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sso. A Preliminary Knowledge

551 Definition 5. For a convex function h : R% — R whose domain is @ C R%, the Legendre conjugate
552 of h* : Q" — R is defined as:

h*(y) = sup {(¢',q) — h(¢)} = — inf {—(d',q) + ()},
'€ 7'€Q
Vge Q :=={qeR% : sup{(¢’.q) — 9(¢')} < oo}.
q'eQ
553 Remark 1. When h is strongly convex in R%, it is lower bounded and therefore Q* = R%.

554 Definition 6. The function h : R% — R is called closed if its epigraph on its domain Q is closed.

sss  Lemmad. Suppose h : R% — Ris I, 1-smooth and a,-strongly convex and its domain @ C R% is
556 convex, closed and non-empty.

557 1. If additionally Q = R%, the gradient mappings Vh and Vh* are inverse of each other
558 (I53)]); and h* : R% — R is O%h-smooth and lhll -strongly convex (Proposition 2.6 [3]).

559 2. If Q C R, h* is i-smooth (134)]) and and convex (Theorem 4.43 [30]).

se0 Lemma 5. Suppose h : R% — R is strongly convex on domain convex, closed and non-empty Q,
s6t h¢:R% — R s convex in q and d.. is finite, and {q € Q : h®(q) < 0} is non-empty.

562 1. The problem min ¢ {4c 0:he(q)<0} N(q) has a unique feasible solution.
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2. When linear independence constraint qualification (LICQ) condition additionally
holds for g¢, the corresponding Lagrange multiplier, i.e. solution to the problem
Max,, e mingeo h(y) + (u, h<(q)) is unique [63].

Lemma 6 (Lemma 3.1 in [8]; Lemma 2.11 in [54]). Suppose Q C R4 is convex, closed, and
nonempty. For any ¢ € R% and any ¢, € Q,

(Projo(q1) — g2, Projgo(q1) — q1) < 0. (20)

In this way, take q = q3 — ng for any q3 € Q, and denote ¢ = Projo(g3 — ng),

1
(9,08 —q2) < —5<q§r — 2,95 — q3). (21)

Lemma 7 (Theorem 3.10 [8]]). Suppose a differentiable function h is lj, 1 -smooth and o, -strongly
convex. Consider the constrained problem mingec o h(q) where Q is non-empty, closed and convex.

Projected Gradient Descent with n < ﬁ converges linearly to the unigue ¢* = arg minge g h(g):

| Projo(q" — nVh(g") — ¢*l| < (1 —an)?|l¢" — ¢*|| < (1 —am/2)|l¢" — q*|.  (22)

B Analysis of the Penalty-Based Lagrangian Reformulation

B.1 Proof of Lemmall]

Proof. According to Lemma E for any fixed x, there exist a unique u;(x) such that the primal

problem is g(z,y) + (1, (), g°(x,y)). This problem is a,-strongly convex with respect to y. This
oy is independent from x and therefore the quadratic growth in statement 1 can be concluded
following Theorem 2 in [35].

As g is strongly convex and continuous, and Y(x) is a closed set, there exists a unique solution Yg (x)

such that g(z,y;(z)) = v(z). f y # y;(v) and y € Y(z), g(x,y) > v(z), which completes the
proof of statement 2. O

B.2 Proof of Theorem[

Proof. We know from Lemmathat g(z,y) —v(x) > lly — y;(2)||* and g(x,y) = v(z) if and only
ify =y (z). This is a squared-distance bound following Definition 1 in [57]. Under Lipschitzness
of f(x,y) with respect to y, the e-approximate problem is equivalent to its penalty reformulation

f(x,y) +(g(z,y) — v(x)) (23)

min
(z,y)€{X xY:g°(2,y) <0}
with v = o(e~%5) following Theorems 1 and 2 in [57]. This is in equivalence to

%}}yg}n f@,y) +(g9(@,y) — v(z)). 24)

Suppose (zo,y0) € {X x Y : g°(z,y) < 0} being a solution to (23). Suppose for any = € X,
yp(r) € argmingey(q) f(z,y) + v(9(x,y) — v(x)). We know that for any z € X, y € Y (),

f(@o,0) +7(9(x0,90) — v(w0)) <f(x,yp(x)) +7(9(z, yp(2)) — v(z))
<f(@,y) +7(9(z,y) —v(z)).

This means any solution to @]) is a solution to (24). On the other hand, suppose zp € X, y}.(zo) €
Y(zo) is a solution to (24). We know that for any (x,y) € {X x YV : g°(z,y) < 0},

F(@o,yp(20)) +7(9(z0, yF (0)) — v(z0)) <f (@, yF(2)) +(g(z,yF(2)) —v(z))
< f(@y) +(9(z,y) - v(x)).
This means any solution to (24) is a solution to (23).

Besides, we know f(z,y) is [¢,1-smooth, g(z,y) is ag-strongly convex in y, by the definitions, we
know f(z,y) + v(g(z,y) — v(x)) is (yog — I,1)-strongly convex in y as

fl@oyn) +v(g9(z,91) —v(x)) = f(@,92) +v(9(2, y2) — v(2))
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=f(z,y1) — f(z,y2) + (92, y1) — g9(x, y2))

l
>(Vyf(x,y2),y1 — y2) — % [§

[0
ly1 — v2l? + Y (Vya(@,y2), 1 — y2) + '779”311 — Y2

g —1
TR s~ el ©5)

Moreover, according to Assumptionlglthe constraint g°(x, y) is convex in y, and miny ey, f(z,y) +
~v(g(x,y) — v(x)) is equivalent to its equivalent Lagrangian Dual Form

=(Vyf(x,y2) +vVyg(z,y2),y1 — y2) +

max min f(z,y) +v(g9(z,y) — v(@)) + (1, 9°(z,y)) (26)
HeRic yey

according to the Lagrangian Duality theory, as in Chapter 4 in [54]]. Therefore, can be recovered
to (2a) and this completes the proof. O

C Analysis of the Differentiability of Value Functions

Lemma 8 (Theorem 2.16 in [30]). Suppose h(x,y) is strongly convex in y and is Lipschitz with
respect to x, h°(x,y) is convex in y and is Lipschitz with respect to x, and both ) and {y € Y :
he(z,y) < 0} are non-empty, closed, and convex. For the problem min e rycy:pe(x,y)<0} M7, Y),
the unique solution y; (x) and unique Lagrange multiplier i} (), defined as

(yp (), py(2)) := arg max minh(z,y) + (u, h°(x,y)), 27)
[LERJ:E yeY

is Lipschitz in x. In other words, there exist Ly, > 0 that, for all x1,z5 € X,

(i (1) 1, (1)) = (s (22); g (22)) | < L1 — 2.
Remark 2. This also implies the Ly,-continuity of both y*(x) and p* ().

Remark 3. When h(z,y) = g(y), and h*(x,y) = ATy — x, the Lipschitzness of both y*(z) and
w*(z) in x holds automatically.

Lemma 9 (Theorem 4.24 in [6]). Consider the value function for the constrained problem

vp(x) = néii;lho(x,y) st hi(z,y) <0,i=1,...,1, (P,)
y

where Y is convex, closed, and non-empty. Denote (S(x), A(x)) as the solution sets for y and the
Lagrange multipliers (1, ..., pur):

I
S(x),A(r)) ;= argmin  ma ho(x,y) + ihi(x,y).
(S@),A@)) = argmin  max  ho(a,y) ;u (,9)
If the following conditions hold:

1. ho(z,-) is convex and the solution set S(x) is non-empty.

2. The directional regularity condition in a direction d, holds for all y € S(z).

3. For a sequence t, — 0, define the sequence x,, := © + t,d + O(ty,). If (P, ) is attained by
an O(ty,)-optimal solution sequence y,, with a limit point (in the strong topology) y € S(x).

Then vy (x) is Hadamard directionally differentiable at x in the direction d, and the directional
derivative can be written as

I
U;L(x7 d) = inf sup Vz (ho(l‘, y) + Zuzhl(l‘vy)> .

YES(@) (1. pr) €A () =1

Remark 4. When yj, iy = (15, 15 - - - » My, 1) are unique in S(z) and A(z), we have:

I
v (2, d) = Vo (ho(%y*) + Zu?hi(wvy*)> ~

i=1
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Before proving Lemma[2]and 3] we would like to introduce a more general form.

Lemma 10. Suppose Y and {y € Y : h®(x,y) < 0} are both non-empty, closed and convex, h(x,y)
is jointly smooth and strongly convex in y, h®(x,y) is convex in y, and both h(x,y) and h®(x,y) are
Lipschitz with respect to x.

vp(z) =minh(z,y) st h(z,y) <0
yey

is differentiable with
Vup(z) = Veh(z,yp,(2)) + (ph(2), h° (2, y5(2))),
where (y; (), p;. (x)) defined in are unique.

Proof. As h(x,y) being strongly convex in y, condition 1 in Lemmagis satisfied and the solution
sets are of singleton value (yj(x), uj;(2)) according to Lemma 5. Moreover, the smoothness of
f(x,y) guarantees Robinson’s constraint qualification [2]], which implies the directional regularity
condition for any direction d (Theorem 4.9. (ii) in [6]). Additionally, under the Lipschitzness of
h(z,y) and h°(z,y) with respect to x, y}:(x), u}, (x) are Lipschitz according to Lemma E This
guarantees Condition 2 in Lemma |9 can be satisfied for all directions d. Condition 3 is a direct
outcome from Lemma|8] This completes the proof. O

C.1 Proof of Lemmal[2]

Proof. The problem minycy g(z,y) s.t. g°(x,y) < 0 fits in the setting of Lemma @ by taking
h(z,y) = g(x,y) and he(z,y) = g°(x,y). Therefore the derivative (8] can be obtained accordingly.
Moreover, for any x1, 12 € X,

IVo(z1) = Vo(zs)||
=[1Vag(@1, yg(21)) + (g (1), Vag® (21, 55 (21))) = Vag(2a, ys(22))
— (g (w2), Vg (22, Y5 (22))) |

IV ager,y (1)) — Vaglaz, v (@)
1 (@0), Vg (2) — (1), Vg (25 (@) |
1), Vg @,y (22)) — (i (22), Vg ()|

(b)

<(lga + Bglge 1)([[o1 — 22| + llyg (x1) — yy (x2)|]) + Lge ol g (21) — py(z2)|

(c)

<((lg + Bglge,1)(1+ Lg) + lge o Lg) 21 — 2],
where (a) follows triangle inequality; (b) leverage on the Lipschitzness of Vg, ¢¢ and Vg¢¢, and
the upper bound for ||zz;(z)||; and (c) uses the Lipschitzness of y;(z) and py(z). As the bound

is loose due to the use of triangle inequality, we can conclude that v(x) is [, ;-smooth where
ly1 < (1+ Bg)(l + Lg)lg%l + lgC,OLg)- [

C.2 Proof of Lemmal3|

Proof. As~y > L1 we know f(z,y) +v(g(x,y) —v(x)) is (yay — l,1)-strongly convex by (23).

Qg

By strong duality,

Fy(z) = min fx,y) +v(g(z,y) —v(x))

s.t. g°(x,y) < 0.
Considering the smoothness of v(z) as presented in Lemma |Z, all assumptions in Lemma@ are
satisfied. Therefore the derivative (9) can be obtained. For any x1, 22 € X,
IVF (1) = VF(z2)]|

=[Vaf(zr,yr (1)) + 7 (Vag(@r, yp(21)) — Vo(@1)) + (e (1), Vag (21, Y5 (21)))
= Vaf (22, yp(22)) =7 (Vag (22, yp(22)) = Vo(2)) = (uFp(22), Vag® (22, yr(22))) ||

17



IV flar, v (1)) — Vuf o, yin(a)| + AV ager, yin(an)) — Vag(aa, yb(ea) |
Vo) — Vol + | (i (), Vag ey (@) — (1), Vag® (w2, yb(az)]
(), Vag (e yi(w2))) — i (w2), Vg (a, g (a2)]

()
<1 +9lg1 + Brlge 1) (|21 — 22|l + [lyF(21) — yp(@2)[]) + 7o
+ lge ollpp(z1) — pp(x2) ||

|21 — 22|

(c)
<((g1+g1 + Brlge1)(L+ Lp) + vl + lge o Lr)||lz1 — 22l

s43  where (a) follows triangle inequality; (b) leverage on the Lipschitzness of V f, Vg, ¢¢ and Vg°©,
44 and the upper bound for ||u}-(x)||; and (¢) uses the Lipschitzness of y.(z) and pj(x). As the
e45  bound is loose due to the use of triangle equality, we can conclude that F'(x) is [ g 1-smooth where
646 lp1 < (If1+7lg1+ Brlge1)(1+Lp)+7lp1 + e oLlp. O

sz D Convergence Analysis of the Main Result

e4s D.1 Proof of Theorem 12|
s49 Define the bias term b(x;) as
b(xt) =V EF(x) — gt
=(Vaf (@, yp (@) + 7 (Vag(@, yi(20) + Vo(ar) + (i (e), Vag© (@, yi(20)))

T T
- <fo(xt, Yih) + (Vzg(rﬂt,yﬁi) = Vaug(we,y,%) + ug;"t) + <M§F,Vmgc(xt,y§f;)>>-
650 In this way,

(a)
I6(z) | <Vaf (e, yily) — Vaf (e, yi(z)) |
+ v(llvwg(xt, YEe) = Vag(@e, yi (@) | + [Vag(ze, ygh) — Vag(we, yi (o))l + s — uZ(mt)ll)

N Vag (@, yph)) — (i (2e), Vag® (2o, yii)) |

+ [ (20), Vag (@1, y55)) — (i (1), Vag® (e, yi(20)))

®) . . T, . T, .
<lpallyrh — vr @)l + vUgallyrh — vi @Ol + loallyg — v (@l + g% — g (@)

Ly ol = 1 (@)l + Brlyeallyp, — v (@)
Z(lga +vlg1 + Brlge o) lyrh — v (@)l + lge oll g, — pi ()|
T, T, *
7 (o lygs = vy @)l + g’y =y ))

65t where (a) uses triangle inequality, (b) relies on Assumptionand Cauchy-Schwartz inequality, and
652 (c) is by rearrangement. Furthermore, according to Young’s inequality,

2
G2 <2 (g + g + Brlge o) 1555 — il + Loe ollF, — )

2 Ty * Ty * 2
+292 (gl — wall + lisgl — w501
=0(y’er +7%¢,).

653 According to Lemma E F,(x)is lp1-smooth in X'. The projection guarantees that ;1 and x; are
654 in X. In this way,

l
F(zi1) <F(z) + (VF(20), @41 — 30) + I;’l 41 — 4]

1
<F(x¢) + (9¢, Tep1 — o) + %th{-l —xe||* + (b(xh), T — 7, (28)
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where the second inequality is by <

Following lemmal6] we know that
1
(9t 211 — ) < _5||37t+1 - $t||2-
Plugging this back to (28),

1
F(xi41) <F(z¢) - 277||$t+1 —z|® + (b(2e), g1 — 30)

1 1
<F(x) — 277||$t+1 — x¢|* + nllb(x) |I” + @thﬂ — z?

1
=F(x;) — 477||$t+1 — x|+ nllb(z) |7,

where the second inequality is from Young’s inequality. Telescoping therefore gives

1T—1G 2<4F - 4T—1b ,
T;H (20| _ﬁ( (xg) — (-TT))‘FT;” (z2)]

=0(n'T™") + O(7?er + 7€)
=0(vT™" +7v’er + 7€)

where last equality comes from 7 = O(y~1). This completes the proof.

D.2 Proof of Theorem[3

In Algorithm |Z, with T} being sufficiently large, we are implementing an accelerated projected
gradient descent on —D(u). The following lemma presents the convergence analysis of such an
accelerated method on smooth and convex functions.

Lemma 11. Suppose h(-) is lj,,1-smooth, and there exist a unique ¢* = argmingec g h(q). Consider
the constrained problem mingecg h(q) where Q is non-empty, closed and convex. Accelerated
projected gradient descent algorithm as in and with step size n < ﬁ, initial value
d = q-1, '

t—1
Qe+3 =q + m(% —qi-1) (29)
qt+1 = Pron(Qt-{-% - th(qH_%)) (30)

fort=0,...,T —1will lead to

2
h —h(¢") < ——|lq0 — ¢*||*

Proof. Denote 0; = and

2
t+1°
1
Ut = Gr—1 + H*(Qt —qi-1)-
t
(29) can be reformulated as

Qe+l = (1= 0p1)qr + Or1uy.

In this way, we have

h(ge+1) — h(q") — (1 — Or41) (R(g) — h(g™))
=h(gt+1) = (Oe+1h(q") + (1 = Or41)h(qr))

(a)
<h(ges1) — h(Orp1q0" + (1 — Or1)qr)

=h(qi+1) = h(qpy 1) + Plarg ) — h(Oriaq”™ + (1 = Ori1)qn)

19



(b) 1 "
< <Vh‘(qt+%)a qt+1 — qt+%> + %HQHI 4l ”2 + <Vh(qt+%)7 qe+1 — (9t+1q +(1- 9t+1)Qt)>

" 1
=(Vh(qiy 1), @41 = (Be1¢" + (1= Or11)qe)) + %H%H — iyl 12
(c) 1 * 1 2
< - 5<Qt+1 = (019" + (1 = Or41)qt, G141 — Qt+%> + %H(hﬂ — 4l |

1 . 1
= H<9t+1ut+1 - 9t+1,u 79t+1ut+1 - 9t+1ut> + %||9t+1ut+1 - 9t+1ut||2
2

0
= ;;1 (lue = "1 = lluess — 1) ,

672 where (a) follows the convexity of h; (b) is by the smoothness of & and n < ~—, and the convexity
673 of h; and (c) follows from Lemma|§|as O:11¢* + (1 — O441)q; is a linear combmatlon of qi,q* € QO
674 andisin Q.

675 Rearranging gives

2 (M(ge+1) = h(q")) + = lluegr — ¢*|I> <(1 - ‘9t+1)92 (h(qe) — h(q")) + 5llue — ¢*||?
t+1 2 t+1 2

(h(ae) — h(a")) + 5 llue — "

IN

A
N2

(h(ar) = hla")' + 5l — " P

= R Ris

,\
=
|
N
=

IA

20 o) — hia™)) + & o — 07112 = o — 07

>
—

s76  where (d) is from - 99”1 < 9% (e) is the outcome of iteration, and (f) again uses the first inequality.
41

677 Additionally, as ug = qo, rearranging gives

h(gr) — h(q*) < sllao — ¥ 31)

2
n(T + 1)

678 This completes the proof. O
679 In this way, we are ready to proceed to the proof of Theorem 3]

680 Proof. To restate, for a fixed x, define

Lg(p,y) =g(2,y) + (11, 9°(, y)),
Lr(p,y) =f(z,y) +v(g(x,y) —v(x)) + (1, g°(2, y)),

681 and
D W) := min L 73
g( ) yGIJ/ g( 72»/)7
D W) := min L 1% .
F( ) yely F( 7y)

es2 D, and Dp are concave in p according to Lemma 2.58 in [54]. Moreover, L, (1, y) is og-strongly
e83 convex and (I +1ge 1)-smooth in y and Ly (p, y) is (yog — Ly 1)-strongly convex and (If,1 +~lg1+
684 lgc71)—sm00th in y. Therefore,
(s x) = inL
Yy () :=arg min (15 9),

Yr(p; ) ==argmin Lp(u,y)
yey
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are respectively O%g and Ta 1 I -Lipschitz to p (Theorem F.10 in [16]; Theorem 4.47 in [30]). In

this way, following Lemma [9] we have
VDg(p) =VuLg (1, yg(1152)) = g°(@, yg (1 ),
VDp(p) =V Lr(p: yp (7)) = 9°(2, yp (15 2))-
Additionally, g¢ is l4 o-Lipschitz by Assumption|l} in this way, for any p1, 12 € Ri“:
IVDy(p1) = VDo ()| =ll9°(2, yg (pr; 2)) — g°(2, yy (n2; )|

* * l <,0
Llge ollyy (p1; ) — ) (pos )| < 7‘; 1 — pa. (32)
9

and
IVDF(p1) = VDp(p2)l =ll9°(z, yp(p1;2)) — 9°(@, yr(p2; 2)) ||

* * l <,0
<lgeollyr (15 x) = yp(p2; o) < —==—u — poll.  (33)
yag =l

We can conclude that D, and D are respectively ljxﬁ and ‘Of - -smooth.
g 5

lye
yog—l
Fixing p1, 1, steps 4-|z are T, -step projected gradient descent on y with step size 74,1 < ﬁ
and g1 < i, e respectively for the two problems to have linear convergence according
’ g, 9=,

to Lemma IZ For T, = O(log(e; ")), we know [[ye11 — y; (ke 1:2)]| = O(ey) to solve (7). For
T, = O(log(ez")), we know [|y11 — Yi (114 1;7)| = Olep) to solve ().

The algorithm is, therefore, an accelerated projected gradient descent method on —Dg () and
—Dp(u), both of which are convex and smooth. By Lemma we can conclude the complexity is

O(e; %) for conducting on (7) to achieve

g
Dy(pg(x)) = Dy(pr,) < €9, (34)
and similarly, the complexity is 0(6}0‘5)

Dp(pp(x)) — Dp(pr,) < €p. (35)

for conducting on (5)) to achieve

Moreover, the problems

max Dg(p) and  max Dp(u)
neERGe neERGe

are respectively equivalent to the respective unconstrained problems with the Lagrange multipliers

max D, (p) := Dy(p) + Agpt and  max Dr(p) := Dp(u) + M\pp
HERe pERe

for some Ay, A\ being non-negative and finite in all dimension, i.e. 0 < Ay < 00,0 < Ap < o0, and
)\gT,u;(x) =0 and ALuh(z) =0, (36)

as Dy(u) and Dp(u) are both concave in y and p € R‘ic is equivalent to > 0. These properties
are well-known, see details in Chapter 4 in [54]]. The first-order stationary condition requires

VD, (1) = VDy(iy(x)) + Ag = 0 and VDp(ui(x) = VDp(up(r)) + A = 0 and
therefore

VD, (py(x)) = =Xy and VDp(up(z)) = —Ap. (37)

. * . dc
In this way, for all € B(y;(z); 04) N RS

[

Dy(pg(x)) = Dg(p) = [ (VDg(p+ 7(pug(x) — 1)), pg(x) — p)dr
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—(VDy(pg(x)), p — py(z))

(@ ! * * *
= | ol i) Prdr = (9D, ) = i)
® Cs, . .
O )+ (gt = 1 (2))
Cs .
> = (@)1,
where (a) uses (13)) and the fact that the p, u; (x) € B(u; ()30 ) NRY implies pA Ty () — ) €

B(py(w); 6 ) NIR%; (b) solves the integral and Ay, = —V Dy ( 5(z)); and (c) follows from the fact
that (A, uy () = 0 by the nature of the Lagrangian reformulated objective (Chapter 4 in [54]) and
s Ag > 0.

Analogously, for all i € B(p}.(z);6r) N Ric,

D (i) ~ D) >

i = e (@)%

In this way, for all €, < %69, when it achieves with complexity O(e; %) to solve (7),
e, — Hg(x)|* = Oley),

and [lyz, — v, (@)II° <llyr, — y; (ur,; )1 + [z, — py(2)]?

<(1/ag +1)llpz, — py@)|I* = Oley).

Similarly, for , forall e, < %69, the complexity to achieve (35) and
1 — i (@)|* = O(er),
and [lyry — yp(@)|1? <lyre — yp(ure: )12 + llpre — pp(@)]?

<(1/ar +1)|lpre — pp@)|* = Oler)
is O(e"?). This completes the proof. O
D.3 Proof of Theorem [4
In this section, we consider

9°(x,y) = gi(2) "y — g5(x) (38)

being affine in y, and )) = R%.

Therefore, for fixed x, take (7) and (3) as L(u,y) both fit into a special case of strongly-convex-
concave saddle point problems in the following form:
max min —hy(p) +y' Ap + ha(y). (39)
p,E]RdC yERd
For @), A = g§(z), ha(p) = g5(z) " is convex (linear) in p, and ha(y) = g(z,y) is a4-strongly

convex in y. For §), A = g§(z), h1(p) = g5(x) " p is convex (linear) in p, ho(y) = g(z,vy) is
yog — Ly 1-strongly convex in y.

In this way, we would like to show the effectiveness of the single-loop algorithm, Algorithm 2] without
acceleration and T, = 1, on the problems in , which is a general form to[7 and (5). In other
words, we are going to prove Theorem [7] which is a more general theorem to Theorem 4]

Theorem 7. Suppose L(u,y) is in the form of (39) where A is full rank in column, hy is concave and

Ik, ,1-smooth, hy is ap,-strongly convex and ly, 1-smooth satisfying lp, 1 = O(1), lp, 1,1 oz > 0(1),
h2 1

and = O(1). Conduct Algorithmwithout acceleration, T, =1, 1 = O(lh1 1) < lh, T T =
2

—1

Sor arbitrary small positive ¢ < (M(lhhl + ‘“a"(A))) ,

O(e) < ario® ()

= lny 1+0r2mx( LTS
yields output (pr, yr) such that
e = p** <€, and ys —y*||* < e

with complexity O(log(e™1)). Here, (1, y*) = arg max,cga. min, cpa, L(p,y).
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Remark 5. It emphasizes onlp, 1 = O(1), lpy1,la, > O(1), and 'i L =0(1) as lny 1, lay, X
when taking () as L(u,y).

2

Before proceeding, we would first look at D(u) as and conclude its smoothness and strong
concavity as in the following Lemma.

Lemma 12. Suppose h, is concave and lp,, 1-smooth, hs is ap,-strongly convex and l,, 1 -smooth,

and A is full column rank. In this way,

and is mm(
ha,

4)

D(p) = —ha(p) — ha(—Ap

Proof. Following Definition[5] we have
D(u) = —I(p) = ha(=Ap)

where 3 is

B -strongly convex and

For all p1, po,

—D(p1) —

where the first inequality follows the strong convexity of h5 and the fact that

(=D(p2)) =h3(—Ap1) —
(O Apn)
T 00— Ape

>(VD(u2), 1

D(p) defined in equals

);

2
-strongly concave and (I, 1 + U"‘;%(A))-smooth with respect to |i.
2

-smooth according to Lemma
ho

h3(=Apz) + hy(p1) — ha(p2)
l
A+ Ay + L Ay A
Urznin(A)
Tt
— p2) + LQ’”M — pa2|?.

(Vhi(pz2), 1 — pi2))

—hy is convex as hj is

concave. and the second inequality follows the chain rule to formulate V.D(uz). Therefore, —D(u)

mm(A)

is =pie=strongly convex, and D(p) is
ha,

Tnin(A)
lhg,1

Moreover D(p) is (Ip, 1 + G"#"(A))-smooth as
)

D(p1) —

D(uz) =

<(VD(p2), p1 — p2) +

<(

= hy(=Apm) -
9 — hy(—Aps)
0 — Aps

+ (=Vhi(pz), 1

(_

)

-strongly concave.

hy(—=Ap2)) — hi(p1) + hi(p2)

1/ay,
g — (A + L) gy ()P

lhyn
— ) + #HMI -

pz)?

1 — pa .

The first inequality holds as both k3 and h; are smooth. The second follows the chain rule.

Note omax(A) > omin(A) > 0 as A is full column rank. This completes the proof.

O

In this way, we are ready to proceed with the general convergence analysis to solve as L(p,y)
using Algorithm without acceleration and T, = 1, which is a single-loop algorithm.

Proof of Theorem|[7} We first look into the update of |y, —

Vhs (= Ape)-

Fixing p, define y;‘L := argmin, L(p,y). The first-order stationary optimality condition requires

VyL(p,y);) = 0,ie. Vha(yy) = —Apy. This implies y;;

and Vhj are the inverse of each other according to Lemma@

For a fixed p, the update rule y;4+1 = y; —

take 71 <

, we have

||yt+1 -

Vh;(—Alit)H <

= Vh3(—Apu:) because the mapping Vho

m VyL(pu, ye) is a gradient descent step for the objective
function L( ,ut7 ), which is also ay,-strongly convex and /5, 1-smooth to y. Following Lemma[

23

(1= man, /2)lly: —

Vhs (= Ap) |

(40)
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Following triangle inequality, we also have

lye+1 — VR (=Apera)||
yir1 — Vhs(—=Ap) || + [[Vhy (= Ape) — Vhs(—Apgr) |

* Omax A
<(1 = many/2)lye — Vhy(—Ap) | + Tmox(A)

12
where the second term in the last inequality comes from the smoothness of the conjugate function
according to Lemmal4]

| tbe1 — o] 41)

We then look into the update of ||zt441 — p¢|. According to Lemma|12]
D(u) = min —ha(u) + y" Ap+ haly) = —ha () — hy(—Ap)
Y Yy

2 2
is Zwinld) girongly concave and (5, 1 + %%(A))
12

f - -smooth with respect to x. Moreover, the problem
12,

max D(p),
ueRiC

is equivalent to the unconstrained problem with the Lagrange multiplier
max D(p) == D(u) + A p
pERe

where unique )\ is non-negative and finite in all dimension, i.e. 0 < A < oo, as D(u) is strongly

convex and p € Rﬂiﬁ is equivalent to i > 0. We know that f)(u) is smooth and strongly concave
with the same modulus as D(u). The first-order stationary condition requires

VD(u*) = VD(u*) + A =0. (42)
In this way,
1 1 .
—per1 — el = — {1t +n2(=Vhi(e) + A" Yes1)lgae — pell
T2 M2 +
(a)
<|| = Vhi(pe) + AT e |
=|| = Vha(u) + ATVRS(—Ape) + A+ ATy — ATVRS(—Ape) — M|
(b) -
<IVD ()|l + omax (A[ye+1 — VR (=Ape) || + |l
(c) - _
<[IVD(ue) = VD(")|| + omax (A) (1 = man, /2)|lye — Vhg(=Ap) || + Al
(@ 2 (A)

O
S (lhl,l + _max\*/
Qp

2

Mt = 1+ omax (A) (1 = mran, /2)[lys — VAo (=Apd) | + Al (43)

Inequality (a) comes from the non-expansiveness (1-Lipschitzness) of the projection operation, (b)
follows triangle inequality, (c) uses (2) and (0), and (d) comes from the smoothness of D ().
Now we are ready to find the bound of the update of ||p: — p*||.

Define an auxiliary update as

fur = e+ 12V D ()] gae = [pe + 12 (= Vi (pe) + ATVh%(—Aut))]Ric- (44)

This is a projected gradient descent on strongly convex —D(u). As Ri” is closed and convex,

following Lemmal(7| for e < o We have
(lhl,1+%
2
. o2 (A)
[ferr — pfl < (1= me—57— ) lwe — 17|
2lpy 0

As the real update is pry1 = [Mt + 02 (=Vhy () + ATyt)]Rdc, by the non-expansiveness (1-
+
Lipschitzness) of projection operation, we have

i1 — et || <m2AT (Yesr — VRS (—Apa)) || < 20max(A)|[ye1 — VRS (—Apy)||
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By triangle inequality and (40), we have

* Ur211in(A) * *
lprer —p*f| < {1 - T 1t = Il + M20max (A) [ye+1 — VR (—Ap)|
2
0-12nin(A) * *
<|1- 772ﬁ 1t — 1| + M20max (A) (L — man, /2)lye — Vhs(—Ape)]|- (45)
2,

For some positive p > 0, denote
Bii= pllpe = w7l + llye — Vha(=Ap)]- (46)
We know from (1)), (43), and (@3) that

Piy1 = pllperr — ¥l + lyer1 — Vhs (= Apgr) |

Ufnin(A) * *
<pl|1- UQﬁ [t — 1| + M20max (A) (1 — nan, /2)lye — VR (—Ap)||

+ (1 = man, /2)|lys — Vha (= Ap)||

Omax A O—znax A * *
# 7 (0 P2 sy ) 4 e (AL = a2~ V()] + 1N )
o2. (A 1 omax(A 01211ax A *
< (1-m el g ST, g T )
2,0 P oy Qhy
Ur2nax A * max A
(0= man/2) (14 praomd) + 222 ) g = a5 )+ T2 .

To construct Pry; < (1 —oP + Um‘“‘ 772||)\|| for some 0 < ¢ < 1, it is sufficient to find

M2 < —————— and > O such that
e ) TS
In]n(A) 1 Tmax(A) U?xxax(A) nun(A)
0<(1—77 e ))gl e

g

2
0<(1—man,/2) (1 + P20 max(A) + %ﬁ)mﬁz) < (1 =man,/2)(1+man,/2) <1
This can be obtained when
Alp, lo'max(A) mjx(A)

Pzii:zm4%v+‘ajﬁ
N1y 47

N2 < @

2(p0max(A)+ max >

4lp, max (4) O rnax
%(lhl 1+

Qhgy

(@7) can be obtained when € > 0 is sufficiently such that p = e~* > (A))

n = O(lhi,l) and 72 = O(;::i p~1) = O(e1). In this way,

9
Xh O min

P <(1—c¢)P + O(a,;le)
where ¢ > 0 is of the order O(¢). Iteration gives
P <(1=¢)'Py+ O(,)). (48)
Notice Py = O(e™!) as p = e~ *. In this way, there exist 71 = O(log(e~!)) such that for all ¢ > T,
(1 —¢)'Py = O(1) and accordingly
P =0(1), Vt>Ti. (49)
Moreover, as Py = €|y — p*[| + [lye — Vs (—=Ape) ||,
lgee — p*|| < ePp = O(e)7 vt > T7. (50)

Furthermore, choose 7; = O (- Iny ) satisfying 17 < T ,fort > T1,

lye = Vha(=Apyll <(1 - ThOéhz/?)”1 Hyn — Vhy(=Apm, )| + O(e). GDh
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Here 110, /2 = O(7=2) = O(1). In this way, for another T, = O(log (e !)) steps, we have:

lhg1
lye — Vhs(—=Apu)|| = O(e), (52)
and  [ly: — y*|| < llye — VR (=Ape) || + VRS (= Ape) — Vhs(—Ap®)|| (53)
* Ur2nax(A) *
< lye — Vhy(—=Ape)|| + THM — | 54
=0 (c+a;)e) =0(e) (55)

we can see that the algorithm converges linearly with complexity O(T; + T3) = O(log(e*)). In
this way, obtaining

lyr —y* > <e and | —p*|? <e, (56)

requires complexity 7' = O(log((1/€) ™)) = O(log(e™")). This completes the proof. O

E Applications to SVM model training

In this section, we provide further details about the SVM model training experiment for the linear
SVM model, including the problem formulation, and detailed results analysis.

E.1 Problem introduction

The SVM is a supervised machine learning model used for classification and regression tasks. It works
by finding the optimal hyperplane that separates data points of different classes with the maximum
margin. For the hard-margin SVM, misclassification is not tolerated. For the soft-margin SVM, the
violation of classification, £, is penalized to the training objective to consider misclassification. To
train an efficient soft-margin linear SVM, we are interested in the following constraint BLO problem

mcin Lp,,, (w*b") = Z exp (1 — lyat,i (zUTal,iw* +b%)) (57a)
(zval,islvai,i)€EDval
with w*, b*, £* = arg min ~||w|2 + = |c||2 (57b)
T w,b,€ 2 2
st li(zhw+b) >1-¢& Vie{l,...,|Dyl} (57¢)
& <a Vie{l,...,|Dul}. (57d)

The upper-level objective is a validation loss, and the lower level is to train SVM on the training
set Dy := {(2tri, ltri) thl"l with the soft margin upper bounded by c¢. The lower-level objective
function considers both maximizing the margin (minimizing ||w||?) and allowing violations to
the separating hyperplane &, controlled by the hyperparameter (and upper-level variable) c. The
idea behind the BLO formulation is to use the validation loss (upper-level objective) to tune the
hyperparameter c, while the model parameters (lower-level variables) should be optimal in the training
dataset.

E.2 Additional Experiments

In this section, we present the detailed experimental results for the SVM model training experiment
using our BLOCC algorithm in comparison with two baselines, LV-HBA [[69]] and GAM [67], both
are tailored for BLO problems with inequality coupled constraints.

We evaluate the proposed algorithms in two different datasets: diabetes [18] and fourclass [27]. The
detailed results are illustrated in Figure |, where we represent validation metrics in the left column
and test metrics in the right column. The metrics include both loss and accuracy, for both the diabetes
and fourclass datasets. Our algorithm is able to converge faster both in terms of accuracy and loss,
and it achieves a lower loss value than the alternatives for both datasets in both validation and test.

VT: Simply to showcase different things. They can be unified if we consider so.
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(a) Validation loss for the diabetes dataset. (b) Test loss for the diabetes dataset.
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(c) Validation accuracy for the diabetes dataset. (d) Test accuracy for the diabetes dataset.
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(e) Validation loss for the fourclass dataset. () Test loss for the fourclass dataset.

Figure 4: Results of the hyperparameter optimization experiment with an SVM model.

si7 F  Applications to Transportation Network Planning

s18 This section delves into applying the proposed algorithm to tackle a practical BLO problem in
819 transportation science.

s20 F.1 Problem introduction

g21  In this transportation network planning problem, we are to design a capacitated transportation network
g2 connecting a set S of stations [9)]. The network is designed to carry out passengers from a given
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origin o € S to a given destination d € S. For all the potential (o, d)-markets, we know the estimated
demand of passengers, who can choose rationally among A networks including our designed network
and the ones of our competitors’, considering their trip (dis)utility function that depends on factors
such as the price or the trip time [9].

Our goal is to maximize the operator’s benefit modeled by a utility function (upper-level objective)
knowing the passengers make the rational decisions on choosing the best route (lower-level objective)
considering the available options (coupled constraints). Specifically, the network designer must
determine the capacity for each link (¢, j) € A, where A denotes the proposed network topology
(A C S x S). The set K defines the markets between various origins o and destinations d, such that
(0,d) € K and K C S x S. The problem entails the joint optimization of construction and flow
variables, which are described below.

* z;; € RT: capacity constructed for the link (i, j) € A.

+ y° € [0, 1]: proportion of passengers from market (0,d) € K choosing the new network
for their travel. As we just consider 2 networks, the proportion of passengers choosing the
incumbent network is 1 — y°?.

. yOd € [0, 1]: proportion of passengers from market (0, d) € K using link (¢, j) € A for
thelr travel.

To be consistent with the rest of the manuscript, we use x to denote a tuple collecting all the
construction variables so that = represents the set of variables in the upper-level (associated with
the decisions of the operator). The feasible domain for z is X = R, Analogously, we use y to
denote a tuple collecting all the flow variables. Tuple y represents the variables for the lower-level
(associated with the passengers’ decisions). The feasible domain for 3 is Y = [0, 1]I x [0, 1]IAIIXI,

In addition to the optimization variables, our objective and constraints involve other state variables
and parameters:

+ w°?: total estimated demand (number of passengers) between nodes (o0, d) € K.

» m©°?: revenue obtained by the operator from a passenger in the market (o, d) € K.

* ¢;;: construction cost per passenger associated with link (i, j) € A.

* t;;: travel time for the link (7, j) € A.

o 24, travel time on the alternative network for passengers in the market (o, d) € K.

* wy: coefficient associated with the travel time on passengers’ utility function.

Now we are ready to introduce the objectives of our BLO problem. The network operator aims at
maximizing profits and minimizing costs. As a result we have that the objective to minimize is

min f(z,y)i=— | Y, m (@) — D eyay |, (58)
oy ¥(0.d)ek V(i) €A

where y°%* () are the passenger flows associated with the network design 2. Regarding the lower
level, for each transportation alternative and market, passengers aim to minimize the function

: . ,,0d
min g(, y) := wy*" (log (y** + Y w gty (59)
(i,5)€A
The second term represents the passenger’s disutility. The role of the negative entropy in the first
term is to ensure that decisions are made according to the so-called logit model [4]-[10]. This model

states that the probability that a passenger selects network n € N for market (o, d) is determined by
the logit distribution:

P(n|(07 d)) = od (60)
Zn’ EN e_un(li

where u2? represents the disutility of the best available path within network n € AN for market

(0,d) € K. For this study, we assume a scenario where: i) the disutility is given by the multiplication
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g3 of the sensitivity parameter w; and the travel time and ii) only one incumbent network exists, thus
se4 N consists of this incumbent network and the network under construction. Interestingly, it can be
g5  rigorously shown that the Karush-Kuhn-Tucker (KKT) conditions associated with of lead to the
se6  expression in (60); see a formal proof of this result in [31].

867 With these considerations in mind, we are ready to formulate our constrained BLO problem

iréi/_lg — Z meyod* 4 Z CijTij (61a)
(0,d)eK v(i,j)€EA
S.t.
(y"d*,yf]d*) = argmln Z w”y°(log (y°?) — 1) (61b)
(0,d)EK
+ Z wol(1 — y"d)(log(l - y"d) -1
(0,d)EK
+ Z Z dewtt”yw + Z wlw,td, (1 — y°d)
(0,d)eEK (i,j)€A (o,d)eX
S.t.
> wlydt <y V(i j) € A (61c)
V(0,d) €KX
y°? ifi=o
Syt — > =yt ifi=d Vi, (0,d) € S x K,
vjl(i,j)eA Vil(G,H) €A 0 otherwise
(61d)

ses where (61a) is the (operator’s) upper-level objective and is the (passengers ) lower-level
869 objective. Note that for the lower-level objective, we aggregated the terms in for all markets in K
g7o and the new and the alternative network, with the latter absorbing a fraction (1 — 3°%) of the demand.

871 We shift now attention to the constraints. The capacity constraint in is critical for our approach
g72  since it relates to the upper and lower-level variables. Notice that we have one constraint per link
873 and, in each of them |K| lower-level variables are involved. This implies that, even for medium-size
874 networks (with tens or hundreds of nodes), thousands of coupled constraints, each with thousands
g7s  of variables, will be present. In addition, represents flow conservation constraints: for every
876 market (o, d) € K, these constraints ensure that the total flow departing from the origin o equals the
g77  total flow for that market. Similarly, the total flow entering destination d matches the flow leaving the
g7s origin. For nodes that are neither the origin nor the destination of the market, the flow conservation
s7e must be zero. The number of these constraints, which only involve lower-level variables, is |S||K|,
8o scaling as a third-order polynomial with the number of nodes.

gst F.2 Experiment roadmap

gs2 In order to provide numerical results illustrating the behavior of our algorithm, we solve this opti-
883 mization problem in three scenarios:

884 1. the design of a 3-node simple synthetic network;

885 2. the design of a 9-node synthetic network that has been previously analyzed in the transporta-
886 tion literature; and,

887 3. the design of a (real-world) subway network for the city of Seville, Spain, with 24 nodes.

sss In the case of the 3-node network, we will conduct a comparative analysis against other algorithms to
ss9 evaluate the efficacy of our approach. Moving on to the 9-node and Seville networks, we will provide
890 insights into the performance and behavior of our algorithm under varying parameters, shedding light
so1  on the versatility and adaptability of our approach to real-world transportation networks.

go2  While one of the goals of these experiments was to compare our BLOCC algorithm against LV-HBA
893 [69] and GAM [67], for the scenario at hand, the GAM algorithm cannot be implemented, since the
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Figure 5: Negative upper-level objective

— f(x+,y:) evolution over time for a 3-node net-
work design problem for 10 random initializations
of the upper-level variables. The solid lines rep-

resent the mean value of — f(xy, yng’t) of the 10
realizations, and the shaded region is the + stan-
dard deviation. The dashed lines represent the
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Figure 6: Loss of optimality on the lower-level
optimization problem over time for a 3-node net-
work design problem g(x, y1) — g(x+, y; ), for 10
random initializations of the upper-level variables.
The solid lines represent the mean value of the
10 realizations, the dashed lines represent perfor-

mance of g(x, y;CFt) — g(x+,y7), and the shaded

region is the & standard deviation. Three different
~ values (red, purple, blue) are represented in our
algorithm, and fixed stepsize 7 = 1.6e — 4. The
orange color represents the loss of optimality on
the lower-level problem g(x+,y:) — g(a+, y; ) for
the LV-HBA algorithm.

mean value of — f(zy, ygFt) of the 10 realizations,
and the shaded region is the & standard deviation.
Three different « values (red, purple, blue) are
represented in our algorithm, and fixed stepsize
n = 1.6e—4. The orange color represents the evo-
lution of — f (x4, y;) for the LV-HBA algorithm.

inverse of a matrix at each iteration for the problem in is not tractable. In this way, we only
conducted the experiments using our BLOCC and LV-HBA.

Moreover, besides the fact that Theorem E and Theorem E guarantees that (zr, y?‘}) can be the
solution to the e-approximation problem, using yngT as output can better attain the lower-level

minimum y; (z7) as it solves (). In this way, we will presents both output using yffT and yngT

F.3 A 3-node network experiment

In this section, we solve the problem formulated in using a network with 3 nodes, 6 potential
links, and 6 markets. The state variable values for the simulation scenarios are available in the code
repository. Figure[5 illustrates the performance of both algorithms, showing computation time on
the horizontal axis and the upper-level objective value — f(z;, y;) on the vertical axis for 10 random
initializations. We analyze three instances of BLOCC with v € 2, 3,4 and a stepsize of n = 1.6e — 4.

The upper-level objective values are computed using — f (x4, ygft) and — f(z, y?’;)

Our algorithm converges to the local optimum faster than LV-HBA, which fails to reach this optimum
within the given time limit, resulting in a solution that does not satisfy the lower-level optimality

constraint (61b).

To better understand the results, we compare the main differences between BLOCC and LV-HBA:

1. In BLOCC, either using output y;ng or ygFT has a guarantee of attaining optimality at the
lower level, whereas in LV-HBA, the lower-level optimality can not be guaranteed, as shown
in Figure|[§]

2. As already mentioned, the LV-HBA algorithm requires a joint projection into {X x Y :
9°(x,y) < 0} at each iteration, so when there are a large number of upper variables (99 in
the presented scenario) and also a large number of constraints (24 in this simplified scenario),
the computational time required for this projection increases considerably. In contrast, in
BLOCG, it is only necessary to project onto X" at each iteration, which simply represents
box constraints and projection is straightforward.
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Figure 7: Negative upper-level objective

—f (24, y¢) evolution over time for a 9-node net-
work design problem for 10 random initializations
of the upper-level variables. The solid lines rep-

resent the mean value of — f (x4, y}’t) of the 10
realizations, and the shaded region is the £ stan-
dard deviation. The dashed lines represent the
mean value of — f (¢, y?@) of the 10 realizations,
and the shaded region is the + standard deviation.
Three different v values (red, purple, blue) are
represented in our algorithm, and fixed stepsize
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Figure 8: Negative upper-level objective
— f(x¢,y:) evolution over time for a metro net-
work design problem in the city of Seville, Spain,
for 2 different random initializations of the upper-
level variables. The solid lines represent the mean
value of — f (x4, ygjt) of the 2 realizations, and
the shaded region is the + standard deviation.
The dashed lines represent the mean value of
—f(ay, y?Ft) of the 2 realizations, and the shaded
region is the & standard deviation. Three different
v values (red, purple, blue) are represented in our
algorithm, and fixed stepsize n = 1.6e — 4.

F.4 A 9-node network experiment

In this case, we consider a network with |S| = 9 nodes and |.A| = 72 potential links, as well as
|K| = 72 markets. Figure [7 presents the obtained results for three different values of parameter
v € {2,3,4}, and stepsize n = 1.6e — 4. It depicts computational time on the horizontal axis, while

the evolution of — f(x, yngt) is provided on the vertical axis for 10 different random initializations of
the upper-level variables. As in the previous network, BLOCC algorithm is able to converge, with
different - values leading to different optimums.

As mentioned in the main paper (reference main paper section), this parameter influences on the
accuracy achieved regarding optimality at the lower-level for the variable yr. For higher values of
v, the optimality condition at the lower-level when solving the problem associated with (reference

algorithm 2) becomes more important in the objective function. Thus, the difference between yng;
and yg"; decreases for higher values of . Additionally, it can be seen how the best objective value
—f (x4, y;FJT (x)) is achieved for the highest value of +, as well as the accuracy on the optimality of

the lower-level problem for the solution of y?‘; increases.

F.5 Seville network experiment

In this section, we aim to demonstrate the validity of BLOCC by applying it to a real transportation
network design problem. Specifically, we address the design of a potential metro network in the city
of Seville. This network consists of |S| = 24 nodes and 552 possible links. However, we filter the set
of possible links according to two criteria:

1. The link between nodes (i,7) € S x S can only exist if node j is one of the 3 closest
neighbors to ¢, or vice versa, in terms of travel time.

2. The link between nodes (i,7) € S x S can only exist if the travel time ¢;; is less than 7
minutes.

Thus, the set of possible links is reduced to |.4| = 88 possible links. The proposed topology for the
network is shown in Figure@] We consider all possible markets between nodes, so || = 552.
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Figure 9: Topology of the Seville network.

studied in this section.
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