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Abstract

This paper aims at developing novel shuffling gradient-based methods for tackling
two classes of minimax problems: nonconvex-linear and nonconvex-strongly con-
cave settings. The first algorithm addresses the nonconvex-linear minimax model
and achieves the state-of-the-art oracle complexity typically observed in nonconvex
optimization. It also employs a new shuffling estimator for the “hyper-gradient”,
departing from standard shuffling techniques in optimization. The second method
consists of two variants: semi-shuffling and full-shuffling schemes. These variants
tackle the nonconvex-strongly concave minimax setting. We establish their oracle
complexity bounds under standard assumptions, which, to our best knowledge, are
the best-known for this specific setting. Numerical examples demonstrate the per-
formance of our algorithms and compare them with two other methods. Our results
show that the new methods achieve comparable performance with SGD, supporting
the potential of incorporating shuffling strategies into minimax algorithms.

1 Introduction

Minimax problems arise in various applications across generative machine learning, game theory,
robust optimization, online learning, and reinforcement learning (e.g., [1, 2, 3, 5, 12, 13, 17, 19, 21,
25, 35, 40]). These models often involve stochastic settings or large finite-sum objective functions.
To tackle these problems, existing methods frequently adapt stochastic gradient descent (SGD)
principles to develop algorithms for solving the underlying minimax problems [4, 13]. For instance,
in generative adversarial networks (GANSs), early algorithms employed stochastic gradient descent-
ascent methods where two routines, each using an SGD loop, ran iteratively [13]. However, practical
implementations of SGD often incorporate shuffling strategies, as seen in popular deep learning
libraries like TensorFlow and PyTorch. This has motivated recent research on developing shuffling
techniques specifically for optimization algorithms [4, 5, 8, 16, 26, 32, 38]. Our work builds upon
this trend by developing shuffling methods for two specific classes of minimax problems.

Problem statement. In this paper, we study the following minimax optimization problem:

min max {L(w,u) = Jw) + H(w.w) — h(u) = fw) + 5 3" Halw,u) - h(u)}, (1)
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where f : R? — RU {+o0} is a proper, closed, and convex function, #; : R? x R? — R are smooth
forall i € [n] := {1,2,--- ,n},and h : R? — R U {400} is also a proper, closed, and convex
function. In this paper, we will focus on two classes of problems in (1), overlapped to each other.

(NL) H,; is nonconvex in w and linear in u as H;(w, u) := (F;(w), Ku) for a given function
F; : R? — R™ and a matrix K € R?7*™ for all i € [n] and (w, u) € dom (£).
(NC) H,; is nonconvex in w and H,;(w, -) — h(-) is strongly concave in u for all (w, u) € dom (L).

Although (NC) looks more general than (NL), both cases can be overlapped, but one is not a special
case of the other. Under these two settings, our approach will rely on a bilevel optimization approach,
where the lower-level problem is to solve max,, £(w, u), while the upper-level one is min,, £(w, u).

Challenges. The setting (NL) is a special case of stochastic nonconvex-concave minimax problems
because the objective term H (w, u) := (F(w), Ku) is linear in u. It is equivalent to the compositional
model (CO) described below. However, if h is only merely convex and not strongly convex (e.g., the
indicator of a standard simplex), then ®( in (CO) becomes nonsmooth regardless of F’s properties.
This presents our first challenge. A natural approach to address this issue, as discussed in Section 2,
is to smooth ®(. The second challenge arises from the composition between the outer function i*
and the finite sum F'(-) in (CO). Unlike standard finite-sum optimization, this composition prevents
any direct use of existing techniques, requiring a novel approach for algorithmic development and
analysis. The third challenge involves unbiased estimators for gradients or “hyper-gradients” in
minimax problems. Most existing methods rely on unbiased estimators for objective gradients, with
limited work exploring biased estimators. While biased estimators can be used, they require variance
reduction properties (see, e.g., [10]). The setting (NC) faces the same second and third challenges
as the setting (NL). Additionally, when reformulating it as a minimization problem using a bilevel
optimization approach (3), constructing a shuffling estimator for the “hyper-gradient” V&, becomes
unclear. This requires solving the lower-level maximization problem (2). Therefore, it remains an
open question whether shuffling gradient-type methods can be extended to this bilevel optimization
approach to address (1). In this paper, we address the following research question:

Can we efficiently develop shuffling gradient methods to solve (1) for both (NL) and (NC) settings?

Our attempt to tackle this question leads to a novel way of constructing shuffling estimators for the
hyper-gradient V& or its smoothed counterpart. This allows us to develop two shuffling gradient-
based algorithms with rigorous theoretical guarantees on oracle complexity, matching state-of-the-art
complexity results in shuffling-type algorithms for nonconvex optimization.

Related work. Shuffling optimization algorithms have gained significant attention in optimization
and machine communities, demonstrating advantages over standard SGDs, see, e.g., [4, 5, 8, 16, 26,
32, 38]. Nevertheless, applying these techniques to minimax problems like (1) remains challenging,
with limited existing literature (e.g., [3, 8, 11]). Das et al. in [8] explored a specific case of (1)
without nonsmooth terms f and h, assuming strong monotonicity and L-Lipschitz continuity of the
gradient VH := [V, H, —V, H] of the joint objective H. Their algorithm simplifies to a shuffling
variant of fixed-point iteration or a gradient descent-ascent scheme, not applicable to our settings.
Cho and Yun in [3] built upon [8] by relaxing the strong monotonicity to Polyak-t.ojasiewicz (PL)
conditions. This work is perhaps the most closely related one to our algorithm, Algorithm 2, for the
(NC) setting. Note that the method in [3] exploits Nash’s equilibrium perspective with a simultaneous
update, which is different from our alternative update. Moreover, [3] only considers the noncomposite
case with f = 0 and » = 0. Though we only focus on a nonconvex-strongly-concave setting (NC),
our results here can be extended to the PL condition as in [3]. Very recently, Konstantinos et al.
in [11] introduced shuffling extragradient methods for variational inequalities, which encompass
convex-concave minimax problems as a special case. However, this also falls outside the scope of
our work due to the nonconvexity of (1) in w. Again, all the existing works in [3, 8, 11] utilize a
Nash'’s equilibrium perspective, while ours leverages a bilevel optimization technique. Besides, in
contrast to our sampling-without-replacement approach, stochastic and randomized methods (i.e.
using i.i.d. sampling strategies) have been extensively studied for minimax problems, see, e.g.,
[9, 14, 15, 18, 22, 23, 31, 37, 42]. A comprehensive comparison can be found, e.g., in [3].

Contribution. Our main contribution can be summarized as follows.

(a) For setting (NL), we suggest to reformulate (1) into a compositional minimization and exploit
a smoothing technique to treat this reformulation. We propose a new way of constructing
shuffling estimators for the “hyper-gradient” V&, (cf. (10)) and establish their properties.



(b) We propose a novel shuffling gradient-based algorithm (cf. Algorithm 1) to approximate
an e-KKT point of (1) for the setting (NL). Our method requires O(ne*“o’) evaluations of
F; and VF; under the strong convexity of /, and O(ne~7/2) evaluations of F; and VF;
without the strong convexity of h, for a desired accuracy € > 0.

(c) For setting (NC), we develop two variants of the shuffling gradient method: semi-shuffling
and full-shuffling schemes (cf. Algorithm 2). The semi-shuffling variant combines both
gradient ascent and shuffling gradient methods to construct a new algorithm, which requires
O(ne=3) evaluations of both V,, H; and V., H;. The full-shuffling scheme allows to perform
both shuffling schemes on the maximization and the minimization alternatively, requiring
either O(ne~?) or O(ne~*) evaluations of V,H; depending on our assumptions, while
maintaining O(ne~?) evaluations of V,,H; for a given desired accuracy € > 0.

If a random shuffling strategy is used in our algorithms, then the oracle complexity in all the cases
presented above is improved by a factor of y/n. Our settings (NL) and (NC) of (1) are different
from existing works [3, 8, 11], as we work with general nonconvexity in w, and linearity or [strong]
concavity in u, and both f and h are possibly nonsmooth. Our algorithms are not reduced or similar
to existing shuffling methods for optimization, but we use shuffling strategies to form estimators for
the hyper-gradient V& in (5). The oracle complexity in both settings (NL) and (NC) is similar to
the ones in nonconvex optimization and in a special case of (1) from [3] (up to a constant factor).

Paper outline. The rest of this paper is organized as follows. Section 2 presents our bilevel
optimization approach to (1) and recalls necessary preliminary results. Section 3 develops our
shuffling algorithm to solve the setting (NL) of (1) and establishes its convergence. Section 4 proposes
new shuffling methods to solve the setting (NC) and investigates their convergence. Section 5 presents
numerical experiments, while technical proofs and supporting results are deferred to Supp. Docs.

Notations. For a function f, we use dom (f) to denote its effective domain, and V f for its gradient
or Jacobian. If f is convex, then V f denotes a subgradient, 0 is its subdifferential, and prox is
its proximal operator. We use F; to denote o (wq, w1, - ,w;), a o-algebra generated by random

vectors wg, wy, - -+ , Wy, B¢[-] = E[-|F] is a conditional expectation, and E[-] is the full expectation.

As usual, O(+) denotes Big-O notation in the theory of algorithm complexity.

2 Bilevel Optimization Approach and Preliminary Results

Our approach relies on a bilevel optimization technique [9] in contrast to Nash’s game viewpoint

[24], which treats the maximization as a lower level and the minimization as an upper level problem.

2.1 Bilevel optimization approach

The minimax model (1) is split into a lower-level (i.e. a follower) maximization problem of the form:
Po(w) = max{H(w,u) — h(u) = 3" Hi(w,u) — h(u)},

u€eRY (2)

uf(w) = argggg{?—[(w,u) —h(u)= 13" Hi(w,u) — h(uw)}.

For @ defined by (2), then the upper-level (i.e. the leader) minimization problem can be written as
w5 = min {Yo(w) = Po(w) + f(w) }. 3)

Clearly, this approach is sequential, and only works if ®( is well-defined, i.e. (2) is globally solvable.
Hence, the concavity of #(w, -) — h(-) w.r.t. to u is crucial for this approach as stated below. However,
this assumption can be relaxed to a global solvability of (2) combined with a PL condition as in [3].

Assumption 1 (Basic). Problems (1) and (3) satisfy the following assumptions for all i € [n]:

(a) ¥§ :=inf,, ¥o(w) > —o0.
(b) H; is differentiable w.r.t. (w,u) € dom (L) and H;(w,-) is concave in u for any w.
(¢c) Both f : RP — RU{+00} and h : R? — RU {+oc} are proper, closed, and convex.

This assumption remains preliminary. To develop our algorithms, we will need more conditions on
‘H; and possibly on f and h, which will be stated later. In addition, we can work with a sublevel set

Ly, (wg) := {w € dom (V) : ¥g(w) < Tg(wp)} )



of U, for a given initial point wq from our methods. If uf(w) is uniquely well-defined for given
w € Ly, (wp), then by the well-known Danskin’s theorem, @, is differential at w and its gradient is

Vo (w) = VeH(w, uf(w)) = 230 Vi Hi(w, uf(w)). )
We adopt the term “hyper-gradient” from bilevel optimization to name V ® in this paper.
2.2 Technical assumptions and properties of ®, for nonconvex-linear setting (NL)

(a) Compositional minimization formulation. If H;(w, u) := (F;(w), Ku) as in setting (NL), then
(1) is equivalently reformulated into the following nonconvex compositional minimization problem:

n

min {\Ilo(w) = f(w) + o(w) = f(w) + h* (% ZKTFi(w)) } (CO)

weRP
i=1

where h*(v) := sup, {(v,u) — h(u)}, the Fenchel conjugate of h, and ®¢(w) = h* (KT F(w)). If

h is not strongly convex, then h* is convex but possibly nonsmooth.

(b) Technical assumptions. To develop our algorithms, we also need the following assumptions.

Assumption 2. h is pp,-strongly convex with py, > 0, and dom(h) is bounded by Mj, < +oc.

Assumption 3 (For F;). For setting (NL) with H;(w,u) := (F;(w), Ku) (i € [n]), assume that
(a) F; is continuously differentiable, and its Jacobian V F} is L, -Lipschitz continuous.

(b) F; is also Mp,-Lipschitz continuous or equivalently, its Jacobian NV F; is Mg, -bounded.
(¢c) There exists a positive constant o; € (0, +00) such that

LS |V (w) - VEw)|? <03, Yw € dom (F). ©)

Assumption 2 allows p;, = 0 that also covers the non-strong convexity of h. Assumption 3 is rather
standard to develop gradient-based methods for solving (1). Under Assumption 3, the finite-sum F’ is
also M p-Lipschitz continuous and the Jacobian V F' of F' is also L p-Lipschitz continuous with
Mp :=max{Mp, :i € [n]} and Lp:=max{Lp, :i€ [n]}. @)
Condition (6) can be relaxed to the form 1 Y7 | ||V E;(w) — VF(w)||> < 02 + © 4||V®q(w)||? for
some © 7 > 0, where V®, is a [sub]gradient of ®( or @, (its smoothed approximation). Moreover,
under Assumption 3, if iy > 0, then VA* is Ly« -Lipschitz continuous with Ly« := #% Thus it is
possible (see [9]) to prove that ® is differentiable, and V®y is also Lg,-Lipschitz continuous with

Ly, :== M| K||Lr + W as a consequence of Lemma 4 when ~ | 07 in Supp. Doc. A.

(c) Smoothing technique for lower-level maximization problem (2). If h is only merely convex (i.e.
wn = 0), then (2) may not be uniquely solvable, leading to the possible non-differentiability of ®.
Let us define the following convex function:

o(0) = max {(v. Ku) = h(w)} = h* (K"v) ®

Then, @ in (2) or (CO) can be written as @ (w) = ¢o(F(w)) = ¢o (£ > 7, F;(w)). Our goal is
to smooth ¢ if h is not strongly convex, leading to
by (v) = max {(v, Ku) — h(u) — vb(u)},

ul(v) = argmgx{(v,Ku) — h(u) —yb(u)},

€))

where v > 0 is a given smoothness parameter and b : R — R is a proper, closed, and 1-strongly
convex function such that dom(h) C dom(b). We also denote Dy, := sup{||Vb(u)| : v € dom (h)}.
1 T

In particular, if we choose b(u) := 5 ||u — || for a fixed @, then u* (v) = prox,, ., (@ — K"v).

Using ¢.,, problem (CO) can be approximated by its smoothed formulation:
min { W, (w) == f(w) + @, (w) = f(w) + ¢, (F(w)) = f(w) + ¢, (1 T, Fw) ). (10)

To develop our method, one key step is to approximate the hyper-gradient of ®., in (10), where

Ve, (w) = VE(w) Vo, (F(w)) = 5 XiL, VFi(w) Vo, (F(w)). (1)
Then, V., is Lg_-Lipschitz continuous with Lg_ := M| K| Lr + % (see Lemma 4).
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2.3 Technical assumptions and properties of ®, for the nonconvex-strongly-concave setting

To develop our shuffling gradient-based algorithms for solving (1) under the nonconvex-strongly-
concave setting (NC), we impose the following assumptions.

Assumption 4 (For H;). H; for all i € [n] in (1) satisfies the following conditions:

(a) For any given w such that (w,u) € dom (H), H;(w, -) is pp-strongly concave w.r.t. u.
(b) V*H,; is (L, Ly,)-Lipschitz continuous, i.e. for all (w,w), (0, 4) € dom (H):

IVH:(w,u) = VH;(w, )| < L lw — 9| + L [Ju — 4. (12)
(¢c) There exist two constants ©,, > 0 and 0., > 0 such that for (w,u) € dom (H), we have
7 it IVuHi(w,u) = VoH(w,w)[? < 0u[|VoH(w, u)|® + o5, (13)
There exist two constants ©,, > 0 and o, > 0 such that for all (w,u) € dom (H), we have
5 it IVuHi(w, u) = Vo H(w,u)|* < 04|VuH(w,u)|* + o3 (14)

Assumption 4(a) makes sure that our lower-level maximization of (1) is well-defined. Assumption 4(b)
and (c) are standard in shuffling gradient-type methods as often seen in nonconvex optimization [9].
Lemma 1 (Smoothness of ®). Under Assumptions 2 and 4, u(+) in (2) is k-Lipschitz continuous

/LHLJ_LM. Moreover, V® in (5) is L, -Lipschitz continuous with Lg, := (1 4+ K)Ly,.

with Kk 1=

2.4 Approximate KKT points and approximate stationary points

(a) Exact and approximate KKT points and stationary points. A pair (w*,u*) € dom (L) is called
a KKT (Karush-Kuhn-Tucker) point of (1) if

0€ VyoH(w*,u*)+0f(w*) and 0€ -V, H(w*,u*)+ oh(u*). (15)
Given a tolerance € > 0, our goal is to find an e-approximate KKT point (@, @) of (1) defined as
rw € VoH(W,u) + 0f (W), r, € =V, H(w,u)+ Oh(u), and E[||[rw7ru]||2] <€k (16)

A vector w* € dom (VUy) is said to be a stationary point of (3) if

0 € Voo(w*) + of (w*). 17)
Since f is possibly nonsmooth, we can define a stationary point of (3) via a gradient mapping as:
Gn(w) :==n~" (w — prox, ;(w — NV (w))), (18)

where 77 > 0 is given. It is well-known that G, (w*) = 0 iff w* is a stationary point of (3). Again,
since we cannot exactly compute w*, we expect to find an e-stationary point wy of (3) such that
E[[|G,(@r)||?] < € for a given tolerance € > 0.

(b) Constructing an approximate stationary point and KKT point from algorithms. Our algorithms
below generate a sequence {{Et}tTZO such that T%_l Zf,T:o E[lG,(@,)]?
an e-stationary point wr using one of the following two options:

} < €2, Hence, we construct

ty = argmin{||G, (w,)|| : 0 <t < T}, (Option 1) or

(19)
t« is uniformly randomly chosen from {0,1,--- , T} (Option 2).

Wy := wy,, where {

Clearly, we have E[||G, (&7)[?] < 75 S0 E[1G,(@,)]|?] < €. We need the following result.

Lemma 2. (a) If (w*,u*) is a KKT point of (1), then w* is a stationary point of (3). Conversely, if
w* is a stationary point of (3), then (w*, uf(w*)) is a KKT point of (1).

(b) If W is an e-stationary point of (3) and V® is Ls,-Lipschitz continuous, then (Wr,ur) is an
é-KKT point of (1), where Wy := prox, ;(wr —nV ®o(wr)), Ur := ui(Wr), and € := (14 La,n)e.

(¢) If Wt is an e-stationary point of (10), then (wWr,ur) is an é-KKT point of (1), where Wy =

prox, ;(y — nV &, (wr)), r = ul(F(wr)), and &€ := max{(1 + La,n)e,7Ds}.

Lemma 2 allows us to construct an é-approximate KKT point (W, ur) of (1) from an e-stationary
point Wy of either (3) or its smoothed problem (10), where é = O(max{e,v}).

5



2.5 Technical condition to handle the possible nonsmooth term f
To handle the nonsmooth term f of (1) in our algorithms we require one more condition as in [5].

Assumption 5. Let ®., be defined by (10), which reduces to ® given by (2) as vy | 0%, and G,) be
defined by (18). Assume that there exist two constants Ao > 1 and Ay > 0 such that:

V@, (w)[|* < Ao||Gy(w)[|* + A1, Vw € dom (Pp) . (20)

If f =0, then G, (w) = V&, (w), and Assumption 5 automatically holds with Ag = 1 and A; = 0.
If f # 0, then it is crucial to have Ay > 1 in (20). Let us consider two examples to see why?

(i) If fis M-Lipschitz continuous (e.g., £1-norm), then (20) also holds with Ag :=1+v > 1
and A; := H'T”Mf for a given v > 0.
@ii ) If f = &yy, the indicator of a nonempty, closed, convex, and bounded set WV, then
Assumption 5 also holds by the same reason as in Example (i) (see Supp. Doc. A).
3 Shuffling Gradient Method for Nonconvex-Linear Minimax Problems

We first propose a new construction using shuffling techniques to approximate the true gradient V&,
in (11) for any v > 0. Next, we propose our algorithm and analyze its convergence.

3.1 The shuffling gradient estimators for V&,

Challenges. To evaluate V®.,(w) in (11), we need to evaluate both VF (w) and F(w) at each w.
However, in SGD or shuffling gradient methods, we want to a;l)proximate both quantities at each
iteration. Note that this gradient can be written in a finite-sum + 3" | VF;(w)T V¢, (F(w)) (see
(11)), but every summand requires V¢., (F'(w)), which involves 'the full evaluation of F.

Our estimators. Let F, (t)(z)(wl(t)l) and VF"(t)(i)(w(t_l) be the function value and the Jacobian

component evaluated at w( )1 respectlvely for i € [n], where 7) = (7 (1), 71 (2),--- 7" (n))
and 7 = (7 (1), 7" (2),--- ,7#®) (n)) are two permutations of [n] := {1,2,--- ,n}. We want

to use these quantities to approxunate the function value F'(w (¢ )) and its Jacobian V£ (w(()t)) of F at

w(() ), respectively, where w ) the iterate vector at the beginning of each epoch ¢.

For function value F'(w (¢ )) we suggest the following approximation at each inner iteration i € [n]:
. t t n t
Option 1: ( " [Z] 1 <t>(j)(wj(‘—)1) + Ej:i+1 Fﬂ(t)(j)(w(() ))] : 2D
Alternative to (21), for all ¢ € [n], we can simply choose another option:
. t t t
Option 2: Fi() =1 a2 Fj(w ()) Z] 1 (t)(j)(wé)). (22)
For Jacobian VF(w(()t)), we suggest to use the following standard shuffling estimator for all ¢ € [n]:
VEY := VFh0 0 w?). (23)
For F; ® from (21) (or (22)) and for VF; ® from (23), we form an approximation of V&., (w t))
Vo, (w) = (VE) Ve, (FV) = (VE) T K (FY). (24)

Discussion. The estimator Fi(t) for F' requires n — ¢ more function evaluations F7 () ;) (w(()t)) at
each epoch t. The first option (21) for F' uses 2n function evaluations F;, while the second one in
(22) only needs n function evaluations at each epoch ¢ > 0. However, (21) uses the most updated
information up to the inner iteration ¢ compared to (22), which is expected to perform better. The

Jacobian estimator VF,L-(t) is standard and only uses one sample or a mini-batch at each iteration .
3.2 The shuffling gradient-type algorithm for nonconvex-linear setting (NL)
We propose Algorithm 1, a shuffling gradient-type method, to approximate a stationary point of (10).

Discussion. First, the cost per epoch of Algorithm 1 consists of either 2n or n function evaluations
F;, and n Jacobian evaluations V F;. Compare to standard shuffling gradient-type methods, e.g., in
[8], Algorithm 1 has either n more evaluations of F; or the same cost. Second, when implementing



Algorithm 1 (Shuffling Proximal Gradient-Based Algorithm for Solving (10))

1: Initialization: Choose an initial point Wy € dom (®() and a smoothness parameter vy > 0.
2: fort=1,2,--- ,Tdo
3:  Set wét) = Wy_1;

4:  Generate two permutations 7(*) and #(®) of [n] (identically or randomly and independently)
5 fori=1,--- ,ndo
6: Evaluate F") by either (21) or (22) using 7(), and VF") by (23) using #(*).
7: Solve (9) to get u (F(t)) and form V. (w)) := (VF(t))TKu (FM.
8: Update w(t) (t - Vo ~(w; ® 1)

9:  end for

10:  Compute w; := prox,, f(wg));
11: end for

Algorithm 1, we do not need to evaluate the full Jacobian VFZ-(t), but rather the product of matrix

(VE)T and vector V., (F") as Vo, (w'”,) i= (VF Ve, (F"). Evaluating this matrix-
vector multiplication is much more efficient than evaluating the full Jacobian V F; ) and VO ~(F, (t))

individually. Third, thanks to Assumption 5, the proximal step w; := prox,, f(wgl )) is only required

at the end of each epoch ¢. This significantly reduces the computational cost if prox,, ; is expensive.

3.3 Convergence Analysis of Algorithm 1 for Nonconvex-Linear Setting (NL)
Now, we are ready to state the convergence result of Algorithm 1 in a short version: Theorem 1. The
full version of this theorem is Theorem 6, which can be found in Supp. Doc. B.

Theorem 1. Suppose that Assumptions 1, 2, 3, and 5 holds for the setting (NL) of (1) ande > 0isa
sufficiently small tolerance. Let {1} be generated by Algorithm I after T = O(e~3) epochs using

arbitrarily permutations 7 and #®) and a learning rate n; = 1 = O(e) (see Theorem 6 in Supp.
Doc. B for the exact formulas of T and n). Then, we have T%rl ZZ:O G, (wy))? < €2

Alternatively, if {w,} is generated by Algorithm I after T := O(n~"/2¢=3) epochs using two random
and independent permutations 7 and #®) and a learning rate n, = 1 := O(n'/?¢) (see Theorem 6
in Supp. Doc. B for the exact formulas). Then, we have %ﬂ ZtT:o E[||Gy, (w)|?] < €2

Our first goal is to approximate a stationary point w* of (CO) as E[||g,,( 0)||?] < €2, while Algorithm 1
only provides an e-stationary of (10). For a proper choice of +, it is also an e- statlonary point of (3).

Corollary 1. Let Wy defined by (19) be generated from {w;} of Algorithm 1. Under the conditions
of Theorem 1 and any permutations =9 and #®), the following statements hold.

(a) If his pp-strongly convex with uy, > 0, then we can set v = 0, and Algorithm 1 requires
O(ne=3) evaluations of F; and V F; to achieve an e-stationary wr of (3).
(b) If h is only convex (i.e. pp = 0), then we can set v := O(e), and Algorithm 1 needs
O(ne_7/2) evaluations of F; and V F}; to achieve an e-stationary wr of (3).
If. in addition, 9 and #*) are sampled uniformly at random without replacement and independently,
and Ay = O(n~1), then the numbers of evaluations of F; and NV F; are reduced by a factor of \/n.

4 Shuffling Method for Nonconvex-Strongly Concave Minimax Problems

In this section, we develop shuffling gradient-based methods to solve (1) under the nonconvex-
strongly concave setting (NC). Since this setting does not cover the nonconvex-linear setting (NL) in
Section 3 as a special case, we need to treat it separately using different ideas and proof techniques.
4.1 The construction of algorithm

Unlike the linear case with H;(w, u) = (F;(w), Ku) in Section 3, we cannot generally compute the
solution u(w;—1) in (2) exactly for a given w;_;. We can only approximate uo(@t 1) by some ;.

This leads to another level of inexactness in an approximate “hyper-gradient” V(I)O( (¢ ) ,) defined by

Voo(w”)) == VaHaw o (Wi, ). 25)



There are different options to approximate ug(w;—1). We propose two options below, but other
choices are possible, including accelerated gradient ascent methods and stochastic algorithms [6, 20].

(a1) Gradient ascent scheme for the lower-level problem. We apply a standard gradient ascent

scheme to update u;: Starting from s = 0 with uét) := U1, ateach epoch s = 1,--- . S, we update

al) = prox;, , (U al L+ IS VaHi (@1, (t)1))v (26)

or a giwven Learning rate 1y > 0. en, we jinatly Ulzttpl/tt Uy ‘= U to approxzmate up wt 1
iven learni A > 0. Th Il U =g 5

To make our method more flexible, we allow to perform either only one iteration (i.e. S = 1) or
multiple iterations (i.e. S > 1) of (26). Each iteration s requires n evaluations of V, H,;.

(a2) Shuffling gradient ascent scheme for the lower-level problem. We can also construct u; by
a shuffling gradient ascent scheme. Again, we allow to run either only one epoch (i.e. S = 1) or

multiple epochs (i.e. S > 1) of the shuffling algorithm to update u,, leading to the following scheme:
Starting from s := 1 with ﬂgt) := Uy_1, at each epoch s = 1,2,--- | S, having ug )1, we generate a

permutation ) of [n] and run a shuffling gradient ascent scheme as

ués,t) _ agt)b

Fori=1,2,--- ,n, update
ug‘“’t) = (g t) + ”tV uHarsn (wt_l,ul(»i’?),
~(t)

us’ = proxmh( sft)).

27

At the end of the S-th epoch, we output u; := ﬁg) as an approximation to ul(w;_1). Here, we use

the same learning rate #j; for all epochs s € [S]. Each epoch s requires n evaluations of V,, ;.

(b) Shuffling gradient descent scheme for the upper-level minimization problem. Having u;
from either (26) or (27), we run a shuffling gradient descent epoch to update w; from w;_; as

wf?

= W1,

For:=1,2 ...  n, update

_ (28)
wi = w?| — V0 (w)) = wl| — LV H (Wi, ),
Wy 1= proxmf(wfl)).
These two steps (26) (or (27)) in w and (28) in w are implemented alternatively fort = 1,--- , T

(c) The full algorithm. Combining both steps (26) (or (27)) and (28), we can present an alfernating
shuffling proximal gradient algorithm for solving (1) as in Algorithm 2.

Algorithm 2 (Alternating Shuffling Proximal Gradient Algorithm for Solving (1) under setting (NC))

1: Initialization: Choose an initial point (wp, ug) € dom (£).
2: fort=1,2,---,T do

3 Compute u; using either (26) or (27).

4:  Set w(()t) = @t,l and generate a permutation #(*) of [n].
50 fori=1,---,n do

6: Evaluate v‘bo( ) \% Hﬂ.(t)( )( E )1,ﬂt).

7 Update w(t) = w(t_)l - '”V<I> (w; ® 1)

8:  end for

9:  Compute w; := prox,, f(w% )).

10: end for

Discussion. Algorithm 2 has a similar form as Algorithm 1, where uj(w;_1) is approximated by ;.

In Algorithm 1, ufj(w;—1) is approximated by w (F( )) Moreover, Algorithm 1 solves the smoothed
problem (10) of (3), while Algorithm 2 dlrectly solves (3). Depending on the choice of method to
approximate ugj(w;—1), we obtain different variants of Algorithm 2. We have proposed two variants:



e Semi-shuffling variant: We use (26) for computing 4; to approximate ug(w;_1).
o Full-shuffling variant: We use (27) for computing %, to approximate ug(w;_1).

Note that Algorithm 2 works in an alternative manner, where it approximates u(w;—1) up to a certain
accuracy before updating w;. This alternating update is very natural and has been widely applied to
solve minimax optimization as well as bilevel optimization problems, see, e.g., [1, 9, 13].

4.2 Convergence analysis

Now, we state the convergence of both variants of Algorithm 2: semi-shuffling and full-shuffling
variants. The full proof of the following theorems can be found in Supp. Doc. C.

(a) Convergence of the semi-shuffling variant. Our first result is as follows.

Theorem 2. Suppose that Assumptions 1, 2, 4, and 5 hold for (1), and G,, is defined by (18).

Let {(wy,ut)} be generated by Algorithm 2 using the gradient ascent scheme (26) with 1) := O(e)
explicitly given in Theorem 8 of Supp. Doc. C, 7 € (0, %_ch] S = (9(% (uh+%)fl) =0(1),
and T := O(e~3) explicitly given in Theorem 8. Then, we have %H Z?:o Gy (wy)|)* < €2.

Consequently, Algorithm 2 requires O(ne=3) evaluations of both V., H; and ¥V, H; to achieve an
e-stationary point Wt of (3) computed by (19).

Note that Theorem 2 holds for both S > 1 and S = 1 (i.e. we perform only one iteration of (26)).

(b) Convergence of the full-shuffling variant — The case S > 1 with multiple epochs. We state our
results for two separated cases: only H, is pp-strongly convex, and only % is pp-strongly convex.
Theorem 3 (Strong convexity of H;). Suppose that Assumptions 1, 2, 4, and 5 hold, and H,; is
wr-strongly concave with pg > 0 for i € [n], but h is only merely convex.

Let {(w;,u;)} be generated by Algorithm 2 using S epochs of the shuffling routine (27) and fixed
learning rates n; = n := O(€) as given in Theorem 8 of Supp. Doc. C for a given ¢ > 0,
fe :=H = O(e), S 1= L%J, and T := O(e~3). Then, we have TL—H ZZ;O G,y (we)[]? < €2
Consequently, Algorithm 2 requires O(ne=?) evaluations of V,H; and O(ne=*) evaluations of
V.. H; to achieve an e-stationary point Wt of (3) computed by (19).

Theorem 4 (Strong convexity of h). Suppose that Assumptions 1, 2, 4, and 5 hold for (1), and h is
wn-strongly convex with puy, > 0, but H; is only merely concave for all i € [n]. Then, under the same

settings as in Theorem 3, but with S := L%J, the conclusions of Theorem 3 still hold.

(c) Convergence of the full-shuffling variant — The case S = 1 with one epoch. Both Theorems 3
and 4 require O(ne*) evaluations of V,H;. To improve this complexity, we need two additional
assumptions but can perform only one epoch of (27), i.e. S = 1.

Assumption 6. Let Qn (u) == n~Y(u— prox,, (u + nVuH(w,u))) be the gradient mapping of
Y(w,-) = —H(w,-) + h(-). Assume that there exist Ao > 1and Ay > 0 such that
IVt (w, w)l[* < Aol|Gy ()| + Ar,  ¥(w,u) € dom (£). 29)

Clearly, if h = 0, then G, (u) = —V,H (w, u) and (20) automatically holds for Ag = 1 and A; = 0.
Assumption 6 is similar to Assumption 5, and it is required to handle the prox operator of & in (27).

Assumption 7. For f in (1), there exists Ly > 0 such that
F) < f@)+ (f' @),y —2) + Hlly —2|>, Vo,y €dom(f), f'(x) €df(x).  (30)

Clearly, if f is L s-smooth, then (30) holds. If f is also convex, then (30) implies that f is L s-smooth.

Under these additional assumptions, we have the following result.
Theorem 5. Suppose that Assumptions 1, 2, 4, 5, 6, and 7 hold and G,, is defined by (18).

Let {(ws, ut)} be generated by Algorithm 2 using one epoch (S = 1) of the shuffling routine (27),
and fixed learning rates n, = 1 := O(e) as in Theorem 9 of Supp. Doc. C for a given € > 0, fj; :=

i) = 30k2n, and T := O(e3), where r := uHL-i?-Lun' Then, we have TL—H ZtT:O G, (we)]]? < €.




Consequently, Algorithm 2 requires O(ne~3) evaluations of both V., H; and of V, H; to achieve an
e-stationary point Wr of (3) computed by (19).

Similar to Algorithm 1, if 7(**) and #(*) are generated randomly and independently, A; = O(1/n),
and A; = O(1/n), then our complexity stated above can be improved by a factor of \/n. Nevertheless,
we omit this analysis. Finally, we can combine each Theorem 2, 3, 4 or 5 and Lemma 2 to construct
an é-KKT point of (1). Theorem 5 has a better complexity than Theorems 3 and 4, but requires
stronger assumptions. Algorithm 2 is also different from the one in [3] both in terms of algorithmic
form and the underlying problem to be solved, while achieving the same oracle complexity.

S Numerical Experiments

We perform some experiments to illustrate Algorithm 1 and compare it with two existing and related
algorithms. Further details and additional experiments can be found in Supp. Doc. D.

We consider the following regularized stochastic minimax problem studied, e.g., in [9, 33]:
. 1 n A 2
min { max {2570, Foy(w)} + 3w}, (1)
where F; ; : RP x Q@ — R can be viewed as the loss of the j-th model for data point ¢ € [n]. If we
define ¢ (v) := maxi<j<,{v;} and f(w) := 3 |lwl|% then (31) can be reformulated into (3). Since
vj > 0, we have ¢o(v) := maxi<j<m{v;} = [|[v]ec = max|y|,<1(v,w), which is nonsmooth.

Thus we can smooth ¢ as ¢~ (v) := max|, |, <1{(v, u) — (v/2)|ul|*} using b(u) := F||ul|?.

Here, we apply our problem (31) to solve a model selection problem in binary classification with
nonnegative nonconvex losses, see, €.g., [41]. Each function F; ; belongs to 4 different nonconvex
losses (m = 4): F;1(w,§) := 1 — tanh(b;{a;, w)), Fi2(w, &) = log(l + exp(—b;{a;, w))) —
log(1 + exp(—b;{a;, w) — 1)), F; 3(w,&) := (1 — 1/(exp(—bi{a;,w)) + 1))?, and F; 4(w,§) =
log(1 + exp(—b;{a;,w))) (see [41] for more details), where (a;, b;) represents data samples.

We implement 4 algorithms: our SGM with 2 options, SGD from [10], and Prox-Linear from [11].
We test these algorithms on two datasets from LIBSVM [6]. We set A := 10~* and update the
smooothing parameter y; as y; := W The learning rate 7 for all algorithms is finely tuned
from {100, 50, 10, 5,1, 0.5,0.1,0.05,0.01, 0.001, 0.0001}, and the results are shown in Figure 1 for
w8a and rcvl datasets using k;, = 32 blocks. The details of this experiment is given in Supp. Doc. D.

SVM - w8a: n = 40749, p = 300 SVM - revl: n = 20242, p = 47236
10% 4 SGM-Option 1 L0+ SGM-Option 1
—&— SGM-Option 2 0 x 10-1 —#— SGM-Option 2
-~ sGD —- SGD
—¥— Prox Linear 8 . 10-1 —¥— Prox Linear

6x10°"

Objective Value
Objective Value

110t

3% 101 B 107

0 25 80 7 10 135 L0 17 200 0 25 a0 75 100 125 1s0 175 200
Epochs Epochs

Figure 1: The performance of 4 algorithms for solving (31) on two datasets after 200 epochs.

As shown in Figure 1, the two variants of our SGM have a comparable performance with SGD and
Prox-Linear, providing supportive evidence for using shuffling strategies in minimax algorithms.

6 Conclusions

This work explores a bilevel optimization approach to address two prevalent classes of nonconvex-
concave minimax problems. These problems find numerous applications in practice, including robust
learning and generative Als. Motivated by the widespread use of shuffling strategies in implementing
gradient-based methods within the machine learning community, we develop novel shuffling-based
algorithms for solving these problems under standard assumptions. The first algorithm uses a non-
standard shuffling strategy and achieves the state-of-the-art oracle complexity typically observed in
nonconvex optimization. The second algorithm is also new, flexible, and offers a promising possibility
for further exploration. Our results are expected to provide theoretical justification for incorporating
shuffling strategies into minimax optimization algorithms, especially in nonconvex settings.
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consists of two algorithms, Algorithm 1 and Algorithm 2, and their theoretical convergence
guarantees stated in the subsequent theorems.
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violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

e The authors should reflect on the scope of the claims made, e.g., if the approach was
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to reproduce that algorithm.
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the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
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(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
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Question: Does the paper provide open access to the data and code, with sufficient instruc-
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Justification: Our data is available online from LIBSVM. The code is implemented in
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versions (if applicable).

e Providing as much information as possible in supplemental material (appended to the
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Supplementary Document:

Shuffling Gradient-Based Methods for
Nonconvex-Concave Minimax Optimization

Due to space limit, some results in the main text are not fully presented and clearly clarified. This
supplementary document provides further details of our results in the main text. It also provides and
proves technical lemmas used in this paper, presents the full proofs of our theoretical results, and
additional examples and details of our numerical experiments.

A Technical Results and Proofs

This section gives the details of results related to minimax problem (1), and discusses the underlying
technical assumptions and the properties of related functions and quantities used in this paper.

(a) Elementary facts. We recall the following facts, which will be used in the sequel.

[F1] If h : R — R U {400} is proper, closed, and j;-strongly convex, and prox,, is the
proximal operator of nh for any n > 0, then for any u, @& € dom (h), we have
[[prox, , (u) — prox, , (@)[|* < mﬂu — a2 (32)

[F2] For any proper, closed, and convex function i : RP — R U {+o0} and > 0, we have
T — prox,, (r) € noh(prox,, (z)).

[F'3] Consider the lower level maximization problem (2) as
ug(w) := argume%gg{?{(w, u) —h(u) = 23" Hi(w,u) — h(u)}.
Then, under Assumption 1, its optimality condition can be written as
V. H(w, uf(w)) € Oh(ug(w)). (33)

(b) Details of Assumption 5 and Assumption 6. Both Assumptions 5 and 6 look relatively technical,
though they have been used in previous works such as [5]. Both assumptions are the same, but one
for f and the other for h, and thus we only discuss Assumption 5.

Note that [5] did not provide any example to motivate Assumption 5 for the case f # 0. Assumption 5
extends the one from [5] so that it holds for certain cases, including the two examples described after
Assumption 5. Here, we further elaborate these examples in detail.

(i) Example 1.1f f is M-Lipschitz continuous (e.g., the ¢1-norm), then (20) in Assumption 5
also holds. Indeed, since f is M ¢-Lipschitz continuous, it is obvious that 0 f is M ¢-bounded,
and hence, by the fact [F3] above, we have ||prox, ¢(u) — u|| < nM} for any u. Using this
inequality, and the definition of G,, in (18), we can easily show that

V@ (w) = Gy(w)ll = 7~ |prox, f(w — YV, (w)) — (w = 7V, (w))|| < Mj.

Then, for any v > 0, by Young’s inequality, we have ||[V®, (w)||? < (1 + v)||G,(w)]|* +

L2V, (w) — Gy (w)]|? < (1 + v)]|G,(w)||? + L2 M. Hence, Assumption 5 holds for
Ag:=14+vand A; := HT”M]«.

(ii) Example 2. 1t is also easy to check that if f = dyy, the indicator of a nonempty, closed,
convex, and bounded set W, then for any w € W, we also have [[prox, ;(w) — w| =
[lprojy, (w) — wl|| < 2diam(WV), where diam(W) is the diameter of WW. Hence, by the
same proof as in Example 1, Assumption 5 also holds.

(c) Technical results. The following lemma summarizes the properties of ¢., defined by (9), which
was proved in [9]. It will be used in the sequel for analyzing Algorithm 1.



Lemma 3. Let ¢g and ¢, be defined by (8) and (9), respectively. Then, under Assumption 3:
(a) dom(h) is bounded by My, iff ¢~ is Mae,-Lipschitz continuous with My, = M| K]

II?

(b) ¢, is Ly -smooth with Ly := ﬂf—&-v

(i.e. Von is Ly -Lipschitz continuous).
(€) ¢4(v) < do(v) < ¢y (v) + By, for any v, where By, := sup{b(u) : u € dom (h)}.
(d) Foranys > > 0and v, we have 6,(v) < 3 (0)+ (3 —1)b(u2 (1)) < 65(v) +(7—7) Byy.

(d) The smoothness of @, and ®,. One key step to develop our algorithms is to show that .,
defined by (10) and ® in (2) are L-smooth (i.e. their gradient is Lipschitz continuous). The following
lemma shows the Lg_-smoothness of @, defined in (10), whose proof is given in [9, Lemma A.3.].

Lemma 4 (Smoothness of ®.). Under Assumption 3, V®., of ®, defined by (11) is Le_ -Lipschitz
ME|K|?

continuous with Ly := M| K||Lr + n Ty

, where v > 0 such that up, + v > 0.

Consequently, for any w,w € dom (®.,), we have

Ly

22|l — w2 < B () — B (w) — (VO (w), b — w) <

2l — wl?. (34)

Alternatively, Lemma 1 in the main text can be expanded in detail as follows.
Lemma 5. Under Assumption 4, let uj(-) and @ be defined by (2). Then, u(-) is x-Lipschitz

. . . Lu . .
continuous with Kk := Y >0, ie.:
[lug(w) — uf(@)|| < &||lw — ||, VYw,w € dom (Py). (35)

Moreover, @ is Lo, -smooth, i.e. |V Oq(w) — V()| < Lo, ||w — @|| for all w,® € dom (Pg),
where Lg, := (1 + k) Ly,. Consequently, for all w,w € dom (P¢), we have

Lg, . . . Ly, .
So I —wl* < Bo() — Bo(w) — (VRo(w), b —w) < T¢b —wl*.  (36)

This lemma is proven similar to the one, e.g., in [7], and we omit it here.

(e) Proof of Lemma 2 — Approximate stationary and KKT points. Now, we provide the proof of
Lemma 2 in the main text.

Proof of Lemma 2. (a) If (w*, u*) is a KKT point of (1), then

0€ VoH(w*,u*)+df(w*) and 0€ —V, H(w*,u*)+ Oh(u*).
Since H(w*,-) — h(-) is concave, 0 € —V,H(w*,u*) + Oh(u*) implies that u* €
argmax{H (w*,u) — h(u)}. For ®q defined by (2), by Danskin’s theorem, we have V®q(w*) =
VuoH(w*,u*). Hence, combining this relation and 0 € V,H(w*,u*) + df(w*), we have

0 € V&y(w*) + 9f(w*), which shows that w* is a stationary point of (3). The converse state-
ment is proved similarly, and we omit.

(b) If @Wr is an e-stationary point of (3), then using a shorthand g := G, (@r), we have E[||g7[|?] <
€*. From (18), we have gr = 1~ ' (@07 — prox, (@1 — nV®(@r))), which is equivalent to

gr € V& (wr) + df (W — ngr). Let us define wr as in Lemma 2 and e as follows:

(37

{wT i= Wy — ngr = prox, ;(wr — nVey(wr))),
er .

gr + V%(ET) — v‘bo(fU\T)

Then, gr € V& (wr) + Of(wr) is equivalent to er € V&®y(wr) + Of(wr) =
VuwH(Wr,us(wr)) + f (wr). On the other hand, from (33), we have 0 € —V ,H(wr, ui(wr)) +
Oh(ul(wr)). By the triangle inequality, and the Lg,-Lipschitz continuity of V®,, we have

37 .
ezl < llgrll + [[V®o(wr) — V@0 (i07)]
< llgrll + La, |07 — wr||

37
< (14 Layn)llgr]l-



Hence, we get
Efler[|*] < (1 + Layn)*Elllgr[|*] < (1 + Layn)?e*.

This concludes that if Wy is an e-stationary point of (3), then (wr, uy(wr)) is an é&-KKT point of (1)
with € := (1 + Lg,n)e.

(c) Since wr := prox, ;(wr — nV e, (wr))), we have wr —wr — Ve, (wr) € ndf(wr). Using
this inclusion and

V&, (wr) = VF(wr)"' Vo, (F(wr)) = VF(wr)" Kul (F(wr)) = VoH(wr, v (wr)),
we can show that

Ty =1~ (O — Wr) + V@, (Wr) — V&, (0r) € VO, (1) + 0f (Wr)
= VoH(Wr, v (wr)) + 0f (Wr).

Since V., is Lg_ -Lipschitz continuous and G, (wr) = n~*(@wr — Wr), we have

17wl < Gy (@) || + VO, (Wr) = VO, (wr)]| < (1 +nLa, )Gy (wr)]-

On the other hand, since Ty := u(F'(wr)), using the optimality condition of (9), and noticing that
H(w,u) = (F(w), Ku), we have

Ty = —yVb(ur) € —KTF(ur) + 0h(ur) = =V, H(wr,ur) + Oh(ur).

Since dom (h) is bounded by My, by Assumption 2, we can show that |7, || = v||Vb(ur)|| < vDs,
where Db = supg|| : w € dom (h)}. Combining the above analysis and noticing that
E[|G, (wr)|?] , We can show that

Tw € VoH(Wr,ur) + 0f(wr) and 7, € =V, H(wWr,ur) + oh(ur).

where E[||7,, [|*] < (14 nLe. )% and E[||7,||?] < ~*Dj. This proves that (wy,ur) is an é&-KKT
of (1) with € := max{(1 + nLs_ )¢, yDy}. Clearly, we have ¢ = O(max{¢,v}). In particular, if we
choose 1 := O(e) and v := O(e), then € = O(e). O

B Convergence Analysis of Algorithm 1 — The NL Setting

We first prove some key estimates for the shuffling estimator of V@, (w). Next, we establish the
technical lemmas that will be used to prove Theorem 6. Finally, we prove Theorem 6 and Corollary 1.

B.1 Properties of shuffling estimators

We state the following properties of %@7() defined by (24), which could be of independent interest.
Lemma 6 (Arbitrary permutation). Assume that Assumption 3 holds. Then

(a) Forany i € [n], the approximation F defined by (21) satisfies
IEO = )| < B2 5w, —wf|2 (38)
(b) Let Try == |1 320, 6@7(1051)1) — Vo, (w2 for Vo, (w?,) defined by (24). Then

2
< (@4 2B T ful?, D2 4 2o
1
n

2 ()2 Z (39)
< 4 (Cr+205L%) Y57, ijfl —wy ||,

where Cy = % and Cy := 2M?|| K|



Proof. (a) Since F(
we have

1Y — F(w)|?

w(()t)) = %2?21 Fj(wét)) = %22:1 Fw(t)(j)(wét)), using Option 1 as (21),

= LI Frogy @i0) + 0y Froo gy (wd?)) = S04 Fro gy (w2
n2||zj L [Fro ) (w 5’1>—Fﬂ<t>m<wo )12

< r e IF %)( wi?}) = Froo ) (w2
M?2

< Wl - w?)?
M

< Mey 1||w<” wy |2,

which proves (38) dueto 1 < i < n.

Alternatively if we use the update (22) as in Option 2, then we have Fi(t) = F(w((f)) which also
automatically satisfies (38).

(b) From the definition of V& (wot)) in (11) and of Vo ~(w w; )1) in (24), by Young’s inequality in @

and @, the Cauchy-S

n K3

chwarz 1nequahty in @, and Lemma 3 in @, we have

Ty = 12 5, Vo, (wl ) — Vo, (wil)|?
= |13, [(VEY >Tv¢w<F}t ) = VF(wy) "V, (F(wi”))] |2
= |2 [(VE TV, (FY) ~ <VF“>>TV¢7<F<wé”>
+ (VE)V 6, (F(w) = VE(wS”) TV (F(w))]||?
2 LS (VED)T [V, (F ‘”) Vo, (F ]I
+22 5, [VED — VEw)] Vo, (Fw)|?
2 2y IVEDRIVe, (FY) - Vo, (Ful)?
+ 2]V (F(w§) 212 5, [VEY = VE(w{)]|?

2 2MEIKIE S FY — pl®)|? + 22 KPS [VEY - VR |2
Substituting (38) into this estimate and noting that C; = % and Cy = 2M?| K ||* we obtain
Ty < 2IEIKIE S~ ME s ) — w2+ Coll LY, [VESY — VR ()] |12

< GollE Y, [VF<f>—VFﬂ<t><j><wo“>]+%z;;1 [V o5 () = VF(wi™)] |12
+ Sy 1||w‘“ — w1
< Gyl — w2+ 2012 [VFﬂw(j)(w;?l) — VEw j (w§)]|I?
+202||%E [VFw(t)(J (wo ) — VF( )]”2 (40)
<@y wl? ||2+202 S IV oy (w21 = V Eroy ) (w12
+205[12 37 [VF w(wo ) = VF(uws)] |12
<Gy 1||w“> wi |2 42021 0 L3 [wl?) — wi|?
+202||%sz1 [V E, 5 (w’) = VF(w O))]
< (@42 5wl - w2 4+ 20014 iy [T Frog () - TR @) |2

For 7 = n, we have

n

1 Cs 2F
To < (G + 2250) S0 ol — w2 + 212 S5 [P ) () = V()] |2

IN

(01 +2CL%) 0wl — w2

For any other index i € [n] and ¢ < n, we can show that

Tig < (S04 22220 ) 5ol — w2 4 20,1 zj IV oy (wd) — VE@w§)|2

205 L2
< (G4 22 5wl — w2+ 2052 L S |[V F gy (wl) — VE ()2,

which proves the desired estimate. O



If 7() and #(*) are generated randomly and independently, the we have the following result.

Lemma 7 (Random permutation). Assume that Assumption 3 holds, and 7 and #®) are two
random permutations of [n). We recall that T := ||+ > i1 V@V(wﬁl) - Vq)v(wét)) |2, Then

2 n
E(Tig) < (S +2288) o BlJw?, — w)?] + 2203, 41)

2M LK
where Cq % and Co = 2M?|| K%

Proof. In this proof, we will use [4][Lemma 1] for sampling without replacement at random. From
(40) in Lemma 6 we have

CyL2 n
Tig < (S + 222 50wl — w2 + 265013 X5y [P () = VE()] |2

7

For each epoch ¢t = 1,--- T, we denote by F; := a(w(() ), R ,w(()t)) as the o-algebra generated

by the iterates of our algorithm (cf. Algorithm 1) up to the beginning of the epoch ¢. We observe
that the permutation 7(*) used at time ¢ is independent of the c-algebra F;,. We also denote by
E,[-] := E[- | 7] as the conditional expectation on the o-algebra F.

Taking the expectation conditioned on F;, we get
L, 2C.L% n
E(T) < (G + 2552 ) Sin Rl - wfIP]
+26E |14 i, [V () - VF@)]IP]-
By [4][Lemma 1] and Assumption 2(c), we have
202 n
BTl < (2 + 2258 ) S Bl — wff|2] + 20 3=k 03.

=1

Taking the total expectation and noting thatn —¢ < n — 1 as¢ > 1, we get the desired estimate. [

B.2 One-iteration analysis of Algorithm 1: Key lemmas

The update of w( ) i

w = wi) — 2 Ve, (W) =@y — Y Ve, (wl?), (42)

for i € [n], and wy := proxmf(wgf)).

in Algorithm 1 can be written as

T . 2Mp|E|* — N2 KNI2 Ui
For simplicity of our proof, we also denote by C'y := =775~ and C := 2Mj; ||IK||?. Using the

expression (42), we can prove the following two lemmas.

Lemma 8. Let {w } be generated by Algorithm 1. If (2Cy + 4CoL%) nf < 3 L1 then we have

Api= 2500wl = wl? |2 < 4[| VD, (w2 + 2C503]. (43)
If 7 and ) are two random permutations of [n] := {1,2,--- ,n}, then
N n Cho
Ar= 250 Bl —w?|2] < 42 [E[IVE, (wi)]?] + 22274]. “4

Proof. Using (42) and then (39), we can first derive that
1Yo VO, (i)

oo — w2 = 2

< 2 |I1Z [V, @) = Vo, ()] 12 + 255 Ve, (w12

< mi (o] s i gy — P )
+ 27);22 2nCQJJ + 2nt ||V(I) (wot) H2

< (2= +—203£F’)Z] gy — w2

+ Ceoints 20 G (1 D))2.

n




Let us denote A, := - 37" | wa?l - w(()t) ||%. Then, from (45), we have

Avi= 5 Xl ) = wi P

C 2_< C 2, 2 - -
< 1 Zq ) 77t 2C;L132 %) ZJ 1||w(t) . (t)|‘2+4 20757& i 27h i ||V<I> (w (t))||2
< (2t +202LF'E?’:”)12] oy — w2
2 2 n .
¢ R R SR e, (uf))|?

< 2 (201 + 4C5L%) Ay + 4Co0202 + 22| V., (w12

Here, we have used ) _,_, i* = M <nd Y0 i= w < n? in the last inequality.
Under the condition 1? (2C’ 1+4C, L%) < %, we obtain (43) from the last inequality.

If 7 and #(*) are two random permutations of [n] := {1,2,--- ,n} using similar argument with
(42) and then, with (41) we have:

E[w” — w”||?]

e E[l} Sy Vs ()" VI]
213X [v<1>< D)) = v, (wi)])1?)

< =
Y

< Cl+202LF)271 [y = el 1] (46)
+ 2200 4 TRV, ()]

< 77?(2(%+2017L2) S, B, - w1

4 ACemni | 2R TS, (wi)]?)].

n

Let us denote A, := 1 S ]E[Hw(t) — w(()t)Hz] Then, from (45), we have

A= 5 S Bl — w7
i 2C2L%-1 n
RS [ (25 + 24 ) S B, — ]
+ 4Czdgm' + 277,5 [qu) ( (f))||2]}

n

IN

Sn 2 4 n
< 2 (201 %:1 n 202Lb;1227.:1 )%Zj ) [”w(t) w((f)llz]
Caoini- 30 i S
+ e ¢ Bl B [|[Ve, (w))|]

17 (201 +4CoL%) A, + 207E[| V@, (wl)||?] + 292221,

IN

Usmg similar arguments as before that ) ,_, i* = M <n? > i= @ < n? and

n? (2C1 +4Cy L%, ) < 2, we obtain (44) from the last inequality. O
Lemma 9. Let {(wit , W)} be generated by Algorithm 1. Then, we have

~ ~ 1-2L ~ 1-L ~ ~
(@) < Wy (1) — LEENG, () |2 — P |y — @ |2
Ly, -m t t
+ 25 S iy — eI,

4 4
where Ly := % +4M? || K||>L% and L., is given in Lemma 4.

Proof. The proof of this lemma is adopted from the proof of [5, Theorem 3] with some modification.
First, we denote w; := proxmf(@t,l — ntVQ)W(@t,l)). Then, from (18), we have G, (w;—1) =

o (Wi—1 — wWy). Moreover, we also have V f () := ny (We—1 — Wi) — VO (Wy—1) € Of (Wy).

Next, by the convexity of f, we can easily show that

f(@e) < f(We—1) +(Vf(Wr), We — wi—1)
= f(@e—1) = (VO (We—1), By — Wy—1) — 1| D¢ — D1 ]|



Next, by the L%-smoothness of @, from (34) of Lemma 4, we have

~ ~ ~ o~ ~ L ~ ~
Dy (@r) < Oy (Wp1) + (VO (We1), B — We—1) + ~5||We — D1 1.

Adding the last two inequalities together and using V., (w) = f(w) + ®,(w) and Wy — Wy—1 =
—1¢Gn, (W¢—1), we have

~ ~ 2— L4 + ~ ~ ~ +(2—L N ~
U (@) < W@y 1) — 222 @y — @y ||2 = Wy (1) — 2EZ0 G (@5, )12 (48)

2m
Now, let us denote g; := % Yoo ﬁév(wft)). Then, from the update of wl(t), we have

(t)

gt = i(@t_l —wy’) = i(w(()t) — wg)).

Since w; = prox,, f(wg)) we have V f (W) 1= n; 1(w7(f)7{17t) = —gi—n; (W —W_1) € Df (Wy).

Hence, by the convexity of f, we have

F@@) < f(@") +(V (@), @ — @) = f(@") = (ge, Wy — @) — =@y — Wp—1, Wy — D)
= f(@") = (g6, W — @) + g [ 0" = @1 ||* — @ — D1 [|* — @ — @[]

Again, by the Lq>7 -smoothness of ®., from (34) of Lemma 4, we also have

~ ~ ~ ~ ~ Lg ~ ~
(W) < By(Wy—1) + (VO (Wi—1), Wy — We—1) + —5* || Wy — We—1]|?,
)

~ ~ ~ ~ ~ L —~ ~
By (Wi—1) < Dy (W) + (VO (Wy—1), W1 — @) + =532 || Wy — we—1 |12

Adding the last three inequalities together, and using ¥, (w) = f(w) + ®,(w) and Wy — W1 =
*ntgm (1171;1), we have

~ —~ ~ ~ —~ 1-L " ~ ~
%WﬁS%@ﬂ+W%Wm%ﬂm%ﬂﬂ—Lﬁ¥%M—W4W
(I+Lame) || ~ ~ —~
# B g - @
< U (@) + BV (We-1) — gel|* — 5 @ — W |

(1+Ls.,me) ~
+ |Gy (@) |2,

where we have used Young’s inequality in the last line as (V®.(w;—1) — g¢, Wy — w') <
LV, (We—1) = gell* + 5 10 — @

Summing up (48) and (49), we get

~ ~ 1—-Lg ~ ~ 1-2L ~
Vo (@) < Wy (Te—1) — g™\, — ||~ PG, ()2

n ~ 2 (50)
+ BV, (wWi-1) — gel*.

Using (39) with g, = 2 37 V L (w™), we arrive at

~ 1-L ~ 1—-2L ~
U (@) < Uy(@p1) - S @ — @ |2 - PG, (@) |2+ % Ty
39 (1—Le,me)  ~  ~ ¢(1—2La., 1) ~
< U (Wi-1) — %llw — Wy |? = =Gy, (W) |1
t t
+ 2L (01 +202L3) S0 ([l — w? )%,
which is (47), where Ly = Oy + 20, L% = 2MelEIT 4 ghr2) 212 O

B v, 1 2L p (un+7)? h jal

B.3 The proof of Theorem 6 and Corollary 1 for Algorithm 1

Let us recall that €y = 2YEUNIE ¢, .= 202K |2 and Lo, = M| K| Lp + Y2 from

Lemma 4. To prove Theorem 6, we will need the following lemma



Lemma 10. Let {wgt)} be generated by Algorithm 1 using arbitrarily permutations 79 = #®) and
ne =n > 0such that (2Cy + 4C2L%) n* < § and 4Lg.n + 8Ly Aon? < 1. Then

757 Dot G (@) |2 < 7 [0 (@°) — W2 ] + 8Ly (2C20% + A1) - 2. (51)

Alternatively, if 7®) and #*) are random permutations and generated independently, then, with a
similar condition on 1 as above, we have

P SR IG,(@)12] < 4 [0, (@) — W2] +8Ly(2Co %0 + Ay) n2 (5D)

Proof. From (47), and note that Lg,n; < 1, we obtain

~ ~ +(1—2L + ~ . n
U (@) < U (@) — 2200 6 (5 )2 4 L 50 ) — w2,

Using (43) with the condition (201 + 4C’2L%) n? < % and (20) of Assumption 5, and w(()t) = Wy_1,
we have
n t t t
25wl w2 < 4[|V, (wl)]? + 2C203]
(20) _
< 407 [Aol|Gn, (Wi —1)[* + 20505 + A1] .

Combining the two estimates, we obtain

o (i) < W (@1-1) = 22 G, (1) 2 + 252 - dn? [AolG, (@012 + 2C20% + Ad]
= U, (W-1) = % (1= 2La,ne — 4LwAo7?) |Gy, (Wr—1)|1? + 2Lw (2C205 + A1) -
< Uy (@i-1) — Gy, (We—1)[1? + 2L (2C205 + A1) 11,
provided that 4Lg_n; + SL\I,AOnf < 1. Following the same proof as in [8, Theorem 3], we obtain
our bound in (51).

For the randomized bound, we take expectation and obtain

-~ ~ «(1—2La., 1:) - e N
E [0, (@;)] < E U (@-1)] — L2 E [|1Gy, (@e-1)]?] + 252 S0 EfJlw®) — wd[12].

2n

Using (44) with similar argument as the deterministic case, we have
n 0'2
LS Bl - wl’I?] < 4n B[V, (wl)?] + 20, %
(20) _ o2
< [ AE[|| Gy, (@-1)|?] + 2025 + Aa] -
Combining the last two estimates, we get
~ ~ ¢(1—2La.,mt) ~
E [V, (@)] < B[y (@-1)] - —5"E [||Gy, (@-1)1?]
2
+ Lo g [AGE (G, (@0 1)I] +2C5 % + Ay
= B[y (@) =% (1= 2Lo,me — 4LwAon) E [|Gy, (@—1)II°]
+ 2Ly (2052 + A1) -7}
2
< B0y (@-1)] = ZE |Gy, (e-1)|%] + 2Lw (2025 + Av) - 11},

provided that 4L¢_n: + 8Ly Agn? < 1. Follow the same proof as in [8, Theorem 3], we can easily
get (52). O

The following theorem, Theorem 6 is the full version of Theorem 1 in the main text, where the
learning rate 1 and the number of epochs 7" are given explicitly.

Theorem 6. Suppose that Assumptions 1, 2, 3, and 5 holds for the setting (NL) of (1) and

2 2
Q= MELKIE L pp ) K. (53)



Let {w;} be generated by Algorithm 1 after T epochs using arbitrarily deterministic permutations
7" and ) and a learning rate 1, = n > 0 such that

n and T — {16\/Qw(4M;‘iHKH203+/\1)'[‘I’o(ﬁo)*‘1’6+'YB¢>O]J7 (54)

o— €
L 3
V2@, (AMZ K23+ A1) ¢

for a given sufficiently small tolerance € > 0 such that n < ﬁ. Then, we have
Y

T -
%ﬂ > i=0 IGn. ()| < €2

Alternatively, if {w;} is generated by Algorithm 1 after T epochs using two random and independent
permutations 7 and #) and a learning rate n, = n > 0 such that

n /ne and T :— {16\/Qw(4M;3|\K|\2”3+"A1)'[‘1’0(%)—‘1’64'“/3%]J, (55)

T VRQ, (MK (203 +nA) Vne®

or a given sufficiently small tolerance ¢ > 0 such that 1 < <A—. Then, we have
8Q
S
T ~
7571 2t—o BlIGn, (@1)[1°] < €.

Proof of Theorem 6. Recall that C; := % and Cy := 2M?| K|, Lo, := M| K||Lr +
M| K|? 2M e || K|I* ME||K|?

IR and Ly = 20EEE 4+ 4M2|K||2L3. Let us denote by Q. = “ELEL 4 ar, L | K|
as in Theorem 6.
In this case, the first conditions (2C + 4C5L%) n* < 1 and 4Lg_ 1 + 8Ly Agn* < 1 of Lemma 10
respectively reduce to

MﬁHKH“+2(Z::)2M?LIIKIIQLQF 2 < % and
MENK|*+(pn+NMu||K||Lr + AME K| +2(un+7)* MEIK|?LE) 2 - 1
Bnty n (un+7)2 =
Since
2
2(MEE? + (pn +7)Mu|| K| Lp)™ = 2Mp | K| + 2(un +7)* M| K2 LT,
+ 4(pn + ) My || K||PLr M
> ME|K* + 2(un +7)* M| K| L%,
.. . T Rt — _1
the last two conditions hold if 0 < n < S(MguK|\2+(Mhh+7)MhLF|‘K”) = 8q, Moreover, we also

have Ly < 2Q,.

Now, from (51), to guarantee T%H ZtT=o Gy (W) |* < €2, we impose

Til,, [\I/'y(ao) - ‘I/f,] + 8Ly (2C20% + A1) - n? < €2

1 < _1 < = 1 .4: { 1 € }
Since 0 < n < o8 and Ly < 2@+, we can choose 7 3 in | 75, NCROTA T

Hence, the last inequality holds if

CAMZ|K 202+ A, ~
T > 16-max{\/Q ( h”a 205 +A1) %} . [\IJW(’LUO) _ \Pﬂ )

€ ' €2

By Lemma 3(c), we can easily show that ¥ (w) < ¥o(w)
By, = sup{b(u) : u € dom (h)}. Hence, we have U (w")
this condition, we obtain

U, (w) +~7B¢0 for any w, wh.ere
2 < Wo(wo) — ¥g + vBg,. Using

2 o2 ~
T {16 ) max{\/Qw(leth\ 202 +A1) 4&} Yo (wg) — U +VB¢0]J-

€ ) €2

MK o3+ A0
4Q,

L16\/Qw(4Mﬁ\IK\I203+A1)~[%(%)—‘I’6+VB¢O] J
€3 ’

If we choose ¢ sufficiently small such that the 0 < € < VO , then

= < and T :=
1= QMK IPog v Ay



as shown in (54) of Theorem 6.

If a random shuffling strategy is used, then to guarantee T%rl ZtT:O E[||Gy (w:)]|?] < €2, from (52),
we can impose the following condition

2
Tin [\IJW(@O) — \IJ;] + 8L\1/(202% + Al) '772 § 62.

/e } This

Reasoning the same way as above, we can choose 1) := = min {L
’ 2 1@+ \/Qy(4MZ | K202 +nh1)

leads to the choice of T" as

2 0'2 n. ~
T := Llﬁ : maX{\/QW(Lth”K”Z sty 4%”} [Wo(wo) — g + WBm]J.

Vned €
12 o24n
If we choose € sufficiently small such that the 0 < € < VO UMLKo+ Al), then
y 4Qy
YV
o N o 16\/Qw(4M§HK\|203+”A1)-[%(ﬁo)*‘l’HvB«po]J
= V2Q,(AM2| K202 +nA1) and  T':= { vne ’
as shown in (55) of Theorem 6. O
Proof of Corollary 1. (a) If h is pp-strongly convex with p;, > 0, then we can set v = 0, i.e.
2 2
without using smoothing technique. Then, we have @, := % + My Lp| K|| reduces to

2 2
Qo := MEEL 4 apy | K.

If arbitrary permutations () and #(*) are used, then T from (54) reduces to

T L15\/Qo(4M;3HKH203+A1)'[‘1’0(730)—‘1’5}J
= .

Note that, each epoch ¢ € [T] requires either 2n (for Option 1) or n (for Option 2) evaluations of
F; and n evaluations of V F;. Hence, Algorithm 1 requires O(ne~3) evaluations of F; and O(ne~3)
evaluations of V F; to achieve an e-stationary point of (3).

Alternatively, if 7(*) and 7#(*) are random and independent permutations, then 7" from (55) reduces to

T.— L16\/@0(41\/{2HK||20?7+HA1)'[‘P0(150)*‘P6]J
: NG .
Clearly, if Ay = % for some constant I' > 0, then plugging this A; into the right-hand side of

T above, we can conclude that Algorithm 1 requires O(y/ne~3) evaluations of F; and O(y/ne3)
evaluations of V F} to achieve an e-stationary point of (3).

(b) If h is only merely convex, i.e. pp = 0, then we have Q., = M + MyLp|K| = O ).
Moreover, to obtain an e-stationary point of (3) from a stationary point of its smoothed problem (10),
with a similar proof as of Lemma 2, we need to choose 7 := e. In this case, we get Q. = O(e™1).

If arbitrary permutations 7(*) and #(*) are used, then 7" from (54) reduces to

T {16\/625(4M;2LHKH203+/;1)'[‘1’0(@0)*‘1’3+€B¢0]J _ (9( 1 )

€ €7/2

Hence, Algorithm 1 requires O(ne~7/?) evaluations of F; and O(ne~"/?) evaluations of VF; to
achieve an e-stationary point of (3).

Alternatively, if 7*) and #(*) are random and independent permutations, then 7" from (55) reduces to

T— {16‘\/625(4M2HKH203+nA1)-[\Ifo(ao)f\ngreBd,o]J
: NG .
Clearly, if Ay = % for some constant I' > 0, then plugging this A; into the right-hand side of T’

above, we can conclude that Algorithm 1 requires O(+/ne~"/?) evaluations of F; and O(y/ne~7/2)
evaluations of V F; to achieve an e-stationary point of (3). O

Remark 1. We note that since each epoch t of Algorithm I requires one evaluation of prox the

total number of prox,,  evaluations is T'

ngfr
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C Convergence Analysis of Algorithm 2 — The NC Setting

In this section, we present the full convergence analysis of Algorithm 2 for both the semi-shuffling
and the full-shuffling variants.

For our notational convenience, we introduce the following function:
Y(w,u) == —H(w,u) + h(u). (56)

By Assumption 4, ¢ (w, -) is py-strongly convex with the strong convexity parameter p,, := f, +
prr > 0 for any w such that (w,u) € dom (£). Moreover, the Lipschitz constant x of u(-) in
Lemma | becomes k := —Lu— = /ip > 0.

Pht+ L H
Furthermore, ®( and ¥ defined by (2) and (3), respectively can be expressed as
Dy(w) = gﬁé{?{(w,u) (w)} = —nel]lkgw(w u), 57
Wo(w) = f(w) + Po(w) = f(w) + H(w, ug(w)) — h(ug(w)),

where uf(w) := arg mgl ¥ (w,u) is computed by (2).
ue

C.1 One-epoch analysis: Key lemmas

We separate the technical lemmas for two variants: the semi-shuffling variant using (26), and the
Sfull-shuffling variant using (27) into two subsections, respectively.

(a) Key bound for the gradient-ascent scheme (26). If we apply (26) to approximate ug(wW;—_1),
then we have the following result.

Lemma 11. Suppose that Assumption 4 holds. Let {u5 } be updated by (26) such that 0 < 7j; <

T Jm . Then, we have

~ ~ 2L, A\ S |~ ~
i — ()2 < gy (1 — 2o ) )i,y — ()2 (58)

Proof. The proof of Lemma 11 is certainly classical and not new. It can be found in the literature,
including [6]. However, it may be inconvenient to find a unified proof for the strong convexity of H;
and h altogether. Therefore, we present it here for completeness.

For simplicity of our presentation, we denote ¢(u) := —H(wW;—1,u) = =L 3" | H;(W;—1,u) and
uj = uf(wi—1) computed by (2).

By Assumption 4, ¢ is pgr-strongly convex and L, -smooth. The scheme (26) is exactly a proxi-
mal gradient method to solve min, {Q(u) := ¢(u) + h(u)}, where h is also pp,-strongly convex.
Moreover, by the definition of ¢ and of uy, and (26), it is obvious to show that

{u:; = prox,,, (uf — 1 Ve(uy)),
agt) = proxﬁ,,h(agtf)l - ﬁtv@(ag1))~
Hence, by (32) from Fact [ F} ], we have
@l —up)|? = |lproxg,, (@, — 72V @, >> proxnh( — 1 V(up)) |
t
< e 8 = up — [ Ve@?,) - Vee(u)]|2.
Expanding the right-hand side of the last estimate, we get
At ~ At
@) — i — Ve @?)) - Vop)? = @7 — ufl? + | Ve@,) — Velup)|?
— 20, (V@) — Ve(up), al’ | — ug).

Using [6, Theorem 2.1.12], we can show that

(V@) = Ve(ug), iy —up) > 2@l — up|? + L | V(@) — Ve ()|

11



Combining the last three inequalities, we obtain

~(t) 2Ly wHT ~(¢
[l —up)|? < b (1 — 2ty ) u*||2

— e (2 — ) IVe(@) — Ve(up)|2.

Therefore, if 0 < 7, < then the last inequality reduces to

_2
Ly+pm’

~(t) 2 1 2Ly pmh A(t 2
[@s” = ufll® < gy (1= T ) a2, — i)
By induction, and noting that ﬂét) = ;1 and w; = ﬂg), this inequality implies (58). O

(b) Key bound for the shuffling gradient-ascent scheme (27). Alternatively, if the full-shuffling
variant (27) is used in Algorithm 2, then we can bound ||@; — ug(w;—1)]||? for (27) as follows.

First, let us define u8* := uf(w;—1) and for all i € [n]:

u;™ = g (W 1)+ Zg 1 VaH ot () (W1, ug(Wi-1)). (59

Here, V, H,; is the partial derivative (or the gradient) of H; w.r.t. u.
Next, we prove the following lemma.
Lemma 12. Suppose that Assumption 4 holds, and u;* is defined by (59) foralli = 0, --- ,n. Then

~ ;2.4 ~ ;2.42 ~
lug* = u (@) [|? < 22 (04| VOo(@e-1)||? + 02) + 2l - ||V (1)

~ (60)
207 [(©y + 1)[|[V®o(wi—1)]1? + o2].

IN

Proof. For simplicity, we denote u} := u(w;_1). For i = 0, we obviously have ||u§* — u}|* =

showing that (60) trivially holds.

)

Next, for ¢ € [n], using ui* from (59) and Young’s inequality twice in @ and @, we can derive that

g™ = w12 = 26| S5 VuHior ) (@1, ) 2
S22 LS [V ) (0, 45) — VaH (@, )]
+ 2RV M, )2
S 2SN [ Hor gy (1) — Vo H (@1, 07|+ 20 [, H (1, ) |2
© gig?

< Y (IVaH o () (Wi, u7) — VuH(@t—hUZF)HQ+2272m||v‘1’0(@t—1)||2-
By (13) from Assumption 4 and (5), we have
N N _ (13) ~
% Zj:l ||Vun<s>(j)(wt—1aU%k) - qu(wt—hU;)Hz < @uHVUH(wt,l,u;‘)HQ + 03
5 ~
20, Vo (@1)|I? + o2,

Combining the last two inequalities, and noting that 0 < ¢ < n, we obtain (60). O

Finally, we can prove the necessary bound for ||%; — ug(w;_1)||?. For simplicity of our proof, let us
denote ¢>*, (-) := —H () () (We-1, ) and again u} := ug(w;—1). By Assumption 4(a) and (b), it is
clear that gf’_tl (+) is pp-strongly convex and L,,-smooth. Let us consider the following the Bregman

. t
distance constructed from gf’_l:

Dy (u,a) = gy (u) — g;71(@) — (Vg (@), u — ). (61)

The following lemma is adapted from Theorems 2 and 3 in [5] with some modification.

12



Lemma 13. Suppose that Assumption 4 holds. Let u;* be defined by (59), {ugs’t)} be updated by
(27) at the s-th epoch for all i € [n], and Df’_tl be defined by (61). Then, it holds that

s Sx Nt S, Sx uA? =
[ul™? —ug*|? < (1 — ) &8 e |2 4 220 (@, + 1) V@o(@;-1) | + 2]

. , (62)
- (- *:J”)D:f1<u§i’?,us<@_1)>.
Consequently, at each epoch s, the following bound holds:
~(t e A\ 7 (1
8 = u(@e)|? < gy (1 222) " [y — (@) )
2L, H} -1 . ~
+ s [ 2520 (1= 22 ][0 + DIV o (@1-1)II* + 02].
If we update (27) by S epochs starting from ﬂét) = Uy_1 and output u; 1= ﬂ(;), then
~ ./~ e\ TS ||~ ./~
|l — ugy(we—1)]]* < (1+2,}hﬁt)s( — B gy — u(we—1) || (64)
+ 2o - [(© + D[V (@)|” + 7]
L n—1 1 + S—1 1 e\ TS
where C := [Zj=0 A 2pn 1) (1 Win ) } > s—0 [EESTIY-AE (1 — B )
Proof. By (27), using the definition of gisfl (+) above, and u$* defined by (59), we have
s,t s,t Ni 1 s s,t Nt 1 s s,t
ug ) = U(() )+ 123 1V H'n'(s)(j)(wt 1,U ; 1)) ’U,g) ) %ijl Vug;*tl(uéfl))
s,t + s,t
= ugfl) - Zvugz 1( E 1))
= (@) = 3T Vgl (0]) = ity — Vg ().
Using these expressions, for any ¢ € [n], we can show that
S, 5% s,t) S% it S, s,t
™ = P = 2 = w2, | = E(Vugl, (2)) = Vagly () ) —uit) - o
s, s,t
BVt D) — Va1
By the L-smoothness condition (12) of H; from Assumption 4, we have
IVugi s (™) = Vug? s (w)? < 2L D (uf, ). (66)

By the well-known three-point identity, see, e.g., [2], we have

s, s,t s, s,t S¥% s, s,t
<Vugz 1(U( ))—Vugz 1 (uy), U( 1)_% 1) = Dijl(u(‘ 1)7ui71)+Dijl(u£ 1)7ut)

— 11—

- fol( U

l

Substituting this inequality and (66) into (65), we can show that

ul™ — w2 < ul™D —ugt |12 — 22D (ul™D st ) + 2 DI (ugt )
L, s t
- 2%(1 - Znt)D:—tl(uz(‘g—l)v )

On the one hand, by the 1-strong-convexity of g, we have D (u Es ?, ui* ) > B |u; (s, t)

uf*,||>. On the other hand, by the L,-smoothness of g, we also have D} (us* 1,ut) <
LQ“ us*, — uf|]?. Using these bounds into the last inequality, we can show that
it il )t Ly
g™ =gl < (0= ) g = gt P+ Bty — g
217 Ly )t )t
- %(1 - nm)Dz‘s—1( 59 1)aut)

Combining this inequality and (60), we obtain (62).

Next, since 1 — “7‘ > 0and D', (u ES ?, u;) > 0, we obtain from (62) that

Hul(_s,t) _ uf*||2 < (1 _ Hf;rlﬁt)llu(s i) fi1||2 + 2n2Lu [(@u + 1)||V‘I’0(wt—1)||2 + Ui] . ﬁ?

13



By induction, rolling this inequality from 7 = 1 to n, we have

i — P < (1= 22 g™ — P

2L [(©, + 1)||VBo(@p—1) |2 + o2] - 7 - S0 (1 — Lzie)?,

n

(67)

Next, from (59) and (33), it is not hard to show that u; = u(w;—1) = prox,, j, (u;"). Furthermore,

=) _ (s5t)

by the second line of (27), we also have us~ = prox,, w(un). Since h is yuy,-strongly convex, by

(32) from Fact [ F;], we can show that

~(t w [~ s,t us* s,t us*
1@ — (@ )II? = [[pros,,, (ui™) = proxg,, (w2 < mrghee ™ — sl
Using this inequality, u (q’ ) = gt) 1> and ud* = uf = uf(wi_1), it follows from (67) that
A~ t % [~ + * (7
[ = (@)l < g (1 - 222)" 2, — (@)
2L, At n—1 fe \J ~
+ n(1+2:hﬁt) ) [Zj:o (1 - M;n )J] ) [(Gu + 1)HV‘I’O(wt71)H2 +Ui]»
which proves (63).

Next, rolling (63) from s = 1 to S, we have
”A(t)

AtnS,\t s/~
— g (@ )|? < iy (1= 222" [0 — w (@)

+ 2L“Cs . [(®u+1)HV‘I>Q(@,5_1)H2+0'3],

n—1 . 5-1 A \ 1S S ()
where Cs = [ 32720ty (1= #52) 1355 Tz (L= #5%) . Substituting iy =
U1 and uy 1= ﬂg) into the last mequallty, it proves (64). O

(c) Key bounds for the shuffling gradient descent scheme (28). We define the following quantity:
gt ‘= 1 Z;'Lfl VwHﬁ-(t)(j) (U)j(?l, Et) (68)
From the update of w )in (28), for any i € [n], we have

wit = wf) = L3 VaHaog) () ), (©9)

Then, it is obvious that wg) = w(() ) Nt G-

First, we bound A, := 2 377 Hw(f) (t) |2 for (28) to handle the upper-level problem (3).
Lemma 14. Suppose that Assumption 4 holds. Let {w( )} be generated by (28) such that w(t) :
Wy—_1. Then, if we choose 1y > 0 such that 1 — 3L%n? > 0, then

=15 [l — w2 < 230, + D02 | Vo (@—1)||? + 60302,

(70)
+ AL T — ug (D)
Let g; be defined by (68) and @ be defined by (2). Then, we have
lge = Vo H (@11, )| < Lo sl - wl?|? = L2,
IV H (@1, ) = Vo (We—1)[|* < LE e — g (@), (71
lge — Vo (we—1)]? < LEA+ L[y — uf(@e-1)|?
Proof. Utilizing (69) and Young’s inequality in @ and @ below, we can show that
|m9—w9w@?iﬁW§3ﬂvwmmmmﬁpmm2
< S|y [Vﬂwmw&me%wmﬂW S [0 (@)
i || 1 i1 [Vt gy (i1, ) = Vi Heco ) (g, @)] |
%) 32 m H LY [VwHﬁ—(t)(j)(IU(() ),ut) — VO (wi—1)] ||2 Sl m |V ®o(w;_1)]?
P DIV HVwHw(j)(wﬁv ) = VHao ) (wg ) H :
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Let us denote A, := 23"} wl” — w||> = L7 wl” — @,_1|*. Then, by (12) of
Assumption 4, we have

4 t ~ 2 (12) L2 t t
& X | VaHao g (@) 8) = VHao g (e )| < 5 5 gy —wg? | < L2,A
Next, by Young’s inequality again in @, w(() ) = wy—1, and (12) and (13) from Assumption 4, and the
fact that V, H (W1, ufy(Wi—1)) = VPo(wi—1) from (5), we can show that
~ ~ 2
Ty 1= 113 Ejo [VuPaon iy (w5 ) = V(i) |

221 [VuHao (w(() sut) = VHaw (w(()t)vuo wg)) H
(t)

2
+2”WHMM%MMM>VMWMMMW
(l

< 2 IV Hi (@1, u (1)) = Vi H(Dy—1, u (@e—1)) |2
202 i ~ o/~
+ =7 2 e — g (@e-1)|1?
a 3) ©) 2, 2n ~ 2 2
DL2[a; — wh(@1) |2 + 2[00 | VO (@) + 02 ].
Combining three 1nequa11tles above, we arrive at
;. 2 -
ey — w2 < SR iy — () |2 + 5 [0 [ VR0 () |? + 03]
: 2,2
+ 2|V (@) |2 + HEE A,
212902 |~ .~ in2 . .
= i — (@) P + S (2000 + )V @o(@-)|I
. 2,2
4 61 m 2 + 3Z'I;Lw77t At'
Averaging this inequality from¢ =0ton — 1, we get
A= 3 X ey — w2
< i Z [7““”% — (@) |2 + ZE (200, + )|V o(@r—1) ]
+ 1 Z [61 n; o2 2 4 3i- anm At]
2,2
2120 — up(Te1)|? + (30w + )R]V o(@r—1)||2 + 3nfol + 241 A,

NG i

IN

IN

. n(n—-1) 2 n—1 .2 _ n(n—1)(2n—1) 3
Here, we have used the facts that 37"} i = 5~ < Gand ) T it = m—p— <

Rearranging the last inequality, we obtain (70).
Finally, to prove (71), we proceed as follows. Using (68) and (12) from Assumption 4, we have

68 _ g2
gt — Vo H (@1, ) |2 S )Hl 1 [V Haw gy (w §)1,Ut)—Vwar(w(j)(wt—hut)w
~ ~ 2
< 7112]':1 HV Hao (jy(w §_)17Ut) _vafr(t)(j)(wét)aut)H
12 ;2
<Lesrul?) — w2,

which proves the first line of (71).
We also note that V&g (w;_1) = Z?Zl VuwHzw () (We—1,us(we—1)) due to (5). Using this expres-
sion, and (12) from Assumption 4, we can show that

VM (@1, 0) — V(@ 1)[|2 = || £ S0y [VaHa (@11, 10r) — Vi Ha (@1, uy(@-1))] ||

~ ~ 2
< LY 1HV Hi(Br—1, ) — Vo Hi (@1, 43 (@e—1)) |
(Z)L * 2 _ 120 e 2
= Tzz 1 e —ug(w—1)||* = Lyllug — ud(we—1)|%

which proves the second line of (71).
Similarly, combining (68), (5), and (12) from Assumption 4, we can show that

~ 68),(5) ~ ~ * 2
lg: — Vo (@—1)|I2 LV L S0 [VaHao gy (01, 0) = ViHao ) (@1, uh (@ 1>>]||
= %ijl vamw w1, ) = VAo () (@1, (@)
< A (L2l — @ |? + L2 — ud(@e-1)II?],
which proves the third line of (71). O
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Lemma 15. Suppose that Assumption 4 holds. Let {wgt)} be generated by (28), g; be defined by
(68), W be defined by (3), and G, be defined by (18). Then, we have

~ ~ 1-L ~ ~ 1-2L ~
Wo () < Wo(ti—1) — T2 |1y — @y | — 25 |G, (1) |2

- 9 (72)
+ %Hgt — V&o(we—1)l]*.

Proof. Let us denote w; := prox,, s (@t,l — ntvfbo(@t,l)). Then, from (18), we can easily show

that G,, (Wy—1) = %(@tq —@;). Therefore, we have V f (@) := 1, * ({Dt_l f@t) —Voy(wi—1) €

Of (). By the convexity of f, we have
f(@y) < f(we—1) + (Vf(W), Wy — wy—1)
= f(ﬁ;tfl) - <V¢o(@t71)>@t - ﬁjt71> - iH@t - ﬁ;t71||2-
Next, by the Lg,-smoothness of ® from (36), we have

g (@) < Do(@e—1) + (V@ (Tr_1), Ty — By—1) + 222 || @y — Ty—1 >

Adding the last two inequalities together and using ¥y (w) = f(w)+Po(w) from (3) and Wy — w1 =
—1:Gy, (Wy—1), we can derive

~ ~ —L + —~ ~ ~ +(2—L t ~
o (i) < Wo(i1) — e @, — @y |2 = Wo(@1) — 22520 |G, (@) (73)

Now, from (69), we have

g =L@ —wl) = Ll —w) = LY VuHaw gy (i, @), (74

n

Since w; = proxmf(w,(f)) from the second line of (28), we get V f(w;) := n; * (wa) — W) =
—g; —n; (W — W) € Of (0;). Hence, again by the convexity of f, we can deduce that

Fl@e) < (@) +(Vf (@), @ — @) = f(@") = (ge, We — D) — 5 (Wy — Wy, Wy — D)
= f(@") = {ge, W — @) — 5 [ — B [* + |0 — @*)* — [|0° — @e—a][*]

Again, by the Lg,-smoothness of ® from (36), we also have

Bo(wy) < Do(Wp1) + (VO(Wr_1), Wy — Wy_1) + 220 ||y — @1 %,
Bo(1_1) < Bo(@h) + (VO(Ty_1), Ty — D) + 220\, — w1 ||2.

Adding the last three inequalities together, and using ¥y (w) = f(w) 4+ ®o(w) from (3) and w; —
We—1 = =Gy, (Ws—1), we can prove that

~ —~ ~ ~ ~ 1-L ~ ~
Wo (@) < Wo(@') + (VPo(Tr—1) — ge, By — D) — 520 iy — 5,y |2
(I+Lagne) |~  ~ ~
. + g Wy — W | g H?
~ ~ 1—-L ~ ~
< Wo (@) + L[V (@r—1) — g5 |2 — TE20m) |5, — i,y |2

277t
1+L ~
+ 1t ) g g, )2,

[[we —

(75)

where we have used Young’s inequality in the last line @ as (V®q(w;—1) — g¢, Wy — @0') < L|lg, —
VOo(@e-1)* + 5 e — @[]

Finally, summing up (73) and (75) we arrive at

~ ~ 1-L ~ ~ 1-2L ~
Wo(@r) < Wo(dy-1) — Lg20 |1y — iy y||? — UL G (5, )2

+ Lllge — Vo (we—1)l?,

which proves (72). O
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C.2 Convergence of the semi-shuffling variant of Algorithm 2
We now prove the convergence of the semi-shuffling variant of Algorithm 2 using (26).

Lemma 16. Suppose that Assumptions 4 and 5 hold for (1). Let V be defined by (3) and G,, be
defined by (18). Let {(wW¢, U:)} be generated by the semi-shuffling variant of Algorithm 2 using (26).
For a fixed w > 0, suppose that we choose n, and 7, such that 1 — 3L%Unt2 >0and0 <7y < ﬁ,

and the following conditions hold:

{ 2La,m: + 2wLim2nt2 <1, 76)
1 2L, e\ S
EEET R (1- T )7 (1 +w+ w2620 + 202707 < w.
Then, the following bound holds:
Wo(@) + =i — w(@)]° < Wo(@en) + = —w (@)
— PGy (W) |P + [BL5,00 + L3, (304 + 1A -0,
where By := 1 — 2Lg,n; — 2L2 (30, + 1)Agn?.
Proof. First, combining (72) and the last line of (71), we can derive
Wo(T) < Wo(Tir) = PEEFRG (@ )P - gt B - Bt

L2 t ~ L2 ~ ~
+ 27? Z?:l ||w§21 - wt—1||2 + %”Ut - Uﬁ(wt—l)”Q-

Next, substituting (70) into (78), we can show that

~ ~ 1-2Lg ~ 1-Ls ~ ~
Vo (@) < Wo(@p—1) — 022G (5|2 — T2, — @y |2 + BL2 007

2
+ 2 (1 4+ AL ) [y — (@) + L2 (300 + 1)17} | Vo (@11
By (35) and Young’s inequality in @, for any s; > 0, we have

- - @ - - - -
[ — s (@)[? < (14 8ol — uf(@e—1)|2 + L2 fug (@) — ug (@e—1)|?
G5 ~ .~ 2 (14s)r? |~ ~ 2
< (T s)lfue — ug(we—1)|* + =2 [|we — we—a[]*

Multiplying this inequality by WLQ?‘ " for some w > 0 and adding the result to the last estimate yields

Ty = Wo(@e) + B |ay — (@)
~ 2 + ~ * (o
< Wo(We1) + B2 1+ w(l + s¢) + 4L202] T — u (@1

B 1-2L ~ 1-L ar? : D
OB, () [t S

+ L3,(30w + 1)} [[V®o (we—1)||* + 3L, n} o,
(58

) - L2n, ’ - - .~
< Wo(We-1) + 3ur5arms (1- 2LL:ﬁ,’f;' )1+ 0+ se) +4L% 07 w1 — uf(we—1) |

(1—2La,nt) ~ 1—L L2 k20, (14 _ _
— 2O |G ()| — [P — @Rt U ) s, — g,y |2

I

+ L§1(3®w + 1)77? qu)o(r[bt—l) H2 + 3L12u77}30-1%;
We need to choose the parameters 7, 7);, and s; such that

{ e (1 — 22ettse) 7 [] 4 (1 + ;) + 4L277] < w,

Ly+pm
1-Leyne WL? K20, (1+s¢) >0
Nt St =

2 2 2
wl, k7ny

1—Lagn: —wLimznf
1—Lagni—wL2k2n?"

wL2 k20?2
If 2Lg,n: + 2wL2Kk*n? < 1 as stated in the first line of (76), then we can choose s; := 2wL2 r%n?.
In this case, the second condition is satisfied, while the first condition becomes

The second condition leads to > S%’ or equivalently 0 < sy <

1 2Ly prrie \S 272,22 2,2
EEETIRE (1- Luj:;’;“) (1+w+2w?L2k%*7 +4L2n}) < w,
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which is exactly the second condition of (76).

By (20) from Assumption 5, we have

Ty 1= o(@r) + <52 i@, — u ()|
~ . ~ +(1—2La e ~
< Wo(Wy1) + Tu"nutfl — u (@) |2 — 22 )G ()2

+ L7, (30w + DA} (|Gn, (Wr-1) 1 + [3L%,0% + L7, (30w + 1) A1}

Rearranging this inequality, we prove (77). O

The following theorem, Theorem 7, is the full version of Theorem 2 in the main text, where the
learning rates 7, and 7);, and the numbers of epochs S and T are given explicitly.

Theorem 7. Suppose that Assumptions 1, 2, 4, and 5 hold for (1). Let W be defined by (3), and G,
be defined by (18). Let Cy and C., be two constants given as follows:

Co == 202 (30, + 1) and Ci :=L2(30, + 1)A1 + 31202 (79)

Let {(Ws, ut)} be generated by Algorithm 2 using the gradient ascent scheme (26), and fixed learning
ratesm, ;=1 > 0and n, :=1 € (0, ﬁ] such that for a fixed w > 0:

| My ( ) dppg Ly, \—1 . 1 1 1
S= | TP (un + ) ] and 0<n < mm{2m, Eyir QwLuH}, (80)
where M, (n) := = Jr (wL2 K2 4 2 )7} Then, the following estimate holds:
T ~ 2(Wo (wo) —¥g)+wLinl|a’ —ug (wo)|*
A ST Gy @ < L @] g e s

For a given € > 0, if we choose 1 1=

4\;2— for a fixed s € (0,1) satisfying (76), 7} € (()
and T := O(Z ), then 7 321G, (@,)||* < €.

T )

For a given 1) € (0 we denote By := ﬁ(uh + %) If we choose w = B%) and

o)

. 1 B
0<77<m1n{2\/c—074L% \/L2H2_£232L2 }7 (82)
then we have S =1, i.e. we only need to perform one iteration of the gradient ascent scheme (26).

Consequently, Algorithm 2 requires (9(6%) evaluations of V., H; and of V, H;, and O(e~3) evalua-
tions of prox,, r and of prox; j to achieve an e-stationary point wr of (1) computed by (19).

Proof of Theorem 7. Let us choose 7; := n such that 7 satisfies (80). Then, it is obv10us to

verify that 1 — 3Lwnt > 0and 2Lg,n: + 2wL2k2?n? < 1. Moreover, we have 7, = 1 < 4L¢

m=n< ﬁ < ﬁ’ andn; =7 < 2w[1/ —. Using these bounds, we can further lower bound
By :=1—2Lg,n: — 2L2(30,, + 1)A¢n? from Lemma 16 as

By > 1 —2M0L% (30, + 1)n?
1 _ 1 l . . .
Now, we need to choose 0 < n < N TWENCE Iy N o so that B; > 1 where C is given in

(79). Moreover, the second condition of (76) holds if

1 _ 2Lupun s
s (= TEED) S

A 2
& Sn(1+ ppf) = Sin (1 — 2ty > iy (14 L 4 (WL2R2 + 2022 )?).

w
14w+ (w2 L2 k2420202

Using the elementary facts —In(1 —7) > 7and 7 > In(1 + 7) > § forall 7 € (0,1/2], we can
show that the last inequality holds if

S (P‘h_i_LuHH)Z

1
+uH w



Simplifying this condition, we get
9 1 212
S > M (n )(,u + é‘iﬁH) . where M, (n) =1+ (wL2k*+ =22 )n?.
Clearly, this leads to the choice of S as in (80).

Let us define C,, := 3L2 02 + L2 (30,, + 1)A; as in (79). Then, (77) reduces to
w 2 ~ x [~
|t — s (@) ]|? < Wo(Br—1) + 252 Up—1 — ugy(Wr—1)||?
— Gy (@e—1)|* + Cu - 1.

Subtracting ¥ from both sides of this inequality, and averaging the result from¢ = Oto ¢ = 7', and
noting that Uy (wr) — ¥ > 0, we obtain (81).

\Ijo({u"t) _|_ u77

Without loss of generality, let us choose w := 1. We also choose 7] € (0 Then, we have

M,, =1+ (L2K? + 2L2)n? < 2. Moreover, from (80), we also have

S = [Ma b 2] < 5= Gl v 22455) | = o)

Ton)
’ L'U/+IL}L :

To achieve an e-stationary point of (3), from (81) we need to impose the following condition:

~ o 2150 0¥ (G0 ) |2 .
2[‘1’027;1)1)‘1’0] + Lyl T“0(1 o)l + 40111772 S i

If we choose 1) := \/7 for some s € (0, 1) satisfying (80), then the last inequality leads to

T w, 2 u —

T>T.— {32,/ S([I\IIOS(Q)S) Vil ALy I( 75@;(32110)H J =0(%).
Therefore, we can choose T := T = (’)(6’3). Since each iteration ¢, we run S epochs of the
shuffling scheme (26), the total number of evaluations of V,#,; is 7, := T x S x n. However,
since 1 < 8 < S = 0O(1), we get T,, :== O(ne3). The total number of evaluations of V., H; is
Tw = Tn = O(ne3) as stated.
Since each epoch ¢, Algorithm 2 requires one evaluation of prox,, ;, and S evaluations of prox,
but since S = O(1), the total number of prox,, ; evaluations is 7' = O(e~ 3), while the total number
of prox,, , evaluations is T'S = O(e~?). Overall, Algorithm 2 needs O(e~?) evaluations of both
prox,, r and prox; j.

Finally, to perform only one iteration the gradient ascent scheme (26) at each epoch ¢, we need to
choose w such that

M., 4pp Ly
Moln) (py, + ko)™ < g =1,

This condition leads to

Mo(n) = &+ (WL3R? + 220 ) < 2, + 122 ).
For a given 7 € (0, #W}, let us choose = := 7)(up + é’:iﬁ;) := By. Then, the last condition

Bg

VL2s24+2BZL2,°

becomes (L2k? + 2BZL?)n? < B2, or equivalently n < Combining this condition

and (80), we get (82), i.e.:

: 1 B 4pp Ly
0 < < min { NGy Ty 7 K2£232L2 } ., where By :=17(un + L#iuH)
Thus we have S = 1, i.e. we need to perform only one iteration of (26) per epoch t. O

C.3 Convergence of the full-shuffling variant of Algorithm 2 — The case S > 1

We can combine the results above to obtain the following lemma.

Lemma 17. Suppose that Assumptions 4 and 5 hold for (1), ¥ be defined by (3), and G,, be defined
by (18). Let {(wy, uy)} be generated by the full-shuffling variant ofAlgorithm 2 using (27). For a
fixed w > 0, assume that 1, and ), are chosen such that 1 — 3L% n? > 0 and

2L +2wLl?K%*n? <1,
{ Dot U (83)

Tz (1 - i) (1 4 4 22 L2202 4 402 7)) <
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Then, the following bound holds:
2 2
Wo(@r) + [y — i (@) < o(@r—1) + ZH2 T2 — uf (@1)||?
— w8\ G (@, 1)|? + [BL202 + L2,(30,, + DA,] - P (84)
3
+ %(1 +w+ 2w L2 K27 + AL n?) [Al(@ +1)+o ] Csmiiy,

where By := 1 — 2Lg,n; — 2L2 (30, + 1)Agn? — 22‘3‘ (1 +w + 202 L2Kk2nZ + AL2 2 )03 - Cs -

Ao(©y + 1) for Cg given in Lemma 13.

Proof. First, combining (78) and (70), we get
Wo(@) < Wo(@e1) = M52 Gy, () |2 = S @ — T | + 3L 0%
+ L (14 A1202) ([ — wd (@) |12 + L2,(30w + 1)nd|V0(@,—1)] 1>

By (35) and Young’s inequality in @, for any s; > 0, we have

- .~ @ ~ " 1

[ — ug(@)I* < (1 + sl — ui (@) [ + SEL lug (@) — w (@)
35) . ~ ~

< (14 so)lle — wg(@e—) |1 + EE22 @, — @y

Multiplying this inequality by = “n‘

can show that

for some w > 0 and adding the result to the last estimate, we

~ wL?ng 1~ o~
Ty o= Wo(@) + <552 [ — ug ()]

< Wo(wi-1) + “m (14 w(l 4 s¢) +4L207) |uy — ug(@e—1)|?

1-2L 1-L 2 k2
_om( - c1>(,7h) G, (1 D2 - [ 27;110711 _ (JJLuﬂzztt(l“!‘St)

+ L2304y + D)0} |[V®o (Wi 1) I + 3L 0o,

e — @y ]2

~ L3%n, fe\ S ~ f~
< \IIO(wt—l) + 2(1+27;leﬁt)s (1 - MI;I]W ) |:1 + LU( + St) + 4Lwnt} ||ut—1 - uO(wt—1)||2

(1—2La,n¢) " I ; .
- WHQW(U& 1)H2 _ [ 2n1:0”t _w un;;tt( St)

+L2 (30w + 1)} [[V®o(@,—1)||* + 3LE,nj o,
Ball 4 w(l + ) +4L202]m - Cs - [(©u + D[ Vo (@r—1)2 + 02].

]Hwt —{Et71||2

We need to choose the parameters 7;, 7, and s; such that

- (1—’””7’5) 1+wl+s) +4L2nf] <w

(1+2pn10t)°
1—Lagn: wL K nt(1+st)
2m - 2s¢ > 0.
1—L<I>07]t—wLuK ’77: 1 . wLifiQT]f
The second one leads to W Z 5.0 or equlValent]y 0< St S W If

2L, m: + 2wL2k?n? < 1 as stated in the first line of (83), then we can choose s; := 2wL2k?n?. In
this case, the second condition above holds, and the first condition becomes

(1+2plhﬁt)s (1 - M;Lﬁt )nS (1 +w+ 22 L2} + 4Lw77t) S w,
which is exactly the second line of (83).
By (20) from Assumption 5, we have
Ty = Wo(i) + 5 i, — u*(@,)]?
< Do) + L iy — (@) = 2O | G, (@)

+ L2 (304 + 1)Agn}|| Gy, (Wi—1)]1? + [ L202 + L2 (30, +1) Al]

+ B (L4 w+ 2P L2+ AL} - Cs - Ao(Ou + 1) |Gy, (@)

+ LT?(l + w4 2w L2 K202 + ALZ P )i} - Cs [Al(G) 1)+ O‘Z].
Rearranging this inequality, we prove (84). O
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The following theorem, Theorem 8, is the full version of Theorem 3 in the main text, where the
learning rates 7, and 7);, and the numbers of epochs S and 7" are given explicitly.

Theorem 8 (Strong convexity of H;). Suppose that Assumptions 1, 2, 4, and 5 hold for (1), and ‘H,;
is ppr-strongly concave with g > 0 for all i € [n], but h is only merely convex. Let ¥ be defined
by (3), and G, be defined by (18). We define C, and C., respectively as

Cyp = L2[(30, + 1)A1 +302] and C, := 7= [Al(@ +1)+o3]. (85)

2u

Let {(wy,uy)} be generated by Algorithm 2 using S epochs of shuffling routine (27), and fixed
learning rates n, :=n > 0 and 1)y := 1) such that

Si=|RI2| 0<n<q, and 0<i<7, (86)
where
n:i= min{4Lw\/2A10(@w+1)v 41}4,D ) ﬁ’ 2L1u,.;} and 1) := 2\/%. (87)
Then, the following bounds hold:
T S 1Ga(@) P < AT 2V Ll T @l 4 g(c,, + Cu ). (89)

For a given € > 0, if we choose both ) := O(e€) and 1) := O(€) satisfying (83) and T := O(e%) then
T —
77 Lo G (@) < €

Consequently, Algorithm 2 requires O( ) evaluations of V, H; and (9( ) evaluations of V., H,;

to achieve an e-stationary point wr of (1) computed by (19). This algorithm also requires O(e~3)
evaluations of prox,, ; and O(e*) evaluations of ProX, .

Proof of Theorem 8. Since 1y > 0 and pp, = 0, for Cg given in Lemma 13, it reduces to

Cs = [Z? " (1+2uhm) (1= 28 )'] - [ 205 oy (1= 222)™]
- T - ™

#Hm

A

In this case, we can lower bound B; from Lemma 17 as
By :=1-— 2L@077t —2L2 (30, + 1)Agn?
(1—|—w+2w2L2n n? —|—4Lw77t) -Cs - No(©, +1)
> 1- 2Lq,077t —2L2 (30, + 1)Agn? — ( +w+ 2wAL2 K207 + 4L2 07 )Ao(Oy + 1) - 1)

Since n; :=n € (0, 7] for 7 satisfyingi (87), we have n < 4L .M < 2L ,and n < 2L —. Moreover,
we choose w := 1 and 7}, := 1) € (0, 7)]. Hence, we can further lower bound B; as
By > L — 201230, + 1)p? — 2holalltetelan’) g 4 )72 39)

o
— 1 2A0L3,(3@w + 1 — Hel M) (g, )72

where M,, 1= 2wL2k2 4+ 2w — My = 20242 + 412 .
We can see that the second cond1t10n of (83) holds if
(1 — 222)"5 (2 4 Myn?) < 1,
& —nSln( - %) > 1In (2—|—M1n2).

Since ) < g7— and ) < 57—, we have M7 = (2L3r* 4+ 4L2)n* < 3. Using this relation, and
—1In(1 - T) 2 forr e (0, 1), the last condition holds if

~ In(7/2)
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Hence, we can choose S := LMJ as stated in (86).

HHT
The condition (89) holds if

By > 1~ 20012(30,, + 1)? — Tola®utl g

This condition shows that if we choose

O<77§4L+ and 0<n<n:= VAH

/2A0 (O +1) 2,/14A0 L3 (0, +1)’
then, from (89), we have B, > %. Due to (86), both conditions here are satisfied.

Next, let us define C, and C, as in (85), respectively, i.e.:

3
Cw = L2[(30, + 1)A; +302], and C, = =x

w

[A1(©, + 1) +02].

In this case, (84) reduces to

L2n

~ ~ ./~ ~ L2~ (=
o () + 252 e — ug (@) < Wo(Wi—1) + Z52 U1 — ug(@i—1) |

= Gy (@e-1)|1? + Cur® + Cui®n.

Subtracting ¥} from both sides of this inequality, and averaging the result from ¢ = 0 to 7', and
noting that Uy (wy) — ¥ > 0, we obtain (88).

To achieve an e-stationary point of (3), from (88), we need to impose the following condition:

2

2[Wo (wo)—¥] e
T

n(T+1)

2~0 ko~ N2
+ Lol ;iol(wﬂ)u + 2011)772 + 2Cu772 S

Since other terms are constant, if we choose 1 := O(¢) and 7) := O(e) such that they still satisfies
(86), then we can choose 1" := 0(6_3) to guarantee the last condition. Since each iteration ¢, we run
S epochs of the shuffling scheme (27), the total number of evaluations of V,H; is T, :=T x S X n.
However, we have S = L%J = O(e71), we get T,, := O(ne~*). The total number of evaluations
of VyH; is Ty := Tn = O(ne3) as stated.

Finally, since each epoch ¢, Algorithm 2 requires one evaluation of prox,, ¢, and S evaluations of
prox, 5, but since S = O(e™'), the total number of prox, ; evaluations is T = O(e~?), while
the total number of prox, ; evaluations is T'S = O(e~*). Overall, Algorithm 2 needs O(e™?)
evaluations of prox,, ; and O(e~*) evaluations of prox,, . O

Proof of Theorem 4. Since i, > 0 and gy = 0, for Cg given by Lemma 13, it reduces to

Cs = [Z320 trmpmn (1= 222)'] - [ 250 s (1 222)™]
5-1
= Zs:O (1+2uiﬁf,)~*‘+1 < 2#1@'

In this case, we can lower bound B; from Lemma 17 as in Theorem 3, i.e.:

B > 1 — 2Laym — 212 (30, + 1)Agn? — 25 (14 L2k2n2 4+ 20202 Ao(O, + 1) - 7,

N
We need to choose 7 as in Theorem 3. Since 7, = n € (0,7], we have n < ﬁ, n < i, and
n < ﬁ Alternatively, we also have 7j; := 7 € (0, 7]. Therefore, we can further lower bound B;
as B; > i as in Theorem 3.
Now, the second condition of (83) holds if

(1+ 2un)° > 2+ (2L2K2 + 4L2)rp?.

Using the fact that In(1 4 €) > & fore € (0,1/2) and (2L2x% 4+ 4L2)n? < 3, the last inequality
holds if 7S > In(7/2). Hence, we can choose S := L%J as stated in Theorem 4. The
remaining proof follows from Theorem 3. O
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C.4 Convergence of the full-shuffling variant of Algorithm 2 — The case S =1

In this subsection, we analyze the convergence of Algorithm 2 using only one epoch of the shuffling
gradient ascent scheme (27). In this case, by dropping the superscript s, the scheme (27) can be
simplified as follows:

(t)

Uy~ = at—la
Fori=1,2,--- ,n,update
= )+ BV Mooy (@1, 02y,

i
Uy = proxﬁth(ugf)),

(90)

where 7); > 0 is a given learning rate.

We divide our analysis into different tasks as follows.
C.4.1 Potential function and a technical lemma

One key step of our analysis is to construct an appropriate potential function. We exploit the ideas
from [3] to construct this function as follows.

For ¥ defined by (3) and £ given in (1), we consider the following potential function:
Va(w, u) := A[¥o(w) — ¥§] + Uo(w) — L(w, u), on

where A > 0 is a given parameter determined later. Since ¥o(w) > ¥} := inf,, Uo(w) and
Uo(w) = sup,, L(w,u) > L(w,u), it is obvious to see that Vy(w, u) > 0 for all (w,u) € dom (L).

Similar to (18), we consider the following gradient mappings for both (2) and (3), respectively:

éﬁt (ﬂt—l) = % (at—l — at), where at = prOXﬁth(ﬂt_l + ﬁtvu/H(@t_l, ﬂt_l)), (92)
gm (@tfl) = i (ﬁ]'t,l — ’l/l}t>7 where ’l/l}t = pI'OXntf (?I}itfl — nth)O(@t,l)).
We need the following result.
Lemma 18. Let U, and Qﬁt (Us—1) be defined by (92), and 1) be defined by (56). Then, we have
2 ||t — uf(We—1)[|* < (W1, Ue) — (W1, uf(W—1)). (93)
Ifo<n < ﬁ then we have
24 (o1, ) — (e, (@-1))] < (1= 22280 ) |Gy (G2 O%)

Proof. Since (W1, -) is py-strongly convex and uf(w;—1) := argmin(wy—1,u), for u; given
in (92), we easily obtain (93).
Next, using again the p.,;-strong convexity of ¢ (w;_1, -) and u§(w;,—1) := argmin ¢ (w,—1, u), for

Uy given in (92), by [6, Theorem 2.1.10], we have

2t [ (W1, Up) — Y(Wi—1, uf(We—1))] < [[Vutb (W1, a) |2 95)
where Vo, 1 (ws—1,Ut) = =V H(wi—1,u:) + VA(U;) € 0(Wr) = =V H(wWe—1,Ut) + Oh(Ty).
Now, for u; defined by (92), we have ﬁ—lt(ﬁt,l — ) + Vo H(Wi—1,us—1) € Oh(uy), leading to

Vutp(W—1,Ut) == %(at—l — ) + Vo H(wWi—1,up—1) — Vo H(Wi—1, ) € OY(Uy). (96)

Since —H(Ws—1,-) is Ly-smooth and upr-strongly convex, by [6, Theorem 2.1.12], we have

—(VuH(wi—1, 1) = Vo H(Wi—1, Ut ), U1 — Ug) > Lﬁf,fH [T —1 — |? ©7)
+ i IV H (@1, 1) = Vi H (W1, T ||
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Utilizing (96) and (97), we can show that

IVatp (@1, @) |1? = gzlliie—r — el + 2 (VuH (@1, Ue-1) — VaH(Dy-1, e), Ue—1 — )
+ [|[VuH (W1, Up—1) — Vo H(We—1, 0|2
% 1_ 2Luuyﬁt) ||7~Lt—1 . atuz

N3 Ly+pm
[V H (W1, U—1) — Vo H (W1, ) ||*.

IN

2
fe(Lutpm) 1)
Substituting this inequality into (95) and noting that 0 < 7y < ﬁ and C;fh (U—1) == n% (ﬂt,l _
1), we obtain (94). O

C.4.2 A key bound for the shuffling gradient descent scheme (28)

The following lemma bounds the difference £(w;—_1,u;) — L(wWs, Uy).

Lemma 19. Suppose that Assumptions 4 and 7 hold. Let L be defined by (1) and g; be defined by
(68). Then, we have

L 1,T) < L0, ) + Bllge — VoH (@1, ) |2 + ZEEGEL 15, — gy 2. 98)

Proof. From (68) and (69), we have

n t) ~ (69 ~ t t t
gt = %Zj:l Vu,?-lﬁm(j)(wg»,)l, ut) = n%(wt—l - w;)) = %(w(() ) w;))
Since w; = proxntf(wgf)) from the second line of (28), we have f/(w;) := n[l(wg) —wy) =

—gr — nt_l(@t — w¢—1) € Of (w;). Hence, by (30) from Assumption 7, we have

F@-1) < F(@) + (f/ (@), W1 — W) + Z By — D112

= F(@y) + (ge, Wy — Wy_1) + 2EEL1E

oWy — w1 ||

Next, by the L-smoothness of H from (12) of Assumption 4, we also have

wy — w1 ||

H(Wp—1, ) < H(Wp, ) — (Vi H (W1, U), Wy — Wy—1) + 5
Summing up the last two inequalities and using £(w, 4;) = f(w) + H(w,u;) — h(u) from (1) and
Young’s inequality in @, we can show that

L(W1,Ty) < L@, Ty) + g0 — Vi H(@r, ), By — By + ZHELLI0 5, — 5,y |12

o . e~
< L(w, ) + Llge — VaH (W1, 0)||* + WHU& — w1 |?,

which proves (98). O]

C.4.3 Key bounds for the shuffling gradient ascent scheme (27)

We also derive necessary bounds to analyze Algorithm 2 using the simplified version (90) of the
shuffling gradient ascent scheme (27). Let us define

ve = 2 Vo H oy (@1, ul). (99)
We establish the following two lemmas.

Lemma 20. Suppose that Assumption 4 holds for (1). Let {ugt) }f:% be generated by the simplified
version (90) of (27). Then, if we choose 1)y > 0 such that 1 — 3L%ﬁt >0, then

A= 230 — a2 < (304 + 20 - | VuH (i1, l)|? + 30202, (100)

T n

Let vy be defined by (99). Then, we also have

. - 2 n - ~
lve — VuH (@1, T-)|? < 2o S0 0l — G ||? = L2A,. (101)

n
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Proof. First, for simplicity of notation, we denote V,, H;_1 := V,H(@Ws—1,us—1). Then, from the
update of u( ) in (90), for any 7 € [n], we have

_ 0, ~ ¢
ul =l 4+ E Z; VaH o) (@1, ul?). (102)
J:
Using this expression and Young’s inequality in ® and @ below, we can show that

t t (102)
= u)2 & i ||12J L VaHopio gy (@1, 0l 1>|\2

D g 2.
S = nt H 1 I:V Hﬂ'(t) j)(wt 17U0 ) \% Ht 1] H 3 - ntz ||V Ht 1||2
+ 31 m Hl [V Hﬂ(t)(j)(wt 1,U§-)1) \Y ku)(]) Wy 1,u0 ]H

@
< v nt Hl [v H (t)(j)(wt 17“0 ) Vot 1]” 3Z nt ||V Hi 1”2

SZnt Zy 1”v Hﬂ(t)(])(wt 17% 1) v Hw<t)(])(wt huo ||

Now, we denote A, := 1 D ||u u0)||2 = ij_o Hu§-t> — @Uz—1||*. Then, by (12) from
Assumption 4, we have

i ~ ¢ — o2 42 2 t t
LS VMo (i (@1, 021) = Vo ) (@, ub)|* < 2 575 ) — g
< L2A,.

Next, by Young’s inequality again in @, u(()t) = Uy_1, and (14) from Assumption 4, and the fact that
VuHi—1 =V H(Wi—1,ut—1), we can show that

Ty = 13 0y [Vt gy (@1, 1)) = Vs o] ||
10) )
< 123 1||V Horeo (jy(Wi—1,Up—1) — qu({Etflaatfl))H2
(14)
< 20U VuH (We—1,u—1)|* + 02].

Combining the last three inequalities above, we can show that
ih2 ~ ~
! = ug”1? < P [Ou|VuH (@, T |2 + 0]
2 52 . - S 7252 A
+ 2 |V H (@, T || + 2 A,
L A2 ~
S (060 +) [V H(Tr, )+ 2 B A,

Averaging this inequality from¢ =0to7 =n — 1, we get

At — 1 E Hu(t) (t)H2
- 2 22 A
12 'L (0@, + )|V H (@1, T )||2 + 22062 4 SEuAA ]

(3eu+2)m . ||qu(wt717ut71)||2 %UQ + Lu”t A,.

IN

IN

. n(nfl) n—1 .2 _ n(n—1)(2n—1) 3
Here, Wehaveusedthefactsthatz 0 i = "5 < "7 and ) " i° = B e

Rearranging the last inequality and noting that 1 — BL“" > % we obtain (100).

Finally, using (99) and (12) from Assumption 4, we have

~ ~ 99 _ B )
||Ut _qu(wt717ut 1 |2 H 1 =1 [v Hﬂ'(i)(z (wt 1, U 5)1) v Hﬂ'(t)(l (’LUt 1, Ut— 1)]“
<5 Py 1HV Hﬂt’()(wt 1,U E )=V Hﬂt)()(wt 1, Ut—1) ||
(12) 2 )
< i Huiq — w17,

which proves (101). O]

Lemma 21. Suppose that Assumption 4 holds for (1). Let {ugt) i be generated by the simplified
version (90) of (27), 1 be defined by (56), vy be defined by (99), and _C';ﬁ be defined as in (92). Then

O(Wyo1, ) < Y(Wy1, Up1) — ﬁt[1+(ﬂh+N42H)ﬁt*Lu7§lt] ||Qﬁt (%—1)“2
_ (1—Ly"y)
274

o X T (103)
@y — W] + m”vt — VuH (W1, 1) ||
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Proof. Let us denote @ := proxg, ;, (Uy—1 + 7V H(W—1,U—1)) as in (92). Then, from (92),
we have ﬁtg}h (Ut—1) = Us—1 — U;. Moreover, we can show that VhA(u,) = %(ﬂhl — ﬂt) +
V,H(ﬂ)/t_l, ﬁt—l) S 3h(ﬂt)

By the p,-strong convexity of h, we have

h(u) < h(tp—1) + (Vh(Us), U — 1) — %Hat — w1 |)?

= h(Wi—1) + (VH(We—1,Us—1), U — Ug—1) — 22’%“@& — 1%

Next, by the L,,-smoothness of H(w;_1, -) from Assumption 4, we have
—H(wi—1,U;) < —H(Wi—1,U—1) — (Vo H(We—1,Up—1), Uy — Us—1) + %Hat — wa?

Summing up the last two inequalities and using both ¢(w;—1,u) := —H(Ws—1,u) + h(u) from (56)
and Uy — uy—1 = —1:Gy, (Us—1), we can show that

P( Wy, Ty) < YWy, Tyy) — EdLuld 7 g, |2

o A (104)
= (@1, Up) — PEHGRL | Gy (@),
Next, from (99) and (90), one can derive that
99) (90) ~
v = %22:1 VuHpio gy (@1, u ;t)l) = nlt( u® T = L (ug) —ugt)). (105)
Since u; = proxﬁth(ug)) from (90), we have Vh(u;) := %(ug) — ) = v — ﬁ—lt(ﬂt — 1) €
Oh(u;). Hence, again by the y,-strong convexity of i, we have
h(ty) < h(ty) + (Vh(Uy), U — Tp) — B[y — ]?
= h(ty) + (v, Uy — ) — ﬁ%@t — U1, Uy — Ug) — B ||up — |2
~ ~ ~ ~ ~ 1 fe) 1|~ ~
= h(te) + (ve, ue — U) — ﬁ”“t — - ? - %HU —w)* + zm [ — U1 |-

Again, by the L,-smoothness and p g -strong concavity of H(w;_1, -) from Assumption 4, we have

_H(’&;t—la at)

< —H(Wy—1, 1) — (VuH (W1, Up—1), Uy — Ug—1) + 2] — U1 )2,
~H (W1, Up-1) < ~H(@p—1,0s) = (VoH(@p—1,Us—1), U1 — Ur) — 5T — @y [|*.
Adding the last three inequalities together, and using ¢ (w;—1,u) = h(u) — H(Ws—1,u) from (56)
and Uy — uy—1 = —1:Gy, (U—1), we have

(@1, W) < (@1, Ty) = (Vo H( @y, Ter) — g, T — Gy — 520 i — T |2
_ fy 11~ ~ 1 A ~ ~
+ 1 é%ljnt Hut . Ut71||2 _( *‘2/:7!:770 Hut i ut”Q

@ ~ f ~ ~ 2 (A=Luhe) 1~ _ o~ 2 (106)
< @u(Ue) + gy Ve (W1, Ue—1) = ve]|* — 52 [y — U1 |

27)¢
+ Bl | G () |12,

where we have used Young’s inequality in the last line © as (V, H(Wi—1,Us—1) — v, Up — Uz) <

st I Vu (@, Gn) — ve® + HH [ — |2,

Finally, summing up (104) and (106), we get

Y(We—1, ) < P(We—1,Up—1) — %Wt —uy|? - MH(“””QHM"_LMA ||Qm (1)
+ o lve = VaH(@e-1, T-1) 1%,

which proves (103). O]
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C.4.4 Convergence analysis of the full-shuffling variant of Algorithm 2 — The case S = 1

To analyze the convergence of the full-shuffling variant of Algorithm 2, we need the following lemma.
Lemma 22. Let V) be defined by (91), V; := V) (Wy, uy), and g and v, be defined by (68) and (99),
respectively. Suppose that f satisfies (30) of Assumption 7. Then, the following bound holds:

(1- L“m)Hut—ut 1“

“[(14A\) Loy +Luw+Lsn

Vi—Vi1 < — T £l
()\+1)77t(1—2L<I) M¢)

- Gy (

@ — W1 ||* -

14 + L%
wt71)|‘2 _ e+ (pn MQH)Ut At) ||gm(ut71)”2
+ B | g — Vo (1) |2 + % llgr — Vo H (e, ) |

+ =V H (W1, Up—1) ||

(107)
ST 1Vt

Proof. From (91), if we denote V; := V) (wy, Ut ), then we have

Ve —Vic1 = A+ 1) [Wo(wy) — Wo(we—1)] + L(We—1,Up—1) — L(Wy, Uz)
= (A +1)[Wo(wy) — Wo(Wi—1)] + L(Wi—1,Up—1) — L(Wp—1, Us)
+ L(Wi—1,ut) — L(wy, Uy) (108)
=(A+1) [\Ilo(@t) — \Ilo(@t,l)] + L(Wi—1,us) — L(W, Uyt)
+ (W1, Us) — P(Wi—1,Us—1).

Next, from (72), we have

~ ~ +(1—2Lg n¢ ~ 1—Lane) || ~ ~
Wo(a@y) — Wo(iy—1) <~ )G (5, )||2 — Cptal) ) g, — i,y |2

” ) 2ne (109)
+ Hllge = Vo (we—1)]*.
From (98), we also have

L(W—1, ) — LBy, ) < %llge — VoM (@1, G)||? + ZEELEEDL |15, — @,y ||2. (110)

From (103), we can rewrite it as

G( @1, ) — (W1, Upy) < —2elblmdmm)hLune G (7, )12

+ WH% — VuH (W1, Up—1)|? (111)
Oz#”“t — U 1||2

Substituting (109), (110), and (111) into (108), we can derive that
V-V < 2 [(1+>\)§%+Lw+Lf]m Wy — wy—1||* — MH% — Uy ||?

Nt 21
_ (A+1)m(1 2L mt) G ( 12 — m(l-&-(uh-&-u;)ﬁt—lzuﬁt)|‘Qﬁt (W)

wtfl)

(A+1)ne VvV 2 n V. H(T ~\112
+ Hgt o(We—1)[I* + % llge wH (W1, )|
+ m”vt - VuH(@tfhﬂtfl)HQ,

which proves (107). O

Next, we further upper bound (107) from Lemma 22 as follows.

Lemma 23 Under the same condition as in Lemma 22, 1 — 3L2n? > 0, 1 — 3L%/? > 0, and

< LuﬂLH’ we have

Co 1.7 ~ 1—(L,,+3C1)7¢ ||~ ~ Cany ~
Vi = Vier S =gl — @ | = SEGRE iy — W |P = GG (@) P
— (uyCotiy — 340;,Zt) [¢(Wi—1, ) — Y(Wy—1,uf(We—1))] + Cani + Cs5n3,
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where C; fori =0,1,--- .5 are respectively given as follows:

Co = A—2—[(1+A)Lay, + Lo + Lf]n:,

Cy = LAA+1+4(N+2)L2n?],

A AoL? (30,+2)72 N
Co i= 1 — (Ly — piyp)is — W — 3C 1M1y,

Cs = (A + 1)(1 = 2Laymi) — 200(A + 2)L2,(30,, + D)2,
Cy = (A+2)L% [302 + A1(30,, + 1)],

C. — A1L2(30,+2)+3L2 02
5 2(1+pnie) ’

(113)

Proof. First, since 1 — 3qunf > 0, combining the last line of (71) and (70) of Lemma 14, we can
show that
~ D p2 n t t ~ o~
lge = V@o(@-1)[* < Z= 5 ey — wg” |2 + L[ — wg(@i-1)|2
o, 2,2 ~ k(s 2 2 2 2 (114)
< LZ(AL3n7 + 1)t — ug(we—1)||* + 6 L2 00 n;
+ 212,30y + LN} |[VPo(we—1)|*.

Similarly, from the first line of (71) and (70), we also have

lge = VH(@e—1, )| < ALZ, Linm? || — ug(@e-1)[|* + 6L, 05 n7

) ) _ ) (115)
+ 2L2 (30, + 1)n || VP (we—1)]*

Next, since 1 — 3L27); > 0, combining (100) and (101) of Lemma 20, and (29) from Assumption 6,
we have

v = VuH (W1, 0e-1)[|* < LZ(3Oy + 2)0F Vo H(Wi—1, U—1)||* + 3LZ 0277
AoL2(30y + 2)72(1Gs, (T—1)|| (116)
+ (A L2(30, +2) + 3L202)72.

Substituting (114), (115), and (116) into (107), and noting that ., := pp, 4+ pg > 0, we obtain

<
<

A=2—[(14A) Loy +Luw+Lelne g~  ~ —Lufe) 1~ o~
Vi = Vi < 22O e e 5, — g,y |2 — G i, — iy |2
A —2L ~ ~
— CESER G (15 2 4+ (0 +2) L3, (360 + 1) [ VB0
e - AoL2(30,4+2)72 1115 (~
— B [1 = (L — p)iy — 25220 Gy (1) |2 (117)

2
Bl (4O 4 2) L2 02 + A+ 1] [Ty — (@12

2 2.3 | [ML2(30,+2)+3L702]h}
+ 3(>‘ + 2)L11101unt + : 2(1+Mhﬁt) L.

Next, by Young’s inequality, (92), and (93), we can show that

e — w5 (@—)|2 < 3l — Tl + 31 — Gl + 3l — us (@)
o.0% s~ )
< 3l — Ga])® + 301G, ()|

+ g2 [ @1, ) — (@1, 0 (@r1))].

Substituting the last inequality and ||V ®q(w;—1)||* < Aol|Gy, (Wi—1)||* + A1 from (20) of Assump-
tion 5 into (117), we can derive that

A—2— [(1+)\)Lq>0 +Ly+Lysln:

Vi—Vio1 < — o @y — @y |[2 — A 2 |, — 3,y |2
— B[N+ 1)1 = 2Layne) — 280(A + 2) L7, (30w + )07 ] |Gy, (@e—1)[I?
— Gy, (e )II? + 2 [ (@1, Tap) — (W, u(De-1))] (118)

+ [BA+2)LL0% + A(A+2)L2 (30, + 1)]n}
[A1L2 (30, 4+2)+3L202 |72
2(1+pnne) ’

28



where Cy == L2 [4(A+2) L2 02+ A+1] and Cy := 1—(Ly,— 1 — o1 )l — %—wmmt

Finally, from (94), since 7, we also have

2
= Ly+pm’
G, )2 < = (1= Zstttie ) |Gy (i-1)II? < —2pa[(@r, ) = (o, (1))
Substituting this inequality into (118), we arrive at
V-V, < _)\—2—[(1+)\)§§t0+Lw+Lf]"7t Hm-gigwnﬂt . ﬁt71||2
= B[+ 1)(1 = 2Layne) — 2A0(A +2) L7, (30w + 1)1 ] |Gy, (@e—1) |12
— (nyCaty — ngft) [W(We—1,Ty) — Y(Wp—1, uf(Wi—1))]
2 2 2|53
£+ 2L 308 + Ay (30, + 1)]pi + LoD 8Ltk

which is exactly (112). O

[ — we1 || -

2(1+pnne) ’

Now, we are ready to prove the convergence of Algorithm 2 using only one epoch (i.e. S = 1) of the
shuffling routine (27). The following theorem is the full version of Theorem 5 in the main text.

Theorem 9. Suppose that Assumptions 1, 2, 4, 5, 6, and 7 hold for (1) under the (NC) setting. Let
W be defined by (3), and G,, be defined by (18). Let us denote C,, and C,, respectively by

Ch 1= BL2[A1(30, + 1)+ 302] and C, = L:[A1(30, +2) + 302]. (119)

Let {(wy, uy)} be generated by Algorithm 2 using only one epoch (i.e. S = 1) of the shuffling
routine (27), and fixed learning rates 0y == 1 € (0, 7] and 7 := 1) := 15K%n, where

7= min{ 1 1 2VI, VL., 1 }
' 605%Lu”  /10A0L2, (30, +1) " ry/15( 4L2+u¢)’ 156,/2L3 A0 (30, +2)+p3, " v thutly J7

Then, the following bound holds:

T+1 Zt 0 |Gy (w1)]1* < 2L¥o(Fo)— \PO]:?T[:I:%U)O) £(To:t0)] | 8Cwn* + % (120)

For a given ¢ > 0, if := O(e) € (0,77] and T := O (%), then TL—H Ztho Gy (@) )* < €2
Consequently, Algorithm 2 requires (9(6%) evaluations of both V., H; and V ,H;, and (9(673)

evaluations of prox,, ; and prox;, j, to achieve an e-stationary point wr of (1) computed by (19).

Proof Let us choose A := 3, n; :=n > 0and 7; := 7 > 0. First, we need to guarantee that
—3L2n?>>0and 1 —3L%H > 0in Theorem 23. Suppose that n < Then, since

Ly, = (14 k)L, > Ly, we have <

1
= L , which obviously guarantees that 1 — 3L2 n? > 0.

Moreover, for C; fori = 0,--- , 5 defined by (113), we can show that

Co :=1— (4Lgy + Ly + L)n > 0,

Cy = L2(4+20L2 %) < 5L2,

Cy = 1~ (Ly — )iy — 2BuBEODT 600072 > 1 — L — AgL2(30, + 2)i2 — 30L2ni?,
C3 := 4 —8Lg,n — 10A¢L2 (30, + 1)n? > 2[1 — 5A¢L2 (30, + 1)n?],

Cy == 5L [A1(30, + )+3a, | =Cu,

Cy = A1L2(30,42)+3L2 02 <c,.

2(1+pnn)

Now, suppose that

Lui <4 AgL2(30u +2)7% +30L2n0* < &, (Lu + 15L2n)0 < 1, 120
402;@77 >3Cyn, and 5A0L2 (30, + 1)n? < 3,
then we can easily show that Cy > %, C3>1,1— (L, +3Cin)5 >0, and py,Conj — 4u Cin > ),
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In this case, (112) reduces to
Ve < Vier = gl1Gy, (@1 |I” + Cun® + Cu®. (122)
By induction, we obtain (120) from (122) and V := 3[Uq(wo) — ¥§] + Yo (wo) — L(Wo, Uo).

2
From (121), let us choose 1) = %n = 15k2n with K := ﬁ—; Then, we can verify the five conditions

i
of (121) as follows.

o We have 4Cop 7 > i) = 15L7n > 3C17, which satisfies the fourth condition of (121).

e If n < 1, then the condition L, 7 < i in (121) holds. This condition also guarantees

60L, k2"
1-3L27% > 0.
1 o 2 2 1
o Ifn < NiTIERCT Y then the last condition 5A0 L7, (30, + 1)n* < 3 of (121) holds.

Ifn < \/% then the condition (L, + 15L2n)# < 1 of (121) holds.
K uTHY,

Finally, if n < )/E , then the second condition AOL%L(S@U + 2)772 +
15n\/2L3A0(3eu+2)+ufp

30L2nH* < 1 of (121) also holds.

Overall, we can conclude that if we choose i € (0, 7] as in Theorem 9, where

L 1 2v/TLy N 1 }
60r2Lu’ |\ /10A0L2, (30, +1)  r/16(4L2+u2)’ 15,€\/2Lgi\0(3@u+2)+%’ 4Lay+Luw+Ly J7

M= min{

then all the conditions in (121) are satisfied. In addition, since ug < L,, we have L, + pg < 2L,,.
Thus the condition 1) < z5-47— implies ) < ﬁ due to /) = 15K%7.

Finally, to achieve 1 S Gy (@)]% < €2, we impose

24[‘1’0(150)—‘1’8];231%%@0)—5(@0470)} + S(Cw + 1531,{60“)772 < €2,

If we choose 17 := O(e) € (0, 7] sufficiently small, and 7' := O(e~3), then the last condition holds.

At each epoch ¢, Algorithm 2 requires n evaluations of both V,,H; and V,H;. Therefore, the total
evaluation of V., H; and V ,H; is T. :=nT = O(ne’3). Similarly, since each epoch ¢, Algorithm 2
requires one evaluation of prox,, ,, and one evaluation of prox;, ,,, the total number of both prox,, ¢
and prox, , evaluations is T = O(e ™). O

D Details and Additional Results of Numerical Experiments

This section provides the details of our experiments in Section 5 and also adds more experiments
to illustrate our algorithms and compares them with two other methods. All the algorithms we
experiment in this paper are implemented in Python and are run on a MacBook Pro. 2.8GHz
Quad-Core Intel Core 17, 16Gb Memory.

D.1 Details of Numerical Experiments in Section 5

We have abbreviated Algorithm 1 by SGM in Figure 1. Since we have two options to construct

estimator Ff” for F'(w;_1 ), we name SGM-Option 1 for Algorithm 1 using (21), and SGM-Option
2 for Algorithm 1 using (22).

Implementation details and competitors. Since ¢o(v) = max|, |, <1{(v,u)} in our model (31) is
nonsmooth, we have implemented two other algorithms, SGD in [10] — a variant of the stochastic
gradient method for compositional minimization, and Prox-Linear in [11] — a type of the Gauss-
Newton method with variance-reduction using large mini-batches for compositional minimization.
Since SGD only works for smooth ¢, we have smoothed it as in our method, and utilized the estimator
and algorithm from [10], but also updated the smoothness parameter as in our method. Here, we only
compare the performance of all algorithms in terms of epochs (i.e. the number of data passes) and
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ignore their computational time since Prox-Linear becomes slower if p is getting large. This is due
to its expensive subproblem of evaluating the prox-linear operator.

To compare with SGD and Prox-Linear, we only use Algorithm 1 since both SGD and Prox-Linear
are designed to solve compositional minimization problems of the form (CO). However,
Prox-Linear requires to solve a nonsmooth convex subproblem to evaluate the prox-linear op-
erator. Therefore, we have implemented a first-order primal-dual scheme in [1] to evaluate this
operator, which we believe that it is an efficient method.

Parameter selection. To boost the performance of all algorithms, we implement mini-batch variants
of these methods instead of a single sample variant. Our batch size b is computed by b := Lkﬂbj , where
n is the number of data points and & is the number of blocks. In our experiments, we have also varied
the number of blocks £y, to observe the performance of these algorithms. Since we want to obtain good
performance, instead of using their theoretical learning rates, we have carefully tuned the learning rate
7 of all algorithms in a given set of candidates {100, 50, 10, 5, 1,0.5,0.1,0.05,0.01,0.001, 0.0001}.
We find p = 5 (i.e. n; = 10~%) for w8a and 1 = 100 (i.e. ; = 5 x 10~?) for revl which work well
for our method. We also update the smoothness parameter vy as y := W w.r.t. to the epoch
counter ¢ instead of fixing it at a small value. For w8a, we find n = 0.05 as a good learning rate for
both SGD and Prox-Linear. For revl, we get n = 0.5 for both algorithms. All experiments are run
up to 200 epochs.

The convergence of gradient mapping norm. Figure 1 only reveals the objective values of (31)
against the number of epochs. Figure 2 below shows the absolute norm of the gradient mapping
|G, (wy)]| for this experiment.

SVM - w8a: n = 49749, p = 300

SVM - revl: n = 20242, p = 47236

| SGM-Option 1

! SGM-Option 1
—— éggﬂ—Optmn 2 —h— SGM-COption 2
1014 —W— Prox Linear -
b x 10— —¥— Prox Linear
o g 10
-4
-2 | 3o 10

T T T T T T T T 2107 ‘ T T T T T T T
0 25 50 il 100 125 150 175 200 0 25 50 5 o0 125 1500 17s 0 200
Epochs Epochs

Figure 2: The performance of 4 algorithms for solving (31) in terms of gradient mapping norm.

It seems that both options, SGM-Option 1 and SGM-Option 2 are almost identical for this test.
For w8a, our methods look like having comparable performance with both SGD and Prox-Linear,
just slightly better. For revl, our methods reach a better approximate solution earlier than SGD, but
after more than 200 epochs, SGD tends to approach a similar accuracy level. Prox-Linear has a
significantly worse performance than ours and SGD in this particular experiment.

D.2 Additional Experiments

We provide additional experiments to test our algorithms and compare them with SGD and
Prox-Linear as in Section 5.

The effect of mini-batch size. Our first test is to verify if the mini-batch size b actually affects the
performance of these algorithms. We use the same datasets and the same parameters as in Section 5,
but reduce b by increasing k;, from 32 to 64 blocks. Figure 3 reveals the performance of 4 algorithms
on two datasets with k;, = 64: w8a corresponding to b = 777 and recvl corresponding to b = 316.

With this choice of mini-batches, our algorithms still have a similar performance as SGD, while
Prox-Linear does not really improve its performance, and slightly gets worse. Note that
Prox-Linear requires a large mini-batch to achieve a variance reduce, and decreasing this mini-batch
size indeed affects its performance.

Different learning rates. Now, let us test our algorithms using different learning rates, we only focus
on Option 2 as both options show similar results in our tests. For w8a, we choose 4 different learning
rates n = 0.5,2.5,5.0, and 7.5, while maintaining k;, = 64. For revl, we also choose 4 different
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SVM - w8a: n = 49749, p = 300 SVM - w8a: n = 49749, p = 300
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Figure 3: The performance of 4 algorithms on two different datasets with k;, = 64.

learning rates n = 25, 50, 100, and 125. The results of this experiment are plotted in Figure 4 for
both w8a and rcvl datasets.
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Figure 4: The performance of Algorithm 1 with 4 different learning rates 7 and k, = 64 on 2 datasets.

As we can see from Figure 4 that
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e For w8a, our method starts diverging when 1 = 7.5, while still works well for smaller
learning rates. For n = 0.25, it indeed has a slow progress in early iterations as often seen
in SGD.

e For revl, we also observe similar behaviors as in w8a, but with larger learning rates than
n = 125.

Large dataset. We have also run our algorithms and their competitors on a bigger dataset from
LIBSVM: url with n = 2,396, 130 and p = 3,231, 951. Here, we use a learning rate 7 = 1 for our
methods, which corresponds to 7; = 4.2 x 10~7. For SGD, we use a learning rate 7 = 0.01 and for
Prox-Linear, we use a learning rate 77 = 0.01 after tuning both methods. We also set k;, = 64 for
all algorithms. The results of this experiment are reported in Figure 5.

SVM - url: n = 2396130, p = 3231961 SVM - url: n = 2396130, p = 3231961
10° 4 SGM-Option 1 SGM-Option 1
—a— SGM-Option 2 100 4 —a— SGM-Option 2
- sGD —- scD
Gx 107" —¥— Prox Linear —%¥— Prox Linear

*

Objective Value
-

)
*

0 20 10 60 50 100 0 20 10 60 50 100
Epochs Epochs

Figure 5: The performance of 4 algorithms on a large dataset: url.

As we can see from Figure 5, our methods have a comparable performance with their competitors.
All algorithms have similar behavior in terms of convergence.
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