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Abstract

Multiple types of inference are available for probabilistic graphical models, e.g.,
marginal, maximum-a-posteriori, and even marginal maximum-a-posteriori. Which
one do researchers mean when they talk about “planning as inference”? There is
no consistency in the literature, different types are used, and their ability to do
planning is further entangled with specific approximations or additional constraints.
In this work we use the variational framework to show that, just like all commonly
used types of inference correspond to different weightings of the entropy terms in
the variational problem, planning corresponds exactly to a different set of weights.
This means that all the tricks of variational inference are readily applicable to
planning. We develop an analogue of loopy belief propagation that allows us
to perform approximate planning in factored-state Markov decisions processes
without incurring intractability due to the exponentially large state space. The
variational perspective shows that the previous types of inference for planning are
only adequate in environments with low stochasticity, and allows us to characterize
each type by its own merits, disentangling the type of inference from the additional
approximations that its practical use requires. We validate these results empirically
on synthetic MDPs and tasks posed in the International Planning Competition.

1 Introduction

There are many kinds of probabilistic inference, such as marginal, maximum-a-posteriori (MAP), or
marginal MAP (MMAP) that are used in the planning as inference literature (Attias, 2003; Levine,
2018; Cui et al., 2019; Palmieri et al., 2022; Wu and Khardon, 2022). In this work we show that
planning is a distinct type of inference, and that under stochastic dynamics does not correspond
exactly with any of the above methods. Furthermore, we show how to rank the above methods in
terms of quality as it pertains to planning.

Our approach is based on a variational perspective, which allows direct comparison between different
inference types, and to develop analogues of existing approximate inference algorithms for this
“planning inference” task. Given the “flat” Markov Decision Process (MDP) from Fig 1[Left], we
show that planning inference provides the same (exact) results as value iteration. Using an analogue
of loopy belief propagation (LBP), we show how to apply approximate planning inference to the
factored MDP in Fig. 1[Right], which has an exponentially large state space, and for which exact
solutions are no longer tractable. Under moderate stochasticity in the dynamics, we show that this
approximate planning inference might be superior to other more established types of inference.

2 Background

2.1 Markov Decision processes (MDPs) and notation

A finite-horizon Markov decision process (MDP) is a tuple (X ,A, p(x1),P,R, T ), where X is
the state space, A an action space with cardinality Na, p(x1) the starting state distribution, P the
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x
(4)
2

<latexit sha1_base64="yp86h02bWBuNddoU27eRi8S/MR4=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16CRahXkpSinosevFYwX5AG8Nmu2mXbjZhdyItIX/FiwdFvPpHvPlv3LY5aOuDgcd7M8zM82POFNj2t1HY2Nza3inulvb2Dw6PzONyR0WJJLRNIh7Jno8V5UzQNjDgtBdLikOf064/uZ373ScqFYvEA8xi6oZ4JFjACAYteWZ56tUf0wHQKaQxzqrOReaZFbtmL2CtEycnFZSj5Zlfg2FEkpAKIBwr1XfsGNwUS2CE06w0SBSNMZngEe1rKnBIlZsubs+sc60MrSCSugRYC/X3RIpDpWahrztDDGO16s3F/7x+AsG1mzIRJ0AFWS4KEm5BZM2DsIZMUgJ8pgkmkulbLTLGEhPQcZV0CM7qy+ukU685l7XGfaPSvMnjKKJTdIaqyEFXqInuUAu1EUFT9Ixe0ZuRGS/Gu/GxbC0Y+cwJ+gPj8weoJJQz</latexit>

x
pa(1)
2

<latexit sha1_base64="eDy2xMClEsCc0hc2MqwDBX9ugUw=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16CRahXkpSinosevFYwX5AG8Nmu2mXbjZhdyItIX/FiwdFvPpHvPlv3LY5aOuDgcd7M8zM82POFNj2t1HY2Nza3inulvb2Dw6PzONyR0WJJLRNIh7Jno8V5UzQNjDgtBdLikOf064/uZ373ScqFYvEA8xi6oZ4JFjACAYteWZ56tUf0wHQKaQxzqr1i8wzK3bNXsBaJ05OKihHyzO/BsOIJCEVQDhWqu/YMbgplsAIp1lpkCgaYzLBI9rXVOCQKjdd3J5Z51oZWkEkdQmwFurviRSHSs1CX3eGGMZq1ZuL/3n9BIJrN2UiToAKslwUJNyCyJoHYQ2ZpAT4TBNMJNO3WmSMJSag4yrpEJzVl9dJp15zLmuN+0aleZPHUUSn6AxVkYOuUBPdoRZqI4Km6Bm9ojcjM16Md+Nj2Vow8pkT9AfG5w+pqpQ0</latexit>

x
pa(2)
2

<latexit sha1_base64="5/sC96okTE/rIFkLcsmrUJHhdug=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBHqpiS1qMuiG5cV7APaGCbTSTt08mDmRlpCfsWNC0Xc+iPu/BunbRbaeuDC4Zx7ufceLxZcgWV9G2vrG5tb24Wd4u7e/sGheVRqqyiRlLVoJCLZ9YhigoesBRwE68aSkcATrOONb2d+54lJxaPwAaYxcwIyDLnPKQEtuWZp4tYe0z6wCaQxySoX55lrlq2qNQdeJXZOyihH0zW/+oOIJgELgQqiVM+2YnBSIoFTwbJiP1EsJnRMhqynaUgCppx0fnuGz7QywH4kdYWA5+rviZQESk0DT3cGBEZq2ZuJ/3m9BPxrJ+VhnAAL6WKRnwgMEZ4FgQdcMgpiqgmhkutbMR0RSSjouIo6BHv55VXSrlXty2r9vl5u3ORxFNAJOkUVZKMr1EB3qIlaiKIJekav6M3IjBfj3fhYtK4Z+cwx+gPj8werMJQ1</latexit>

x
pa(3)
2

<latexit sha1_base64="RPImQG6Z2Xfs2YAYqtLxjU0TyUs=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16CRahXkpSinosevFYwX5AG8Nmu2mXbjZhdyItIX/FiwdFvPpHvPlv3LY5aOuDgcd7M8zM82POFNj2t1HY2Nza3inulvb2Dw6PzONyR0WJJLRNIh7Jno8V5UzQNjDgtBdLikOf064/uZ373ScqFYvEA8xi6oZ4JFjACAYteWZ56tUf0wHQKaQxzqqNi8wzK3bNXsBaJ05OKihHyzO/BsOIJCEVQDhWqu/YMbgplsAIp1lpkCgaYzLBI9rXVOCQKjdd3J5Z51oZWkEkdQmwFurviRSHSs1CX3eGGMZq1ZuL/3n9BIJrN2UiToAKslwUJNyCyJoHYQ2ZpAT4TBNMJNO3WmSMJSag4yrpEJzVl9dJp15zLmuN+0aleZPHUUSn6AxVkYOuUBPdoRZqI4Km6Bm9ojcjM16Md+Nj2Vow8pkT9AfG5w+stpQ2</latexit>

x
pa(4)
2

<latexit sha1_base64="2G0u7ZLBSRUNjLWy5yJii/28k4A=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBHqpiSlPpZFNy4r2Ae0MUymk3bo5MHMjbSE/IobF4q49Ufc+TdO2yy09cCFwzn3cu89Xiy4Asv6NtbWNza3tgs7xd29/YND86jUVlEiKWvRSESy6xHFBA9ZCzgI1o0lI4EnWMcb3878zhOTikfhA0xj5gRkGHKfUwJacs3SxK09pn1gE0hjklUuzjPXLFtVaw68SuyclFGOpmt+9QcRTQIWAhVEqZ5txeCkRAKngmXFfqJYTOiYDFlP05AETDnp/PYMn2llgP1I6goBz9XfEykJlJoGnu4MCIzUsjcT//N6CfjXTsrDOAEW0sUiPxEYIjwLAg+4ZBTEVBNCJde3YjoiklDQcRV1CPbyy6ukXaval9X6fb3cuMnjKKATdIoqyEZXqIHuUBO1EEUT9Ixe0ZuRGS/Gu/GxaF0z8plj9AfG5w+uPJQ3</latexit>

x
pa(5)
2

<latexit sha1_base64="5qLn6S2kw1aD17/VtC922GSmIdk=">AAAB+3icbVBNS8NAEN34WetXrEcvwSLUS0lKqR6LXjxWsB/QxrDZbtqlm03YnUhLyF/x4kERr/4Rb/4bt20O2vpg4PHeDDPz/JgzBbb9bWxsbm3v7Bb2ivsHh0fH5kmpo6JEEtomEY9kz8eKciZoGxhw2oslxaHPadef3M797hOVikXiAWYxdUM8EixgBIOWPLM09WqP6QDoFNIYZ5XGZeaZZbtqL2CtEycnZZSj5Zlfg2FEkpAKIBwr1XfsGNwUS2CE06w4SBSNMZngEe1rKnBIlZsubs+sC60MrSCSugRYC/X3RIpDpWahrztDDGO16s3F/7x+AsG1mzIRJ0AFWS4KEm5BZM2DsIZMUgJ8pgkmkulbLTLGEhPQcRV1CM7qy+ukU6s6jWr9vl5u3uRxFNAZOkcV5KAr1ER3qIXaiKApekav6M3IjBfj3fhYtm4Y+cwp+gPj8wevwpQ4</latexit>

x
pa(6)
2

<latexit sha1_base64="e83t9kdktXaUf6wSZ++EfVPnveU=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSLUS9mVoh6LXjxW6Je0a8mm2TY0yS5JVixLf4UXD4p49ed489+YtnvQ1gcDj/dmmJkXxJxp47rfzsrq2vrGZm4rv72zu7dfODhs6ihRhDZIxCPVDrCmnEnaMMxw2o4VxSLgtBWMbqZ+65EqzSJZN+OY+gIPJAsZwcZK90+9+kNa8s4mvULRLbszoGXiZaQIGWq9wle3H5FEUGkIx1p3PDc2foqVYYTTSb6baBpjMsID2rFUYkG1n84OnqBTq/RRGClb0qCZ+nsixULrsQhsp8BmqBe9qfif10lMeOWnTMaJoZLMF4UJRyZC0+9RnylKDB9bgoli9lZEhlhhYmxGeRuCt/jyMmmel72LcuWuUqxeZ3Hk4BhOoAQeXEIVbqEGDSAg4Ble4c1Rzovz7nzMW1ecbOYI/sD5/AH4jI/g</latexit>

x
(1)
T

<latexit sha1_base64="ToVlXKoRKEsK9CWKLnlw1T8IDus=">AAAB8HicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JLiHokevGICV8GVtItBRra7qbtGsmGX+HFg8Z49ed4899YYA8KvmSSl/dmMjMviDjTxnW/ncza+sbmVnY7t7O7t3+QPzxq6jBWhDZIyEPVDrCmnEnaMMxw2o4UxSLgtBWMb2Z+65EqzUJZN5OI+gIPJRswgo2V7p969YekWD6f9vIFt+TOgVaJl5ICpKj18l/dfkhiQaUhHGvd8dzI+AlWhhFOp7lurGmEyRgPacdSiQXVfjI/eIrOrNJHg1DZkgbN1d8TCRZaT0RgOwU2I73szcT/vE5sBld+wmQUGyrJYtEg5siEaPY96jNFieETSzBRzN6KyAgrTIzNKGdD8JZfXiXNcsm7KFXuKoXqdRpHFk7gFIrgwSVU4RZq0AACAp7hFd4c5bw4787HojXjpDPH8AfO5w/6Eo/h</latexit>

x
(2)
T

<latexit sha1_base64="77qmMvzs9hzpmH1Wq4wZPBkSIZQ=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXg3oMevEYIS9J1jA7mU2GzMwuM7NiWPIVXjwo4tXP8ebfOHkcNLGgoajqprsriDnTxnW/nczK6tr6RnYzt7W9s7uX3z9o6ChRhNZJxCPVCrCmnElaN8xw2ooVxSLgtBkMbyZ+85EqzSJZM6OY+gL3JQsZwcZK90/d2kNaPD8dd/MFt+ROgZaJNycFmKPazX91ehFJBJWGcKx123Nj46dYGUY4Hec6iaYxJkPcp21LJRZU++n04DE6sUoPhZGyJQ2aqr8nUiy0HonAdgpsBnrRm4j/ee3EhFd+ymScGCrJbFGYcGQiNPke9ZiixPCRJZgoZm9FZIAVJsZmlLMheIsvL5PGWcm7KJXvyoXK9TyOLBzBMRTBg0uowC1UoQ4EBDzDK7w5ynlx3p2PWWvGmc8cwh84nz/7mI/i</latexit>

x
(3)
T

<latexit sha1_base64="8On906SMNdhWsvBD3WDa62CxT/g=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSLUS9mVoh6LXjxW6Je0a8mm2TY0yS5JVixLf4UXD4p49ed489+YtnvQ1gcDj/dmmJkXxJxp47rfzsrq2vrGZm4rv72zu7dfODhs6ihRhDZIxCPVDrCmnEnaMMxw2o4VxSLgtBWMbqZ+65EqzSJZN+OY+gIPJAsZwcZK90+9+kNaqpxNeoWiW3ZnQMvEy0gRMtR6ha9uPyKJoNIQjrXueG5s/BQrwwink3w30TTGZIQHtGOpxIJqP50dPEGnVumjMFK2pEEz9fdEioXWYxHYToHNUC96U/E/r5OY8MpPmYwTQyWZLwoTjkyEpt+jPlOUGD62BBPF7K2IDLHCxNiM8jYEb/HlZdI8L3sX5cpdpVi9zuLIwTGcQAk8uIQq3EINGkBAwDO8wpujnBfn3fmYt6442cwR/IHz+QP9Ho/j</latexit>

x
(4)
T

<latexit sha1_base64="TNCX4WgoqLh2bN3shG3+kmSSJxI="></latexit>

e�R(x
pa(5)
1 )

<latexit sha1_base64="rjylcRmpxN/u62duq4NrJWgaRXI="></latexit>

e�R(x
pa(6)
1 )

<latexit sha1_base64="ou+PxI7Ypli+zE+YbZGHB7LwbfA="></latexit>

e�R(x
pa(6)
2 )

<latexit sha1_base64="LzwPOiuoxSwshMULROJIZpqTpbI="></latexit>

e�R(x
pa(5)
2 )

<latexit sha1_base64="320VPklRgEWhB8hnnEiRh3xn5cE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0QPtev1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vktZF1bus1u5rlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwDrhY2S</latexit>a1

<latexit sha1_base64="9pBgEqoxEO5la7Uvx6VSiKKcD9w=">AAAB/XicbVDJTsMwFHTKVsoWlhsXiwqpvUQJRKW9VXDhWBBdpDZEjuO2Vp1FtoMoUcWvcOEAQlz5D278DW6bAxRGsjSaeaP3PF7MqJCm+aXllpZXVtfy64WNza3tHX13ryWihGPSxBGLeMdDgjAakqakkpFOzAkKPEba3uhi6rfvCBc0Cm/kOCZOgAYh7VOMpJJc/YDcpqUeUwEfwevSvWuVyxNXL5qGWavYVRuahm1a9mlNEXMGaGWkCDI0XP2z50c4CUgoMUNCdC0zlk6KuKSYkUmhlwgSIzxCA9JVNEQBEU46u34Cj5Xiw37E1QslnKk/EykKhBgHnpoMkByKRW8q/ud1E9mvOikN40SSEM8X9RMGZQSnVUCfcoIlGyuCMKfqVoiHiCMsVWEFVYK1+OW/pHViWBXDvrKL9fOsjjw4BEegBCxwBurgEjRAE2DwAJ7AC3jVHrVn7U17n4/mtCyzD35B+/gG8d2URA==</latexit>

e(�R(x1))
<latexit sha1_base64="JWArMawUJOhs/xZI8VLNxs1A7oI=">AAAB/XicbVDLTsJAFJ3iC/FVHzs3E4kJbJoWG4Qd0Y1LNAImUJvpdIAJ00dmpkZsiL/ixoXGuPU/3Pk3DtCFoieZ5OSce3LvHC9mVEjT/NJyS8srq2v59cLG5tb2jr671xZRwjFp4YhF/MZDgjAakpakkpGbmBMUeIx0vNH51O/cES5oFF7LcUycAA1C2qcYSSW5+gG5TUs9pgI+glele7dSLk9cvWgaZr1q12xoGrZp2Sd1RcwZoJWRIsjQdPXPnh/hJCChxAwJ0bXMWDop4pJiRiaFXiJIjPAIDUhX0RAFRDjp7PoJPFaKD/sRVy+UcKb+TKQoEGIceGoyQHIoFr2p+J/XTWS/5qQ0jBNJQjxf1E8YlBGcVgF9ygmWbKwIwpyqWyEeIo6wVIUVVAnW4pf/knbFsKqGfWkXG2dZHXlwCI5ACVjgFDTABWiCFsDgATyBF/CqPWrP2pv2Ph/NaVlmH/yC9vEN82SURQ==</latexit>

e(�R(x2))
<latexit sha1_base64="YJKigisiKzZNSDF60zjfQsRd+wA=">AAAB/XicbVDLTsJAFJ3iC/FVHzs3E4kJbJpWGoQd0Y1LNAImUJvpdIAJ00dmpkZsiL/ixoXGuPU/3Pk3DtCFoieZ5OSce3LvHC9mVEjT/NJyS8srq2v59cLG5tb2jr671xZRwjFp4YhF/MZDgjAakpakkpGbmBMUeIx0vNH51O/cES5oFF7LcUycAA1C2qcYSSW5+gG5TUs9pgI+glele7dSLk9cvWgaZr1q12xoGrZp2ZW6IuYM0MpIEWRouvpnz49wEpBQYoaE6FpmLJ0UcUkxI5NCLxEkRniEBqSraIgCIpx0dv0EHivFh/2IqxdKOFN/JlIUCDEOPDUZIDkUi95U/M/rJrJfc1IaxokkIZ4v6icMyghOq4A+5QRLNlYEYU7VrRAPEUdYqsIKqgRr8ct/SfvEsKqGfWkXG2dZHXlwCI5ACVjgFDTABWiCFsDgATyBF/CqPWrP2pv2Ph/NaVlmH/yC9vEN9OuURg==</latexit>

e(�R(x3))
<latexit sha1_base64="zHMAD/EdNhyo7Wv23Oq7DXkEP1A=">AAAB/XicbVDJTsMwFHTKVsoWlhsXiwqpvUQJRKW9VXDhWFAXpDZEjuO2Vp1FtoMoUcWvcOEAQlz5D278DW6bAxRGsjSaeaP3PF7MqJCm+aXllpZXVtfy64WNza3tHX13ry2ihGPSwhGL+I2HBGE0JC1JJSM3MSco8BjpeKOLqd+5I1zQKGzKcUycAA1C2qcYSSW5+gG5TUs9pgI+gtele7dZLk9cvWgaZq1iV21oGrZp2ac1RcwZoJWRIsjQcPXPnh/hJCChxAwJ0bXMWDop4pJiRiaFXiJIjPAIDUhX0RAFRDjp7PoJPFaKD/sRVy+UcKb+TKQoEGIceGoyQHIoFr2p+J/XTWS/6qQ0jBNJQjxf1E8YlBGcVgF9ygmWbKwIwpyqWyEeIo6wVIUVVAnW4pf/kvaJYVUM+8ou1s+zOvLgEByBErDAGaiDS9AALYDBA3gCL+BVe9SetTftfT6a07LMPvgF7eMbJ2GUZw==</latexit>

e(�R(xT ))

<latexit sha1_base64="D6vIS/1IGW5HVDr1jknGacWUW6Y=">AAAB+HicbVDLSgNBEOyNrxgfWfXoZTAIESTshqAeg148RjAPSJZldjKbDJl9MDMriWu+xIsHRbz6Kd78GyfJHjSxoKGo6qa7y4s5k8qyvo3c2vrG5lZ+u7Czu7dfNA8OWzJKBKFNEvFIdDwsKWchbSqmOO3EguLA47TtjW5mfvuBCsmi8F5NYuoEeBAynxGstOSaxUZ57Fafxq59jrBrn7lmyapYc6BVYmekBBkarvnV60ckCWioCMdSdm0rVk6KhWKE02mhl0gaYzLCA9rVNMQBlU46P3yKTrXSR34kdIUKzdXfEykOpJwEnu4MsBrKZW8m/ud1E+VfOSkL40TRkCwW+QlHKkKzFFCfCUoUn2iCiWD6VkSGWGCidFYFHYK9/PIqaVUr9kWldlcr1a+zOPJwDCdQBhsuoQ630IAmEEjgGV7hzXg0Xox342PRmjOymSP4A+PzB4Q3kbU=</latexit>

P (x2|x1, a1)
<latexit sha1_base64="nBeGOYiSpFkhzQfSqzXv9/ib/IQ=">AAAB+HicbVDLSgNBEOz1GeMjqx69DAYhgoTdGNRj0IvHCOYBybLMTmaTIbMPZmYlcc2XePGgiFc/xZt/4yTZgyYWNBRV3XR3eTFnUlnWt7Gyura+sZnbym/v7O4VzP2DpowSQWiDRDwSbQ9LyllIG4opTtuxoDjwOG15w5up33qgQrIovFfjmDoB7ofMZwQrLblmoV4auedPI7dyhrBbOXXNolW2ZkDLxM5IETLUXfOr24tIEtBQEY6l7NhWrJwUC8UIp5N8N5E0xmSI+7SjaYgDKp10dvgEnWilh/xI6AoVmqm/J1IcSDkOPN0ZYDWQi95U/M/rJMq/clIWxomiIZkv8hOOVISmKaAeE5QoPtYEE8H0rYgMsMBE6azyOgR78eVl0qyU7Yty9a5arF1nceTgCI6hBDZcQg1uoQ4NIJDAM7zCm/FovBjvxse8dcXIZg7hD4zPH4jUkbg=</latexit>

P (x3|x2, a2)
<latexit sha1_base64="SZRfUN2PqjeTiaziMsGN336RuuA=">AAACAHicbZC7SgNBFIbPxluMt1ULC5vBIETQsCtBLYM2lhFyg2RZZieTZHD2wsysJKzb+Co2ForY+hh2vo2TZAtN/GHg4z/ncOb8XsSZVJb1beSWlldW1/LrhY3Nre0dc3evKcNYENogIQ9F28OSchbQhmKK03YkKPY9Tlve/c2k3nqgQrIwqKtxRB0fDwLWZwQrbbnmQa00cuuPIzepn9npKcIzOHHNolW2pkKLYGdQhEw11/zq9kIS+zRQhGMpO7YVKSfBQjHCaVroxpJGmNzjAe1oDLBPpZNMD0jRsXZ6qB8K/QKFpu7viQT7Uo59T3f6WA3lfG1i/lfrxKp/5SQsiGJFAzJb1I85UiGapIF6TFCi+FgDJoLpvyIyxAITpTMr6BDs+ZMXoXleti/KlbtKsXqdxZGHQziCEthwCVW4hRo0gEAKz/AKb8aT8WK8Gx+z1pyRzezDHxmfP40ilRk=</latexit>

P (xT |xT�1, aT�1)

<latexit sha1_base64="F6g3aJKeaS3rxqWicJ2ZWAAitQ0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRoh6LXjxWaG2hDWWznbRLN5uwuxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjRx2nimGLxSJWnYBqFFxiy3AjsJMopFEgsB2M72Z++wmV5rFsmkmCfkSHkoecUWOlNu1nzQtv2i9X3Ko7B1klXk4qkKPRL3/1BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWuppBFqP5ufOyVnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhDd+xmWSGpRssShMBTExmf1OBlwhM2JiCWWK21sJG1FFmbEJlWwI3vLLq+TxsupdVWsPtUr9No+jCCdwCufgwTXU4R4a0AIGY3iGV3hzEufFeXc+Fq0FJ585hj9wPn8AwTWPMw==</latexit>aT�1

<latexit sha1_base64="QRlFKTdZFTH2TZmCLuq5ispBsxg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbTbt0swm7E7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuTaiFg94DjhfkQHSoSCUbTS/VPP65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+ien53Xqld53EU4QiO4RQ8uIQa3EIdGsBgAM/wCm+OdF6cd+dj3lpw8plD+APn8wcOno2p</latexit>x1
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Figure 1: Factor graphs: [Left] Standard MDP [Right] Factored MDP with sparse factor connectivity.

transition probabilities P (xt+1|at, xt) (i.e., the dynamics of the process), Rt(xt, at, xt+1) the reward
for transitioning from xt to xt+1 under action at at time step t, and T is the horizon. For simplicity of
exposition we will consider discrete states and actions, but analogous results apply in the continuous
case. Solving an MDP corresponds to finding a policy πt(at|xt) that maximizes the expectation of (a
function of) the sum of the reward at each time step. The optimal policy can be different at each time
step, i.e., non-stationary. We do not use a discount factor, but it can be trivially included in the reward
function, since it is also non-stationary. Policies, states and actions at all time steps will be noted
π ≡ {πt(at|xt)}T−1

t=1 ,x ≡ {xt}Tt=1 and a ≡ {at}T−1
t=1 .

In a state-factored MDP (factored MDP for short), each state xt factorizes into Ne r.v. or entities
{x(i)

t }Ne
i=1, each with cardinality Ns, so it has an exponentially large state space of size NNe

s . Tran-
sitions factorize as P (xt+1|at, xt) =

∏Ne

i=1 P (x
(i)
t+1|x

pa(i)
t , at), where x

pa(i)
t is the subset of xt on

which x
(i)
t+1 depends, which we will assume to be small to allow for a tabular definition of the transi-

tion without exponential cost (pa(i) stands in for “parents of i” ). For simplicity of notation, we will
assume that the reward of factored MDPs at each time step depends only on the current state, and for
tractability, that it can be decomposed in multiple additive subterms Rt(xt) =

∑Ne+Nr

i=Ne+1 Rt(x
pa(i)
t ),

where x
pa(i)
t is a small subset of xt on which the (i − Ne)-th reward depends, for a total of Nr

reward subterms. As before, this allows for a compact tabular representation of the reward. Including
additional dependencies in the reward (on actions, or on the next state of an entity) is straightforward.

For a more comprehensive introduction to MDPs, refer to (Puterman, 2014; Sutton, 2018).

2.2 Variational inference

Let’s consider running different types of inference in the unnormalized1 factor graph shown in
Fig. 1[Left]. Marginal inference would compute the sum over all the x,a configurations (the partition
function); MAP inference would compute the maximizing configuration (the posterior mode); and
marginal MAP (MMAP) inference (see Liu and Ihler, 2013) would find the assignment of a that
maximizes the summation over x conditional on that a. Although marginal, MAP, and MMAP
inference are distinct, a lot is shared. They all target a “quantity of interest” (e.g., partition function,
maximum probability state, best conditional partition function); they all produce a distribution as a
result of inference (respectively, full posterior, delta at the mode, best conditional posterior); naïve
computation requires a number of summations and/or maximizations exponential in the number
of variables; and finally, they can all be represented as a variational inference (VI) problem.2 The
VI representation naturally leads to efficient message-passing solutions and approximate inference
algorithms, as we show below.

For the factor graph f(x,a) from Fig. 1[Left], the VI problem3 is maxq(x,a)⟨log f(x,a)⟩q(x,a) +
H type

q (x,a) where q(x,a) is an arbitrary variational distribution over the variables of the factor

1Just like in undirected graphical models, the different types of inference are well-defined despite lack of
normalization. Table 1 shows the precise definitions including two reasonable definitions of marginalization.

2We assume familiarity with variational inference, see (Jordan et al., 1999) for an introduction.
3In this work we will use the standard VI notation for expectation, where Eq(x)[·] is written as ⟨·⟩q(x).
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Table 1: Different types of inference from a variational perspective, including a proper “planning”
inference type. They all share the same energy term Eλ(q) defined in Eq. (3), and differ only in the
entropy term. The closed-form expressions provide the optimal value of the bound, but are generally
intractable. The general tractability of the bound maximization for MDPs is marked in the Tr column.
All bounds are monotonically related, and listed in descending order, except the last two, whose
relative ordering only applies when dynamics are deterministic. See Section 4.1 for details.

Type of y Closed form for quant. of interest y Entropy term H type(q) for variational bound Tr
inference Fλ = maxq Fλ(q) Fλ(q) =

1
λ
(−Eλ(q) +H type(q))

Marginal4 1
λ
log

∑
x,a P (x|a)eλR(x,a) Hq(x1) +

∑T−1
t=1 Hq(xt+1, at|xt) ✓

Planning 1
λ
maxπ log⟨eλR(x,a)⟩P (x|a)π(a|x) Hq(x1) +

∑T−1
t=1 Hq(xt+1|at, xt) ✓

M. MAP 1
λ
maxa log

∑
x P (x|a)eλR(x,a) Hq(x1) +

∑T−1
t=1 Hq(xt+1, at|xt)−Hq(at) ✗

MAP 1
λ
maxx,a logP (x|a)eλR(x,a) 0 ✓

MarginalU 1
λ
log

∑
x,a P (x|a) 1

NT−1
a

eλR(x,a) Hq(x1) +
∑T−1

t=1 (Hq(xt+1, at|xt)− logNa) ✓

graph, the term −⟨log f(x,a)⟩q(x,a) is known as the energy term, and H type
q (x,a) is a particular

entropy choice that will determine the inference type. It is a standard result, (e.g., Jordan et al.,
1999) that using the Shannon entropy Hq(x,a) results in marginal inference. Setting it to zero (aka
the zero-temperature limit) corresponds to MAP inference (Weiss et al., 2012; Sontag et al., 2011;
Wainwright et al., 2005; Kolmogorov, 2005; Martins et al., 2015). Setting it to the conditional entropy
Hq(x|a) = Hq(x,a)−Hq(a) results in MMAP inference (Liu and Ihler, 2013). Note that the only
difference across VI problems is the weighting of the entropy terms.

Despite the similarities, the computational complexity of these types of inference can differ signif-
icantly, even for tree-structured graphs. In particular, the entropy term for MMAP is not concave,
and inference is NP-hard (Liu and Ihler, 2013), whereas for marginal and MAP inference the entropy
term is concave (the energy term is always linear), and inference is polynomial.

3 Methods

In this section we introduce our VI framework, which we will use to derive a novel linear programming
formulation of planning problems, a novel value belief propagation (VBP) algorithm and a novel
closed form (sampling-free) approach to determinization.

3.1 VI for standard MDPs

The main quantity of interest in this paper is the best exponential utility, which we will refer to simply
as the utility. Given an MDP with horizon T and a risk parameter λ > 0, the utility is defined as

F planning
λ =

1

λ
logmax

π

∑
x,a

exp
(
λ

T−1∑
t=1

Rt(xt, at, xt+1)
)
P (x1)

T−1∏
t=1

P (xt+1|at, xt)πt(at|xt) (1)

=
1

λ
max
π

log⟨exp(λR(x,a))⟩P (x|a)π(a|x),

where P (x|a) ≡ P (x1)
∏T−1

t=1 P (xt+1|at, xt), R(x,a) ≡ ∑T−1
t=1 Rt(xt, at, xt+1), and π(a|x) ≡∏T−1

t=1 πt(at|xt).

Observe that we can always set λ → 0+ to recover the standard planning setting in which we seek the
best expected additive reward, so here we are tackling a strictly more general case. To be precise, if
we take the limit F planning

λ→0+ ≡ limλ→0+ F planning
λ = maxπ⟨R(x,a)⟩P (x|a)π(a|x) (Marthe et al., 2023).

The motivation for the introduction of λ is two-fold. On the one hand, by using a more general
formulation of the reward, we can trade off between risk-neutral (λ → 0+) and risk-seeking (λ > 0)

4Two types of marginal inference are included for precision. “Marginal” refers to marginal inference directly
applied on the same exact factor graph as the other types of inference. Because the factor graph lacks a prior
over a, it is not a properly normalized joint distribution. Adding a uniform prior over the actions resolves this
and results in “MarginalU”. Both are a constant apart and are of independent interest.
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policies, adding a tunable parameter that makes the model more flexible, see (Marthe et al., 2023;
Föllmer and Schied, 2011; Shen et al., 2014) for more details. On the other hand, it allows us to
express the expected reward as a proper factor graph: note that Eq. (1) can be expressed as a product
of factors involving not only the dynamics terms, but also the reward terms, allowing us to write it
as F planning

λ = 1
λ logmaxπ

∑
x,a f(x,a)π(a|x), where f(x,a) is the factor graph of Fig. 1[Left].

This factorization would not have been possible if we had simply used an additive reward. But at the
same time, notice that we are not losing generality, since the additive reward case can be recovered
by setting λ → 0+. Alternatively, we could have achieved a factorized model by introducing an
additional latent “selector” variable connected to all the rewards, but this would complicate our
upcoming formulation and analysis. Furthermore, this formulation allows us to encompass prior work
on planning as inference that uses λ > 0.

We can turn this new quantity of interest, the utility, into the solution of a VI problem on the factor
graph of Fig. 1[Left]. Crucially, the factor graph includes the known dynamics and rewards terms,
but not any policy term, since the policy is the outcome of inference.

Theorem 1 (Variational formulation of planning). Given known dynamics P (xt+1|at, xt), an initial
distribution P (x1) and reward functions Rt(xt, at, xt+1), the best exponential utility F planning

λ from
Eq. (1) can be expressed as the result of a concave variational optimization problem

F planning
λ = max

q
F planning
λ (q); F planning

λ (q) =
1

λ
(−Eλ(q) +Hplanning(q)) (2)

with energy Eλ(q) and entropy Hplanning(q) terms

Eλ(q) = −⟨logP (x1)⟩q(x1) −
T−1∑
t=1

⟨logP (xt+1|at, xt) + λRt(xt, at, xt+1)⟩q(xt+1,xt,at)

(3)

Hplanning(q) = Hq(x1) +

T−1∑
t=1

Hq(xt+1|at, xt) (4)

where q ≡ q(x,a) is an arbitrary distribution over the space of states and actions.

Proof is in Appendix A. This entropy thus corresponds to “planning inference”. The optimal policy
at each time step corresponds to the optimal variational distribution q(at|xt). Table 1 lists the
types of inference problems and their associated entropies (see Appendix F for their derivation and
corresponding references). As we will discuss in Section 4, they display a monotonic ordering (in
almost all cases).

The VI problem Eq. (2) reduces to the standard one when λ = 1, and extends VI in a meaningful
way in the presence of rewards, regardless of the type of inference used: rewards interact in an
additive way when λ → 0+, rather than the default multiplicative (or more precisely, exponentiated
summation) interaction of λ = 1. Furthermore, it turns out that it is possible to take the λ → 0+ limit
exactly, to obtain the dual LP formulation of an MDP (Puterman, 2014).

Corollary 1.1 (Additive limit). In the limit λ → 0+, the concave problem Eq. (2) becomes the
following linear program (LP):

F planning
λ→0+ = max

q
F planning
λ→0+ (q) = max

{q(xt,at)}T−1
t=1

T−1∑
t=1

⟨Rt(xt, at, xt+1)⟩P (xt+1|at,xt)q(xt,at)

s.t. q(x1) = P (x1);
∑
at+1

q(xt+1, at+1) =
∑
xt,at

P (xt+1|at, xt)q(xt, at) ∀t;

q(xt) =
∑
at

q(xt, at) ∀t; q(xt, at) ≥ 0 ∀t,

which corresponds to the maximum expected reward F planning
λ→0+ = maxπ⟨R(x,a)⟩P (x|a)π(a|x).

See Appendix B for proof.
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3.2 VI LP and VBP for factored MDPs

Factored MDPs (e.g., Fig. 1[Right]) are loopy factor graphs with an exponentially large state space,
so the previous approaches cannot be applied directly. An effective approximate marginal inference
approach for this type of problem is loopy belief propagation (LBP). Since planning is now seen as a
type of inference, we can create an analogue to LBP which we call value belief propagation (VBP).

Following LBP, we make two approximations to Eq. (2) to make it tractable.

First, we replace the variational distribution q with pseudo-marginals q̃. Eqs. (3) and (4) never
access the full joint q(x,a), but only the local marginals of each factor. Pseudo-marginals are the
collection of such local distributions, consistent at each variable, but not necessarily marginals of any
distribution. Just like q is defined in a convex region called the marginal polytope M, q̃ is defined in
an outer convex region called the local polytope L that contains M (Weller et al., 2014).

Second, we replace the entropy Hplanning(q) with its Bethe approximation

Hplanning
Bethe (q̃) =

Ne∑
i=1

Hq(x
(i)
1 ) +

T−1∑
t=1

( Ne∑
i=1

Hq(x
(i)
t+1|x

pa(i)
t , at)−

Ne+Nr∑
i=1

Iq(x
pa(i)
t )

)
where Iq(x

pa(i)
t ) =

∑
k∈pa(i) Hq(x

(k)
t )−Hq(x

pa(i)
t ) is the mutual information of the parents of x(i)

t+1,
see Appendix C for details. This approximation is tractable as long as the factors (transition and
rewards) are tractable, typically by connecting to a small number of parent variables. Note that the
policy (which would connect to all the state variables in a time slice and introduce exponential cost)
is not a factor in the graph.

The term Iq(x
pa(i)
t ) is key. It always non-negative but neither concave nor convex in general and

can be interpreted as the mutual information correcting the discrepancy between (a) the entropy of
a collection of variables considered independently (as the output of the previous time step) and (b)
the entropy of the same collection when considered jointly (as parents for the current time step). It
makes the optimization problem harder, but also more accurate.

For non-factored MDPs, Iq(x
pa(i)
t ) = 0 and q̃ = q, so we recover Eq. (2). In general factored MDPs

this is not true. We can still choose to ignore this correction to obtain a concave bound

Hplanning
concave (q̃) =

Ne∑
i=1

Hq(x
(i)
1 ) +

T−1∑
t=1

Ne∑
i=1

Hq(x
(i)
t+1|x

pa(i)
t , at) ≥ Hplanning

Bethe (q̃). (5)

Then, the planning Bethe approximation of the variational bound and its concave upper bound are

F̃ planning
λ = max

q
F̃ planning
λ (q̃) = max

q

1

λ
(−Eλ(q̃) +Hplanning

Bethe (q̃)) s.t. q̃ ∈ L (6)

F̂ planning
λ = max

q
F̂ planning
λ (q̃) = max

q

1

λ
(−Eλ(q̃) +Hplanning

concave (q̃)) s.t. q̃ ∈ L. (7)

We see that F̂ planning
λ ≥ F̃ planning

λ and F̂ planning
λ ≥ F planning

λ . The former is trivial given the negative
term removed. The latter follows from (a) switching the optimization domain from M to L ⊇ M,
which can only increase the value of the bound, and (b) Eq. (5) corresponds to Eq. (4), but with joint
entropies over entities replaced with sums of the entropies, which is an upper bound. The fact that
F̂ planning
λ (q̃) is concave and upper bounds the exact utility has two advantages: it can be computed

without local minima problems, and it is an admissible heuristic of the original utility, meaning that it
can be used as a heuristic for algorithms that emit a certificate of optimality or infeasibility.
Lemma (Additive limit for factored MDPs). In the limit λ → 0+, the concave problem Eq. (7)
becomes the following VI LP:

F̂ planning
λ→0+ = max

q̃
F̂ planning
λ→0+ (q̃) = max

q̃

T∑
t=1

Ne+Nr∑
i=Ne

⟨Rt(x
pa(i)
t )⟩

q(x
pa(i)
t )

s.t. q(x
(i)
1 ) = P (x

(i)
1 ) ∀i; q̃ ∈ L

q(x
(i)
t+1) =

∑
x

pa(i)
t ,at

P (x
(i)
t+1|x

pa(i)
t , at)q(x

pa(i)
t , at) ∀x(i)

t+1, t, 1 ≤ i ≤ Ne
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which upper bounds the max. expected reward F̂ planning
λ→0+ ≥ F planning

λ→0+ = maxπ⟨R(x,a)⟩P (x|a)π(a|x).
Alternatively, the same expression can be obtained from Corollary 1.1 by relaxing the marginal
polytope into the local polytope. Since it is a relaxation, the upper bounding is trivial.

To the best of our knowledge, this is a novel VI LP formulation and it can be used to tractably (over)
estimate the optimal expected reward in factored MDPs. Similarities with (Koller and Parr, 1999;
Guestrin et al., 2003) are only surface level, see Section 5.

F̂ planning
λ (q̃) from Eq. (7) can be maximized with a conic solver (or an LP solver if λ → 0+). The

non-concave F̃ planning
λ (q̃) from Eq. (6) is more challenging. Conveniently, F̃ planning

λ (q̃) looks just like
the Bethe free energy that motivates LBP, but with a different weighting of the local entropy terms.

Multiple works consider modifying the entropy weighting in LBP, usually with the aim of “con-
cavifying” the overall entropy term and developing convergent alternatives to LBP. In particular,
(Hazan and Shashua, 2010) provide fixed-point message updates for arbitrary entropy weights. For
the specific weighting of Hplanning

Bethe (q̃) the message updates approach a singularity, which we will
avoid by using (1− ϵ)Hplanning

Bethe (q̃))+ ϵHmarginal
Bethe (q̃). The resulting message passing algorithm updates

are well-defined for any ϵ > 0, interpolate between “planning inference” and marginal inference, and
can get arbitrarily close to the former by making ϵ → 0+. This smoothing is not just a mathematical
convenience, but we prove that it exactly corresponds to MaxEnt RL in Appendix E. See (Liu and
Ihler, 2013) for an analogous technique with the same purpose (but without this nice interpretation).

VBP inherits many of the properties of LBP: the message updates are not guaranteed to converge, but
if they do, they do so at a fixed point of Eq. (6). Convergence can be improved by the use of damping
and annealing. The precise message updates for the general case are provided in Appendix D.

Computation associated with VBP scales as expected, O(T (
∑Ne

i=1 NaN
|pa(i)|+1
s +

∑Nr

i=Ne+1 N
|pa(i)|
s )),

where Ne, Nr, Na, Ns have been defined in Section 2.1. Note that the derivation is straightforward.
Each VBP iteration involves computing message updates for each factor in the graph. The cost is
dominated by the blue factors (Ne of them per time step) and green factors (Nr of them per time step)
in Fig. 1[Right]. There are a total of T time steps. And finally the number of possible configurations
is NaN

|pa(i)|+1
s for blue factors and N

|pa(i)|
s for green factors.

3.3 VBP for standard MDPs

It is instructive to look at the VBP updates for a standard, non-factored MDP. In this case, it is
possible to take the limit ϵ → 0+ and get well-defined updates. For λ = 1 and a single reward at T

Backward updates: mb(xT ) = eRT (xT ); mb(xt) = max
at

Q(xt, at);

Forward updates: mf(x1) = P (x1); mf(xt+1) =
∑
xt,at

p(xt+1|xt, at)δat,argmaxa′
t
Q(xt,a′

t)
mf(xt)

Optimal dist.: q(xt+1, xt, at) ∝ mb(xt+1)p(xt+1|xt, at)δat,argmaxa′
t
Q(xt,a′

t)
mf(xt)

where Q(xt, at) =
∑

xt+1
mb(xt+1)p(xt+1|xt, at) and δj,k is a standard Kronecker delta that equals

1 when j = k and 0 otherwise. Iterating these updates converges in a single backward and forward
pass to the global optimum. The backward messages correspond to the value function (hence the
name VBP), and the familiar intermediate quantity Q(xt, at) matches the Q-function. The forward
messages correspond to occupancy probabilities under the optimal policy. Thus, in a non-factored
MDP we recover the standard Bellman backups, implementing value iteration and providing the
exact solution. The same happens, conceptually, in a factored MDP, but only approximately, with the
forward messages helping to determine where the backward approximation should be more precise.

3.4 Determinization in hindsight

The previous presentation implies that all VI tricks are now applicable to planning. As an example,
we can show that for determinization (Yoon et al., 2008) (a technique from the planning literature
to extend deterministic planning algorithms to stochastic domains, and that is usually computed via
sampling), we can obtain a precise upper bound as the solution of a tractable concave problem.
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To be more precise, we can compute F det. planning UB
λ=1 (for MDPs) and F̂ det. planning UB

λ=1 (for factored
MDPs) as a concave optimization problem (avoiding sampling) when the inner deterministic planning
problem is solved with an LP MAP relaxation (exact for MDPs). Additionally, we can prove that for
factored MDPs F̂ planning

λ=1 ≤ F̂ det. planning UB
λ=1 (i.e., the superiority of the bound introduced here wrt this

determinization upper bound in the case of factored MDPs). See Appendix H for further details.

4 The different types of inference and their adequacy for planning

4.1 Ranking inference types for planning

As we show in Section 5, the term “planning as inference” has been used in the literature to refer to
different inference types, none of which corresponds, to the best of our knowledge, with the “planning
inference” from this work, which is exact. Table 1 associates each type of inference to a corresponding
lower bound on its quantity of interest. Turns out that by inspecting the entropy term (since the
energy is the same for all of them), we can also relate those lower bounds to one another for a given

variational distribution q, resulting in
FMAP
λ (q)

FmarginalU

λ (q)

}
≤ FMMAP

λ (q) ≤ F planning
λ (q) ≤ Fmarginal

λ (q).

This in turn means that for the optimal variational distribution of each type of inference we have

FMAP
λ

FmarginalU

λ

}
≤ FMMAP

λ ≤ F planning
λ ≤ Fmarginal

λ . (8)

See Appendix G for proof. VI aims to maximize a lower bound on the quantity of interest, with
tighter bounds generally indicating better performance. Since MMAP is, among the lower bounds,
the tightest, it follows that MMAP inference is expected to be no worse and potentially better than all
other common types of inference. However, as noted in Section 2.2, MMAP inference is particularly
hard, even in trees, meaning that in the case of a non-factorial MDP like the one in Fig. 1[Left],
the computation of FMMAP

λ is intractable, even though all the other quantities, including the one
of interest, F planning

λ , are exactly computable. What we can tractably compute is the lower bound
FMMAP
λ (q) ≤ FMMAP

λ and try to maximize it wrt q, but without guarantees of finding the optimal
value. Thus, among the common inference types, MMAP seems a better choice, but it is either
intractable or, if using VI, can run into local minima problems. This seems more acceptable in the
factored MDP case, but it is disappointing that the problem persists for standard, non-factored MDPs.

4.2 The stochasticity of the dynamics is key

The energy term Eq. (3), which is common to all inference methods, contains subterms
⟨logP (xt+1|at, xt)⟩q(xt+1,xt,at) (and ⟨logP (x1)⟩q(x1) for the first state). When dynamics are deter-
ministic (which we assume to also imply that P (x1) is deterministic, i.e., the first state is known), this
forces the optimal variational conditional to be q(xt+1|at, xt) = P (xt+1|at, xt) (and q(x1) = P (x1)
for the first state), since any other choice would make those subterms, and therefore the bound, −∞.
This affects the relationships of the quantities of interest, which are now (proof in Appendix G):

FmarginalU

λ ≤ FMAP
λ = FMMAP

λ = F planning
λ ≤ Fmarginal

λ ,

and justifies the use of MAP and MMAP inference as planning when dynamics are deterministic.
When using approximate inference, if dynamics are close to deterministic, it might make more sense
to choose the type of inference based on the quality of the approximation, rather than its tightness. If
dynamics are stochastic, the suboptimality of MMAP can be explained as a lack of reactivity to the
environment. Indeed, if we reduce the planning problem to a non-reactive policy π(at|xt) = π(at)
we recover MMAP inference as optimal. We test this experimentally in Section 6 and further expand
on it in Appendix I.2. MAP has the same problem, but additionally lacks integration over observation
sequences (“trajectories”). Even with deterministic dynamics, marginal inference might not produce
good utility estimates, but its action posterior will be proportional to the reward of the action sequence,
so if we additionally assume exp(λR(x)) ∈ {0, 1} (i.e., pure planning where we want to attain any
of a subset of states), it will produce optimal planning choices. Interestingly, our framework also
shows that marginal inference is exact for a generalization of MaxEnt planning when the policy
entropy regularization is set to α = 1/λ, regardless of stochasticity, see Appendix E.
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5 Related work

As stated, the meaning of “planning as inference” is uneven across the literature. (Toussaint and
Storkey, 2006) introduce the policy in the MDP factor graph and maximize the likelihood wrt to
its parameters using EM. This is an exact approach, although it is more appropriate to say that it is
planning as learning rather than a type of inference, since the EM process updates the parameters of
the factor graph and inference typically operates on a graph with fixed parameters. (Levine, 2018) is a
well-known reference that considers MAP inference for standard planning and marginal inference for
MaxEnt planning (Ziebart, 2010). Both are exact only under deterministic dynamics. This problem is
not addressed in the case of standard planning, but it is pursued for MaxEnt planning. To achieve exact
MaxEnt planning under stochastic dynamics, a modified marginal inference procedure is provided. It
can be seen as structured variational inference where q(xt+1|xt, at) = P (xt+1|xt, at) is forced. With
the right smoothing, our VBP corresponds to MaxEnt planning, and extends this modified marginal
inference to the factored case, see Appendix E.3. (Cui et al., 2015) introduces ARollout, which can
be seen as running a single-forward-pass LBP to approximate marginal inference for each possible
initial action, and then choosing the highest scoring initial action5, and is applicable to factored MDPs.
In the follow-up works (Cui and Khardon, 2016; Cui et al., 2019) the authors develop conformant
SOGBOFA, which approximates marginal-MAP inference by using ARollout in an inner loop and
gradient descent to optimize over the action prior in an outer loop. A number of refinements are
added for superior performance. This is a strong baseline and was the runner-up in the international
probabilistic planning competition (IPPC) 2018, which agrees with our analysis from Section 4. (Lee
et al., 2014; Lee et al., 2016) provide initial results on the connection between conformant planning
and MMAP inference. Many works, such as (Attias, 2003) choose MAP inference for planning.

Two frameworks (Palmieri et al., 2022; Wu and Khardon, 2022) have been recently introduced to
analyze planning from a message-passing perspective. The former analyzes six update rules and
their qualitative effect on the plans; the latter focuses on disentangling the inference direction6

(either forward —from causes to outcomes— or backward —from outcomes to causes—) from the
approximation type. This work provides two novel message-passing algorithms for factored MDPs:
MFVI (mean field VI) and CSVI (collapsed state VI), using the planning tasks from IPPC 2011 as
benchmark. We will compare with their results in Section 6.

Influence diagrams (Matheson, 2005; Shachter, 2007) are used to represent general decision problems,
and various approximate inference approaches have been developed, e.g., (Lee et al., 2018; Lee

5If the choice of initial action is included in the inference process (rather than in an outer loop), it becomes an
MMAP problem. However, this is a “degenerate” MMAP problem with a single maximization variable. To show
this degeneracy, consider a non-factored MDP. Exact ARollout is tractable in the non-factored case. In contrast,
exact SOGBOFA is not tractable even in the non-factored case because it maximizes over all decision variables.

6Note that the term inference direction may be misleading: the authors establish a direct equivalence between
forward and MMAP inference, and between backward and marginal inference, regardless of the direction in
which messages are passed or any other considerations (R. Khardon, personal communication, Oct 2024).
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Figure 2: Performance of different types of inference on factored MDPs as a function of their level of
stochasticity (normalized entropy). [Left] Estimation error of the best utility. Lower is better. [Right]
Advantage of the next action prescribed by a method vs. optimal planning. Higher is better.
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et al., 2020). Closest to our work, (Cheng et al., 2013; Chen et al., 2015) tackle graph-based MDPs,
similar to factored MDPs, but with a factorized action space: multiple actions are taken at each time
step, each locally affecting a single entity. This locality results in additional efficiencies, so direct
application to a state-only-factored MDPs would still result in exponential cost.

LP formulations for the solution non-stationary, finite-horizon MDPs have received significant
attention over the last decade (e.g., Kumar et al., 2015; Bhattacharya and Kharoufeh, 2017; Altman,
2021; Bhat et al., 2023), but they lack a variational perspective and do not generalize easily to handle
state-factored MDPs. The LPs in (Koller and Parr, 1999; Guestrin et al., 2003; Malek et al., 2014) on
the other hand do handle factored MDPs and have a closer connection to our work. The problem setup
is slightly different, infinite-horizon MDPs with a stationary policy in their case vs our finite horizon
MDPs, which allows us to use local non-stationary policies. More importantly, their computational
cost can be significantly higher than in this proposal. E.g., (Guestrin et al., 2003, Section 4.2.1) states
that the cost is dependent on the variable elimination order. In the optimal case (which is NP-hard to
find), it scales exponentially with the width of the cost network, which is based on the dependencies
between entities, and can be much larger than exponential in the number of parents (our case).

6 Empirical validation

Synthetic MDPs We generate 5, 000 synthetic factored MDPs structured as in Fig. 1[Right] with
random dynamics, all-or-nothing reward at the last time step, and controlled normalized entropies,

defined as HMDP =
∑

i,xt,at
H(p(x

(i)
t+1|xt,at))

NeNaN
Ne
s logNs

∈ [0, 1]. See Appendix I.1 for more details.

They are purposefully small so that we can compute FmarginalU , FMAP, FMMAP, F planning exactly,
even though they are intractable in general. We also compute F̃marginal (tractable), and F̃MMAP

(tractable bound, generally intractable optimization), which correspond to ARollout (Cui et al., 2015)
and optimal SOGBOFA-LC* (Cui et al., 2019), respectively. Finally, we include VBP (tractable,
imperfect optimization of F̃ planning(q)) and the tractable VI LP F̂ planning

λ=0 and VI CVX F̂ planning
λ=1 .

Fig. 2 shows the effect of stochasticity in the estimation of the utility [Left] and the next best action
[Right]. For high stochasticity, VBP, even if approximate, dominates all other types of inference.
The concave upper bounds F̂ planning

λ=0 and F̂ planning
λ=1 also improve over exact MMAP but not as much

as VBP. For low stochasticity, exact MAP and MMAP dominate VBP. The (intractably optimal)
SOGBOFA-LC* remains close to the exact MMAP. These results agree well with the theory and
observations laid out in Section 4. We see good correlation between the accuracy of the utility
estimation and the quality of the planning choices ([Left] and [Right] panels). ARollout and exact
marginal seem to be an exception to this; this is explained in Section 4.2: for pure planning problems,
with low stochasticity both methods are a constant away from the right utility and make good choices.

Reactivity avoidance We craft a multi-entity MDP in which the agent controls the level of reactivity
(see Section 4.2) needed to solve the environment, but is penalized for lower ones. VBP keeps the
reactivity at a maximum, to achieve a reward of 1. SOGBOFA-LC* “aware” that it cannot plan
reactively (despite replanning), takes step to reduce it, getting a reward of 0.33. See Appendix I.2.

International probabilistic planning competition tasks (IPPC) We follow (Wu and Khardon,
2022) and compare on the same tasks and with the same methods. We use the 6 different domains
from IPPC2011, each with 10 instances (factored MDPs) of increasing difficulty, with given dynamics
and (stationary) rewards, 40-step episodes, and mildly stochastic dynamics. As baselines, we use
MFVI-Bwd (Wu and Khardon, 2022), CSVI-Bwd (Wu and Khardon, 2022), ARollout (F̃marginalU

λ=0 ,
see Cui et al., 2015), and SOGBOFA-LC (F̃MMAP

λ=0 , see Cui et al., 2019). We provide details about
these competing methods in Appendix I.3. From our proposed variational framework, we use7 VI LP
(F̂ planning

λ=0 ), and VBP8. (F̃ planning
λ≈0 ).

Fig. 3 shows the average cumulative reward for all domains and methods. Four domains are highly
deterministic (HMDP < 0.05), but planning inference manages to be competitive wrt the best baselines.

7Code at https://github.com/google-deepmind/what_type_of_inference_is_planning.
8Setting λ = 0 can result in degeneracy problems, so we use a small value instead, see Appendix I.3.
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Figure 3: Cumulative rewards on 6 problem domains from the ICAPS 2011 IPPC. A small horizontal
jitter was introduced in all data points for visual clarity. Each cumulative reward is averaged over
30 simulations per instance. Datasets are ordered from left to right and top to bottom by increasing
normalized entropy levels. Only the last two have a significant stochasticity level >5%.

The other two are Game of Life and SysAdmin, which have an average HMDP of 0.18 and 0.23
respectively. We notice a significant advantage of our proposals wrt the most sophisticated method,
SOGBOFA-LC (F̃MMAP

λ=0 ). This is consistent with our expectation of MMAP degrading with increased
stochasticity (see Section 4). Elevators is well known for its challenging rewards (Cui et al., 2015)
and the only one for which ARollout performs noticeably worse. In this domain, VBP manages to
match or exceed SOGBOFA-LC on most instances. Overall, we observe that VBP is more consistent
across varying stochasticities, matching the performance of the best method for each dataset. None
of these domains reach the larger stochasticity levels shown in Fig. 2 where VBP dominates. VI LP
also performs generally well, although not as well as VBP due to the missing mutual information
mentioned in Section 3.2. See Appendix I.3 for details.

7 Discussion

The variational framework offers a powerful tool to analyze and understand how different existing
types of inference approximate planning, the key role of stochasticity, what the ideal type of inference
for planning is, and how to design new approximations. We hope that the introduced VI perspective
will further the understanding of existing methods and lead to novel planning algorithms.
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A Proof of the variational formulation of planning

In this proof we will use two identities, the first is the variational identity (Jordan et al., 1999):

log
∑
x,a

f(x,a) = max
q(x,a)

⟨log f(x,a)⟩q(x,a) +H(q(x,a)) (9)

and the second is

max
π

∑
a

q(a) log π(a) = max
π(a)

−H(q(a))−KL(q(a)||π(a)) =
∑
a

q(a) log q(a), (10)

which follows because the term π(a) is an arbitrary distribution that can make the KL divergence
exactly zero (by choosing π(a) = q(a)). With this we can proceed to the main proof:

F planning
λ =

1

λ
max
π

log
∑
a,x

exp
(
λ

T−1∑
t=1

Rt(xt, at, xt+1)
)
P (x1)

T−1∏
t=1

P (xt+1|at, xt)πt(at|xt)

Eq. (9)
=

1

λ
max
π,q

〈
log
(
P (x1)

T−1∏
t=1

exp(λRt(xt, at, xt+1))P (xt+1|at, xt)πt(at|xt)
)〉

q(x,a)
+H(q(x,a))

=
1

λ
max
π,q

(
− Eλ(q) +H(q(x,a)) +

T−1∑
t=1

⟨log πt(at|xt)⟩q(xt,at)

)
=
1

λ
max

q

(
− Eλ(q) +Hq(x1) +

T−1∑
t=1

Hq(xt+1, at|xt) + ⟨max
πt

⟨log πt(at|xt)⟩q(at|xt)⟩q(xt)

)
Eq. (10)
=

1

λ
max

q

(
− Eλ(q) +Hq(x1) +

T−1∑
t=1

Hq(xt+1, at|xt) + ⟨⟨log q(at|xt)⟩q(at|xt)⟩q(xt)

)
=
1

λ
max

q

(
− Eλ(q) +Hq(x1) +

T−1∑
t=1

Hq(xt+1, at|xt)−Hq(at|xt)
)

=
1

λ
max

q

(
− Eλ(q) +Hplanning(q)

)
= max

q
F planning
λ (q),

where we additionally see that we have chosen πt(at|xt) = q(at|xt), therefore, the optimal policy
will be πt(at|xt) = q∗(at|xt) where q∗ is the value of q that maximizes F planning

λ (q).

B Proof that for λ → 0+ the variational bound turns into an LP

Let us rewrite the concave optimization functional Eq. (2) (derived in Appendix A) by combining the
energy and entropy terms into KL divergences:

F planning
λ (q) =

1

λ

(
− Eλ(q) +Hplanning(q)

)
=

1

λ

(
−KL(q(x1)||P (x1))

−
T−1∑
t=1

⟨KL(q(xt+1|xt, at)||P (xt+1|xt, at))⟩q(xt,at) + ⟨λRt(xt, at, xt+1)⟩q(xt+1,xt,at)

)
=

T−1∑
t=1

⟨Rt(xt, at, xt+1)⟩q(xt+1,xt,at)

− KL(q(x1)||P (x1)) +
∑T−1

t=1 ⟨KL(q(xt+1|xt, at)||P (xt+1|xt, at))⟩q(xt,at)

λ

It is clear that if any of the KL terms are larger than 0, then limλ→0+ F planning
λ (q) = −∞ (for bounded

rewards), whereas if all KL terms are 0, the limit is finite. That means that to maximize the bound
wrt q in the λ → 0+ limit, we will choose q(x1) = P (x1) and q(xt+1|xt, at) = P (xt+1|xt, at),
which allows to remove the KL terms and results in the (constrained) LP optimization of Corollary
1.1 (which also explicitly includes the marginalization constraints q ∈ M).
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C Derivation of the planning Bethe entropy for factored MDPs

The standard Bethe entropy of a factored MDP (Yedidia et al., 2005), such as the one in Fig. 4, is:

Hmarginal
Bethe (q̃) =

Ne∑
i=1

Hq(x
(i)
1 ) +

T−1∑
t=1

(
HBethe(q̃xt,at)−

Ne∑
i=1

Hq(x
(i)
t )

+

Ne∑
i=1

Hq(x
(i)
t+1, x

pa(i)
t , at)−Hq(x

pa(i)
t , at)

)
,

where we use xpa(i)
t to refer to the “parent” variables. To simplify notation, when i ∈ 1, . . . , Ne, xpa(i)

t

is the collection variables on which the distribution of x(i)
t+1 depends according to the dynamics model,

but when i ∈ Ne + 1, . . . , Ne +Nr, xpa(i)
t is the collection of variables on which the (i −Ne)-th

reward depends. See also Fig. 4 for clarification on the notation of parents of dynamics and rewards.

The Bethe entropy above was defined, for conciseness, in terms of the Bethe entropy of a subset of
the variables in a single time slice (current state and action, but not next state):

HBethe(q̃xt,at
) =(1−Ne)Hq(at) +

Ne∑
i=1

Hq(x
pa(i)
t , at) +

Ne+Nr∑
i=Ne+1

Hq(x
pa(i)
t )

−
Ne+Nr∑
i=1

∑
k∈pa(i)

Hq(x
(k)
t ) +

Ne∑
i=1

Hq(x
(i)
t ).

Finally, the Bethe entropy of the states of factored MDP is

HBethe(q̃xt
) =

Ne∑
i=1

Hq(x
(i)
t ) +

Ne+Nr∑
i=1

(
Hq(x

pa(i)
t )−

∑
k∈pa(i)

Hq(x
(k)
t )
)

=

Ne∑
i=1

Hq(x
(i)
t )−

Ne+Nr∑
i=1

Iq(x
pa(i)
t )

where Iq(x
pa(i)
t ) is the mutual information among the parents of variable x

(i)
t+1.

Note that all the Bethe entropy definitions are linear combinations of standard Shannon en-
tropies defined over subsets of variables in the factor graph. The subsets are defined by the
factor graph, as groups of variables connected by the same factor. The idea of the Bethe en-
tropy approximation is to sum the entropies of all such subsets and then discount the “over-
counted” entropy corresponding to variables that appear in multiple subsets. The pseudo-marginals
q̃ ≡ {q(x(i)

t+1, x
pa(i)
t , at)}t=T−1,i=Ne

t=1,i=1 ∪ {q(xpa(r)
t )}t=T,r=Ne+Nr

t=1,r=Ne+1 are all the local distributions that
correspond to each factor. The pseudo-marginals are locally consistent at the variables, i.e., two
pseudo-marginals that contain the same variable should provide the same marginal for that vari-
able. However, there is no further need for consistency, and in particular, they do not need to
correspond to the marginals of global joint distribution. The (convex) domain of pseudo-marginals
contains the (also convex) domain of the marginals, but it is larger, so switching from marginals to
pseudo-marginals in any optimization problem relaxes it and provides an upper bound on the original
optimization problem. See (Weller et al., 2014) for more details. For convenience, we have also
defined some subsets of the pseudo-marginals: q̃xt,at ≡ {q(xpa(i)

t , at)}i=Ne
i=1 ∪ {q(xpa(r)

t )}r=Ne+Nr

r=Ne+1

and q̃xt
≡ {q(xpa(i)

t )}i=Ne+Nr
i=1 .

Since the planning entropy is a linear combination of the standard entropy of the factor graph
Hmarginal(q) and two local entropies per time step, we can simply approximate each Shannon entropy
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by its corresponding Bethe entropy to get the Bethe planning entropy

Hplanning(q) = Hmarginal(q) +

T−1∑
t=1

Hq(xt)−Hq(xt, at)

≈ Hmarginal
Bethe (q̃) +

T−1∑
t=1

HBethe(q̃xt
)−HBethe(q̃xt,at

)

=

Ne∑
i=1

Hq(x
(i)
1 ) +

T−1∑
t=1

( Ne∑
i=1

Hq(x
(i)
t+1|x

pa(i)
t , at)−

Ne+Nr∑
i=1

Iq(x
pa(i)
t )

)
= Hplanning

Bethe (q̃).

Note that we sometimes use the superscript marginal for consistency with the main text, but the
marginal entropy is simply the standard entropy so that superscript can be safely dropped.

D Value BP message updates

We are interested in optimizing the cost function
1

λ
max

q̃

(
− Eλ(q̃) + ϵHmarginal

Bethe (q̃) + (1− ϵ)Hplanning
Bethe (q̃)

)
As we saw in Appendix C, Hmarginal

Bethe (q̃) and Hplanning
Bethe (q̃) are linear combinations of local entropies

over small subsets of variables defined by the factor graph, therefore so is their linear combination.
This score function can be seen as a standard Bethe free energy with non-standard entropy weightings.
We can directly derive LBP-like message updates by using these modified weights instead (Hazan
and Shashua, 2010), resulting in the following VBP message updates

Q(x
pa(i)
t , at) =

∑
x
(i)
t+1

mb(x
(i)
t+1)p(x

(i)
t+1|x

pa(i)
t , at)

mb(x
pa(i)
t ) =

(∑
a

(Q(x
pa(i)
t , at)n

(i)(at))
1
ϵ

)ϵ
m(i)(at) =

( ∑
x

pa(i)
t

(
Q(x

pa(i)
t , at)

mb(x
pa(i)
t )

) 1
ϵ

mf(x
pa(i)
t )mb(x

pa(i)
t )

)ϵ
n(i)(at) =

∏
k ̸=i

m(k)(at)

mf(x
(i)
t+1) =

∑
x

pa(i)
t ,a

(
Q(x

pa(i)
t , at)n

(i)(at)

mb(x
pa(i)
t )

) 1
ϵ

mf(x
pa(i)
t )mb(x

pa(i)
t )

p(x
(i)
t+1|x

pa(i)
t , at)

Q(x
pa(i)
t , at)

mf(x
pa(i)
t ) =

∏
k∈pa(i)

n
(i)
f (x

(k)
t )

n
(i)
f (x

(j)
t ) = mf(x

(j)
t )

∏
k|j∈pa(k),k ̸=i

n
(k)
b (x

(j)
t ) towards parents of entity i

n
(i)
b (x

(j)
t ) =

∑
{x(k)

t }k ̸=j

mb(x
pa(i)
t )

∏
k ̸=i

n
(i)
f (x

(k)
t ) from parents of entity i

mb(x
(j)
t ) =

∏
k|j∈pa(k)

n
(k)
b (x

(j)
t )

The following messages should be held constant

mb(x
pa(i)
t ) = exp(λR(x

pa(i)
t )) ∀i > Ne

mf(x
(i)
1 ) = P (x

(i)
1 )
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See Fig. 4 to track the correspondence between the above messages and the factor graph of the
factored MDP. Note that most updates correspond exactly with standard loopy BP, and only a few (the
ones involving ϵ) are specific to VBP. These messages updates should be iterated until convergence
or for a fixed number of iterations. Two tricks to improve convergence are (a) damping the message
updates in log space; (b) as the iterations progress, anneal between LBP (ϵ = 1) and VBP (very small
ϵ). We typically use both, with a damping of 0.5 (i.e., the mean of the old and the new message in log
space) and anneal by using as ϵ(iter) = max{0.01, 1.0/iter}, where “iter” is the iteration number.
Scheduling also plays a role in convergence. We propagate the messages by alternating backward
and forward schedules in an outer loop, and solving each time slice to convergence in an inner loop.
We did observe a correlation between the quality of the solutions and VBP converging.
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<latexit sha1_base64="Umy06z34fxikSji0jQhUoEIB8Bs=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSLUS9ktRT0WvXisYD+kXUs2zbahSXZJsmJZ+iu8eFDEqz/Hm//GtN2Dtj4YeLw3w8y8IOZMG9f9dlZW19Y3NnNb+e2d3b39wsFhU0eJIrRBIh6pdoA15UzShmGG03asKBYBp61gdD31W49UaRbJOzOOqS/wQLKQEWysdP/UqzykJe9s0isU3bI7A1omXkaKkKHeK3x1+xFJBJWGcKx1x3Nj46dYGUY4neS7iaYxJiM8oB1LJRZU++ns4Ak6tUofhZGyJQ2aqb8nUiy0HovAdgpshnrRm4r/eZ3EhJd+ymScGCrJfFGYcGQiNP0e9ZmixPCxJZgoZm9FZIgVJsZmlLcheIsvL5Nmpeydl6u31WLtKosjB8dwAiXw4AJqcAN1aAABAc/wCm+Ocl6cd+dj3rriZDNH8AfO5w/EOI++</latexit>

x
(1)
2

<latexit sha1_base64="2Pq9El26PgX4VC9BeE2dfwR/ntQ=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSLUS9ktRT0WvXisYD+kXUs2zbahSXZJsmJZ+iu8eFDEqz/Hm//GtN2Dtj4YeLw3w8y8IOZMG9f9dlZW19Y3NnNb+e2d3b39wsFhU0eJIrRBIh6pdoA15UzShmGG03asKBYBp61gdD31W49UaRbJOzOOqS/wQLKQEWysdP/UqzykpcrZpFcoumV3BrRMvIwUIUO9V/jq9iOSCCoN4VjrjufGxk+xMoxwOsl3E01jTEZ4QDuWSiyo9tPZwRN0apU+CiNlSxo0U39PpFhoPRaB7RTYDPWiNxX/8zqJCS/9lMk4MVSS+aIw4chEaPo96jNFieFjSzBRzN6KyBArTIzNKG9D8BZfXibNStk7L1dvq8XaVRZHDo7hBErgwQXU4Abq0AACAp7hFd4c5bw4787HvHXFyWaO4A+czx/Fvo+/</latexit>

x
(2)
2

<latexit sha1_base64="yp86h02bWBuNddoU27eRi8S/MR4=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16CRahXkpSinosevFYwX5AG8Nmu2mXbjZhdyItIX/FiwdFvPpHvPlv3LY5aOuDgcd7M8zM82POFNj2t1HY2Nza3inulvb2Dw6PzONyR0WJJLRNIh7Jno8V5UzQNjDgtBdLikOf064/uZ373ScqFYvEA8xi6oZ4JFjACAYteWZ56tUf0wHQKaQxzqrOReaZFbtmL2CtEycnFZSj5Zlfg2FEkpAKIBwr1XfsGNwUS2CE06w0SBSNMZngEe1rKnBIlZsubs+sc60MrSCSugRYC/X3RIpDpWahrztDDGO16s3F/7x+AsG1mzIRJ0AFWS4KEm5BZM2DsIZMUgJ8pgkmkulbLTLGEhPQcZV0CM7qy+ukU685l7XGfaPSvMnjKKJTdIaqyEFXqInuUAu1EUFT9Ixe0ZuRGS/Gu/GxbC0Y+cwJ+gPj8weoJJQz</latexit>

x
pa(1)
2

<latexit sha1_base64="eDy2xMClEsCc0hc2MqwDBX9ugUw=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16CRahXkpSinosevFYwX5AG8Nmu2mXbjZhdyItIX/FiwdFvPpHvPlv3LY5aOuDgcd7M8zM82POFNj2t1HY2Nza3inulvb2Dw6PzONyR0WJJLRNIh7Jno8V5UzQNjDgtBdLikOf064/uZ373ScqFYvEA8xi6oZ4JFjACAYteWZ56tUf0wHQKaQxzqr1i8wzK3bNXsBaJ05OKihHyzO/BsOIJCEVQDhWqu/YMbgplsAIp1lpkCgaYzLBI9rXVOCQKjdd3J5Z51oZWkEkdQmwFurviRSHSs1CX3eGGMZq1ZuL/3n9BIJrN2UiToAKslwUJNyCyJoHYQ2ZpAT4TBNMJNO3WmSMJSag4yrpEJzVl9dJp15zLmuN+0aleZPHUUSn6AxVkYOuUBPdoRZqI4Km6Bm9ojcjM16Md+Nj2Vow8pkT9AfG5w+pqpQ0</latexit>

x
pa(2)
2

<latexit sha1_base64="5/sC96okTE/rIFkLcsmrUJHhdug=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBHqpiS1qMuiG5cV7APaGCbTSTt08mDmRlpCfsWNC0Xc+iPu/BunbRbaeuDC4Zx7ufceLxZcgWV9G2vrG5tb24Wd4u7e/sGheVRqqyiRlLVoJCLZ9YhigoesBRwE68aSkcATrOONb2d+54lJxaPwAaYxcwIyDLnPKQEtuWZp4tYe0z6wCaQxySoX55lrlq2qNQdeJXZOyihH0zW/+oOIJgELgQqiVM+2YnBSIoFTwbJiP1EsJnRMhqynaUgCppx0fnuGz7QywH4kdYWA5+rviZQESk0DT3cGBEZq2ZuJ/3m9BPxrJ+VhnAAL6WKRnwgMEZ4FgQdcMgpiqgmhkutbMR0RSSjouIo6BHv55VXSrlXty2r9vl5u3ORxFNAJOkUVZKMr1EB3qIlaiKIJekav6M3IjBfj3fhYtK4Z+cwx+gPj8werMJQ1</latexit>

x
pa(3)
2

<latexit sha1_base64="RPImQG6Z2Xfs2YAYqtLxjU0TyUs=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16CRahXkpSinosevFYwX5AG8Nmu2mXbjZhdyItIX/FiwdFvPpHvPlv3LY5aOuDgcd7M8zM82POFNj2t1HY2Nza3inulvb2Dw6PzONyR0WJJLRNIh7Jno8V5UzQNjDgtBdLikOf064/uZ373ScqFYvEA8xi6oZ4JFjACAYteWZ56tUf0wHQKaQxzqqNi8wzK3bNXsBaJ05OKihHyzO/BsOIJCEVQDhWqu/YMbgplsAIp1lpkCgaYzLBI9rXVOCQKjdd3J5Z51oZWkEkdQmwFurviRSHSs1CX3eGGMZq1ZuL/3n9BIJrN2UiToAKslwUJNyCyJoHYQ2ZpAT4TBNMJNO3WmSMJSag4yrpEJzVl9dJp15zLmuN+0aleZPHUUSn6AxVkYOuUBPdoRZqI4Km6Bm9ojcjM16Md+Nj2Vow8pkT9AfG5w+stpQ2</latexit>

x
pa(4)
2

<latexit sha1_base64="320VPklRgEWhB8hnnEiRh3xn5cE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0QPtev1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vktZF1bus1u5rlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwDrhY2S</latexit>a1
<latexit sha1_base64="WxkZs5xRs38lJD4l9+FXgHm0HfI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY9FLx4r2lpoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgbjm5n/+IRK81g+mEmCfkSHkoecUWOle9qv9csVt+rOQVaJl5MK5Gj2y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmnXqt5FtX5XrzSu8ziKcAKncA4eXEIDbqEJLWAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QPtCY2T</latexit>a2

<latexit sha1_base64="29udDuRt3VB1WpJuYchSMwkP7Qg=">AAACGHicbZC5TgMxEIa9nCFcAUqaFRFSaMIuQkCJoKEMEjmkJKy8zmyw8NorexaIVvsYNLwKDQUI0abjbXCOgmskS5/+f0bj+cNEcIOe9+nMzM7NLywWlorLK6tr66WNzYZRqWZQZ0oo3QqpAcEl1JGjgFaigcahgGZ4ez7ym3egDVfyCgcJdGPalzzijKKVgtJ+J5U96wNmHaFkX0CEVGt1n2cyCK+zir+XVx4Cf0J7eVAqe1VvXO5f8KdQJtOqBaVhp6dYGoNEJqgxbd9LsJtRjZwJyIud1EBC2S3tQ9uipDGYbjY+LHd3rdJzI6Xtk+iO1e8TGY2NGcSh7Ywp3pjf3kj8z2unGJ10My6TFEGyyaIoFS4qd5SS2+MaGIqBBco0t3912Q3VlKHNqmhD8H+f/BcaB1X/qHp4eVg+PZvGUSDbZIdUiE+OySm5IDVSJ4w8kmfySt6cJ+fFeXc+Jq0zznRmi/woZ/gFEBugWg==</latexit>

n
(1)
b (x

(1)
1 )

 �

<latexit sha1_base64="2tD7CCT0aSKAa1SOQcEG1hE1xag=">AAACGHicbZA9T8MwEIYdvilfBUaWiAqpXUqCEDAiWBiLRAtSWyLHvRQLx47sC1BF+Rks/BUWBhBi7ca/wf0YoOUkS4/e907ne8NEcIOe9+3MzM7NLywuLRdWVtfWN4qbWw2jUs2gzpRQ+iakBgSXUEeOAm4SDTQOBVyH9+cD//oBtOFKXmEvgXZMu5JHnFG0UlDcb6WyY33ArCWU7AqIkGqtHvNMBuFtVvYrefkp8C0dVPJKHhRLXtUbljsN/hhKZFy1oNhvdRRLY5DIBDWm6XsJtjOqkTMBeaGVGkgou6ddaFqUNAbTzoaH5e6eVTpupLR9Et2h+nsio7ExvTi0nTHFOzPpDcT/vGaK0Uk74zJJESQbLYpS4aJyBym5Ha6BoehZoExz+1eX3VFNGdqsCjYEf/LkaWgcVP2j6uHlYen0bBzHEtkhu6RMfHJMTskFqZE6YeSZvJJ38uG8OG/Op/M1ap1xxjPb5E85/R8Ro6Bb</latexit>

n
(1

)
b

(x
(2

)
1

)
 �

<latexit sha1_base64="exAzv51rQ+BWqm3IqkKqRitRc+E=">AAACGHicbZA9T8MwEIYdPkv5KjCyRFRI7VKSqgLGChZGkCggtSVy3Etr1bEj+wJUUX4GC3+FhQGEWNn4N7ilA18nWXr0vnc63xsmghv0vA9nZnZufmGxsFRcXlldWy9tbF4YlWoGLaaE0lchNSC4hBZyFHCVaKBxKOAyHB6P/csb0IYreY6jBLox7UsecUbRSkFpr5PKnvUBs45Qsi8gQqq1us0zGYTXWaVRzSt3gW+pXs2reVAqezVvUu5f8KdQJtM6DUrvnZ5iaQwSmaDGtH0vwW5GNXImIC92UgMJZUPah7ZFSWMw3WxyWO7uWqXnRkrbJ9GdqN8nMhobM4pD2xlTHJjf3lj8z2unGB12My6TFEGyr0VRKlxU7jglt8c1MBQjC5Rpbv/qsgHVlKHNqmhD8H+f/Bcu6jV/v9Y4a5SbR9M4CmSb7JAK8ckBaZITckpahJF78kieyYvz4Dw5r87bV+uMM53ZIj/Kef8EFlmgXg==</latexit>

n (4)b
(x (2)1

)

 
�

<latexit sha1_base64="DbI8w2VzM2BbN6rJz2ppqAoirYc=">AAACGHicbZC7TsMwFIYdrqXcCowsERVSu5SkqoCxgoWxSPQitSVyXKe16tiRfQJUUR6DhVdhYQAh1m68De5lgJYjWfr0/+fo+Px+xJkGx/m2VlbX1jc2M1vZ7Z3dvf3cwWFDy1gRWieSS9XysaacCVoHBpy2IkVx6HPa9IfXE7/5QJVmUtzBKKLdEPcFCxjBYCQvd9aRE5tC0uFS9BXrDwArJR/TRHjBfVJwi2nhyXMNlYtpMfVyeafkTMteBncOeTSvmpcbd3qSxCEVQDjWuu06EXQTrIARTtNsJ9Y0wmSI+7RtUOCQ6m4yPSy1T43SswOpzBNgT9XfEwkOtR6FvukMMQz0ojcR//PaMQSX3YSJKAYqyGxREHMbpD1Jye4xRQnwkQFMFDN/tckAK0zAhJU1IbiLJy9Do1xyz0uV20q+ejWPI4OO0QkqIBddoCq6QTVURwQ9o1f0jj6sF+vN+rS+Zq0r1nzmCP0pa/wDNEigcA==</latexit>

�!
n

(1
)

f
(x

(2
)

1
)

<latexit sha1_base64="Gxfsstk70+epWKES3feBHVQ1Fek=">AAACGHicbZC7TsMwFIadcivlVmBkiaiQ2qUkqALGChbGItGL1JbIcZ3WqmNH9glQRXkMFl6FhQGEWLvxNriXAVqOZOnT/5+j4/P7EWcaHOfbyqysrq1vZDdzW9s7u3v5/YOGlrEitE4kl6rlY005E7QODDhtRYri0Oe06Q+vJ37zgSrNpLiDUUS7Ie4LFjCCwUhe/rQjJzaFpMOl6CvWHwBWSj6mifCC+6ToltLik+fOqJR6+YJTdqZlL4M7hwKaV83Ljzs9SeKQCiAca912nQi6CVbACKdprhNrGmEyxH3aNihwSHU3mR6W2idG6dmBVOYJsKfq74kEh1qPQt90hhgGetGbiP957RiCy27CRBQDFWS2KIi5DdKepGT3mKIE+MgAJoqZv9pkgBUmYMLKmRDcxZOXoXFWds/LldtKoXo1jyOLjtAxKiIXXaAqukE1VEcEPaNX9I4+rBfrzfq0vmatGWs+c4j+lDX+ATLAoG8=</latexit> �!
n

(1)
f (x

(1)
1 )

<latexit sha1_base64="r5kLa5KspWvr/BclEQtEXgTNojQ="></latexit>

mb(x
pa(1)
1 )
 �

<latexit sha1_base64="qE5KrdcJu9l56sOxUSQCsrdABow="></latexit>

mb(x
pa(1)
2 )
 �

<latexit sha1_base64="69tn8p2YzLWBYfuYbGjxefMAKnE=">AAACFnicbVA9SwNBEN3z2/gVtbQ5DEIsDHciainaWEYwUUjisbeZi4t7u8funBqW+xU2/hUbC0Vsxc5/4yam8OvBwOO9GWbmxZngBoPgwxsbn5icmp6ZLc3NLywulZdXmkblmkGDKaH0eUwNCC6hgRwFnGcaaBoLOIuvjgb+2TVow5U8xX4GnZT2JE84o+ikqLzVzmXX+YC2LZTsCUiQaq1uCptGcdXa2yLavrDVcLPYLIqoXAlqwRD+XxKOSIWMUI/K7+2uYnkKEpmgxrTCIMOOpRo5E1CU2rmBjLIr2oOWo5KmYDp2+Fbhbzil6ydKu5LoD9XvE5amxvTT2HWmFC/Nb28g/ue1ckz2O5bLLEeQ7GtRkgsflT/IyO9yDQxF3xHKNHe3+uySasrQJVVyIYS/X/5Lmtu1cLe2c7JTOTgcxTFD1sg6qZKQ7JEDckzqpEEYuSMP5Ik8e/feo/fivX61jnmjmVXyA97bJ80ooF4=</latexit>

mb(x
(1)
2 )

 �

<latexit sha1_base64="srzIdG+NxBrLEksCXkQP3wa2vd4=">AAACFnicbVA9SwNBEN3z2/gVtbQ5DEIsDHca1FK0sVQwKiTx2NvMxcW93WN3Tg3L/Qob/4qNhSK2Yue/cRNT+PVg4PHeDDPz4kxwg0Hw4Y2Mjo1PTE5Nl2Zm5+YXyotLp0blmkGDKaH0eUwNCC6hgRwFnGcaaBoLOIuvDvr+2TVow5U8wV4G7ZR2JU84o+ikqLzRymXH+YC2JZTsCkiQaq1uCptGcdXa2yLaurDVcL1YL4qoXAlqwQD+XxIOSYUMcRSV31sdxfIUJDJBjWmGQYZtSzVyJqAotXIDGWVXtAtNRyVNwbTt4K3CX3NKx0+UdiXRH6jfJyxNjemlsetMKV6a315f/M9r5pjsti2XWY4g2deiJBc+Kr+fkd/hGhiKniOUae5u9dkl1ZShS6rkQgh/v/yXnG7Wwu1a/bhe2dsfxjFFVsgqqZKQ7JA9ckiOSIMwckceyBN59u69R+/Fe/1qHfGGM8vkB7y3T861oF8=</latexit>

mb(x
(1)
3 )

 �

<latexit sha1_base64="k70sA8fM6SV5btesjlVIIX0TYDg=">AAACFnicbVA9SwNBEN3z2/gVtbQ5DEIsDHdR1FK0sVQwKiTx2NvMxcW93WN3Tg3L/Qob/4qNhSK2Yue/cRNT+PVg4PHeDDPz4kxwg0Hw4Y2Mjo1PTE5Nl2Zm5+YXyotLp0blmkGDKaH0eUwNCC6hgRwFnGcaaBoLOIuvDvr+2TVow5U8wV4G7ZR2JU84o+ikqLzRymXH+YC2JZTsCkiQaq1uCptGcdXa2yLavLDV+nqxXhRRuRLUggH8vyQckgoZ4igqv7c6iuUpSGSCGtMMgwzblmrkTEBRauUGMsquaBeajkqagmnbwVuFv+aUjp8o7UqiP1C/T1iaGtNLY9eZUrw0v72++J/XzDHZbVsusxxBsq9FSS58VH4/I7/DNTAUPUco09zd6rNLqilDl1TJhRD+fvkvOa3Xwu3a1vFWZW9/GMcUWSGrpEpCskP2yCE5Ig3CyB15IE/k2bv3Hr0X7/WrdcQbziyTH/DePgHQPqBg</latexit>

mb(x
(2)
3 )

 �

<latexit sha1_base64="VIxlPNya+ZAcPMeD2vOkUXvGVgU=">AAACFnicbVA9SwNBEN3z2/gVtbQ5DEIsDHchqKVoY6lgVEjisbeZi4t7u8funBqW+xU2/hUbC0Vsxc5/4yam8OvBwOO9GWbmxZngBoPgwxsbn5icmp6ZLc3NLywulZdXTo3KNYMmU0Lp85gaEFxCEzkKOM800DQWcBZfHQz8s2vQhit5gv0MOintSZ5wRtFJUXmrncuu8wFtWyjZE5Ag1VrdFDaN4qq1t0VUv7DV+maxWRRRuRLUgiH8vyQckQoZ4Sgqv7e7iuUpSGSCGtMKgww7lmrkTEBRaucGMsquaA9ajkqagunY4VuFv+GUrp8o7UqiP1S/T1iaGtNPY9eZUrw0v72B+J/XyjHZ7VgusxxBsq9FSS58VP4gI7/LNTAUfUco09zd6rNLqilDl1TJhRD+fvkvOa3Xwu1a47hR2dsfxTFD1sg6qZKQ7JA9ckiOSJMwckceyBN59u69R+/Fe/1qHfNGM6vkB7y3T86xoF8=</latexit>

mb(x
(2)
2 )

 �

<latexit sha1_base64="Bfg+lnoBCuFd1rzhztthicSb3pg=">AAACH3icbVBNS8NAEN34bf2qevQSLEK9lKQU9Sh68ahgVWhq2GwndXGzG3YnalnyT7z4V7x4UES8+W/c1h78ejDweG+GmXlJLrjBIPjwJianpmdm5+YrC4tLyyvV1bUzowrNoM2UUPoioQYEl9BGjgIucg00SwScJ9eHQ//8BrThSp7iIIduRvuSp5xRdFJc3YkK2XM+oI2Ekn0BKVKt1W1pszipW3tXxs1LGyHcoc1pWW9ul9tlGVdrQSMYwf9LwjGpkTGO4+p71FOsyEAiE9SYThjk2LVUI2cCykpUGMgpu6Z96DgqaQama0f/lf6WU3p+qrQrif5I/T5haWbMIEtcZ0bxyvz2huJ/XqfAdK9rucwLBMm+FqWF8FH5w7D8HtfAUAwcoUxzd6vPrqimDF1kFRdC+Pvlv+Ss2Qh3Gq2TVm3/YBzHHNkgm6ROQrJL9skROSZtwsg9eSTP5MV78J68V+/tq3XCG8+skx/wPj4Bxuykow==</latexit>

mb(x
pa(2)
2 )
 �

<latexit sha1_base64="xTfpz4+hJjGpNPflreOHu9puTCc=">AAACH3icbVBNS8NAEN34bf2qevQSLEK9lESKehS9eFSwKjQ1bLaTdnGzG3YnalnyT7z4V7x4UES8+W/c1h78ejDweG+GmXlJLrjBIPjwJianpmdm5+YrC4tLyyvV1bVzowrNoMWUUPoyoQYEl9BCjgIucw00SwRcJNdHQ//iBrThSp7hIIdORnuSp5xRdFJc3Y3U0Aa0kVCyp3mvj1RrdVvaLE7r1t6VcXhlI4Q7tDkt6+F2uV2WcbUWNIIR/L8kHJMaGeMkrr5HXcWKDCQyQY1ph0GOHUs1ciagrESFgZyya9qDtqOSZmA6dvRf6W85peunSruS6I/U7xOWZsYMssR1ZhT75rc3FP/z2gWm+x3LZV4gSPa1KC2Ej8ofhuV3uQaGYuAIZZq7W33Wp5oydJlVXAjh75f/kvOdRrjbaJ42aweH4zjmyAbZJHUSkj1yQI7JCWkRRu7JI3kmL96D9+S9em9frRPeeGad/ID38QnnBaS2</latexit> �!
mf (x

pa(1)
1 )

<latexit sha1_base64="Tyl2FOmomWqNPa+C5nyD2WGrDXE=">AAACFnicbVBNS8NAEN34WetX1aOXYBHqwZIUUY+iF48VbCu0MWy2m3Zxsxt2J2pZ8iu8+Fe8eFDEq3jz37ipPfj1YODx3gwz86KUMw2e9+FMTc/Mzs2XFsqLS8srq5W19baWmSK0RSSX6iLCmnImaAsYcHqRKoqTiNNOdHVS+J1rqjST4hxGKQ0SPBAsZgSDlcLKbk8WNgXT41IMFBsMASslb3KThHHNmNs8bFyamr+T7+R5WKl6dW8M9y/xJ6SKJmiGlfdeX5IsoQIIx1p3fS+FwGAFjHCal3uZpikmV3hAu5YKnFAdmPFbubttlb4bS2VLgDtWv08YnGg9SiLbmWAY6t9eIf7ndTOIDwPDRJoBFeRrUZxxF6RbZOT2maIE+MgSTBSzt7pkiBUmYKMq2xD83y//Je1G3d+v753tVY+OJ3GU0CbaQjXkowN0hE5RE7UQQXfoAT2hZ+feeXRenNev1ilnMrOBfsB5+wTvo6Bz</latexit> �!
mf (x

(1)
2 )

<latexit sha1_base64="42i/X/ynj8cx1aurl/3V5GWL/zo=">AAACH3icbVBNS8NAEN34bf2qevQSLEK9lESKehS9eFSwKjQ1bLaTdnGzG3YnalnyT7z4V7x4UES8+W/c1h78ejDweG+GmXlJLrjBIPjwJianpmdm5+YrC4tLyyvV1bVzowrNoMWUUPoyoQYEl9BCjgIucw00SwRcJNdHQ//iBrThSp7hIIdORnuSp5xRdFJc3Y3U0Aa0kVCyp3mvj1RrdVvaLE7r1t6V8c6VjRDu0Oa0rIfb5XZZxtVa0AhG8P+ScExqZIyTuPoedRUrMpDIBDWmHQY5dizVyJmAshIVBnLKrmkP2o5KmoHp2NF/pb/llK6fKu1Koj9Sv09YmhkzyBLXmVHsm9/eUPzPaxeY7ncsl3mBINnXorQQPip/GJbf5RoYioEjlGnubvVZn2rK0GVWcSGEv1/+S853GuFuo3narB0cjuOYIxtkk9RJSPbIATkmJ6RFGLknj+SZvHgP3pP36r19tU5445l18gPexyfom6S3</latexit> �!
mf (x

pa(1)
2 )

<latexit sha1_base64="P46QFVe/V8bOv5/L5e8g9IMFGF4=">AAACFnicbVBNS8NAEN34bf2qevQSLEI9WBIt6rHoxaOCVaGJYbPdtIub3bA7UcuSX+HFv+LFgyJexZv/xm3tQVsfDDzem2FmXpxxpsHzvpyJyanpmdm5+dLC4tLySnl17ULLXBHaJJJLdRVjTTkTtAkMOL3KFMVpzOllfHPc9y9vqdJMinPoZTRMcUewhBEMVorKO4Hs2xRMwKXoKNbpAlZK3hUmjZKqMfdFtHdtqv52sV0UUbni1bwB3HHiD0kFDXEalT+DtiR5SgUQjrVu+V4GocEKGOG0KAW5phkmN7hDW5YKnFIdmsFbhbtllbabSGVLgDtQf08YnGrdS2PbmWLo6lGvL/7ntXJIDkPDRJYDFeRnUZJzF6Tbz8htM0UJ8J4lmChmb3VJFytMwEZVsiH4oy+Pk4vdmr9fq5/VK42jYRxzaANtoiry0QFqoBN0ipqIoAf0hF7Qq/PoPDtvzvtP64QznFlHf+B8fAPxMKB0</latexit> �!
mf (x

(1)
3 )

<latexit sha1_base64="dbnpi4gMumpCZCDg4RIP0dlv2bQ=">AAACHHicbVDLSgMxFM34rPVVdelmsAjtpszUoi6LblxWsFVo65BJM21oJhmSO2oJ8yFu/BU3LhRx40Lwb0wfC18HLpyccy+594QJZxo879OZm19YXFrOreRX19Y3Ngtb2y0tU0Vok0gu1VWINeVM0CYw4PQqURTHIaeX4fB07F/eUKWZFBcwSmg3xn3BIkYwWCkoHHTk2KZgOlyKvmL9AWCl5G1mRBBdm1K1nJWMucsC3z78clbOsqBQ9CreBO5f4s9IEc3QCArvnZ4kaUwFEI61bvteAl2DFTDCaZbvpJommAxxn7YtFTimumsmx2XuvlV6biSVLQHuRP0+YXCs9SgObWeMYaB/e2PxP6+dQnTcNUwkKVBBph9FKXdBuuOk3B5TlAAfWYKJYnZXlwywwgRsYHkbgv/75L+kVa34h5Xaea1YP5nFkUO7aA+VkI+OUB2doQZqIoLu0SN6Ri/Og/PkvDpv09Y5Zzazg37A+fgCCayiiA==</latexit>

�!n (2)f
(x (1)1

)

<latexit sha1_base64="z/ifVQX2ffI2ZcyDy3AxgAVJT/Y=">AAACHHicbVBNSwMxEM36bf2qevSyWIT2Una1qEfRi0cFq0Jbl2w6W4PZZElm1RL2h3jxr3jxoIgXD4L/xrT24NeDgZf3ZsjMizPBDQbBhzc2PjE5NT0zW5qbX1hcKi+vnBqVawZNpoTS5zE1ILiEJnIUcJ5poGks4Cy+Ohj4Z9egDVfyBPsZdFLakzzhjKKTovJWO5dd5wPatlCyJyBBqrW6KayM4gtb3awVVWtviyh0j7BW1IoiKleCejCE/5eEI1IhIxxF5bd2V7E8BYlMUGNaYZBhx1KNnAkoSu3cQEbZFe1By1FJUzAdOzyu8Dec0vUTpV1J9Ifq9wlLU2P6aew6U4qX5rc3EP/zWjkmux3LZZYjSPb1UZILH5U/SMrvcg0MRd8RyjR3u/rskmrK0OVVciGEv0/+S0436+F2vXHcqOztj+KYIWtknVRJSHbIHjkkR6RJGLkjD+SJPHv33qP34r1+tY55o5lV8gPe+yfmpKJz</latexit>

n (2)b
(x (1)1

)
 �

<latexit sha1_base64="4WL3MYomJA92VmKLpIh4PazmAyE=">AAACHHicbVDLSgMxFM34tr6qLt0MFqHdlBkt6rLoxqWCfUBbh0yaaYOZZEjuqCXMh7jxV9y4UMSNC8G/MX0stPXAhZNz7iX3njDhTIPnfTtz8wuLS8srq7m19Y3Nrfz2Tl3LVBFaI5JL1QyxppwJWgMGnDYTRXEcctoIb8+HfuOOKs2kuIZBQjsx7gkWMYLBSkH+qC2HNgXT5lL0FOv1ASsl7zMjgujGFCulrGjMQxb49nFYykpZFuQLXtkbwZ0l/oQU0ASXQf6z3ZUkjakAwrHWLd9LoGOwAkY4zXLtVNMEk1vcoy1LBY6p7pjRcZl7YJWuG0llS4A7Un9PGBxrPYhD2xlj6Otpbyj+57VSiE47hokkBSrI+KMo5S5Id5iU22WKEuADSzBRzO7qkj5WmIANLGdD8KdPniX1w7J/XK5cVQrVs0kcK2gP7aMi8tEJqqILdIlqiKBH9Ixe0Zvz5Lw4787HuHXOmczsoj9wvn4ADmGiiw==</latexit>

�!

n (4)f
(x (2)1

)

<latexit sha1_base64="Qc/vpkL8qmQ9zlr+L48yeeXc83k=">AAACHHicbVBNTwIxEO36ifiFevSykZjAhewiUY9ELx4xETQB3HRLFxq67aadVUmzP8SLf8WLB43x4sHEf2NBDiq+ZJLX92bSmRcmnGnwvE9nbn5hcWk5t5JfXVvf2Cxsbbe0TBWhTSK5VFch1pQzQZvAgNOrRFEch5xehsPTsX95Q5VmUlzAKKHdGPcFixjBYKWgcNCRY5uC6XAp+or1B4CVkreZEUF0bUrVclYy5i4Lqvbhl7NylgWFolfxJnBniT8lRTRFIyi8d3qSpDEVQDjWuu17CXQNVsAIp1m+k2qaYDLEfdq2VOCY6q6ZHJe5+1bpuZFUtgS4E/XnhMGx1qM4tJ0xhoH+643F/7x2CtFx1zCRpEAF+f4oSrkL0h0n5faYogT4yBJMFLO7umSAFSZgA8vbEPy/J8+SVrXiH1Zq57Vi/WQaRw7toj1UQj46QnV0hhqoiQi6R4/oGb04D86T8+q8fbfOOdOZHfQLzscXCzmiiQ==</latexit>

�!n (2)f
(x (1)2

)

<latexit sha1_base64="Woy8yc6E0kM8hfyiokOUjiBvKLs=">AAACHHicbVBNTwIxEO36ifiFevSykZjAhewiUY9ELx4xETQB3HRLFxq67aadVUmzP8SLf8WLB43x4sHEf2NBDiq+ZJLX92bSmRcmnGnwvE9nbn5hcWk5t5JfXVvf2Cxsbbe0TBWhTSK5VFch1pQzQZvAgNOrRFEch5xehsPTsX95Q5VmUlzAKKHdGPcFixjBYKWgcNCRY5uC6XAp+or1B4CVkreZEUF0bUq1clYy5i4LqvZRLWflLAsKRa/iTeDOEn9KimiKRlB47/QkSWMqgHCsddv3EugarIARTrN8J9U0wWSI+7RtqcAx1V0zOS5z963ScyOpbAlwJ+rPCYNjrUdxaDtjDAP91xuL/3ntFKLjrmEiSYEK8v1RlHIXpDtOyu0xRQnwkSWYKGZ3dckAK0zABpa3Ifh/T54lrWrFP6zUzmvF+sk0jhzaRXuohHx0hOroDDVQExF0jx7RM3pxHpwn59V5+26dc6YzO+gXnI8vD+6ijA==</latexit>

�!

n (4)f
(x (2)2

)

<latexit sha1_base64="gayl602bYtsKJNGBEp3UKv+oaWs=">AAACHHicbVDLSgMxFM34rPVVdelmsAh1U2a0qMuiG5cV7APaOmTSTBvMJENyRy1hPsSNv+LGhSJuXAj+jeljodUDF07OuZfce8KEMw2e9+XMzS8sLi3nVvKra+sbm4Wt7YaWqSK0TiSXqhViTTkTtA4MOG0liuI45LQZ3pyP/OYtVZpJcQXDhHZj3BcsYgSDlYLCUUeObAqmw6XoK9YfAFZK3mVGBNG1KfkHWcmY+yw4nDwOsiwoFL2yN4b7l/hTUkRT1ILCR6cnSRpTAYRjrdu+l0DXYAWMcJrlO6mmCSY3uE/blgocU9014+Myd98qPTeSypYAd6z+nDA41noYh7YzxjDQs95I/M9rpxCddg0TSQpUkMlHUcpdkO4oKbfHFCXAh5Zgopjd1SUDrDABG1jehuDPnvyXNA7L/nG5clkpVs+mceTQLtpDJeSjE1RFF6iG6oigB/SEXtCr8+g8O2/O+6R1zpnO7KBfcD6/AQmjoog=</latexit> �!
n

(1)
f (x

(1)
2 )

<latexit sha1_base64="Rwq7d5dKwj44ZSqFpXwQFRKr/6A=">AAACHHicbVDLSgMxFM34tr6qLt0MFqFuyowWdSm6calgVWjrkEnv1GAmGZI7agnzIW78FTcuFHHjQvBvTB8LXwcunJxzL7n3xJngBoPg0xsbn5icmp6ZLc3NLywulZdXzozKNYMGU0Lpi5gaEFxCAzkKuMg00DQWcB5fH/b98xvQhit5ir0M2intSp5wRtFJUXm7lcuO8wFtSyjZFZAg1VrdFlZG8aWthptF1dq7ItoaPjaLIipXglowgP+XhCNSISMcR+X3VkexPAWJTFBjmmGQYdtSjZwJKEqt3EBG2TXtQtNRSVMwbTs4rvA3nNLxE6VdSfQH6vcJS1NjemnsOlOKV+a31xf/85o5Jntty2WWI0g2/CjJhY/K7yfld7gGhqLnCGWau119dkU1ZejyKrkQwt8n/yVnW7Vwp1Y/qVf2D0ZxzJA1sk6qJCS7ZJ8ckWPSIIzck0fyTF68B+/Je/Xehq1j3mhmlfyA9/EF5puicw==</latexit>

n
(1)
b (x

(1)
2 )

 �

<latexit sha1_base64="AM8Ldbe5vnAjnI35SKFJt12xhnw=">AAACHHicbVBNSwMxEM36bf2qevSyWIT2UnarqEfRi0cFq0Jbl2w6W4PZZElm1RL2h3jxr3jxoIgXD4L/xrT24NeDgZf3ZsjMizPBDQbBhzc2PjE5NT0zW5qbX1hcKi+vnBqVawZNpoTS5zE1ILiEJnIUcJ5poGks4Cy+Ohj4Z9egDVfyBPsZdFLakzzhjKKTovJmO5dd5wPatlCyJyBBqrW6KayM4gtbbdSKqrW3RdRwj7BW1IoiKleCejCE/5eEI1IhIxxF5bd2V7E8BYlMUGNaYZBhx1KNnAkoSu3cQEbZFe1By1FJUzAdOzyu8Dec0vUTpV1J9Ifq9wlLU2P6aew6U4qX5rc3EP/zWjkmux3LZZYjSPb1UZILH5U/SMrvcg0MRd8RyjR3u/rskmrK0OVVciGEv0/+S04b9XC7vnW8VdnbH8UxQ9bIOqmSkOyQPXJIjkiTMHJHHsgTefbuvUfvxXv9ah3zRjOr5Ae890/oMaJ0</latexit>

n (2)b
(x (1)2

)
 �

<latexit sha1_base64="sfd93PqrVrd1fVtvAdLiwK5bXIg=">AAACIHicbVBNS8NAEN34bf2qevQSLEK9lKQU9Sh68ahgVWhq2Gwn7eJmN+xO1LLkp3jxr3jxoIje9NeY1B78ejDweG+GmXlRKrhBz3t3Jianpmdm5+YrC4tLyyvV1bUzozLNoM2UUPoiogYEl9BGjgIuUg00iQScR1eHpX9+DdpwJU9xmEI3oX3JY84oFlJY3Q1UaQPaQCjZ17w/QKq1usltEsZ1a2/zsHlpA4RbtCnN683tfDvPK2G15jW8Edy/xB+TGhnjOKy+BT3FsgQkMkGN6fheil1LNXImIK8EmYGUsivah05BJU3AdO3owdzdKpSeGytdlER3pH6fsDQxZphERWdCcWB+e6X4n9fJMN7rWi7TDEGyr0VxJlxUbpmW2+MaGIphQSjTvLjVZQOqKcMitDIE//fLf8lZs+HvNFonrdr+wTiOObJBNkmd+GSX7JMjckzahJE78kCeyLNz7zw6L87rV+uEM55ZJz/gfHwCNLCkzA==</latexit> �!
mf (x

pa(2)
2 )

<latexit sha1_base64="NuMD8h7kvWCHcH44DN2+JAoPZmM=">AAACF3icbVBNS8NAEN34bf2KevQSLEJ7KYkW9Sh68VjBVqGNYbPdtIub3bA7UcuSf+HFv+LFgyJe9ea/Mak5qPXBwOO9GWbmhQlnGlz305qanpmdm19YrCwtr6yu2esbHS1TRWibSC7VZYg15UzQNjDg9DJRFMchpxfh9UnhX9xQpZkU5zBKqB/jgWARIxhyKbAbPVnYFEyPSzFQbDAErJS8zUwcRDVj7rJg78rUdutZPcsqgV11G+4YziTxSlJFJVqB/dHrS5LGVADhWOuu5ybgG6yAEU6zSi/VNMHkGg9oN6cCx1T7ZvxX5uzkSt+JpMpLgDNWf04YHGs9isO8M8Yw1H+9QvzP66YQHfqGiSQFKsj3oijlDkinCMnpM0UJ8FFOMFEsv9UhQ6wwgTyrIgTv78uTpLPb8PYbzbNm9ei4jGMBbaFtVEMeOkBH6BS1UBsRdI8e0TN6sR6sJ+vVevtunbLKmU30C9b7FzlKoIk=</latexit> �!
mf (x

(2)
3 )

<latexit sha1_base64="wBQ8YesMxjsF34OUzNtMXbx5OYk=">AAACF3icbVBNS8NAEN34bf2KevQSLEJ7KUkp6lH04rGCrUJTw2a7aRc3u2F3opYl/8KLf8WLB0W86s1/Y1Jz0OqDgcd7M8zMCxPONLjupzUzOze/sLi0XFlZXVvfsDe3ulqmitAOkVyqyxBrypmgHWDA6WWiKI5DTi/C65PCv7ihSjMpzmGc0H6Mh4JFjGDIpcBu+LKwKRifSzFUbDgCrJS8zUwcRDVj7rKgeWVqzXpWz7JKYFfdhjuB85d4JamiEu3A/vAHkqQxFUA41rrnuQn0DVbACKdZxU81TTC5xkPay6nAMdV9M/krc/ZyZeBEUuUlwJmoPycMjrUex2HeGWMY6WmvEP/zeilEh33DRJICFeR7UZRyB6RThOQMmKIE+DgnmCiW3+qQEVaYQJ5VEYI3/fJf0m02vP1G66xVPTou41hCO2gX1ZCHDtAROkVt1EEE3aNH9IxerAfryXq13r5bZ6xyZhv9gvX+BTe8oIg=</latexit> �!
mf (x

(2)
2 )

<latexit sha1_base64="7bxt+CnruipgKTEie/PhM629MMU=">AAACIHicbVBNS8NAEN34WetX1aOXYBHqpSQi6lH04rGCVaGpYbOdtIub3bA7UcuSn+LFv+LFgyJ6019jUnvw68HA470ZZuZFqeAGPe/dmZicmp6ZrcxV5xcWl5ZrK6tnRmWaQZspofRFRA0ILqGNHAVcpBpoEgk4j66OSv/8GrThSp7iMIVuQvuSx5xRLKSwtheo0ga0gVCyr3l/gFRrdZPbJIwb1t7moX9pA4RbtCnNG9tb+VaeV8Na3Wt6I7h/iT8mdTJGK6y9BT3FsgQkMkGN6fheil1LNXImIK8GmYGUsivah05BJU3AdO3owdzdLJSeGytdlER3pH6fsDQxZphERWdCcWB+e6X4n9fJMN7vWi7TDEGyr0VxJlxUbpmW2+MaGIphQSjTvLjVZQOqKcMitDIE//fLf8nZdtPfbe6c7NQPDsdxVMg62SAN4pM9ckCOSYu0CSN35IE8kWfn3nl0XpzXr9YJZzyzRn7A+fgEMxmkyw==</latexit> �!
mf (x

pa(2)
1 )

<latexit sha1_base64="PjTd7lZxU65kFmCzI06gsmpovfw=">AAACIHicbVBNS8NAEN34bf2qevQSLEK9lESKehS9eFSwKjQ1bLaTurjZDbsTtSz5KV78K148KKI3/TVuaw9+PRh4vDfDzLwkF9xgELx7Y+MTk1PTM7OVufmFxaXq8sqpUYVm0GJKKH2eUAOCS2ghRwHnuQaaJQLOkquDgX92DdpwJU+wn0Mnoz3JU84oOimu7kSF7Dof0EZCyZ6AFKnW6qa0WZzUrb0t4/DCRgi3aHNa1rc2y82yrMTVWtAIhvD/knBEamSEo7j6FnUVKzKQyAQ1ph0GOXYs1ciZgLISFQZyyq5oD9qOSpqB6djhg6W/4ZSunyrtSqI/VL9PWJoZ088S15lRvDS/vYH4n9cuMN3tWC7zAkGyr0VpIXxU/iAtv8s1MBR9RyjT3N3qs0uqKUOX2SCE8PfLf8npViPcbjSPm7W9/VEcM2SNrJM6CckO2SOH5Ii0CCN35IE8kWfv3nv0XrzXr9YxbzSzSn7A+/gED8yktg==</latexit>

mb(x
pa(2)
1 )
 �

<latexit sha1_base64="WOwVmgVv+fJHB6fnvbmh4nrcDiQ="></latexit>

e�R(x
pa(3)
1 )

<latexit sha1_base64="v0l/4QK96MQDcLMCr5UBVAOEoh8="></latexit>

e�R(x
pa(4)
1 )

<latexit sha1_base64="letA8piQTdZ+UioPLIR+eLsjjn4="></latexit>

e�R(x
pa(4)
2 )

<latexit sha1_base64="cPzraH8td07o76tusUsXgBMqVv8="></latexit>

e�R(x
pa(3)
2 )

<latexit sha1_base64="02fFHcLetQsRWfLrwBjAeqT5dK8="></latexit>

n (4)b
(x (2)2

)

 
�

<latexit sha1_base64="7VB0IGVXkNVoH4C46hSbQExvkIQ=">AAACEXicbVC7TsMwFHV4lvIqMLJEVEhhqRJUAWMFC2OR6ENqS+U4TmrVsSP7BlRF+QUWfoWFAYRY2dj4G9zHAC1HuldH59wr+x4/4UyD635bS8srq2vrhY3i5tb2zm5pb7+pZaoIbRDJpWr7WFPOBG0AA07biaI49jlt+cOrsd+6p0ozKW5hlNBejCPBQkYwGKlfcrqpCIxPIetyKSLFogFgpeRDnom7zPFOcgf3Te+Xym7FncBeJN6MlNEM9X7pqxtIksZUAOFY647nJtDLsAJGOM2L3VTTBJMhjmjHUIFjqnvZ5KLcPjZKYIdSmRJgT9TfGxmOtR7FvpmMMQz0vDcW//M6KYQXvYyJJAUqyPShMOU2SHscjx0wRQnwkSGYKGb+apMBVpiACaloQvDmT14kzdOKd1ap3lTLtctZHAV0iI6Qgzx0jmroGtVRAxH0iJ7RK3qznqwX6936mI4uWbOdA/QH1ucPMc+d1w==</latexit>n
(1

)(a
1 )

�!

<latexit sha1_base64="//vyUpXN0qX+bSODijZXAjqPCkI=">AAACEHicbVA9SwNBEN2LXzF+RS1tDoMYm3AXRC1FG8sIJgpJDHububhkb/fYnVPCcT/Bxr9iY6GIraWd/8ZNcoVfDwYe780wMy+IBTfoeZ9OYWZ2bn6huFhaWl5ZXSuvb7SMSjSDJlNC6auAGhBcQhM5CriKNdAoEHAZDE/H/uUtaMOVvMBRDN2IDiQPOaNopV55t5PIvvUB045QciAgRKq1usvS6Dqt+ntZlfbqe1mvXPFq3gTuX+LnpEJyNHrlj05fsSQCiUxQY9q+F2M3pRo5E5CVOomBmLIhHUDbUkkjMN108lDm7lil74ZK25LoTtTvEymNjBlFge2MKN6Y395Y/M9rJxgedVMu4wRBsumiMBEuKnecjtvnGhiKkSWUaW5vddkN1ZShzahkQ/B/v/yXtOo1/6C2f75fOT7J4yiSLbJNqsQnh+SYnJEGaRJG7skjeSYvzoPz5Lw6b9PWgpPPbJIfcN6/AE0NnVo=</latexit>m
(1

)(a
2 )

 
�

<latexit sha1_base64="o5WhIV1p3/CInvhCqtatGlPyKgk=">AAACD3icbVA9SwNBEN3z2/gVtbQ5DErShLsQ1DJoY6lgTCCJYW8zlyzu7R67c0o47h/Y+FdsLBSxtbXz37iJKTTxwcDjvRlm5gWx4AY978uZm19YXFpeWc2trW9sbuW3d66NSjSDOlNC6WZADQguoY4cBTRjDTQKBDSC27OR37gDbbiSVziMoRPRvuQhZxSt1M0fttXIBkzbQsm+gBCp1uo+S6ObtFgpZUXa9UtZN1/wyt4Y7izxJ6RAJrjo5j/bPcWSCCQyQY1p+V6MnZRq5ExAlmsnBmLKbmkfWpZKGoHppON/MvfAKj03VNqWRHes/p5IaWTMMApsZ0RxYKa9kfif10owPOmkXMYJgmQ/i8JEuKjcUThuj2tgKIaWUKa5vdVlA6opQ5tRzobgT788S64rZf+oXL2sFmqnkzhWyB7ZJ0Xik2NSI+fkgtQJIw/kibyQV+fReXbenPef1jlnMrNL/sD5+AaEhJzu</latexit>

 
�

m
(2

)(a
1 )

<latexit sha1_base64="qlk274s7dRwzy1KFkjzACtdwafw=">AAACEXicbVDLSsNAFJ34rPUVdekmWIR2U5JS1GXRjcsK9gFtDJPptB06mQkzN0oJ+QU3/oobF4q4defOv3H6WGjrgQuHc+7l3nvCmDMNrvttrayurW9s5rby2zu7e/v2wWFTy0QR2iCSS9UOsaacCdoABpy2Y0VxFHLaCkdXE791T5VmUtzCOKZ+hAeC9RnBYKTALnYT0TM+hbTLpRgoNhgCVko+ZKm4S4uVUlbEgVfKArvglt0pnGXizUkBzVEP7K9uT5IkogIIx1p3PDcGP8UKGOE0y3cTTWNMRnhAO4YKHFHtp9OPMufUKD2nL5UpAc5U/T2R4kjrcRSazgjDUC96E/E/r5NA/8JPmYgToILMFvUT7oB0JvE4PaYoAT42BBPFzK0OGWKFCZiQ8iYEb/HlZdKslL2zcvWmWqhdzuPIoWN0gorIQ+eohq5RHTUQQY/oGb2iN+vJerHerY9Z64o1nzlCf2B9/gAzW53Y</latexit>n
(2

)(a
1 )

�!

<latexit sha1_base64="UuDAQufuCgX7/0HStlmyc4Faewc=">AAACEXicbVC7TsMwFHXKq5RXgJElokIKS5VUFTBWsDAWiT6ktlSO47ZWHTuyb0BV1F9g4VdYGECIlY2Nv8FtM0DLke7V0Tn3yr4niDnT4HnfVm5ldW19I79Z2Nre2d2z9w8aWiaK0DqRXKpWgDXlTNA6MOC0FSuKo4DTZjC6mvrNe6o0k+IWxjHtRnggWJ8RDEbq2W4nEaHxKaQdLsVAscEQsFLyYZKKu9Qtn05c3DO9Zxe9kjeDs0z8jBRRhlrP/uqEkiQRFUA41rrtezF0U6yAEU4nhU6iaYzJCA9o21CBI6q76eyiiXNilNDpS2VKgDNTf2+kONJ6HAVmMsIw1IveVPzPayfQv+imTMQJUEHmD/UT7oB0pvE4IVOUAB8bgoli5q8OGWKFCZiQCiYEf/HkZdIol/yzUuWmUqxeZnHk0RE6Ri7y0TmqomtUQ3VE0CN6Rq/ozXqyXqx362M+mrOynUP0B9bnDzThndk=</latexit>n
(2

)(a
2 )

�!
<latexit sha1_base64="G1bxPBquyDPbyXuZVJmxXxbhbdI=">AAACD3icbVC7TgMxEPTxDOEVoKQ5EYFCE91FCCgRNJRBIg8pCZHP2QsWPvtk74Gi0/0BDb9CQwFCtLR0/A2+JAWvkXY1mtmVvRPEghv0vE9nZnZufmGxsFRcXlldWy9tbDaNSjSDBlNC6XZADQguoYEcBbRjDTQKBLSCm7Pcb92CNlzJSxzF0IvoUPKQM4pW6pf2uiq3AdOuUHIoIESqtbrL0ugqrdT2swrt294vlb2qN4b7l/hTUiZT1Pulj+5AsSQCiUxQYzq+F2MvpRo5E5AVu4mBmLIbOoSOpZJGYHrp+J7M3bXKwA2VtiXRHavfN1IaGTOKAjsZUbw2v71c/M/rJBge91Iu4wRBsslDYSJcVG4ejjvgGhiKkSWUaW7/6rJrqilDm1HRhuD/Pvkvadaq/mH14OKgfHI6jaNAtskOqRCfHJETck7qpEEYuSeP5Jm8OA/Ok/PqvE1GZ5zpzhb5Aef9C4YKnO8=</latexit>

 
�

m
(2

)(a
2 )

Figure 4: Correspondence between the message passing updates and the factorized MDP.

E The connection with maximum entropy reinforcement learning

If we assume, as we have done throughout this paper, that the reward and dynamics functions are
known, maximum entropy reinforcement learning (MERL) corresponds to finding the policy that
maximizes a weighted combination of the reward and the policy entropy, averaged over the trajectories
induced by such policy. In this restricted setting, some of the main difficulties of RL disappear (e.g.,
how to efficiently explore and discover the reward and dynamics functions), and “MaxEnt planning”
might be a more precise term. However, we stick in this section to the more common term MERL as
used in the literature (e.g., Levine, 2018), even when only discussing planning. MERL maximizes
the following objetive:

max
π

⟨R(x,a) + αH(π(a|x))⟩P (x|a)π(a|x) = max
π

⟨R(x,a)− α log π(a|x)⟩P (x|a)π(a|x),

where α controls the policy regularization level. For α = 0 we recover standard planning, and as
α → ∞, the optimal policy tends to the uniform policy.

We can define a λ-generalized version of MERL:

FMERL
λ =

1

λ
max
π

log⟨exp(λ[R(x,a)− α log π(a|x)])⟩P (x|a)π(a|x).

With this definition, when λ → 0+, we recover the standard MERL objective, and when α → 0+, we
recover Eq. (1), standard planning with an exponential utility function parameterized by λ.
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Following the same steps as in Appendix A, but including the “policy regularization” term
−α log π(a|x), we can find the corresponding variational form of the λ-generalized MERL:

FMERL
λ =

1

λ
max
π

log⟨exp(λ[R(x,a)− α log π(a|x)])⟩P (x|a)π(a|x)

=
1

λ
max

q

(
− Eλ(q) + (1− ϵ)Hplanning(q) + ϵHmarginal(q)

)
= max

q
FMERL
λ (q)

where we use the shorthand ϵ = αλ and need to assume ϵ ≤ 1 for the above equality to hold (or
equivalently, α ≤ 1/λ). This is an interesting result that shows that policy regularization corresponds
to a variational objective that interpolates between planning and marginalization, with both entropies
being precisely defined in Table 1. This in turn means that, when the λ-generalized MERL uses a
finite λ > 0, there is a policy regularization level α = 1/λ for which the variational posterior for
λ-generalized MERL coincides exactly with marginal inference.

One can view the smoothed value BP message-passing updates from Appendix D from two alternative
but perfectly equivalent perspectives: In one, we smooth the planning entropy (which can lead to
ill-defined messages) with the standard marginal entropy from belief propagation. In the other, the
smoothing comes from regularizing the reward with the policy, i.e., from performing generalized
MaxEnt planning instead of standard planning. This is still true when λ → 0+, the case typically
considered in the literature when talking about MERL (Ziebart, 2010; Levine, 2018).

E.1 The connection with Sergey Levine’s “RL as probabilistic inference” (the λ → 0+ case)

In the common case in which rewards are additive, we have that λ → 0+ and α is unconstrained. To
analyze this case, we first rewrite the λ-generalized MERL variational objective using KL divergences,
as we did in Appendix B for the planning variational objective:

FMERL
λ (q) =⟨R(x,a)⟩q(x,a) + αHq(a|x)

− KL(q(x1)||P (x1)) +
∑T−1

t=1 ⟨KL(q(xt+1|xt, at)||P (xt+1|xt, at))⟩q(xt,at)

λ
.

Following the same reasoning as in Appendix B, since the KL terms are non-negative, the only way
for FMERL

λ (q) to have a finite value as λ → 0+ is to set q(xt+1|xt, at) = P (xt+1|xt, at) ∀t, which
cancels the KL term and removes the dependence on λ. Thus,

FMERL
λ→0+ = max

q
FMERL
λ→0+(q)

= max
q

⟨R(x,a)⟩q(x,a) + αHq(a|x) s.t. q(xt+1|xt, at) = P (xt+1|xt, at) ∀t, (11)

which is a policy-regularized version of Corollary 1.1. We implicitly assume q to be constrained to
the space of density functions, instead of including all the linear constraints that guarantee this, as we
explicitly did in Corollary 1.1. This objective is concave with linear constraints and therefore has a
single maximum, the MERL with additive rewards, FMERL

λ→0+ .

Observe that Eq. (11) corresponds exactly with the structured variational inference from (Levine,
2018), including the constrained form of the posterior (compare with Eq. (19) within (Levine, 2018),
where they have used α = 1).

We can further show that the optimal posterior can also be found by performing marginal inference
with a constrained variational posterior on the graphical model with λ = 1/α, which is not im-
mediately intuitive. Indeed, the optimal solution to problem Eq. (11) is maintained if we scale it.
Assuming α > 0, we can write

max
q

FMERL
λ→0+(q) = αmax

q

1

α
FMERL
λ→0+(q)− ⟨log q(x|a)− logP (x|a)⟩q(x,a)

s.t. q(xt+1|xt, at) = P (xt+1|xt, at) ∀t
= αmax

q
⟨R(x,a)/α+ logP (x|a)⟩q(x,a) +Hq(x,a)

s.t. q(xt+1|xt, at) = P (xt+1|xt, at) ∀t
= αmax

q
Fmarginal
λ=1/α (q)

s.t. q(xt+1|xt, at) = P (xt+1|xt, at) ∀t.
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The first equality is correct because log q(x|a) − logP (x|a) = 0, under the assumption
q(xt+1|xt, at) = P (xt+1|xt, at) ∀t, and therefore the added term is 0. The last expression corre-
sponds to standard (marginal) variational inference for the graphical model exp(R(x,a)/α)P (x|a).
In other words, the optimal q can be obtained by two seemingly unconnected routes: either maximiz-
ing FMERL

λ→0+ with no constraints on the form of the posterior, or maximizing Fmarginal
λ=1/α constraining the

posterior dynamics to match the prior dynamics. This is what is done in (Levine, 2018), where they
implicitly use λ = α = 1. In the special case of deterministic dynamics, the constraint of posterior
dynamics matching prior dynamics is already enforced by marginal inference, so it does not need to
be separately enforced. For this reason, in (Levine, 2018) it is said that for fixed dynamics MERL
corresponds to vanilla marginal inference.

E.2 Maximum-entropy value belief propagation (MaxEnt VBP)

We are interested in optimizing the cost function

F̃MERL
λ =

1

λ
max

q̃

(
− Eλ(q̃) + αλHmarginal

Bethe (q̃) + (1− αλ)Hplanning
Bethe (q̃)

)
with αλ ≤ 1.

which is exactly the same cost function as in Appendix D, but with ϵ = αλ so as to explicitly
correspond to generalized MERL. The message updates are essentially the same as in Appendix D,
but explicitly revealing the influence of λ on ϵ allows us to define a different message (power-) scale
to obtain message updates that are well-defined as λ becomes closer to zero. Here are the re-scaled
messages, and the updates defined in terms of those re-scaled messages:

Q(x
pa(i)
t , at)

1/λ = Q̄(x
pa(i)
t , at) =
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x
(i)
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m̄b(x
(i)
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It is trivial to obtain these updates from Appendix D and setting the smoothing ϵ = αλ. This message
updates correspond to maximum-entropy VBP, where λ controls the exponential utility (from additive
to multiplicative and beyond) and α the degree of policy entropy regularization.

E.3 MaxEnt VBP with additive rewards (the λ → 0+ case)

If we take the limit λ → 0+ in the previous updates, we are specializing them to the additive rewards
case, which is the standard setting in planning and reinforcement learning, while still keeping a
parameter α that controls the degree of policy entropy regularization. When the graphical model is a
non-factored MDP, MaxEnt VBP with λ → 0+ coincides with the dynamical programming updates
proposed in (Levine, 2018, Section 3).

Thus, the updates below can be seen as an extension of the dynamic programming approach from
(Levine, 2018) to factored MDPs:

Q̄(x
pa(i)
t , at) = exp
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x
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m̄b(x
pa(i)
t ) = exp(R(x
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t )) ∀i > Ne

mf(x
(i)
1 ) = P (x

(i)
1 )

These are obtained directly from the ones in the previous subsection, simply by taking the limit
λ → 0+, which remains well-defined.

E.4 Empirical results using MaxEnt VBP with additive rewards

We provide here a repetition of the IPPC experiments from Section 6, but this time using MaxEnt
VBP with additive rewards (λ → 0+). Results are similar, but the logic of the message passing is
greatly simplified due to λ having vanished analytically rather than numerically. The corresponding
code is also included at https://github.com/google-deepmind/what_type_of_inference_
is_planning.
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Figure 5: Cumulative rewards on 6 problem domains from the ICAPS 2011 IPPC. A small horizontal
jitter was introduced in all data points for visual clarity. Each cumulative reward is averaged over
30 simulations per instance. Datasets are ordered from left to right and top to bottom by increasing
normalized entropy levels. Only the last two have a significant stochasticity level >5%.

F Entropy terms for other inference types

The entropy terms for inference types other than the “planning inference” were introduced in prior
work and are compiled here for convenience.

First we will derive a general variational expression that depends on an inverse temperature β. The
function f(x,a) will be an (unnormalized) factor graph, with the structure of Fig. 1[Left].

1

β
log
∑
x,a

f(x,a)β =
1

β
log
∑
x,a

q(x,a)
f(x,a)β

q(x,a)

tight Jensen
= max

q(x,a)

1

β

∑
x,a

q(x,a) log
f(x,a)β

q(x,a)

= max
q(x,a)

⟨log f(x,a)⟩q(x,a) +
1

β
Hq(x,a) (12)

Marginal inference This is the standard VI problem, see e.g., (Jordan et al., 1999), and can be
recovered from Eq. (12) by setting β = 1. Then we get

log
∑
x,a

f(x,a) = max
q(x,a)

⟨log f(x,a)⟩q(x,a) +Hq(x,a). (13)
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Since f(x,a) forms a chain in our application of interest (see Fig. 1[Left]), we know that the optimal
posterior will as well. We can thus decompose Hq(x,a) using the chain rule to obtain the expression
from Table 1, Hmarginal(q) = Hq(x1) +

∑T−1
t=1 Hq(xt+1, at|xt).

Maximum-a-posterior (MAP) inference MAP inference can be recovered from Eq. (12) by setting
β → ∞

max
x,a

log f(x,a) = lim
β→∞

1

β
log
∑
x,a

f(x,a)β = max
q(x,a)

⟨log f(x,a)⟩q(x,a)+ lim
β→∞

1

β
Hq(x,a), (14)

where limβ→∞ 1
βHq(x,a) produces the term HMAP(q) = 0 from Table 1. The maximization is an

LP problem, see (Weiss et al., 2012). This problem can be relaxed into a local polytope, giving rise to
most well-known methods for approximate MAP inference, such as dual decomposition. See e.g.,
(Sontag et al., 2011). An optimal distribution solving this problem is a Dirac delta centered at one of
the MAP solutions of the problem.

Marginal maximum-a-posterior (MMAP) inference MMAP combines the previous two types of
inference, see (Liu and Ihler, 2013) for detailed (approximate) solution methods. We can reuse the
previous results to obtain the variational expression

max
a

log
∑
x

f(x,a)
Eq. (13)
= max

a
max
q(x|a)

⟨log f(x,a)⟩q(x|a) +H(q(x|a))

Eq. (14)
= max

q(x,a)
⟨log f(x,a)⟩q(x,a) +Hq(x,a)−Hq(a)

= max
q(x,a)

⟨log f(x,a)⟩q(x,a) +Hq(x,a)−
T−1∑
t=1

Hq(at)

To understand the last equality, first note that
∑T−1

t=1 Hq(at) ≥ Hq(a), since the latter is the joint
entropy. This means that the last expression is necessarily lower than or equal to the previous one. It
is not yet clear why equality is always achievable. To see this note that, analogously to the previous
section, the optimal q(a) will be a Dirac delta centered at an optimal sequence a. That means that
the optimal variational distribution of MMAP factorizes as q(x,a) = q(x)

∏T−1
t=1 q(at). This in

turn means that, for the optimal distribution
∑T−1

t=1 Hq(at) = Hq(a). So the last expression can
always match the previous one, and given that is also a lower bound, it must have the same optimal
distribution and value.

Just like we did for marginal inference, we can now decompose Hq(x,a) using the chain rule to
obtain the expression from Table 1, HMMAP(q) = Hq(x1) +

∑T−1
t=1 Hq(xt+1, at|xt)−Hq(at).

G Proof of the bounding relationships among different inference types

We want to prove that for an arbitrary variational distribution q

FMAP
λ (q)

FmarginalU

λ (q)

}
≤ FMMAP

λ (q) ≤ F planning
λ (q) ≤ Fmarginal

λ (q)

and that, when we assume that dynamics are deterministic (which we also take to imply that the first
state follows a deterministic distribution, i.e., it is known), the optimal values of the above bounds
wrt q satisfy the following relationships

FmarginalU

λ ≤ FMAP
λ = FMMAP

λ = F planning
λ ≤ Fmarginal

λ .

Since the energy terms are identical for all these bounds, we will simply have to prove the relationship
between the corresponding entropies, as given in Table 1.

Proof that F planning
λ (q) ≤ Fmarginal

λ (q)
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The marginal entropy term

Hmarginal(q) = Hq(x1) +

T−1∑
t=1

Hq(xt+1, at|xt)

clearly upper bounds the “planning inference” entropy term

Hplanning(q) = Hq(x1) +

T−1∑
t=1

Hq(xt+1|at, xt)

since

Hq(xt+1, at|xt) = Hq(xt+1|at, xt) +Hq(at|xt),

and entropies are non-negative.

Proof that FMMAP
λ (q) ≤ F planning

λ (q) (and FMMAP
λ = F planning

λ for deterministic dynamics)

The “planning inference” entropy term

Hplanning(q) = Hq(x1) +

T−1∑
t=1

Hq(xt+1|at, xt)

clearly upper bounds the MMAP entropy term

HMMAP(q) = Hq(x1) +

T−1∑
t=1

Hq(xt+1, at|xt)−Hq(at)

= Hq(x1) +

T−1∑
t=1

Hq(xt+1|xt, at) + (Hq(at|xt)−Hq(at))

= Hq(x1) +

T−1∑
t=1

Hq(xt+1|xt, at)− Iq(xt; at)

since the mutual information Iq(xt; at) is non-negative.

In exact MMAP variational inference (Liu and Ihler, 2013), at the optimal solution, the variational
distribution factorizes as q(x,a) = q(x)

∏T−1
t=1 q(at), as we mentioned in Appendix F. This is

because MMAP finds a single, deterministic, optimal sequence of actions. Therefore Iq(xt; at) = 0
when evaluated at the q that maximizes FMMAP

λ (q). Setting that term to zero in the MMAP entropy
results in the same expression as the “planning inference” entropy. However, in “planning inference”,
the optimal variational distribution does not need to factorize in the way it does for MMAP, so a
richer variational distribution is possible, and F planning

λ can be strictly larger than FMMAP
λ for some

problems.

However, when dynamics are deterministic and the first state x1 is known, the optimal plan is a
deterministic sequence of states and actions, and the optimal “planning” variational distribution is a
Dirac delta at those states and actions. Therefore, the optimal distribution for planning also factorizes
as q(x,a) = q(x)

∏T−1
t=1 q(at) when the dynamics are deterministic. Therefore, in that case the

optimal values coincide F planning
λ = FMMAP

λ (and so do the optimal variational distributions).

We can also show that at the optimal q value the entropies of both bounds are zero. P (xt+1|at, xt)
(and P (x1)) are deterministic, q(xt+1|at, xt) = P (xt+1|at, xt) (and q(x1) = P (x1)) for both of
these bounds to be larger than −∞ (see Section 4.2). Since these are deterministic distributions,
Hq(xt+1|at, xt) = 0 and Hq(x1) = 0, which in turn makes Hplanning(q) = 0 at the optimal q. I.e.,
Hplanning = 0. Since Iq(xt; at) = 0, also HMMAP = 0.

Proof that FMAP
λ (q) ≤ FMMAP

λ (and FMAP
λ = FMMAP

λ (q) for deterministic dynamics)
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The MMAP entropy can be rearranged in the following form

HMMAP(q) = Hq(x1) +

T−1∑
t=1

Hq(xt+1, at|xt)−Hq(at)

= Hq(x1, a1, . . . , xT−1, aT−1, xT )−
T−1∑
t=1

Hq(at)

= Iq(x1; a1; . . . , xT−1; aT−1;xT ) +

T∑
t=1

Hq(xt) ≥ 0,

where the last equality follows because the mutual information and entropy are non-negative. This
clearly upper bounds the MAP entropy term HMAP(q) = 0.

When dynamics are deterministic and the first state x1 is known, we can reuse the results of the
previous proof. We know that in that case, the optimal variational distribution for MMAP and
planning is a Dirac delta at the optimal sequence of states and actions, and that the bound only
contains the energy terms (since the entropy terms for any Dirac delta distribution will be zero).
The problem of finding such distribution is exactly the MAP energy minimization problem. Thus,
if dynamics are deterministic the optimal values coincide FMMAP

λ = FMAP
λ (and so do the optimal

variational distributions).

Proof that FmarginalU

λ (q) ≤ FMMAP
λ (q)

The MMAP entropy term

HMMAP(q) = Hq(x1) +

T−1∑
t=1

(Hq(xt+1, at|xt)−Hq(at))

clearly upper bounds HMarginalU(q), i.e.,

HMarginalU(q) = Hq(x1) +

T−1∑
t=1

(Hq(xt+1, at|xt)− logNa)

since Hq(at) ≤ logNa, with equality being attained when q(at) is uniform.

Proof that FmarginalU

λ ≤ FMAP
λ for deterministic dynamics

We can rewrite the entropy corresponding to the marginal bound with uniform prior as

HMarginalU(q) = Hq(x1) +

T−1∑
t=1

(Hq(xt+1, at|xt)− logNa)

= Hq(x1) +

T−1∑
t=1

(Hq(xt+1|at, xt) +Hq(at|xt)− logNa).

When dynamics are deterministic and the first state x1 is known, we know from the previous proofs
that at the optimal value q of FmarginalU

λ (q) we have Hq(x1) = 0 and Hq(xt+1|at, xt) = 0. The
remaining terms, of the form Hq(at|xt)− logNa are trivially non-positive (the conditional entropy
over the actions cannot be larger than the log of the cardinality of the action space). This means that
at the maximum value of FmarginalU

λ (q) wrt q we have HMarginalU(q) ≤ 0. Since HMAP(q) = 0, we

know that with deterministic dynamics FmarginalU

λ ≤ FMAP
λ .

H An application of VI for planning: bounding determinization in hindsight

In the planning literature, many algorithms make the assumption of a deterministic environment
(Geffner and Bonet, 2022; Hoffmann and Nebel, 2001; Helmert, 2006; etc). In order to extend
these algorithms to the case of stochastic dynamics, the idea of determinization in hindsight has
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been developed (Yoon et al., 2008). It starts by factoring out all the stochasticity from the transition
probability into the random variables γ = {γt}t=T−1

t=1

P (xt+1|xt, at) =
∑
γt

Pdet(xt+1|xt, at, γt)P (γt) = ⟨Pdet(xt+1|xt, at, γt)⟩P (γt).

This factorization is always possible, and γ is known as the collection of exogenous variables in
structural equation modeling (Pearl, 2012; Bareinboim and Pearl, 2016; Rubenstein et al., 2017). We
will define Pdet(x|a,γ) ≡ Pdet(x1|γ0)

∏T−1
t=1 Pdet(xt+1|xt, at, γt). Then we can use it to obtain an

upper bound on the exact utility

F planning
λ=1 = logmax

π
⟨⟨exp(R(x,a))⟩Pdet(x|a,γ)π(a|x)⟩P (γ)

≤ log⟨max
π

⟨exp(R(x,a))⟩Pdet(x|a,γ)π(a|x)⟩P (γ) = F det. planning
λ=1

that has a natural interpretation: the dynamics of a stochastic environment depends on random
variables γ that get drawn at each time step, if we knew their value ahead of time, we could treat
the environment as deterministic, find an optimal plan and estimate its utility. Because we have
hindsight, i.e., the deterministic planner can see the value of future γt ahead of time, it can make
better choices than if these were revealed online, so the utility estimation, if exact, upper bounds the
original quantity. See (Yoon et al., 2008) for more details.

H.1 Upper bounding determinization for standard MDPs

The above process uses a sample average to compute the determinization objective: it alternates
between sampling γ ∼ P (γ) and running a deterministic planner, with the exact value being
attainable only in the infinite limit. Using the variational framework for planning it is possible to
find and upper bound for F det. planning

λ=1 as the maximum of a concave function that is computable in
polynomial time.

First, let us expand the determinization bound

F det. planning
λ=1

Eq. (9)
= max

q(γ)
⟨logmax

π
⟨exp(R(x,a))⟩Pdet(x|a,γ)π(a|x) + logP (γ)⟩q(γ) +Hq(γ)

=max
q(γ)

⟨F planning
λ=1,γ ⟩q(γ) + ⟨logP (γ)⟩q(γ) +Hq(γ)

in terms of our exact planning utility for a given future γ, F planning
λ=1,γ . This quantity and the correspond-

ing bound are defined in the usual way, but conditioned on γ:

F planning
λ=1,γ = max

q
F planning
λ=1 (q|γ)

with

F planning
λ=1 (q|γ) =⟨logPdet(x1|γ0)⟩q(x1|γ)

+

T−1∑
t=1

⟨Rt(xt, at, xt+1) + logPdet(xt+1|xt, at, γt)⟩q(xt+1,xt,at|γ). (15)

Since the conditional dynamics are now deterministic, logPdet(xt+1|xt, at, γt) can only take the
values 0 and −∞. When maximizing over q, it is obvious we must choose q(xt+1|xt, at,γ) =
Pdet(xt+1|xt, at, γt) ∀t and q(x1|γ) = Pdet(x1|γ0), to avoid putting any mass on the −∞ value of
the previous term, which would result in the whole score function becoming −∞. For such choice
the planning entropy vanishes, since dynamics are deterministic.
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The expectation ⟨F planning
λ=1 (q|γ)⟩q(γ) initially seems to depend on the entire distribution q(γ). How-

ever, only the marginals q(γt) are actually relevant for its computation:

⟨F planning
λ=1 (q|γ)⟩q(γ) =⟨logPdet(x1|γ0)⟩q(x1|γ)q(γ)

+

T−1∑
t=1

⟨Rt(xt, at, xt+1) + logPdet(xt+1|xt, at, γt)⟩q(xt+1,xt,at|γ)q(γ)

=⟨logPdet(x1|γ0)⟩q(x1|γ0)q(γ0)

+

T−1∑
t=1

⟨Rt(xt, at, xt+1) + logPdet(xt+1|xt, at, γt)⟩q(xt+1,xt,at|γt)q(γt)

So far all computations are exact. If we now upper bound the entropy of the exogenous variables,
Hq(γ) ≤

∑T−1
t=0 Hq(γt), we can upper bound the determinization objective. Putting it all together,

we have that determinization for multiplicative exponentiated rewards can be upper bounded by a
concave variational bound of the form

F det. planning
λ=1 ≤ F det. planning UB

λ=1 = max
qγ

F planning
λ=1 (qγ) +

T−1∑
t=0

⟨logP (γt)⟩q(γt) +Hq(γt) (16)

s.t.
∑
a1,γ1

q(x1, a1, γ1) =
∑
γ0

Pdet(x1|γ0)q(γ0)∑
at+1,γt+1

q(xt+1, at+1, γt+1) =
∑

xt,at,γt

Pdet(xt+1|xt, at, γt)q(xt, at, γt) ∀t;

q(xt, γt) =
∑
at

q(xt, at, γt) ∀t; q(xt, at, γt) ≥ 0 ∀t,

where we have defined

F planning
λ=1 (qγ) =

T−1∑
t=1

⟨Rt(xt, at, xt+1)⟩Pdet(xt+1|xt,at,γt)q(xt,at,γt)

as a simplification of ⟨F planning
λ=1 (q|γ)⟩q(γ) when the above constraints are met. We have additionally

defined qγ ≡ {q(xt, at, γt)}T−1
t=1 ∪ q(γ0).

H.2 The factored MDP case

In the case of a standard MDP, it is trivial to see that determinization, which provides an upper bound
on the exact utility, cannot improve on our VI bound F planning

λ=1 , since the latter is exact. In this section
we will show that this is also the case for factored MDPs in which the deterministic MAP problem is
solved using an LP MAP relaxation.

First, we will show that F planning
λ=1 can be rewritten in a more convenient way to compare with

determinization, in the standard, non-factored case. We expand

F planning
λ=1 = max

q
F planning
λ=1 (q) = max

q
−Eλ=1(q) +Hplanning(q)

and substitute

logP (xt+1|xt, at) = max
q(γt|xt+1,xt,at)

(
⟨logPdet(xt+1|xt, at, γt)⟩q(γt|xt+1,xt,at)

−
T∑

t=1

KL(q(γt|xt+1, xt, at)||P (γt))
)

inside Eλ=1(q) to get

F planning
λ=1 = max

q
⟨F planning

λ=1 (q|γ)⟩q(γ) +
T−1∑
t=0

⟨logP (γt)⟩q(γt) +Hq(xt+1, γt|at, xt)
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where q(xt+1|xt, at, γt) = Pdet(xt+1|xt, at, γt) ∀t for the same reasons as above. To compact
notation, we use the convention that Hq(x1, γ0|x0, a0) = Hq(x1, γ0) (since x0, a0 are not defined),
and similarly Hq(γ0|x0, a0) = Hq(γ0). Noting that Hq(xt+1, γt|at, xt) = Hq(xt+1|xt, at, γt) +
Hq(γt|at, xt) and that Hq(xt+1|xt, at, γt) = 0 because q(xt+1|xt, at, γt) is deterministic, we get

F planning
λ=1 = max

qγ

F planning
λ=1 (qγ) +

T−1∑
t=0

⟨logP (γt)⟩q(γt) +Hq(γt|at, xt) (17)

s.t.
∑
a1,γ1

q(x1, a1, γ1) =
∑
γ0

Pdet(x1|γ0)q(γ0)∑
at+1,γt+1

q(xt+1, at+1, γt+1) =
∑

xt,at,γt

Pdet(xt+1|xt, at, γt)q(xt, at, γt) ∀t;

q(xt, γt) =
∑
at

q(xt, at, γt) ∀xt, γt, t; q(xt, at, γt) ≥ 0 ∀t.

Compare Eqs. (16) and (17). Although we already knew this, with this particular formulation it
is very easy to see that F planning

λ=1 ≤ F det. planning UB
λ=1 , since they are identical except for the terms

Hq(γt|at, xt) ≤ Hq(γt) ∀t. This holds for the same q, but also establishes a relationship between
both upper bounds at their maximum wrt q.

With this result, we can return to the factored MDP case. As in the main text, here we will consider R
to be only a function of xt. We can take Eqs. (16) and (17) and relax qγ from the marginal polytope
M to the local polytope L, using the pseudo-marginals q̃γ ≡ {q(xpa(i)

t , at, γ
(i)
t )}t=T−1,i=Ne

t=1,i=1 ∪
{q(γ(i)

0 )}Ne
i=1 ∪ {q(xpa(i)

t )}t=T,i=Ne+Nr

t=1,i=Ne+1 . For Eq. (16), and substituting the value from Eq. (15), this
produces a factored MDP upper bound corresponding to determinization with λ = 1

F̂ det. planning UB
λ=1 = max

q̃γ

T∑
t=1

( Ne+Nr∑
i=Ne+1

⟨R(x
pa(i)
t )⟩

q(x
pa(i)
t )

+

Ne∑
i=1

⟨logP (γ
(i)
t−1)⟩q(γ(i)

t−1)
+Hq(γ

(i)
t−1)

)
s.t. ∑

a1,γ
(i)
1

q(x
(i)
1 , a1, γ

(i)
1 ) =

∑
γ
(i)
0

Pdet(x
(i)
1 |γ(i)

0 )q(γ
(i)
0 ) ∀i

∑
at+1,γ

(i)
t+1

q(x
(i)
t+1, at+1, γ

(i)
t+1) =

∑
x

pa(i)
t ,at,γ

(i)
t

Pdet(x
(i)
t+1|x

pa(i)
t , at, γ

(i)
t )q(x

pa(i)
t , at, γ

(i)
t ) ∀t, i ∈ 1, . . . , Ne

and pseudo-marginal constraints,

which can be interpreted as an outer maximization over q(γ) and an inner MAP optimization of the
(conditional on γ) deterministic dynamics problem, solved with an LP relaxation (Sontag et al., 2011).
For Eq. (17), and also substituting the value from Eq. (15), this results in a different formulation of
the problem Eq. (7)

F̂ planning
λ=1 = max

q̃γ

T∑
t=1

( Ne+Nr∑
i=Ne+1

⟨R(x
pa(i)
t )⟩

q(x
pa(i)
t )

+

Ne∑
i=1

⟨logP (γ
(i)
t−1)⟩q(γ(i)

t−1)
+Hq(γ

(i)
t−1|xt−1, at−1)

)
s.t. ∑

a1,γ
(i)
1

q(x
(i)
1 , a1, γ

(i)
1 ) =

∑
γ
(i)
0

Pdet(x
(i)
1 |γ(i)

0 )q(γ
(i)
0 ) ∀i

∑
at+1,γ

(i)
t+1

q(x
(i)
t+1, at+1, γ

(i)
t+1) =

∑
x

pa(i)
t ,at,γ

(i)
t

Pdet(x
(i)
t+1|x

pa(i)
t , at, γ

(i)
t )q(x

pa(i)
t , at, γ

(i)
t ) ∀t, i ∈ 1, . . . , Ne

and pseudo-marginal constraints.

In the same way as for the non-factorized MDP, it is easy to see that F̂ planning
λ=1 ≤ F̂ det. planning UB, while

both upper bound the exact F planning
λ=1 . This means that in the case of (exponentiated) multiplicative

rewards (λ = 1) our proposed bound should be no worse than the provided upper bound on
determinization.

27



I Empirical validation: details

I.1 Synthetic MDPs

The synthetic MDPs use binary state and actions, T = 4 time steps and follow the connectivity scheme
of Fig. 1[Right]. The stochasticity level of the MDPs is controlled by generating their dynamics
according to P (xt+1|xt, at) = P̄ s

xt+1,xt,at
/Zxt,at where P̄xt+1,xt,at ∼ U [0, 1] and choosing the

exponent s and the divisor Zxt,at
to obtain normalized distributions of the desired total normalized

entropy HMDP. Each entity has two parent entities and we provide a single reward of 1 for reaching
the state 0 of entity 1 at the last step T . Having a single reward allows comparing methods with
arbitrary λ and create a pure planning problem (see Section 4.2).

I.2 Reactivity avoidance of MAP and MMAP inference

As discussed in Section 4.2, a common flaw among all inference types (other than planning inference)
is that they cannot anticipate reacting to the environment. Even the tightest one, MMAP, makes
plans assuming that it will only be able to take a predefined sequence of actions. This can severely
underestimate the value of an action if, to extract future reward, reacting to the environment state is
necessary. In other words, MMAP is optimal only when the best policy πt(at|xt) ignores the state
and can be represented as πt(at). MAP inference shares that limitation, and additionally lacks path
integration. I.e., MAP inference makes decisions based on the score of a single action-state trajectory,
rather than a combination of these.

In order to analyze the behavior of different inference types of inference with reactivity, we create an
MDP with two entities, each with categorical states 0, . . . , 5. We use a horizon of T = 7 time steps,
placing reward only on the last time step. There are a total of 8 actions.

The first entity describes the location of the agent, and has a special goal state “0” that needs to be
reached at the last time step. The second entity describes the dynamics of the first entity and the
reward achieved at the goal. Actions 0, . . . , 5 allow the agent to move to any location in a single step.
Actions 6, 7 allow the agent to modify the dynamics of the first entity, respectively decreasing or
increasing the needed level of reactivity of a planner.

In more detail, the second entity has deterministic dynamics and acts as a knob that the agent can
freely turn up or down at each time step:

x
(2)
t+1 =


x
(2)
t − 1, if a = 6 and 0 < x

(2)
t

x
(2)
t + 1, if a = 7 and x

(2)
t < 5

x
(2)
t , otherwise.

The values of that knob x
(2)
t alter the dynamics of the first entity, requiring more or less reactivity:

x
(1)
t+1 =


if x(1)

t = 0 or 6 ≤ a ∼ U [1, 5]

if x(1)
t ̸= 0 and 0 ≤ a < 6

{
x
(1)
t + a mod 6 with probability x

(2)
t /5

0 with probability 1− x
(2)
t /5

In words, if the agent is at the goal state 0 or the reactivity of the environment is modified, it will
jump to a random non-goal state. If the agent is not at the goal state and x

(2)
t = 5, it can use the

actions 0, . . . , 5 to jump to any desired state with absolute certainty. As the value of the knob x
(2)
t is

reduced, the agent starts losing control of where it is going, and it is instead more likely to jump to
the goal. Now, the final ingredient, the reward, is:

Rt(x
(1)
t , x

(2)
t ) =


1.0, if x(1)

t = 0 and x
(2)
t = 5 and t = T

0.33, if x(1)
t = 0 and x

(2)
t < 5 and t = T

0.0, otherwise.

When we put all these pieces together, we have the following situation: to achieve the maximum
reward, we want to keep the the knob x

(2)
t at its “maximum reactivity” value of 5. But when we do

that, the action that will take the agent to the goal depends on the state it is located at. Therefore, the
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agent needs to react to the location that it is at. And when planning ahead, to properly choose the
best first action to take, the agent needs to score the options according to this future ability to react to
actions. By turning the knob x

(2)
t all the way down to 0, we can jump to the goal by taking any action

0, . . . , 6, regardless of where we are, i.e., we do not need any reactivity.

We present this factored MDP, initialized at x(1)
0 = 0, x

(2)
0 = 5 to both VBP and SOGBOFA-LC*.

Their behavior is very different. VBP is aware that it can jump to the goal state x
(1)
T = 0 at any

time as long as it is not there yet. So it just idles in the other states, keeping the reactivity at the
maximum level, until the last time step, in which it jumps to the goal, capturing a reward of 1.0.
SOGBOFA-LC*, even though it is replanning at each state, can only evaluate the possible actions
by considering a single best sequence of non-reactive actions at a time. Since the reactive plans that
VBP prefers are not “visible” to SOGBOFA-LC*, it decides to use the first 5 actions to reduce the
reactivity of the environment all the way down to x

(2)
T−1 = 0. In that way, it is guaranteed to be able to

jump to the goal in the last instant without having to be reactive, even if only capturing a reward 0.33.

This example highlights how SOGBOFA-LC* (and MMAP planning in general) struggle with reactive
environments in which the best future actions cannot be known at the current time step. Essentially, the
agent is myopic to the fact that it will be able to replan and chooses to be conservative and reactivity
avoidant, proposing sequences of actions that will be guaranteed to work in any scenario, even if
this reduces the obtained reward. We can make the difference between VBP and SOGBOFA-LC*’s
performance arbitrarily large simply by increasing the number of states and planning horizon.

MAP inference presents the same non-reactivity problems as MMAP, combined with the lack of
integration across multiple paths. On this problem, the average reward achieved by a perfect MAP
inference agent is ∼ 0.13.

I.3 Experimental Details on ICAPS 2011 International Probabilistic Planning Competition
Problems

I.3.1 Experimental Settings

Six different inference approaches, MFVI-Bwd, CSVI-Bwd, ARollout, SOGBOFA-LC, VI LP, VBP,
and a random agent are evaluated on 6 different domains (Crossing traffic, Elevators, Game of life,
Skill teaching, Sysadmin, and Traffic) used in the ICAPS 2011 International Probabilistic Planning
Competition (Sanner, 2011). Figure 3 shows the average cumulative reward of all domains. Table
2 shows the corresponding objective and reference for each approach. There are 10 instances for
each domain. All instances have a horizon of 40 and a discount factor of 1. The cumulative reward
is averaged over 30 simulations for each instance and the plotted error bar shows its standard error
of the mean. Given the current state xt, the transition probability P (xt+1|at, xt), and the reward
function R, each approach infers the best next action at at each time step. The reward function for all
6 domains only depend on the state x. The cumulative reward is the sum of the rewards of the initial
state and the following 39 states.

For all inference approaches, we run with a look ahead horizon of both 4 and 9. We follow the
settings in (Wu and Khardon, 2022) where the look ahead horizon is truncated if it extends beyond
the remaining time steps. The horizon with the higher average cumulative reward is then selected
for each instance. The experiment evaluates over two look ahead horizons due to the observation
that for some domain instances a longer horizon may lead to worse estimates. For each simulated
run, the same set of random numbers are applied to the simulated environment to reduce noise when
comparing different inference approaches. All experiments were run on CPU machines in the cloud.

I.3.2 MFVI-Bwd

The backward mean field variational inference approach (MFVI-Bwd) is based on the implementation
in (Wu and Khardon, 2022 – url: https://github.com/Zhennan-Wu/AISPFS), in which the mean
field approximation qϕ is the product of independent factors. qϕ is first obtained by maximizing the
ELBO of the true posterior under the condition that the maximum accumulated reward is reached
using the EM algorithm. The action is then selected based on the marginal qϕ(a). In the experiment,
the maximum number of iterations is set to 100 and the convergence threshold is set to 0.1 for the
EM algorithm. MFVI-Bwd experiments were ran on a single CPU machine with 32 virtual cores. All
30 simulations were ran in parallel for each task instance.
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Table 2: Six different inference approaches used for comparison in the ICAPS 2011 International
Probabilistic Planning Competition problems and their corresponding objective and reference.

Inference Approach Objective Reference

MFVI-Bwd — (Wu and Khardon, 2022)

CSVI-Bwd — (Wu and Khardon, 2022)

ARollout F̃marginalU

λ=0 (Cui et al., 2015; Cui and Khardon, 2016)

SOGBOFA-LC F̃MMAP
λ=0 (Cui et al., 2019)

VI LP F̂ planning
λ=0 Ours

VBP F̃ planning
λ≈0 Ours

I.3.3 CSVI-Bwd

The backward collapsed variational inference approach (CSVI-Bwd) is proposed in (Wu and Khardon,
2022). It uses collapsed variational inference to effectively marginalizes out variables other than
the actions to achieve a tighter ELBO. The authors have shown that this approach out performs
MFVI-Bwd. CSVI-Bwd experiments were ran with the same hardware setup as MFVI-Bwd.

I.3.4 ARollout

The Algebraic Rollout Algorithm (ARollout) introduced in Cui et al., 2015 is equivalent to belief
propagation when conditioned on actions as shown in Cui et al., 2018. In our experimental setting
which the search depth is fixed with no computation time limit, ARollout is equivalent to the original
SOGBOFA (symbolic online gradient based optimization for factored actions) approach introduced
in (Cui and Khardon, 2016). While ARollout performs approximate aggregate rollout simulations
to evaluate each action, SOGBOFA uses the gradient of the accumulated reward to update actions
for exploration and can be advantageous when the action space is large given a computation time
constraint. In this experiment, we use the results of forward belief propagation to represent ARollout.

For each time step, the action with the highest estimated accumulated reward is selected. The esti-
mated accumulated reward is calculated by running a forward pass on the factored MDP representing
the problem conditioned on the next action. ARollout experiments were ran on CPU machines with 2
virtual cores. All simulations were ran in parallel.

I.3.5 SOGBOFA-LC

SOGBOFA-LC is based on the Lifted Conformant SOGBOFA implemented in (Cui et al., 2019 – url:
https://github.com/hcui01/SOGBOFA). SOGBOFA-LC has two differences over the original
SOGBOFA. First, it uses a lifted graph that saves computation by identifying same operations. This
improvement in computation speed doesn’t have an effect in our experiment result since we provide
enough computation time for the given maximum search depth. Second, it uses conformant solutions,
which the evaluation of the next action is based on a linear rollout plan that best supports the action.
This is achieved by calculating the gradient with respect to all actions within the search depth.

In our experiment, the search depth is set to 9 or 4 based on the look ahead horizon. The number
of gradient updates is set to 500 following the experimental setting in Wu and Khardon, 2022. The
allowed time is set to 50000 per iteration, which is sufficient for 500 updates given the assigned depth.
SOGBOFA-LC experiments were ran on CPU machines with 4 virtual cores sequentially.

Note that the RDDL files in the repository (https://github.com/hcui01/SOGBOFA or https://
github.com/Zhennan-Wu/AISPFS/tree/master/SOGBOFA) have different initial states from the
original competition for some instances in the elevator and skill teaching domains. These differences
were corrected to match the original competition settings in our experiments. Modifications were
also made to use the same random numbers in the environment as other experiments and to measure
the standard error of the mean instead of the standard deviation.
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I.3.6 VI LP

The Variational Inference Linear Programming (VI LP) approach uses the GLOP solver in Google’s
OR-Tools (Perron and Furnon, 2024) to solve the linear programming (LP) problem derived from
each task instance with the target of maximizing the expected accumulated reward. Constraints on
states that are specified in the original RDDL problem is added to the LP problem. Among the six
domains only the elevator and crossing traffic domains have such constraints. These constraints
specify that the elevator/robot cannot be at different floors/locations at the same time step.

The solver is run for each next action at each time step. The next action that has the highest estimated
expected accumulated reward based on the solver is selected. See Section 3.1 for more details of
this approach. VI LP experiments were run on CPU machines with 16 virtual cores. All simulations
were run in parallel. For each iteration, LP solvers for each next action were run concurrently with
multiprocessing.

I.3.7 VBP

Note that setting a value for λ is meaningless if the reward can have arbitrary scaling (and for the case
of IPPC in which rewards are additive, the scaling is indeed arbitrary). Therefore, we first normalize
all rewards to have a maximum point-to-point variation of 1.0. λ is chosen as a reward multiplier on
top of that normalization. The closer to 0 that we set λ then, the closer we are to the additive limit.
Although outside the scope of this work, it is actually possible to set λ to exactly zero in VBP (the
problem remains non-convex, but the message updates within each time step become an LP problem).
However, at least in a straightforward implementation, we observed such message updates to not
result in a good optimization of our score function, and often not converging. We attribute this to the
degeneracy of the solutions in the limit. Using instead a small value of λ = 0.3 had a favorable effect
on convergence, while remaining close enough to the additive limit. Empirically, we found that most
problems were not very sensitive to the choice of λ.

For each time step, VBP messages are propagated concurrently for a maximum of 150K iterations
with 0.1 damping. The ϵ value is annealed every 300 iterations from a value of 1 to 0.01 based on the
formula described in Appendix D. The next action with the highest expected accumulated reward is
then selected. See Section 3.1 and Appendix D for more details of this approach. VBP experiments
were ran on CPU machines with 2 virtual cores. All simulations were run in parallel.
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Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?
Answer: [Yes]
Justification: We provided proofs and experimental results to justify the claims.
Guidelines:

• The answer NA means that the abstract and introduction do not include the claims
made in the paper.

• The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.
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much the results can be expected to generalize to other settings.

• It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]
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• The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.
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violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
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implications would be.
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depend on implicit assumptions, which should be articulated.

• The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
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and how they scale with dataset size.

• If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.
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proof sketch to provide intuition.

• Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.
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perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: The experimental details can be found in Appendix I.
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whether the code and data are provided or not.
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to make their results reproducible or verifiable.
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of a large language model), releasing of a model checkpoint, or other means that are
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• While NeurIPS does not require releasing code, the conference does require all submis-
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to reproduce that algorithm.
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the architecture clearly and fully.
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either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code
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material?

Answer: [Yes]

Justification: We plan to release the code for our proposed approaches, VI LP and VBP, with
the camera-ready version of the paper.
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• The answer NA means that paper does not include experiments requiring code.
• Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

• While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
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• The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

• The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

• The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

• At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).
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paper) is recommended, but including URLs to data and code is permitted.

6. Experimental Setting/Details
Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]

Justification: All experimental detail and parameters are specified in Appendix I.
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• The answer NA means that the paper does not include experiments.
• The experimental setting should be presented in the core of the paper to a level of detail

that is necessary to appreciate the results and make sense of them.
• The full details can be provided either with the code, in appendix, or as supplemental

material.

7. Experiment Statistical Significance
Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]

Justification: We reported standard errors of the mean over multiple evaluation seeds.
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• The answer NA means that the paper does not include experiments.
• The authors should answer "Yes" if the results are accompanied by error bars, confi-

dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

• The factors of variability that the error bars are capturing should be clearly stated (for
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• The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

• The assumptions made should be given (e.g., Normally distributed errors).
• It should be clear whether the error bar is the standard deviation or the standard error

of the mean.
• It is OK to report 1-sigma error bars, but one should state it. The authors should

preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

• For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

• If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

8. Experiments Compute Resources
Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [No]

Justification: We provided detail information of the type of compute worker used for
the experiment but did not record the time of execution. The main contribution of this
work is to provide a theoretical framework for comparing different planning algorithm.
The different approaches ran in the experiment uses different hardware and programming
language, therefore the measured time of computation may not be directly comparable. Our
experimental setting on the IPPC 2011 competition is based on experiments in (Wu and
Khardon, 2022), which there are no limit to the run time and the goal is to understand the
quality of decisions.

Guidelines:

• The answer NA means that the paper does not include experiments.
• The paper should indicate the type of compute workers CPU or GPU, internal cluster,

or cloud provider, including relevant memory and storage.
• The paper should provide the amount of compute required for each of the individual

experimental runs as well as estimate the total compute.
• The paper should disclose whether the full research project required more compute

than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

9. Code Of Ethics
Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]

Justification: Our experiments do not include human subjects and all experiment are based
on simulated environments. Our main contribution is providing a theoretical framework
for analyzing different planning approaches and we do not expect to have immediate social
impacts.

Guidelines:

• The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.
• If the authors answer No, they should explain the special circumstances that require a

deviation from the Code of Ethics.
• The authors should make sure to preserve anonymity (e.g., if there is a special consid-

eration due to laws or regulations in their jurisdiction).

10. Broader Impacts
Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?
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Answer: [No]

Justification: Our main contribution in this paper is providing a theoretical framework for
analyzing different planning approaches. We do not expect social impacts at this stage of
development.

Guidelines:

• The answer NA means that there is no societal impact of the work performed.
• If the authors answer NA or No, they should explain why their work has no societal

impact or why the paper does not address societal impact.
• Examples of negative societal impacts include potential malicious or unintended uses

(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

• The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

• The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

• If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

11. Safeguards
Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]

Justification: No trained model or dataset for training is used in this work.

Guidelines:

• The answer NA means that the paper poses no such risks.
• Released models that have a high risk for misuse or dual-use should be released with

necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

• Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

• We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

12. Licenses for existing assets
Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]

Justification: All approaches used for comparison in experiments are cited properly.
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• The answer NA means that the paper does not use existing assets.
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• The authors should cite the original paper that produced the code package or dataset.
• The authors should state which version of the asset is used and, if possible, include a

URL.
• The name of the license (e.g., CC-BY 4.0) should be included for each asset.
• For scraped data from a particular source (e.g., website), the copyright and terms of
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• For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

• If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

13. New Assets
Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]

Justification: No new assets are released with this submission.

Guidelines:

• The answer NA means that the paper does not release new assets.
• Researchers should communicate the details of the dataset/code/model as part of their

submissions via structured templates. This includes details about training, license,
limitations, etc.

• The paper should discuss whether and how consent was obtained from people whose
asset is used.

• At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

14. Crowdsourcing and Research with Human Subjects
Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]

Justification: This paper does not involve crowdsourcing nor research with human subjects.
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• The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

• Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

• According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

15. Institutional Review Board (IRB) Approvals or Equivalent for Research with Human
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Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]

Justification: This paper does not involve crowdsourcing nor research with human subjects.

37

paperswithcode.com/datasets


Guidelines:
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