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Appendix

A Proof for Lemma 3

1. The statement follows readily from the following facts. Smoothness implies that if o+ < L%,

Algorithm 2 terminates. Therefore, it must be o™ > Lif

2. The lower bound in (8) follows readily from the established inequality o™ > Lif and o™ < vya.
Furthermore, it follows from the strong convexity of f that

F@*) 2 f@) + (VF@),o* —a)+ Zlla* — o

Therefore, a™ cannot exceed %, which together with o™ < v« proves the upper bound in (8).

3.Let us introduce the function f4(x) = f(z) + (d, z). Notice that f,; inherits the same smoothness
and (strong) convexity property of f. The termination condition in Algorithm 2 can be rewritten in
terms of f;(x) as following:

)
Ja(a™) < fa(z) + (Vfa(x), 2t —z) + 7a||x+ — x||%.
Using xt — 2 = d, the condition above reads
1)
fa(x —atd) < fa(z) —a™ (1 — 2) ]| (13)

Because of convexity of fg, if (13) holds for some o, then it holds for any a € [0, aF]. ]

B Proof of Theorem 4

We establish the proof under the weaker requirements on f; than what stated in Assumption 1 and
postulated in the theorem, namely each f; is assumed locally smooth and strongly convex.

Our first result determines the relationship between the values of the merit function (11) in two
consecutive iterations. We have the following.

Lemma 7. The update (D*, X*) — (Dk+1 X*+1) satisfies

VI =X - X+ (o) DY - D,
— X" = XFHY2 — (oF)?| DY — D3, (14)
+2a* <VF(Xk+1/2) — VF(X*),X* — Xk+1> .

Proof. See Appendix C.1. O
We proceed to bound the inner-product above in terms the X -sequence. Invoking the properties of
the backtracking (Lemma 8) and local strong convexity, we obtain the following.
Lemma 8. The following holds:
k+1/2 * * k+1 J k+1 k+1/2)2 Mk k+1/2 *12
VF(XFT/2) - VF(X), X = XFF) < Xt - X e,
where i is the local strong convexity constant of f; along the segment [X"”l/ 2 X*].

Proof. See Appendix C.2. O

Combining Lemma 7 and Lemma 8, we obtain the following.
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gos Lemma9. Foranyc < 1/2and {~* > 1}, it holds:
VL < ka _ X*H2 n (ak)QHDk — D%,
k+1/2 N
— pFak | X2 - x| 2 (15)

—~ — 2
- <Xk, (I - W)X’“> — (ak)? Hc(] W) (VF(Xk+1/2) + D’“) HM .
gog Proof. See Appendix C.3. O

k_k
s10  To achieve contraction in (15) we split the aiding term —p*a* ||X],:+1/2 X2 = A HXﬁH/2 -
k _k
g1 X*|? — £ ||X],z+1/ ? — X*||? and use each to control primal and dual errors, as detailed next.

g2 Define A := ¢(I — W) for notational convenience. Using the definitions of 7* and g* as given in
g13  (10) and (9), respectively, the following lemma allows one to control the last two terms in (15) via

koK k+1/2
sra L0 X2 X2,

s15 Lemma 10. For any c < 1/2 and {r* > 1}, it holds:

Hkak k+1/2 *1|2 k k k\2 k+1/2 &

— Eo X2 - X2 — (X, AXE) — (ab)? |4 (V) £ DR) |
2 B (gF[L =72 T\ 2( kN2 k *\ 112 (10

< —max | ()7, 5 (1= A(W))*(a®)7[(D" — D7) I3
st6  Proof. See Appendix C.4. O
It remains to control || X* — X*H2 using “k;‘k |XEH/2 _ X+, Noting
XEHL/2 = (1 — A)XF and X* = (I — A)X*,
817 the term ||X**+1/2 — X*||2 can be lower bounded as

IXEFL2 = X2 > (1= o1 = A (W) XF — X, (17)

s18  Using in (9) the bounds derived in Lemma 10 and (17) yields
Vk’+1

< (1_Mkak(1_c(1_

<12
X ||17c(17W)

)\n(W)))2> ka _
2

kak k 77,.k 2 .
+(1max(<rk>2,“ SAt M)cz(lAz(W))Q)(a’“)QD’“D*II?u

< (1 — min [Mkak (1 — C(l — An(W)))QJnax ((Tk)2, :u’kak(gk[l B Tk]+)2> 02(1 _ )\2(W))2‘|>

2 2
BN 2
X max 1,( @ )
Qp—1

st9  This proves (12).

x VE.

(18)

g20 Since f;’s are assumed to be only locally smooth and strongly convex, it remains to show that the
21 sequence generated by the algorithm is bounded. This is proved below under the condition r* > r,
g2 for some r. Notice that if the f; are globally smooth and strongly convex, boundedness of the iterates
823 is granted with no extra conditions.

g2« Lemma 11. In the setting above, further assume that vy, > r, for some r > 0. Then, sequence
25 {X* D"} generated by Algorithm 1 is bounded.
s26 Proof. See Appendix D. O

g2z This completes the proof of 4. O
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C Proof of the Intermediate Results in Appendix B

C.1 Proof of Lemma 7

From the update of X**1 and the facts D**! — D* € span(I — W) and X* € nul1(I — W), we
have:

<Dk+1 o D*, Xk+l o X*>

_ <Dk:+1 o D*7Xk _ akVF(Xk+1/2) _ aka-‘rl _ X*>

19
— <Dk+1 —D* okt (I — W)T (D* — D*) + ofD* — aka+1> )

:ak <D]€+1 _ D*,Dk+1 _ Dk}>M .

Using the equality above, we can write

ak <Xk ~ X, VR(Xk/2) - VF(X*)>
1
=a* <xk — X*, — (XF - XF) - DR D*>
(e%
—_ <Xk _ X.*7Xk _ Xk+1> _ ak <Dk‘+l _ D*7Xk _ X*>
<Xk o X*,Xk _ Xk+1> + O[k <D/€+1 _ D*,Xk+1 o Xk> o ak: <Dk+l o D*,Xk+1 o X*>
— <Xk _ X*7Xk _ Xk+1> + O[k <Dk‘+1 _ D*’Xk+1 _ Xk> _ (O{k)2 <Dk+1 _ D*,DkJrl _ Dk>M
(X! =DM — X* 4+ o*D* XF — XFH) — (oF)? (D" — D*, D" — D)
_ <Xk+1 _ X* + akVF(Xk+1/2) _ O[kVF(X*>,Xk o Xk+1> _ (ak)Q <Dk+1 o D*,Dk+1 o Dk>1w
= (XM= X, XE - XFH) 4 ok (TR(XFH/) - TR(X7), XE - XM

o (ak)Q <Dk+1 . D*, Dk+1 . Dk>]\/[ ,

where the first and fifth equations follow from the update of X**! while in the third equation we

used (19).

Finally, rearranging the terms above, yields

— 2a* <VF(Xk+1/2) — VF(X*),X* — Xk+1>

(20)
—9 <Xk+1 _ X*, Xk: _ Xk+1> _ 2(ak)2 <Dk+1 _ D*,Dk+1 o Dk>]\/[ )
The final result (14) follows from (20) and 2 (a, b) = ||a + b||? — ||a||*> — ||b]|>. O
C.2  Proof for Lemma 8
Define
D(X) = F(X) + (D", X), 21

where (D*, X*) is a fixed-point of Algorithm 1,
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sa0  Using the definition of D(X) and the fact that VF(X*) +D* = 0, (VF(X*+1/2) - VF(X*), X* —
a1 XF*1) can be bounded as

<VF(X’“+1/2) _ V(X)X — Xk+1> - <VD(Xk+1/2),X* - X’“+1>
_ <VD(X’“+1/2), X* — Xk+1/2> _ <VD(XI€+1/2)7XI€+1 . Xk+1/2>
k
SD(X*) _ D(xk+1/2) _ <VD(Xk+1/2)7Xk+1 _ Xk+1/2> _ %||Xz+1/2 _ X*”Q
k
<D(XF+1) - D(XkJrl/Z) _ <VD(X""H/2) Xk+1 _ Xk+1/2> _ u—HXﬁ“/Q _ X2
< ; )
1
:D(Xk+1) _ (D(Xk+1/2) n <VD(Xk+1/2)7Xk+1 _ Xk+1/2> + o HXk+1 _ Xk+1/2|2)
é M\~ k+1/2
Xk+l _ xk+1/2)2 _ Hyx +1/ _X*|2
+ ozl 2 - Lix; [
. ) .
:F(Xk-i-l) _ <F(Xk+1/2) + <VF(Xk+1/2)7Xk+1 _ Xk+1/2> + % ||Xk+1 _ Xk+1/2|2>
K k
+ HXkJrl _ Xk:+1/2||2 _ %HX’ZH/Q — X

20k

) k
<o lIXEH - XRZ 2 B X,

sz where the first inequality follow from the the strong convexity of D(X) on the segment [X*+1/2 X*];
843 and in the last inequality we used the algorithm update. g

s4a  C.3 Proof for Lemma 9

845 Uniting Lemma 7 and Lemma 8, we can write

Vk—i—l < HXk _ X*HQ + (ak)ZHDk _ D*H?M
SUACH >R Sl

(22)
— (1 =8) (JIX* = XM12 + (oF)?|DF — DF3)
6 (JXEH = X2 X - X2 - (0F)2|DR - DR, ).
s46  Consider the first and second term:
DOEES SR o St
:(Oék)Q (”Dk—!—l/QHZ . HDk—H/Q + %(I _ W)XkHQ)
= — [le(I = W)X*|[2 = ok (VD12 o(1 - W)X¥) 23)

= Jle(I — W)XF|? - ok <VD’f+1/2, (I - W)X’f>

=~ |le(I — W)XE|? + of <(c(1 W) - I) (VF(X‘““/?) + D’“) ce(l — W)Xk> .
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847 Proceeding with ||[D* — D*+1||2  we have
— (a*)?|D" — D*3,
= — (@M = elf = W) (VE(X*Y/2) 4 DV) 4+ (1 = W)X* |3,
== |le(r — W)X¥ |13,
+a*(Me(I — W) (VF(Xk+1/2) + Dk) Le(I — W)X

— (*2lle(I = W) (VVF(XE1/2) 4 DV) |,

— 2
= ||etr = W)x*|
M (24)
+a <(I - W)) (VF(Xk+1/2) + D’“) ce(l — W)X’“>
— 2
kN2 _ k+1/2 k H
(o) HC(I W) (VF(X*+1/2) + D) y
— 2 —
=|letr - W)X’“H (X" (1= W) X*)
+aF <(I (I — ’VT/)) (FV(X’““/Q) + Dk) Le(l — W)Xk>
— 2
(kN2 _ k+1/2 k H
(@")?||er = W) (VE(XE/2) DY) |
sas  where last two equalities follow from the definition of M = ¢~ (I — W)T - I
g49  Summing (23) and (24), we obtain
HX/H—I . Xk+1/2||2 o ”Xk o Xk+1H2 _ (ak)2HDk _ Dk+1||?w
— — 2
—— (X5, (1= W) X*) = (ah)?| o1 = W) (VP(X*+1/2) + D) HM .
gso The proof follows readily from the above equality, (22), and setting 6 = 1. (]

g5t C.4 Proof for Lemma 10
g2 To obtain decrease for dual variable, we should consider two estimates.

853 1. Firstly, using the definition of r*, we can bound the last two terms in (15) as

(X, AXK) + ()2 ]|4 (VEOE/2) £ DH)[| 2 (a2 (492 4D — D) .

(25)
854 2. Using again the definition of r* and the reverse triangle inequality we have
[ ADF — D*)|[ar > HA (VF(Xk+1/2) + Dk) HM
> | A(D* ~ D) las — ||4 (VX2 - Px)|
855 Therefore,
|4 (P2 - Fx) | = 1=l [ ADF - D) s
> ([L = ral+) (1 = Ao(W) [D* = D*|[ar.

856 Using the definition of gj, yields

[XFH2 X2 > (941 = r*]5)% (0)? | ADY — D)3, (26)

857 The desired expression (16) follows combining (25) and (26).
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D Proof of Lemma 11

According to Lemma 9, we have the following inequality:
VI <X - X7+ (@) DF - D,

= (XA = WXE) = (@2 o1 =) (VF(XH2) + DY) H2 .

M
Using definition of r*, (27) can be written in the following form:
2 —
VERL < | XP = X7+ (@) (1 = e (1 = A2(W))?)|DF — D13,
Further, using r; > r and the definition of ~;, we have

2832 —
VF < max <1, (k’;ﬁl) (1—rc®(1 - AQ(W))2)> vk,

Starting from some iteration k£*, telescoping the above inequality to k0, yields

l k+ 51\ =
k _
V“gjl:[o<<k+1> (1—rc2(1=X(W)?) | V=R < .

Using the definition of V¥*1 we have that | X**1 — X*|| < R. It means that o* is bounded below
by the inverse local Lipschitz constant. So, [|[D*+1 — D*|| is bounded too.

This completes the proof. (]

E Proof for Corollary 4.1

Let us consider the value pj, from Theorem 4:

o (u YT (e Y UL5)) NS G g )\Q(W))2> .

2 )

If we prove that p;, > p > 0 then we can obtain an estimate for number of iterations to approach
quality . Using the result of Theorem 4 and condition for v, we have the following inequality:

k B2
k+51 0
a-r [T (55T vese
AN

: Rk (k)2 10 k170
Note, for any /31, 82 and enough big k& we have that (1 — p) Hj:O(k+1l) VO < (1-p/2)"V0 <

exp(—kp/2)VY. It means, that to approach quality ¢ it is enough to perform
1
N = O(=log(V°/e) (28)
p

steps of Algorithm 1.
Furher, we consider different cases from Corollary 4.1 to obtain estimate for this value.

Firstly, note that according to Lemma 3 we have that o* > 1/(2L).

1. If r* > 1 than we have that max ((r%)2, po® M) > Land

(oo )
< O [ max — , —
(I —c(l=An(W)))? (1 — A(W))?

2. If r¥ > (1/4)\/k, then we have

SR

K

<0 — —
min (c(l (W), (1 — (1 — Am(W))))

=
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On the other hand, if g* > 1 we have the same result because pa® > (1/2).

3. Finally, note that
2> ﬁi > 2
TapL?2 T
where the first inequality holds because of smoothness and definition of g*. The second because of
upper bound on step size in Lemma 3. It immediately gives us

pa(g*)

2
R

<0 — —
min (c, (1—e(1 - )\,,L(W)))) (1= X (W)

=

These three cases and estimation (28) complete the proof.

F Proof of Theorem 5

Similarly to the proof of Theorem 4, we prove Theorem 5 under the weaker assumption that each f;
is locally smooth. Throughout the proof, we denote by L the smooth contant of f;’s over the convex

hull of the set {X7}%1.
2
qr = max <1, C;’“) .
Q1

Define
According to Lemma 9, under i = 0, we have

VER S VE— (1 0) (IXF = XFFY2 + o} [DF - DFF3,) .
Applying recursively the above inequality, yields

k k k
VR < (T | VO- =93 | TI o | (1% = X772 + a3 ID7 - DIF3,).
=0 7=0 \i=j+1
Therefore,
k . 0
JE[K] k N
1+ 32 (1 o)
j=
Note, that

E+14 8\
1<g < (SER)

Define 31 := [B1], and recalling

. 2832
o1 (T G+ B+ vo
min V7 <
jElK] k+1 (k+1)! 1-9
—— 2832
o1 [5G+ B +1) Vo
TEF1\ (K+ DB+ 1) 1-56
= . 282
o1 (TG + B Vo
k41 (B +1)! 1-0
_ 1 (k+ Bi +1)P+ Vo
“k+1\ B+ 1-06

G —
= (k + 1)1 28251

876 The statement of the theorem follows using o, > 6/2L, due to Lemma 3, where L is local smoothness

877

constant.
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