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Abstract

Recent simultaneous breakthroughs by Peng and Rubinstein [2024] and Dagan et al. [2024] have
demonstrated the existence of m®%/<)-round algorithm for swap regret minimization in extensive-form
games, where m is the number of nodes and e is the desired (average) swap regret. However, the question
of whether a poly(m,1/¢)-round algorithm could exist remained open. In this paper, we show a lower
bound that precludes the existence of such an algorithm. In particular, we show that achieving average

swap regret € in general extensive-form games requires at least exp (min {(:)(ml/ 12y oV 5)}) rounds.

1 Introduction

No-regret learning is a popular framework for modeling situations in which an agent faces an arbitrary,
possibly adversarial environment. The agent seeks to minimize its regret, which is the difference between
the utility it has earned and the maximum utility it could have earned by changing its strategy according
to some strategy transformation function. The more strategy transformations are allowed, the tighter the
resulting notion of regret. In sequential (extensive-form) imperfect-information games, especially adversarial
games, algorithms based on no-regret learning have been pivotal in leading to superhuman performance in
games ranging from poker [Moravcik et al., 2017, Brown and Sandholm, 2018, 2019] to Diplomacy [Bakhtin
et al., 2022].

In games, there is a well-studied and tight connection between no-regret learning in games and solution
concepts involving correlation. In particular, if all players in a game play according to a no-regret learning
algorithm that minimizes a certain notion of regret, their average strategy profile will converge to a notion of
correlated equilibrium that corresponds to the class of strategy transformations corresponding to that regret
notion. Notable correlated solution concepts, and their corresponding sets of deviations (notions of regret),
can be found in Table 1.

The tightest notion that can be defined in this manner is known as the normal-form correlated equilibrium
(NFCE) [Aumann, 1974], which corresponds to measuring regret against the set of all possible strategy
transformations—known as swap regret [Blum and Mansour, 2007]. It has long been believed that efficiently

Set of deviations Equilibrium concept Best known no-regret guarantee

Constant functions (“External regret”) Normal-form coarse correlated (NFCCE) m/e? [Farina et al., 2022]

“Trigger” functions Extensive-form correlated (EFCE) m?/e? [Farina et al., 2022],
Linear functions Linear-swap correlated (LCE) [Farina and Pipis, 2023]

5(1/¢) [Peng and Rubinstein, 2024],

All functions (“Swap regret”) Normal-form correlated (NFCE) m [Dagan et al., 2024]

Table 1: Some examples of notions of regret and corresponding notions of correlated equilibrium for
extensive-form games, in increasing order of tightness. The “best no-regret guarantee” is the
minimum number of iterations T after which an agent can guarantee (average) regret e in that
notion. m is the size of the game (number of nodes). All algorithms listed have guaranteed
poly(m, 1/e€) per-iteration time complexity.



computing an NFCE or minimizing swap regret is impossible. In fact, the believed hardness of computing
NFCE has motivated the development of many more relaxed notions of equilibrium with nicer computational
properties, including the extensive-form correlated equilibrium [von Stengel and Forges, 2008], linear-swap
correlated equilibrium [Farina and Pipis, 2023], and behavioral correlated equilibrium [Morrill et al., 2021a,b].
Our focus in this paper, however, will be on NFCE itself.

Little was known about the feasibility of swap regret minimization (and, similarly, about computing NFCE)
until a recent simultaneous breakthrough due to Peng and Rubinstein [2024] and Dagan et al. [2024] which
implies that, for extensive-form games with m nodes, there is a no-regret algorithm that achieves (average)
regret € after m©@(1/9) rounds. For extensive-form games, this was the first time that a polynomial-time
swap regret minimization algorithm (even for constant €) had been achieved, and resulted the first PTAS for
NFCE. Both papers provide lower bounds, but these lower bounds are only for normal-form (i.e., single-step)
games, and do not preclude the existence of efficient swap-regret minimization algorithms for extensive-form
games. Thus, there is an exponential gap (in terms of the dependence on €) between the best regret bounds
for swap regret and the best regret bounds for weaker notions of regret.

In this paper, we show that this exponential gap cannot be closed. In particular, we show the following
result:

Theorem 1.1 (Main theorem, informal). There is no swap regret minimization algorithm for general

extensive-form games that requires fewer than exp (min {(:)(ml/m)7 6(6*1/5)}) rounds.

Our result implies an exponential gap between swap regret and weaker notions of regret in the realm of
extensive-form games. In particular, our result precludes the existence of poly(m,1/e)-time swap regret
minimization algorithms.

2 Preliminaries

No-regret learning and ®-regret. In no-regret learning, a learner with access to a strategy set X C R™
faces an adversarial environment across many rounds. In each round ¢ = 1,...,T, the learner outputs a
distribution 7" € A(X) and then the environment outputs an affine utility function u' : X — [—1,1] which
we will henceforth write for convenience as a vector u* € R”™. The utility function u’ may depend on all the
past distributions 7!, ... 7’ selected by the learner. The learner then gets utility Ep.¢ (ul, x).

In this paper, the notion of interest is swap regret. Intuitively, a learner has low swap regret if it could not
have improved its utility by transforming its strategy according to any function ¢ : X — X. More formally,
define

V)= 73 E (u',o(x).

=1~
Thus in particular the total utility experienced by the learner is V(Id), where Id : X — X is the identity
function. After T rounds, the (average) swap-regret is

1
SWAPREGRET(T) := Jmax, Vig)—V(Id) = ¢:r£1(§<x T tz:

The goal of the learner is then to achieve small swap regret after a small number of rounds: for example,
one may hope to achieve swap regret € after 7' = poly(m, 1/¢) rounds.

Other notions of regret, such as those mentioned in the introduction, can be defined by restricting the set of
deviations to a set ® C X?. Since for this paper we are only interested in swap regret, we will not explore
this connection further.



Tree-form decision problems and extensive-form games. Tree-form decision problems describe se-
quential interactions between the player and the environment. In a tree-form decision problem, there is a
rooted tree T of nodes. There are two types of nodes: decision points, at which the player selects an action,
and observation points, at which the environment selects an observation. At each decision point j, actions
are identified with outgoing edges, and we use A; to denote this set. Leaves of 7 are called terminal nodes.
We will use m to denote the number of terminal nodes.

A pure strategy is a choice of one action at each decision point. The tree-form or realization-form repre-
sentation of the pure strategy is the vector € {0,1}™ for which x[z] = 1 if and only if the player plays
all actions on the path from the root node to terminal node z. The set of tree-form pure strategies will be
denoted X C {0,1}™. Different pure strategies may have the same tree-form representation, but for our
purposes we will only require the tree-form representation of strategies, and therefore we will not distinguish
between strategies with the same tree-form representation. A mized strategy m € A(X) is a distribution over
pure strategies.

Tree-form decision problems naturally model the decision problems faced by players in an extensive-form
game. For our purposes, a (perfect-recall) extensive-form game with n players is defined by n tree-form

strategy sets X1, ..., Xy, and one n-linear utility function u; : Xy X --- x X, — [—1, 1] for each player i € [n],
which defines the utility of player ¢ when each player j € [n] plays strategy =; € Xj.

The solution concepts of interest is the (normal-form) correlated equilibrium (NFCE) [Aumann, 1974]. An
e-NFCE is a distribution m € A(X; x -+ x &, with the property that no player can profit by applying any
function ¢ : X; — X; to their strategy. That is, 7 is an e-NFCE if

E [ui(p(x), i) — ui(xs, 2’ ;)] <€

(@1,0nny@p)~T

for all players ¢ and functions ¢ : X; — X;.

suppose we have an n-player game played repeatedly over T rounds, and on each round ¢ € [T let 7} € A(X;)
be the mixed strategy played by player 1.

Proposition 2.1. Suppose that each player plays according to a no-swap-regret learning algorithm using
utility maps ut : X; — [—1,1] given by

x_~mh

Let mt € A(Xy X - X X)) be the product distribution whose marginal on X; is wt. If the swap-regret of every
player i is bounded by €, then the average profile w := % ZiT:1 7t is an e-NFCE.

The proof follows immediately by comparing the definition of swap regret and the definition of NFCE.

3 Swap Regret Minimization Algorithms

We now review previously-known results about no-swap-regret learning algorithms.

Simplices (Normal-form games). For our purposes, a normal-form game is a game in which every
player’s decision problem consists of a single decision point with m actions, that is, X = {e;,...,e,} C
{0,1}"™ where ey, is the kth standard basis vector in R™. We will abuse language slightly and refer to X" as
the m-simplex, even though it is actually the convex hull of X that is the m-simplex. Blum and Mansour
[2007] showed that efficient algorithms exist for minimizing swap regret over the simplex:

Theorem 3.1 (Blum and Mansour, 2007). There exists a no-regret learning algorithm for simplices that
achieves swap regret € after T = O(m/e*) rounds.

One may wonder whether this is optimal, e.g., whether it is possible to achieve a logarithmic dependence
on m. Recent simultaneous breakthrough work by Dagan et al. [2024] and Peng and Rubinstein [2024] has
essentially completely answered this question for normal-form games:



Theorem 3.2 (Dagan et al., 2024, Peng and Rubinstein, 2024, upper bound). There exists a no-regret
learning algorithm for simplices that achieves swap regret € after T = (log m)o(l/e) rounds.

Both papers also provided (nearly-)matching lower bounds. Here we state a particularly simple-to-state
lower bound due to Dagan et al. [2024]:

Theorem 3.3 (Dagan et al., 2024, lower bound). Let T < m/4. Then there exists an oblivious' adversary
such that the swap regret of any learner is Q(log75 T).

Tree-form strategy sets (Extensive-form games). For more general extensive-form games, the picture
is less clear. For an upper bound, one can consider a tree-form decision problem with M pure strategies
(i.e., |X| = M) as simply an “easier version” of a normal-form decision problem where each pure strategy is
treated as a different action, i.e., where the strategy set is the M-simplex. Theorem 3.2 therefore implies a
similar bound on swap regret for tree-form decision problems?.

Corollary 3.4 (Dagan et al., 2024, Peng and Rubinstein, 2024, tree-form upper bound). Let X C {0,1}™
be a tree-form strategy set. There exists a no-regret learning algorithm for tree-form decision problems that
achieves swap regret € after T = (log |X|)°1/9) < m@1/9) rounds.

Showing a matching lower bound for extensive form, however, remained open. The main difficulty is that
the adversary is restricted to linear utility functions u’ : X — R; the adversary in Theorem 3.3 does not use
linear utility functions. The purpose of this paper is to close this discrepancy, by showing a lower bound
that almost matches Corollary 3.4. Our main result is the following.

Theorem 3.5 (Main theorem). There exist arbitrarily large tree-from strategy sets X C {0,1}™ with the
following property. Let € > 0 and suppose T < exp(min{é(ml/w),@(e*l/‘r’)}). Then there exists an

oblivious adversary running for T iterations against which no learner can achieve expected swap regret better
than e.

Intuitively, the proof of Theorem 3.5 works by “embedding” the adversary of Theorem 3.3 into a tree-form
decision problem such that the utility functions u! can remain linear. This works by choosing random
vectors in {—1,1}" (for some appropriately-chosen dimension n) to simulate the “actions” in the normal-
form decision problem, and then exploiting the concentration property that an exponentially-large number
of such vectors {a;}, can be chosen such that (a;,a;) ~ 0 for all i # j.

Like Theorem 3.3, our lower bound is information-theoretic: it does not rely on computational hardness
results, and thus applies to any no-regret learning algorithm no matter how computationally powerful.

4 Proof of Theorem 3.5

Before proving Theorem 3.5, we first state a more detailed version of the normal-form lower bound (Theo-
rem 3.3). This restatement changes notation so as to avoid mix notation between tree-form and normal-form
decision problems, and extracts some useful properties of the adversary.

Theorem 4.1 (Dagan et al. 2024, expanded version of Theorem 3.3). Let A be the M-simplex, and let
T < M/4. Then there exists an adversary on A with the following properties:

1. The adversary selects a sequence (u',...,ul) ~ D from some distribution D € A(AT), and then

outputs utility vector ut at time t regardless of the sequence of distributions played by the learner.
2. There exists a strategy a* € A that is never used by the adversary.

3. There ezists a partition A = Ay U--- U Ay where d < O(logT) with the following property. Within

each set A;, number the actions A; = {a;1,...,a;n}. For any sequence (ul, ..., ul) € suppD, the

1 An adversary is oblivious if its choices of utility vectors u! do not depend on the learner’s chosen distributions 7t.

2The below bound, as stated, is only information-theoretic. However, the information-theoretic bound is implementable by
an efficient (i.e., poly(m, 1/€)-time-per-iteration) algorithm, which is described by Dagan et al. [2024] and Peng and Rubinstein
[2024], and beyond the scope of this paper.



adversary plays actions in A; only in increasing order. That is, if u' = a;; and ut’ = a;j andt <t,
then j < j'.

4. The swap regret of any learner against this adversary is Q(d=°) = Q(log™> T).
We now prove Theorem 3.5.

Consider the following family of tree-from strategy sets, parameterized by natural numbers d and n. First
the learner picks an index i € [d]. Then the environment picks j € [n], and finally the learner picks a binary
action. A strategy is identified (up to linear transformations) by a € R4*" where x[i,-] € {—ﬁ, ﬁ}”
and x[i’,-] = 0if i’ # i (i.e.,  as a matrix has exactly one nonzero row). For convenienence we will use
X; C X to denote the set of pure strategies where the learner plays ¢ at the root. Let C' be an absolute

constant large enough to make the asymptotic bounds in Theorem 4.1 true.

The adversary works as follows. First, for each ¢ € [d], it populates A; with uniformly randomly chosen
strategies a;1,...,a;m, € &;. Then the adversary plays as in Theorem 4.1.

We will claim that, for any learner against this adversary, there exists a learner against the adversary of
Theorem 4.1 that achieves a similar swap regret—and thus the swap regret of the former learner must be
large. First, we will construct the latter adversary.

Let t,..., 7T € A(X) be the sequence of distributions played by the learner. Note that 7! can depend on
the utilities u'*~! € A that are played by the adversary. Consider the sequence 7!,..., 77 € A(A), where
7t is the distribution that samples  ~ 7' and plays according to pgy € A(A), defined as follows. Let ¢ € X;
be any strategy. Let € be a parameter to be selected later. There are two cases.

1. (x,a;;) <€ for every a;; € A;. Then define p, = a* deterministically.

2. (x,a;;) > € for some a;; € A;. Let j be the largest such index, let 8 = (z, a;;), and define p, as the
distribution that is @* with probability 1 — 8 and a;; with probability £.

A critical property for us will be that the learner cannot “guess in advance” what future unobserved a;;s
will be, since these are sampled uniformly at random. That is, in Case 2,  can only be played with large
probability once the adversary has played a;;.

To be more formal, we first define some notation. For every a;; € A; let ¢;; be the first iteration on which
the adversary plays a;; (or t;; = T if this never happens). For ¢ € &}, if  is in Case 1 above then define
ty = 0, and otherwise define ¢, = ¢;;, where j is as in Case 2.

There are two properties that we will critically need to use about ¢,. The first states that the learner cannot
place large mass on « until after t,, because doing so would require the learner to guess a vector heavily
correlated with a;; before the learner observes a;;.

t
— L - t —ne?/2
Lemma 4.2. Let&.—f ;{;ﬂ' (z). ThenEd < Me .

Proof. Since the learner has not yet observed a;; at time ¢;;, its prior strategy sequence m'ii (z) must be
independent of a;;. Moreover, if ¢ < ¢, then there must exist some j with ¢;; > t and (x, a;;) > e—namely,



the j defining Case 2. Thus we have:

IE(S:]E% > iﬂt(w)

zeX t=1
1 d T
SEZY Y Y@ Y W) 29
i=1 xeX; t=1 Jitig >t

d
%Z 2 2° (@) | E[1{(z,a;) > }] < Me /2,

<e—ne2/2

where in the last line we use the fact that a;; is independent of mlitii (x) and then Hoeffding’s inequality. [

The second property is that, for ¢ > ¢, utilities of « under u’ are approximately the same as those of of pg
under the losses in Theorem 4.1.

Lemma 4.3. Fort > t,, we have <a:,ut> < po(ul) + e

Proof. Let € X;. There are two cases. First, if (x,a,;) < € for every a;; € A;. Then for every ¢, we have
u' ¢ suppp, = {a*} (because the adversary never plays a*), and (x,u') < e by definition, so we are done.

Otherwise, let j be the largest index for which (x,a;;) > ¢. Then t, = t;; by definition, and since ¢ > ¢;;,
by Property 4 the adversary is no longer allowed to play a;;» for j/ < j. Thus, either u’ ¢ suppp, and
(x,u') < e, or u' = a;;. The former case reduces to the previous paragraph. In the latter case, we have
(x,u') = B = pz(u') by construction of f. O

For the rest of this proof we will use V(¢) to denote the utilities experienced by ¢ under the utilities in
Theorem 4.1. That is,

T T
Vo) =53 S wa{p(a) =u't = 23 3 (@) Pr [6(a) = u]

a~p,
t=1 ac A t=1xeX *

By Theorem 4.1, there exists a function ¢ : A — A such that® E[V(¢) — V(Id)] > 1/Cd®. It suffices to
show that E[V/(¢) — V(Id)] is large. To do this, we will show that, up to small errors, V(Id) < V(Id) and

V(p) = V(e).

For the first approximation, we have

T
1 t t
Vd) == > > w'(x) (zu)
xzeX t=1
1 t t
gf Zw(m)<x,u>+§
rCX t>t,
1
< 7 (@)pe (u') + €+ 6
TEX t>ty
1 T
<7 > wt(@)pa(ul) + e+ 20 = V(Id) + € + 20.
zeX t=1
3Technically ¢ is a random variable dependent on u?,. .., uT.



For the second, we have

T
Vo) = 5 3 3 (@) (o), u')
reX t=1
> 23 Y w@) E (da)uf) -5
T iz i arpe
1 _
> — () E {(¢(a),u’) —e—9
T i~ @b < )

m'(x) E (¢(a),u’) —e—25 =V(p) —e— 26.

W,
%
el
M=

xc t=1 A~ P=
Thus,
_ 1 1
- > - 92— 48] > —— —2e— 45> -
E[V(¢) = V(1)) 2 E[V(9) = V(Id) — 26 —49] > oz 2 =40 > oo =
by taking
1 B 2log 12C M d® =
G—W and n—€72—6(d )

The resulting tree-form decision problem hence has dimension m = d-n = O(d'?), and since d = O(¢~1/%) <
O(log T') we have that the swap regret is at least € until 7' > min { M /4, exp(©(e~1/%)) }, where

1 ne? ~
g _— e /12
M 50T exp( 5 ) exp(@(m ))

as desired.

5 Conclusion and Future Research

By extending a recent lower bound for normal-form games, we have established a lower bound that precludes
the existence of fully polynomial-time (i.e., poly(m,1/¢)) algorithms for swap regret minimization in tree-
form decision problems.

Our result leaves open several natural questions for future research.

1. Our counterexample applies only for extensive-form games with a particular structure. Is swap re-
gret minimization also information-theoretically impossible for simpler structures, such as single-stage
Bayesian games, in which the strategy set is a product of simplices?

2. Are there uncoupled learning dynamics that yield poly(m, 1/¢)-time convergence to NFCE when ap-
plied in games? Our result does not preclude this possibility, since the behavior of the adversary in
Theorem 3.5 is likely not the behavior of any learning agent in a game.

3. What is the complexity of computing one NFCE in an extensive-form game (by any method, not just
limited to independent learning dynamics? This is a problem that was stated as early as Papadimitriou
and Roughgarden [2005] and remains open.

The majority of correlated notions of equilibrium that are known to be efficiently computable have corre-
sponding efficient no-regret learning algorithms with convergence guarantee of the form poly(m,1/¢). For
example, the notions of correlated equilibrium mentioned in the introduction (up to and including linear
correlated equilibria) admit both efficient no-regret algorithms [Zhang et al., 2024] and efficient algorithms
for exact computation [Farina and Pipis, 2024]. We thus believe that our main result, which precludes effi-
cient no-regret learning for swap regret, is evidence against the existence of an efficient algorithm (learning
dynamics or otherwise) for computing an NFCE in an extensive-form game. Proving or disproving this claim
is an important open question.
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