no|B.

(b) An r-barrier B separating Y from the noise-sources of C' is a set of variables disjoint from
Y with R € B suchthatY I n¢|B’, R =r (where B’ = B — {R}).

Such "barriers" exist: The "local" Markov property, essentially says, that parent-sets (from a suitable
graph), block out all other (exogenous) noise-terms, it can be formulated in this language as:

Lemma D.5. Local Markov Property for Barriers (assuming causal sufficiency):

(a) For any variable Y which is not part of a directed cycle in G™", the set B = Pa"™*"(Y) is
a barrier separating Y from the noise-sources of any set C' not containing Y .

(b) For any variable Y with R # Y, which is not part of a directed cycle in G%S:C;, and with
Y ¢ Anc™°(R), the set B = Pa% (Y') U {R} is an r-barrier separating Y from the
noise-sources of any set C not containing Y .

Proof. (a) Let B = Pa"™*(Y), then Y = fy (B = b,7,), we write (for fixed b) fy (b, —) for the
mapping ny — fy (b, ny) in particular for measurable Uy and almost all b

P(y € Uy|B =b) = P(ny € fy(b,—) ' (Uy)|B =),

or written as a pushforward P(Y|B = b) = fy(b,—).P(ny|B = b), which is determined by

P(ny|B). Since, by hypothesis, Y is not part of a directed cycle Y ¢ Anc™°"(B), thus by lemma
ID.2h (second part), P(ny|B) = P(ny). By causal sufficiency thus Y 1L no|Bif Y ¢ C.

(b) Let B = Pa%*" (Y)U {R}, B’ = B — {R}, then if R =  we have almost surely Y = fy (B’ =
v, ny,): By definition of G, if R = r then fy almost surely depends only on B (potentially
trivially on R) and 7y . Thus again, for measurable Uy almost always (with b = (b', 1))

PlycUy|B' =b,R=7r)=P(ny € fy(b,—) "(Uy)|B' =V ,R=7),
or written as a pushforward P(Y'|B’ =¥, R =r) = fy(b,—)«P(ny|B = b), which is determined
by P(ny|B). Since, by hypothesis, Y is not part of a directed cycle Y ¢ Anc¥ (B). Further,

by hypothesis, Y ¢ Anc"™"(R), thus by lemma[D.2b (second part), P(ny|B = b) = P(ny). By
causal sufficiency thus Y 1L no|B',R=rifY ¢ C. O

Most importantly, "any set C' not containing Y" in the previous lemma includes Source(X) if
Y ¢ Ancyion(X) (similarly for (b)), so we will be able to relate noise-space properties back to
properties of observables.

Definition D.6. Separation of observables:

(a) A barrier B separating two sets of variables X from Y is a barrier separating Y from the
noise-sources of Source(X ), with BN X = . (Thus BN (X UY) = (), by def.[D.4})

(b) A r-barrier B separating two sets of variables X from Y is a r-barrier separating Y from
the noise-sources of Source, (X), with BN X = . (Thus BN (X UY) = 0, by def.[D.4)

Note, that the noise-barriers provided by the local Markov condition automatically "qualify" to
separate X # R and Y if X is not a (direct) parent (in the respective graph) of Y. Further, these (def.
[D.6) indeed relate to independences on the observables:

Lemma D.7. Separation implies independence:
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(a) If B is a barrier separating X fromY, then X 1L Y|B.
(b) If B is a r-barrier separating X fromY, then X 1L Y|B', R =r, with B’ = B — {R}.

Proof. (a) By definition, a barrier B between X and Y is a barrier separating Y from noise of
Source(X) = Ancusion(X). Le. Y AL nypmin(x)|B, but by corollary[C.5p, Fx depends only

on noise-terms of ancestors of X in G"™°", so that also Y AL Fx (napemon(x))|B, with X =
Fx (Nanewion(xy) this proves claim (a).

(b) By definition, a r-barrier B between X and Y is an r-barrier separating Y from the noise of
Source, (X) = AnciT(X). Le. Y AL Nancise (x)|B', R = r (where B’ = B — {Rt}), but by
corollary, F}?:T depends only on noise-terms of ancestors of X in G‘]‘gg. By conditioning
on R = r we restrict ourselves to noise-terms in F'({r}), thereby considering the restriction
F&=r = FX|F£1({T}) suffices. Thus Y Il F&=r (nAnCl}?gT(X)ﬂB’, R = r. Again the claim follows
by X = FE="(n Anctesr (x)) (Whenever defined, i. e. whenever R = r). O

Now, that we have a framework for replacing path-blocking arguments in a way suitable to the
problem at hand, we can return to the Markov-properties of our systems.

D.3 The Markov-Property

As illustrated in the main text §4.1](see also example[D.T3)), we will have to exclude relations between
ancestors (beyond the union-graph) from our formal claims, as they are not generally accessible (see

also §D.4|however):
Deﬁnition Define the (identifiable) ancestor—ancestor correction Gil‘%ezmr as follows: Start with
Gt = G| then add all edges in G'™°", between any two ancestors in G*™°" of R to Gig™t .

Remark D.8. G and G"** differ only by edges pointing into a (union-)child of R (lemma

3.13), s0 "Gunion " in the definition above may be replaced by ”G%’Z" as these always agree on edges
between ancestors. In particular the "ancestor—ancestor" problem will never be an issue if we are

. . ~phys
interested in G”° (see .

Knowing, what separating barriers may look like (by the "local" Markov property lemma|D.5), and
how to use them to obtain independence-relations on observables (def. lemma|D.7)), we finally
obtain:

Proposition 4.3, Assume the model is strongly regime-acyclic and causally sufficient. If X and Y
are non-adjacent in G'™ and both X, Y # R, then either

(a) for Z = Pa™(X) or Z = Pa™(Y) it holds X 1. Y|Z, or
(b) for Z = Pa%*" (X) — {R} or Z = Pa$ (V) — {R} it holds X L Y|Z,R =r.
Further, if either X ¢ Anc™ " (R) or Y ¢ Anc™°(R), then (b) applies, otherwise (a) applies.

Proof. Case 1 (both X and Y are (union-)ancestors of R): By strong regime-acyclically w.1. 0. g.
Y ¢ Anc™*"(X). In this case, by construction of Gident " X and Y are (non-)adjacent in Gident
if and only if they are (non-)adjacent in G, thus X ¢ Pa""*"(Y). By the local Markov-
property lemma [D.5h — which applies, because Y is not part of any union-cycle by strong regime-
acyclicity — Z = Paynion(Y") is a barrier separating Y from the noise of Ancmon( X ). As noted

above X ¢ Pa""(Y') = Z, so this is a barrier separating X from Y. Therefore, by lemma ,
X U Y|Z as claimed.

Case 2 (w.1.o.g. Y ¢ Anc™*(R)): Note, that we can further assume w.1.0.g. Y ¢ Anci (X),
because, if we had Y € Ancs (X):

Case 2a (X € Anc"™*"(R)): Then if it were Y € AncT (X) € Anc"™°(X) (by lemma [3.12),
this would imply Y € Anc™°"(R) in contradiction to the hypothesis of the case 2.
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Case 2b (X ¢ Anc"™°(R)), then by weak regime-acyclicity, X ¢ AncE>" (Y') and we can swap
the roles of X and Y’ to satisfy the w. 1. 0. g. assumption of the case and Y ¢ Ancg:" (X).

Thus by lemma[D.5p — which applies, because by weak regime-acyclicity Y is not part of any cycle in
Gt and Y ¢ Anc"™°"(R) by hypothesis of the case — using Z = Pa%* (Y'), we find Z U { R} is

a r-barrier separating Y from the noise of X. Again X ¢ Pa"™"(Y) and X # R,s0 X ¢ Z U {R}
and this is a barrier separating X from Y. By lemma|D.7h, X 1 Y|Z, R = r as claimed.

Remark[@.4] If one of the variables is R then (for univariate R) no regime-specific tests are available
and we have to fall back to the "standard" result (see e. g. [3]]): Assume the model is causally sufficient.

If R and Y are non-adjacent in Acycl(G"™"), then there is Z = Pa""(R) or Z = Pa""*"(Y) with
R I Y|Z.If Y is an ancestor of R this does not change the result if the model is strongly regime
acyclic. However, if Y is part of a directed cycle involving at least one child of R, then the edge
R — Y in Acycl(G"°") cannot be deleted from our independence-constraints, even if it is not in
G'Mon, By the above, together with prop. . 4.3| this is the only such issue, that can occur.

The restriction on where to search for Z is relevant for causal discovery algorithms in practice, and
the following reformulation is helpful to that end:

Corollary D.9. Given a strongly regime-acyclic, causally sufficient model, X, Y not adjacent in
Gi&Nt and both X,Y # R, then either

(a) it exists Z C AdjS™ (X) or Z C AdjE™ (V) with X 1L Y|Z, or

(b) it exists Z C AdjS™ (X) — {R} or Z € Adj§™ (V) — {R} with X ILY|Z,R =r.

Proof. We have to show, that the conditioning sets in proposition are in the adjacencies of G}%e:mr.
If (b) applies, then either Z C Pals™™ (X) c Pal¥™ (X) ¢ Adj'e™ (X) or Z € Pals™ (V) C
Pal¥™ (v) ¢ AdjS™ (V) and there is nothing to show. If either X ¢ Anc"(R) or YV ¢
Anc"™"(R), then (b) applies. So the only remaining case is where both X and Y are in Anc"™*"(R).
In this case, since parents of ancestors of R are again ancestors of R, and edges between nodes in
Anc”“ion(R) are in GU™°" if and only if they are in G'%" we have (from part (a)) Z C Pa"™(X) =
P 1dem( ) C AdJldenl( )OI‘Z C Paumon(y) P 1dem( ) c AdJldent( ) 0

Remark D.10. There is still a subtle difficulty left: Generally, there is no reason why a model — even
if it is faithful to G5 — would be faithful to G'$" . We cannot guarantee links as in example
will be deleted, but they might be nevertheless (see also §D.4). So generally by causal discovery
using the proposition, one finds a graph Gt with G C G¥tect ¢ Gident 'but for rule (a) one

has to test all conditioning-sets contained in the parents in Gig™™ .

An "easy" fix would be to first discover the (acyclification of) the union graph with standard methods,
and restrict the search for separating-sets by G4 GUnion © Acycl(GUMM) to Acycl(GU™M). This
will do more tests than actually required however

In practice it might be preferable to either:

(i) Learn Acycl(G"°"), then G% by masking on R = 7 (only using rule (b), avoiding
the problem discussed above) and then consider "intersection graphs" (Geteet),_ =

Acycl(G'™om) N Gk which in the end also deletes all edges that can be deleted either by
(a) or by (b).

(i1) Find suitable assumptions, that allow for more efficient (requiring fewer test, on the pooled
data when consistent) algorithms [[1]].

While the first option sounds simpler and theoretically elegant, the issue of state-access induced van-
ishing of links between ancestors of R precluding required tests (by searching the wrong adjacencies)
in the indicated way seems a bit esoteric for most potential applications, with stability on finite data
being a major concern for causal discovery, the second option certainly mandates closer investigation.
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D.4 Detectable Graph

As briefly discussed in there is a gap between links that always can be removed G4 (prop.
and those that never will be removed G%* (by faithfulness, ass. . In part, this gap is genuine
— counterexamples exist (example[D.T3) — but in cases where X and Y are ancestors of R, but not
both direct parents of R, there might be more generally applicable result than prop. From a
path-separation perspective, a path containing R as collider being opened by conditioning on R could
still be blocked "elsewhere" along the path.

We do not know, if single graph encoding all independence constraints while also being consistent
for conclusions drawn via paths exists. However, there is a practical approach via directly encoding
independence structure (slightly different from LDAGs, see §A.3) with the connection to SCMs given

by prop. [#.3]and assumption 4.5]encoded in lemma

Definition D.11. Define the "detectable” (independence-)graph G9! as the "causally minimal"
representation [15] §6.5.3]: There is an edge between X and Y if there is no Z with X, Y ¢ Z for
which at least one of the independence X 1L Y|Z or (if X,Y # R)the CSIX Ul Y|Z,R =7r
holds. Orient edges not involving R as in G (this is well-defined, b lemmaand lemma

showing Gétect C Gunion) and edges out of R not in G'°", see rmk. [4.4] are oriented out of R, all

other edges involving R are also oriented as in GU™",
Lemma D.12. : Connection of GE*" to SCM:

Gies € G < i
For edges involving R, G‘}g":“'i‘ contains at least the edges in G*™°", but may additionally contain
edges in Acycl(G"™") out of R.

Proof._The first inclusion is by ass. [4.5] the second one by prop.[4.3] The last statement follows from
rmk. By strong regime-acyclicity, there are no additionally edges in Acycl(G"™°") into R. [

This provides a tight enough connection between CSI-structure and SCMs for the arguments in §5}
In practice the results in §5| work for

~descr ~detect ~phys
GR:T - GR:T C GR:’I‘

which has the advantage of physical changes being restricted to regime-children (lemma[3.13), which
reduces the search-space for CSI-testing and allows for more efficient methods [[1]].

D.S Counter-Example to General Case
The following example illustrates the problem of links between ancestors, vanishing by observational
access, becoming invisible due to selection bias. See start of §4]

Example D.13. "Selection-bias between ancestors can lead to violations of the Markov-property":

Let X,Y € U := {ag,a1,bo, b1} categorical variables. Let X = nx (with P(nx) > 0), fix
A = {ag,a1} C U, and B := {by,b1} C U and the "letter" [ and "index" 7 indicators on U as
follows

l:U%{a,b},{Zg’zll:;

z‘:U—>{0,1},{“°’b°HO

ai, bl — 1
Then, define for 7y € {0, 1} (with P(ny) > 0):

Q;i(X) xor ny ifXeA

Y = fy(X,ny) = {b FXeB
ny

(On binary variables, the natural choice of binary operators are those of boolean algebra, i. e. of the
field Z /27, so that "xor = +" and "and = *". If the reader feels confused by the xor notation, they
may think "+" (formally mod 2) instead.)
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Note, that {(X) = [(Y'), and Y clearly depends on X in general. However, for X € B, Y does not
further depend on the value within B taken by X, i.e. fy|p is independent of X .

Finally, the "regime-indicator" R € U for nr € {0,1} (with P(ngr) > 0and P(ng = 1) = p # 1/2):
R= Z(X)rm xor (X)) xori(Y)

This construction has the following interesting properties: [(R) = [(X), hence [(R) = b &
I(X) = b, therefore supp P(X|R = by) = B. But fy|g is independent of X (see above), so
X & Pag,_,, (V).

However, due to selection bias, this non-adjacency is never detectable: Given R = by, we know
I(X) = I(R) = b. Thus also I[(Y') = b. Further, knowing 0 = i(R) = ng xori(X)xori(Y), we
can use information about X to infer the following. If (X) = 0, then the equation above becomes
0 =i(R) = nrxori(Y)xor0 with P(ng = 1) = p, thus P(i(Y) = 1|R = by, X =by) = 1 — p.
On the other hand if #(X) = 1, then the equation above becomes 0 = i(R) = ng xori(Y") xor 1 with
P(nr =1) =p, thus P(i(Y) = 1|R = by, X = b)) = p.

If it were X 1L Y|R = by, then P(i(Y)|R = by, X) = P(i(Y)|R = bg) would hold, thus also p =
Pli(Y)=1R=0b0,X =b01) =Pi(Y)=1R=0by) = Pi(Y)=1R=0by,X =by) =1—p.
But we assumed p # 1/2.” So X )L Y|R = bg must hold, and we will always fail to delete this link
from conditional independences alone.

E Faithfulness

There are multiple ways in which faithfulness can fail to hold: Finetuning (cancelations) between
paths might be the most discussed one, but also deterministic relations between variables lead to non-
unique parent-sets and thus non-well-defined graphs. But also regime-specific changes of mechanism
(as for Y = 1(R) x X + ny) can be understood as a faithfulness violation (the intervened model
Fdo(Rr=r) is not faithful to G[F]), as has also been observed e. g. by [9].

One may thus take a more general perspective: We can think of faithfulness as an assumption
"bridging" the gap between observations and a graphical object associated to the model. The "width"
of this gap depends on what aspects of the above mentioned problems are encoded in this graphical
object! E.g. for a regime-specific change of mechanism (as above), instead of saying "Fyo(r=r)
is not faithful to G[F]" and giving up, we clearly want to learn and understand a "regime-specific
graph", which captures the difference and for which the context-specific independence is "expected"”
rather than a violation of assumptions.

The additional inclusion of the support into the definition of the graphical object is, from this
perspective, just the logical next step. For example looking at the discussion around the definition
of the "visible" graph, the reader will notice, that we moved the support-related aspects of faithfulness
into the graph, while all other aspects (including minimality of the parent-sets) are left in the "gap"
that is bridged by assuming "M is faithful to GVS®*€[M/]".

Clearly the abstract argument is in no way specific to support aspects of faithfulness, similarly one
could e. g. weaken determinism-assumptions encapsulated in the faithfulness assumption by changing
the graphical objects etc., however, a thorough and systematic treatment of faithfulness from this
perspective turned out to be quite complex, so we will leave this issue to future research for now.

Another faithfulness-related problem is discussed in §D.4]

E.1 Justification of Assumptions in the Main Text

We briefly repeat the argument given in [[1]], to justify assumption {.5]

Generally, a probability distribution P is faithful to a DAG G if independence X 1l p Y'|Z with
respect to P implies d-separation X Il ¢ Y'|Z with respect to G. As discussed in [1]], this means if
G’ C G is (strictly) sparser, then faithfulness to G’ is (strictly) weaker than faithfulness to G. Now,
Geeser c @Union = GVIsiPle 50 " Py (... .) is faithful to GE*T " is weaker than the standard assumption
"Pys(...) is faithful to GV*™" and similarly (excluding links involving R), G‘}Sg is sparser than
what one would expect for a "graph of the conditional model" (there is no selection-bias induced

edges in G&57) so "Py(...|R = r) is faithful to G " is also weaker than what one would
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expect to assume. One can thus give an adjacency-faithfulness result that essentially corresponds to
standard-assumptions as explained above:

Lemma E.1. Given r, assume both Py is faithful to G and Py(...|R = r) is faithful to G
(we will refer to this condition as r-faithfulness, or R-faithfulness if it holds for all r). Then:

XUY|Z or
3Zs.t

descr
XY £Rand X ILY|Z R =r } = X and Y are not adjacent in GH=

Proof. The statement is symmetric under exchange of X and Y, so it is enough to show X ¢
Pa%s" (V). We do so by contradiction: Assume X € Pa%*" (V') and let Z be arbitrary. Z can never
block the direct path X — Y, so they are never d- separated X U Glesr Y'|Z. By (the contra-position

of) the faithfulness assumptions, thus X Y pY|Z and if X,V # Ralso X U pY|Z, R = r (the
second statement is by definition the same as X U p(._ | R_T)Y|Z ). O]

E.2 An Example that is not Strongly Faithful

Below are an example and discussion to shed some light on why the union-property (Ilemma|3.11J)
required an additional faithfulness assumption.

Example E.2. Not strongly R-faithful:

For the functional relationships on the left, Y
is a function of X and X € Pa""*"(Y"), but
X ¢ Pa% (Y) for both r = 0 and r = 1.

This is a non-determinism issue (we could write fy as a function of R only in the observational
support of the union), and is supposed to be excluded by faithfulness (of the union-model). There
should be Z = Pa"™*"(Y") with X U quinY|Z, R (because the direct path cannot be blocked), but
X U Y|Z, R (because of the deterministic relation R explains away X). For cyclic models there is
a subtle problem however: If Y is part of a directed cycle where X is a parent of another node Z
in that cycle, then possibly X U Y'|Z, R, i.e. faithfulness may not be violated (formally), because
there is a link in the acyclification [3], that "saves" us.

The problem formally also reveals itself as follows: Faithfulness of the union-model implies, that for
every Z (again because the direct path cannot be d- or o-blocked) X Y Y'|Z, R, which is equivalent
(as can be seen e. g. by the characterization of independence as factorization of the joint) to Jr with
X Y Y|Z, R = r, which suggests, that there is a context with this link. But there could e. g. be
Z#£Z'withX L Y|Z R=0and X ) Y|Z', R = 1, which in the cyclic case can (non-trivially)
happen by union-parents potentially not being valid separating-sets.

This cannot easily be solved by a minimality-condition [3} Def. 2.6] on parents either: In the example
above both possible parent-sets of Y, which are {X} or {R} are of cardinality 1 so no unique
minimal parent-set exists, and e. g. the choice via [3, Def. 2.6] is not well-defined (which is not a
problem, because normally a suitable faithfulness assumption excludes deterministic relation- ships;
this is really a determinism issue, not a minimality issue).

F Details on Connections to JCI- and Transfer-Arguments
This section contains proofs of the statements in §5|and examples.

F.1 Inferring the Union-Graph

Recall from remark {.4] that edges from R into directed union-cycles containing a child of R cannot
be deleted by our independences. We will hence mostly focus on edges elsewhere in the graph, using
the "barred" notation (G“‘e“r etc.). Generally, a causal model is only Markov to the acyclification of
its visible ("standard") graph Acycl(G®*[M]) while, for strongly regime-acyclic models we here
have:
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Lemmal[5.1} Let M be a strongly R-regime-acyclic, strongly R-faithful, causally sufficient model,
then
vaisible [M} _ Gunion [M] _ Urcjc]igt:ecrt[M]

is identifiable away from R by ( R-context-specific) independences.

Proof. By lemmaB.11} Gien = U, G4, thus (a) Gien = U, G485 While G5 £ GUsr in
general, by prop. 4.3[and ass. (see §D.4), GEsr C Gt ¢ Gt thus (b) GET € Gt
G

Combining (a) with (b), thus

U Gv(]i%tect (Db) U jS}lgscr (a) G«union
r —r r —r — .

On the other hand, by lemma[4.2] G < GUnon and thus (c) G'&™, € GUi°", so that

I

U G(}]_gtect (é) U Gi}%ent (é) G«union
r —r r =r .

F.2 Interring the Transfer-Graph

Lemma If R ¢ Anc™°(Y), then Pag;?isr(Y) = Pa"™(Y), i. e. the change is non-physical (by
observational non-accessibility).

Proof. This follows directly from lemma[3.13] O
CorS3 If R ¢ Anciiih(v), then Pafi”, () = Paiiia ().
Proof. This follows directly from lemma[5.2]and rmk. [4.4] (see also lemma|D.12)). O

If R (or conditioning on R) does not change the distribution of ancestors, no state-induced effects
occur:

Lemma Assuming strong regime-acyclicity. If X € Pa"™"(Y) — Pal¥™ (V) and R €
Pa"™"(Y), and Anc"™*"(R) N Anc"™*"(Pa"™"(Y) — {R}) = 0, then X ¢ PaP™*(Y) (i.e. the
change is "physical” not just by state).

Proof. By lemma the noise-terms of nodes in Anc"™"(Y) are unchanged by conditioning on
Ri.e. P(nayemon(y)|R) = P(nancwmion(y)) and by corollary = applied to R # W € Pa"™*"(Y)
shows W' = Fyy (1apewon(w)), With Anc™* (W) C Anc"™"(Y) thus P(Xpawion(yy—_{r}|R) =
P(Xpauwion(y)—1g})- Therefore the support on parents did not change and the change must be
physical. O

Cor.‘ Assuming strong regime-acyclicity. If R # X € Pajuion (Y) — Pals™ (Y) and R €
Pageea(Y), and Ancee (R) N Ancyee (Pageea (V) — {R}) = 0, then

detect

(a) there is a link into the strongly connected component of Y that vanishes in GPS, but not in

Gg:@gg, i. e. there is a physical change.

(b) if Y is not part of a directed union-cycle, then X ¢ PaP™ (Y, i.e. there is a physical
change of this particular link.

Proof. Excluding R, X € Paju(Y) = X € Pa™(Y). Similarly both Ancjnot(R) and
Anchrion (Pajiin (V') — { R}) exclude R, so we can replace them by Anc"™". Since GU"o" < Gynion
also R € Pajli) (V') = R € Pa"™"(Y).

Thus the lemma applies. the vanishing link starts at X # R (thus is away from R) and ends at
an element of the strongly-connected component of Y. If Y is not part of a directed cycle, the
strongly-connected component of Y is simply {Y}, and there is only a unique choice. O
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F.3 Validity of Transfer

One can also use a transfer-argument to construct a test which deletes edges from the union-graph
only if there is evidence that the mechanism did in fact change. See also

Fix dependency measure d and estimator d. Assume, using d (and some null-distribution and p-value
threshold), we found a link X — Y with identifiable (e. g. by adjusting for Z) controlled direct effect
of X on Y and such that this link vanishes in one context ry. We want to distinguish between:

* The nullhypothesis: The change in P(X) suffices to explain the failure to reject indepen-
dence on finite-data.

* The alternative: The mechanism (or the noise on Y') have changed.

On the d-dependent context, learn an estimator Px of P(X, Z|R = ) and Py| x of P(Y|X,Z)
(i.e. of the kernel  — fy (x, —).ny containing the observable information about fy and nyﬂ
by some conditional-density learning method. For a total of K datasets of size [N each, draw
((x1,21),..., (N, 2zy)) from Py, then draw y; from py‘x(Y|X = x;,Z = z;). On these datasets,
generate dependence measures (or test for independence) using d leading to a distribution Py If the
result for d on the original data in the d- -independent regime is plausible under P, (or the test results
on the K many datasets are 1 — « often "independent"), then the changed support of X is sufficient
to explain the "independence" (or rather the failure of d to detect any dependence) in this regime —
assuming Py| x approximates the true P(Y'|X, Z) sufficiently well (see below). Otherwise we can
reject the null-hypothesis that the change in support of X alone could explain the absence of this link.

The reliance on sufficiently fast convergence of Py x is conceptually similar to the convergence of
regressors in conditional independence testing with regressing out. I.e. when using a parametric
model, for evaluating p-values, one has to take into account the additional number of degrees of
freedom, for non-parametric models, e. g. bootstrapping approaches could be used. We acknowledge
that this is in practice a very difficult problem. We leave it to future research, our present intent is to
illustrate, that this seems — in principle — to also be a testable hypothesis.

F.4 Limiting (Extreme) Cases

The following "extreme" case is formally trivial, but provides some insights:

Example F.1. Given P(R = rg) = 1 (which we typically exclude by the way we define regime-
indicators, but which we can think of as a limiting case in practice), we observe: P(...|R=rg) =
P(...), so also the supports agree and G"™" = Gf*T = Gphys e., in this case our results
collapse to the standard results for G""°".

From the perspective that, for the single-context case, the question about what is happening outside
the support should probably be considered purely philosophical, this is a good sign: If our objects
capture empirically accessible information, then they should not make claims about the single-context
case.

*Under the null-hypothesis, learning g from the pooled data is ok, so even though in the alternative hypothesis
g changes, for rejecting the null, learning g from the pooled data is fine, even though learning from a single or
all other contexts might improve power.
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: The example from the abstract is explicitly picked up in the discussion of the
(similar, but simpler) example and in the conclusion §@ Observations (a-c) from the
introduction are discussed throughout[3] The advertised identifiability results are in §4]and
§5l the potential applications to anomalies and extreme events are discussed in §3.3| The
mathematical framework for relating the presented graphical object to CSI is detailed in §D]
and outlined in §4.1] Our graphical objects are defined in §3] as we note in the introduction,
these extend the observations of [, with details given transparently in §A.7]

Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

. Limitations

Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: While there is no separate limitations section, we discuss assumptions made
and applicability in many places in the main text, detailed discussions are also given e. g. in

e.g. in §B.3|or §E} Also the counterexample (referenced and explained in

in the main text) illustrates some fundamental limitations of the approach in general.
Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
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judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory Assumptions and Proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]

Justification: Those proofs central to the paper are outlined in the main text, there is at least
reference to the appendix. Full proofs are in the appendix.

Guidelines:

* The answer NA means that the paper does not include theoretical results.

 All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

 All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.

. Experimental Result Reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [NA]
Justification: —
Guidelines:

* The answer NA means that the paper does not include experiments.

* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-

sions to provide some reasonable avenue for reproducibility, which may depend on the

nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).
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(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [NA]
Justification: —
Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

 Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental Setting/Details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [NA]
Justification: —
Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.

. Experiment Statistical Significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [NA]
Justification: —
Guidelines:

* The answer NA means that the paper does not include experiments.
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8.

10.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

* It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

e It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

* For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

o If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

Experiments Compute Resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [NA]
Justification: —
Guidelines:

* The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute

than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code Of Ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]
Justification:
Guidelines:

¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader Impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer:
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11.

12.

Justification: The presented work is not immediately applicable in a "plug-and-play" fashion,
as it contains only theoretical ideas. While any idea can be abused, the contributions here are
mostly towards explainability and human understandable results, so it more likely contributes
to a saver and more transparent future ML. We do not discuss societal impact explicitly,
because such a discussion without a particular use-case does not seem to contribute much
benefit here.

Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: cf. "Broader Impacts"
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

* Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [NA]
Justification: —

Guidelines:
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13.

14.

15.

* The answer NA means that the paper does not use existing assets.
* The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

* If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
New Assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: —
Guidelines:

* The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.
Crowdsourcing and Research with Human Subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: —
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with

human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional Review Board (IRB) Approvals or Equivalent for Research with Human
Subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]

Justification: —
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1490 * The answer NA means that the paper does not involve crowdsourcing nor research with
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1492 * Depending on the country in which research is conducted, IRB approval (or equivalent)
1493 may be required for any human subjects research. If you obtained IRB approval, you
1494 should clearly state this in the paper.

1495 * We recognize that the procedures for this may vary significantly between institutions
1496 and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
1497 guidelines for their institution.

1498 * For initial submissions, do not include any information that would break anonymity (if
1499 applicable), such as the institution conducting the review.

34



	Introduction
	Related Literature
	Causal Graphical Models
	Structural Causal Models (SCM)
	Induced Graphical Objects
	Potential Applications

	Context-Specific Independence
	Markov Properties
	Faithfulness Properties

	Joint Causal Inference and Transfer
	Inferring the Union-Graph
	Interring the Physical Graph by JCI-like Rules
	Validity of Transfer

	Conclusion
	Details on Related Literature
	Structured Overview
	Relation to Method-Paper
	Connection to Independence Structures
	Connection to Counter-Factuals

	Properties of Graphs
	Proofs of Statements in the Main Text
	Formalization of Non-Constant on Support
	Finite-Sample Generalizations

	Solvability and Solution-Functions
	Markov-Property
	Graphical Properties Reflected in the Joint Distribution
	Definitions and their Properties
	The Markov-Property
	Detectable Graph
	Counter-Example to General Case

	Faithfulness
	Justification of Assumptions in the Main Text
	An Example that is not Strongly Faithful

	Details on Connections to JCI- and Transfer-Arguments
	Inferring the Union-Graph
	Interring the Transfer-Graph
	Validity of Transfer
	Limiting (Extreme) Cases


